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Preface 

This volum e contain s th e proceeding s o f th e Worksho p o n Norma l Form s an d Ho -
moclinic Chaos , held at The Fields Institute fo r Research in Mathematical Sciences , 
November 1 3 to 16 , 1992, in Waterloo, Canada, a s a part o f The Fields Institute Pro-
gram Yea r o n Dynamica l System s an d Bifurcatio n Theory . Th e Worksho p bridge d 
the loca l and globa l analysi s o f dynamical systems , with emphasi s o n normal form s 
and th e homoclini c phenomen a whic h ma y aris e i n norma l forms . Bot h dissipativ e 
and conservative , an d bot h discret e an d continuou s system s wer e considered , in -
cluding perturbe d system s whic h cros s thes e boundaries . Specifi c topic s explore d 
in the Workshop included : th e effects o f symmetry o n normal forms an d o n the per -
sistence of homoclinic orbits , exchange of stability, symmetry-breaking , resonances , 
integrability, loca l chaos , the effect s o f truncation o f the norma l for m tail , efficien t 
symbolic computatio n o f norma l forms , numerica l computatio n o f orbit s i n phas e 
space, roundof f error s an d shadowing . Thes e topic s wer e motivate d by , an d hav e 
application to , system s i n physics , biology , engineerin g an d othe r fields. 

The Worksho p assemble d outstandin g researcher s a s wel l a s student s fro m di -
verse background s an d geographica l locations , t o shar e idea s an d t o work togethe r 
with longer term participant s a t th e Institute. Som e of the workshop visitors staye d 
at th e Institut e fo r period s precedin g o r followin g th e Workshop , fo r extende d dis -
cussions an d collaborations . I n all , ther e wer e 3 2 presentation s a t th e Workshop , 
of which 1 4 are represente d b y paper s i n thi s volume . 

The metho d o f norma l form s ha s it s root s i n th e wor k o f Poincar e [1892 ] an d 
Birkhoff [1927] . I t i s a  powerfu l techniqu e fo r analyzin g dynamica l system s nea r 
nonhyperbolic equilibriu m points , tha t is , point s wher e th e linearizatio n ha s on e 
or mor e eigenvalue s wit h zer o rea l part . Thi s i s th e onl y plac e wher e loca l be -
haviour ma y becom e complicate d (a s follow s fro m th e Rectificatio n Theore m an d 
the Har t man- Grobman Theorem) , an d therefor e "interesting " fro m bot h th e math -
ematical an d applie d viewpoints . Th e metho d applie s generall y t o parametrize d 
families o f differentia l equation s o n IR n 

^ = / ( y , M ) , 2 /eHT , aeW  (1 ) 

where y  i s th e stat e variable , n  i s th e paramete r (bot h ma y b e vectors ) an d t 
is a n independen t rea l variabl e usuall y referre d t o a s "time" . Th e parametrize d 
vector field  f(y,/J<)  i s assume d t o b e smooth . I n th e constructio n o f a  norma l 
form, a  sequenc e o f canonica l change s o f coordinate s i s performed , t o successivel y 
"simplify" th e Taylo r polynomials , o f increasin g degree , i n th e serie s expansio n 
of /  i n term s o f y  a t th e singula r point . Classica l wor k o n norma l form s ofte n 
focussed o n question s o f convergence . I n fact , convergenc e rarel y hold s fo r norma l 
forms o f practica l interest . Moder n work , a s i n thi s volume , deal s wit h polynomia l 

ix 
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truncations o f normal for m expansion s an d thei r relationshi p t o th e flo w generate d 
by th e origina l vecto r field . 

