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Preface 

This boo k contain s recen t result s abou t th e globa l dynamic s define d b y a  clas s 
of dela y differentia l equation s whic h mode l basi c feedbac k mechanism s an d aris e 
in a  variet y o f application s suc h a s neura l networks . W e describ e i n detai l th e 
geometric structur e o f a  fundamenta l invarian t set , whic h i n specia l case s i s th e 
global attractor , an d th e asymptoti c behaviou r o f solution curve s o n it . 

Our approac h make s us e o f advance d tool s whic h i n recen t year s hav e bee n 
developed fo r th e investigatio n o f infinite-dimensiona l dynamica l systems : Loca l 
invariant manifold s an d inclinatio n lemm a fo r noninvertibl e maps , Floque t theor y 
for dela y differentia l equations , a-prior i estimate s controllin g th e growt h an d deca y 
of solution s wit h prescribe d oscillatio n frequency , a  discret e Lyapuno v functiona l 
counting zeros , methods t o represen t invarian t set s a s graphs , Poincare-Bendixso n 
techniques fo r classe s o f dela y differentia l systems . 

Several appendice s provid e th e genera l result s neede d i n ou r cas e study , s o 
that th e presentatio n i s self-contained . Som e o f thes e genera l result s see m no t t o 
be availabl e elsewher e i n th e literature . W e mentio n i n particula r Appendi x I I o n 
smooth infinite-dimensiona l center-stabl e manifold s fo r maps . W e believ e tha t th e 
results i n th e appendice s wil l b e usefu l als o fo r futur e studie s o f more complicate d 
attractors o f dela y an d partia l differentia l equations . 

A brief descriptio n o f a par t o f our mai n resul t i s that fo r th e dela y differentia l 
equation x(t)  =  —jix{t)-\-f{x{t—l))  wit h fi  >  0  an d increasin g bounde d C 1-
function /  :  E — » R  wit h /(0 ) =  0 , unde r natura l an d mil d additiona l conditions , 
the leading 3-dimensiona l loca l unstable manifol d a t th e stationary poin t 0  extends 
in forwar d tim e t o a  smoot h soli d spindl e wit h singularitie s a t it s tips , whic h ar e 
further stationar y points , bot h stabl e an d attractive ; a n invarian t smoot h dis k o f 
solution curve s windin g fro m 0  towards a  borderin g unstabl e periodi c orbi t split s 
the spindl e int o invarian t halve s eac h o f which i s attracted t o on e of it s tips . 

The majo r par t o f this wor k was carried ou t whil e T . Kriszti n an d J . W u wer e 
supported b y the Alexande r von Humboldt Foundatio n durin g their gues t sta y wit h 
Humboldt fellowship s a t th e Universit y o f Giesse n i n 1996-97 . Bot h ar e indebte d 
to th e Foundatio n fo r it s generou s suppor t an d t o th e Institut e o f Mathematic s a t 
the University o f Giessen for th e kind hospitality durin g thei r visit . W e are gratefu l 
to Professo r J . Kinese s fo r callin g ou r attentio n t o som e topologica l result s use d i n 
Chapter 16 . 

We would lik e to acknowledg e th e suppor t fro m th e Hungaria n Nationa l Foun -
dation fo r Scientifi c Researc h (T . Krisztin) , an d fro m th e Natura l Science s an d 
Engineering Researc h Counci l o f Canad a (J . Wu) . 

T. Krisztin , H . O . Walthe r an d J . W u 
June 199 8 

vii 



This page intentionally left blank



This page intentionally left blank



Bibliography 

[I] Abraham , R . an d Robbin , J. , Transversal  Mappings  and  Flows,  Benjamin , Ne w York , 1967 . 
[2] Ammar , Y. , Eine  dreidimensionale  invariante  Mannigfaltigkeit  fur  autonome  Differentialgle-

ichungen mit  Verzogerung,  Dissertation , Universita t Munchen , 1993 . 
[3] Arino , O. , A  note  on  "The  Discrete  Lyapunov  Function  ...",  J . Differentia l Equation s 10 4 

(1993), 169-181 . 
[4] Arino , O . an d Krisztin , T. , The  2-dimensional  attractor  of  a  differential  equation  with  state-

dependent delay,  i n preparation . 
[5] Arino , O . an d Seguier , P. , Existence  of  oscillating  solutions  for  certain  differential  equations 

with delay,  Functiona l Differentia l Equation s an d Approximatio n o f Fixe d Point s (H.-O . 
Peitgen, H.-O . Walther , eds.) , Lectur e Note s i n Math. , Vol . 730, pp. 46-64 , Springer-Verlag , 
New York , 1979 . 