The norma l for m fo r a  give n vecto r field  i s no t unique , bu t i t depend s o n th e 
criteria chose n t o simplif y th e Taylo r polynomials . On e particularl y astut e choic e 
is alway s possible ; on e ma y eliminat e al l term s excep t thos e whic h commut e wit h 
the flow  generate d b y th e adjoin t o f th e linearizatio n o f th e vecto r field  a t th e 
equilibrium poin t (Belitski i [1981] , Cushma n an d Sander s [1986] , Elphic k e t al . 
[1987]). Thi s choic e ha s tw o advantages : i t eliminate s th e nonuniquenes s i n th e 
normal for m i n a  consistent , rationa l manner , and , mor e importantly , i t introduce s 
an explici t equivarianc e (o r symmetry ) int o th e norma l for m whic h facilitate s th e 
analysis an d ma y no t hav e bee n apparen t i n the origina l system . 

The metho d o f normal form s gain s powe r whe n couple d wit h th e Cente r Man -
ifold Theorem , whic h allow s on e t o separat e th e (well-understood ) hyperboli c be -
havior fro m th e mor e interestin g nonhyperboli c behavio r i n th e neighborhoo d o f 
an equilibrium . A  majo r difficult y i n th e stud y o f equatio n (1 ) i s tha t it s dimen -
sion ma y b e large ; i t ma y eve n be infinite-dimensional , a s fo r exampl e i n problem s 
of fluid  dynamic s (Chossa t an d Ioos s [1994] ) o r reaction-diffusio n problem s (Scot t 
[1991]). However , ofte n on e i s intereste d i n change s i n th e qualitativ e behavio r o f 
(1). Suc h change s ca n occu r locall y onl y a t value s o f [i  for whic h (1 ) i s nonhyper -
bolic; these ar e called bifurcatio n points . Fo r example , th e Hop f bifurcatio n occur s 
when a  pair of complex-conjugate simpl e eigenvalues crosses the imaginary axi s as // 
varies; then, subjec t t o certain generic transversality conditions , a  periodic solutio n 
is create d o r destroye d aroun d th e equilibrium , se e e.g . Golubitsk y an d Langfor d 
[1981]. Typicall y fo r (1) , onl y a  smal l numbe r o f eigenvalue s cros s th e imaginar y 
axis a t on e time ; th e correspondin g eigenspace s (o r modes ) ar e finite  dimensional . 
In thi s situation , th e Cente r Manifol d Theore m guarantee s th e existenc e o f a  man -
ifold, calle d th e cente r manifold , whic h i s invarian t fo r th e flow  o f (1 ) an d o f th e 
same dimension as , and tangen t to , the su m o f the (generalized ) eigenspace s corre -
sponding to those eigenvalues with zero real part. I f the remaining eigenvalues hav e 
negative rea l part , the n th e flow off o f this manifold i s characterized b y exponentia l 
decay toward s th e manifold . Thus , al l the interestin g behavio r occur s o n thi s low -
dimensional cente r manifold , an d i t i s desirable to reduce (1 ) to an equation fo r th e 
flow on th e cente r manifold . Fortunatel y fo r applications , ther e i s an algorith m t o 
calculate th e cente r manifol d an d thi s reduced equatio n t o an y order , se e Iooss an d 
Adelmeyer [1992] , Wiggins [1990] . Th e reductio n t o a  cente r manifol d ha s becom e 
so standar d i n recen t year s tha t mos t o f th e paper s i n thi s volum e procee d fro m 
the assumptio n tha t i t ha s bee n performed . 

Let u s now assume tha t (1 ) ha s been reduce d t o a n equatio n o n a  cente r man -
ifold. Then , i n spit e o f th e lo w dimensionalit y o f (1) , th e analysi s i s stil l difficult , 
even i f one i s interested onl y i n qualitative behavior . Becaus e o f the assume d non -
hyperbolicity, th e linea r par t n o longe r determine s th e loca l dynamic s a s i t doe s 
in th e hyperboli c cas e (Hartman-Grobma n Theorem) . Th e proble m i s intrinsicall y 
nonlinear an d the best on e can hope for i s that th e dynamics on the center manifol d 
is determine d b y a  finite  degre e truncatio n o f th e Taylo r series , i.e . b y a  Taylo r 
polynomial o f (1) . Th e numbe r o f term s i n th e Taylo r polynomia l grow s rapidl y 
with the degree , and quickly becomes unmanageable , eve n in dimension 2  or 3. Th e 
method o f normal form s allow s one to dramaticall y reduc e th e numbe r o f terms i n 
these polynomials , withou t changin g th e qualitativ e behavio r o f solutions . 
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Often i t i s possibl e t o giv e a  complet e descriptio n o f th e dynamic s define d b y 
this polynomia l norma l for m (a s i n th e cas e o f classica l Hop f bifurcation) ; severa l 
papers i n thi s volum e d o precisel y this . O f course , i t stil l remain s t o sho w tha t 
the dynamic s foun d fo r th e truncate d polynomia l norma l for m persist s whe n th e 
higher orde r remainde r o r "tail " i s restored . I n som e cases , thi s follow s easil y b y 
transversality argument s (usin g the Implici t Functio n Theorem) ; i n other case s th e 
tail change s th e qualitativ e dynamic s an d sometime s ther e remai n ope n question s 
regarding th e effect s o f the tail . 

Symmetry i s an importan t sub-them e o f this volume . First , ther e i s the norma l 
form symmetr y mentione d above , whereb y th e truncate d norma l for m commute s 
with th e flow generated b y the adjoin t o f the linea r part . I t i s this symmetry whic h 
characterizes th e term s whic h remai n i n the norma l form . I n addition , th e origina l 
system (1 ) ma y posses s spatia l o r othe r symmetries , whic h ca n b e expresse d a s 
equivariance wit h respec t t o th e actio n o f a  group T , i.e . 

f{iy,v) = if{y,v) (2) 

for al l 7  G  r an d fo r al l (y , ji). I n thi s case , th e reductio n t o th e cente r manifol d 
and furthe r reductio n t o th e norma l for m ma y b e performe d i n suc h a  wa y a s t o 
preserve th e symmetry ; mor e precisely , th e norma l for m als o satisfie s th e equ i vari-
ance equatio n (2) , where Y  i s now understoo d t o b e a n appropriat e representatio n 
of the origina l symmetr y group , on the cente r manifold . Thi s additiona l symmetr y 
has th e effec t o f knocking ou t additiona l term s i n th e norma l for m an d simplifyin g 
the analysis . Thus , symmetr y i s a  double-edge d sword : althoug h symmetr y ca n 
force multipl e eigenvalue s an d increas e th e dimensio n o f the cente r manifold , thu s 
complicating th e analysis , i t als o dramaticall y cut s dow n th e numbe r o f term s i n 
the normal form . Th e ne t effec t i s that ne w and rich structures with interesting dy -
namics, previousl y difficul t t o understand , becom e amenabl e t o analysis . A  classi c 
example whic h provide s a  fascinatin g variet y o f bifurcation s i s the Taylor-Couett e 
problem, se e Golubitsk y an d Langfor d [1988 ] o r Chossa t an d Ioos s [1994] . Severa l 
new example s ar e presente d i n thi s volume . 

The secon d mai n them e o f th e Worksho p centere d aroun d homoclini c orbits ; 
that is , solution s o f (1 ) whic h hav e a n equilibriu m poin t (o r limi t cycle ) a s bot h 
a-limit an d u;-limi t sets . (Th e cas e wher e th e a-limi t an d u;-limi t set s ar e distinc t 
points (o r limi t cycles ) i s properly called a  heteroclinic orbit , bu t i s included i n thi s 
discussion withou t distinction. ) Homoclini c orbit s ar e no t generi c i n (1) ; typicall y 
a homoclini c orbi t wil l disappear unde r a  smal l perturbation , fo r exampl e du e t o a 
change in fi. Furthermore , they are generally difficult t o calculate, or even to detect , 
due to their nonloca l nature. Yet , homoclinic orbits are of great interest , due in par t 
to thei r importan t rol e in the onse t o f chaos , see Newhouse [1980] , Wiggins [1990] . 
One contex t i n which homoclini c orbit s hav e been foun d t o occur , an d ca n even b e 
calculated, i s in the perturbations (o r unfoldings) o f a differential equatio n in normal 
form. Thus , paradoxically, the "globa l dynamics" o f a homoclinic orbit can be foun d 
by "loca l analysis" , i n th e neighborhoo d o f a  nonhyperboli c equilibriu m point . I n 
fact, t o date, this has been the most effective mean s to study homoclini c behavior i n 
real physical systems. Therefore , th e linking of normal forms with homoclinic orbit s 
and chao s i n th e them e o f th e Worksho p an d i n thi s volum e i s seen t o b e natura l 
and fruitful . Recently , i t wa s observe d tha t th e additio n o f a  thir d ingredient , 
namely symmetry , t o thi s recip e ca n lea d t o a  ne w phenomenon : norma l form s o f 
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symmetric system s ca n hav e homoclini c orbit s whic h ar e structurall y stable ; tha t 
is, whic h persis t unde r smal l perturbation s whic h respec t th e symmetr y (se e Fiel d 
[1980], Armbruste r e t al . [1988] , Campbell an d Holme s [1992]) . Thes e structurall y 
stable homoclinic orbits (o r cycles of heteroclinic orbits ) were subjects o f discussion 
at th e Workshop , an d continu e t o b e investigate d intensively . 

All that ha s been said above regarding the differential equatio n (1 ) and it s flow , 
normal for m an d homoclini c orbits , hold s equall y wel l fo r maps  an d i n particula r 
diffeomorphisms; i n fac t chao s occur s eve n mor e readil y fo r map s tha n fo r flows. 
Periodic orbit s o f (1 ) lea d naturall y t o th e definitio n o f Poincar e maps , whic h 
are investigate d i n severa l paper s o f thi s volume . Similarly , th e abov e comment s 
apply als o t o system s whic h ar e Hamiltonian . Th e additiona l structur e assume d 
by a  Hamiltonia n syste m a t onc e facilitate s th e analysi s (e.g . b y providin g firs t 
integrals) an d lead s t o comple x dynamics , a s seen i n Marsden [1992 ] as well a s thi s 
volume. 

The Workshop represented b y this volume was part o f the Program Year on Dy-
namical System s an d Bifurcatio n Theory , hel d a t Th e Field s Institute fo r Researc h 
in Mathematica l Sciences , fro m Septembe r 199 2 t o Augus t 1993 . Th e Progra m 
Committee consiste d o f J . Chadam , L . Glass , W . Langford , J . Marsde n an d W . 
Shadwick. Th e mai n area s o f emphasi s were : bifurcation s wit h symmetry ; lo w 
dimensional dynamic s includin g norma l form s an d invarian t manifolds ; geomet -
ric method s fro m Hamiltonia n mechanic s includin g highe r dimensiona l Melniko v 
methods an d Lagrangia n reduction ; application s t o man y disciplines , especiall y t o 
problems involvin g patter n formatio n i n partia l differentia l equations . Ther e wer e 
seven workshop s hel d durin g th e Progra m Year , includin g thi s one ; proceedings o f 
all th e workshop s ar e bein g published . 

The Field s Institut e fo r Researc h i n Mathematica l Science s i s supporte d b y 
the Ontari o Ministr y o f Educatio n an d Trainin g an d b y th e Natura l Science s an d 
Engineering Researc h Counci l o f Canada , an d als o by the sponsorin g an d affiliate d 
universities. Th e Field s Institut e ha s thre e mai n mandates : t o promot e leadin g 
edge researc h i n th e mathematica l sciences , t o increas e opportunitie s fo r graduat e 
and postdoctora l trainin g in Ontario and Canad a an d to foster interaction s betwee n 
university base d researc h an d user s o f mathematic s i n industry . I n addition , th e 
Institute serve s a s a  resourc e fo r mathematic s educatio n a t al l levels . 
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