[6] Arino , O . an d Seguier , P. , Contribution  a  Vetude  des  comportements  des  solutions  d 7equation 
differentielle a  retard  par  des  methodes  de  monotonie  et  de  bifurcation,  These s d'Etat , 
Bordeaux I , Pau , 1980 . 

[7] Arndt , M. , Reprasentation  rdumlicher  und  zeitlicher  Stetigkeit  durch  Synchronisation  neu-
ronaler Signale,  Dissertation , Universita t Marburg , Fachbereic h Physik , 1983 . 

[8] Belair , J. , Stability  in  a  model  of  a  delayed  neural  network,  J . Dynamic s an d Differentia l 
Equations 5  (1993) , 607-623 . 

[9] Belair, J. , Campbell , S . A . an d va n de n Driessche , P. , Frustration,  stability,  and  delay-induced 
oscillations in  a  neural  network  model,  SIA M J . Appl . Math . 5 6 (1996) , 245-255 . 

[10] Belair , J . an d Dufour , S. , Stability  in  a  three-dimensional  system  of  delay-differential  equa-
tions, Canad . Appl . Math . Quarterl y 4  (1996) , 135-156 . 

[II] Bellman , R . an d Cooke , K . L. , Differential-Difference  Equations,  Academi c Press , Ne w York , 
1963. 

[12] Bing , R . H. , The  Geometric  Topology  of  3-Manifolds,  Amer . Math . Soc . Colloq . Publ. , Vol . 
40, Providence , RI , 1983 . 

[13] Braun , H. , Personal  communication. 
[14] Bredon , G . E. , Topology  and  Geometry,  Springer-Verlag , Ne w York , 1995 . 
[15] Burton , T . A . an d Hatvani , L. , Stability  theorems  for  nonautonomous  functional  differential 

equations by  Lyapunov  functionals,  Tohok u Math . J . 4 1 (1989) , 65-104 . 
[16] Cao, Y. , The  discrete  Lyapunov  function  for  scalar  delay  differential  equations,  J . Differentia l 

Equations 8 7 (1990) , 365-390 . 
[17] Chen , X.-Y. , Hale , J . K . an d Tan , B. , Invariant  foliations  for  C 1 semigroups  in  Banach 

spaces, J . Differentia l Equation s 13 9 (1997) , 283-318 . 
[18] Chow, S.-N. , Diekmann, O . and Mallet-Paret , J. , Stability,  multiplicity  and  global  continuation 

of symmetric  periodic  solutions  of  a  nonlinear  Volterra  integral  equation,  Japa n J . Appl . 
Math. 2  (1985) , 433-469 . 

[19] Chow, S.-N . an d Walther , H.-O. , Characteristic  multipliers  and  stability  of  symmetric periodic 
solutions ofx(t)  =  g(x(t  -  1)) ; Trans . Amer . Math . Soc . 30 7 (1988) , 127-142 . 

[20] Cohen , M . A . an d Grossberg , S. , Absolute  stability  of  global  pattern  formation  and  parallel 
memory storage  by  competitive  neural  networks,  IEE E Trans . SMC . 1 3 (1983) , 815-826 . 

[21] Deimling , K. , Nonlinear  Functional  Analysis,  Springer-Verlag , Berlin , 1985 . 
[22] Diekmann , O. , va n Gils , S . A. , Verduy n Lunel , S . M . an d Walther , H.-O. , Delay  Equations, 

Functional-, Complex-,  and  Nonlinear  Analysis,  Springer-Verlag , Ne w York , 1995 . 
[23] Dieudonne , J. , Foundations  of  Modern  Analysis,  Academi c Press , Ne w York , 1960 . 

239 



240 Bibliograph y 

[24 

[25; 

[26 

[27 
[28; 

[29 

[30; 

[31 

[32; 

[33 

[34; 
[35; 

[36; 

[37; 
[38; 

[39 

[40; 

[41 

[42; 

[43; 

[44; 

[45; 

[46; 

[47; 

[48; 

[49; 

[50; 

[51 

[52; 

van de n Driessche , P . an d Zou , X . F. , Global  attractivity  in  delayed  Hopfield  neural  network 
models, SIA M J . Math . Anal. , t o appear . 

Fiedler, F . an d Mallet-Paret , J. , Connections  between  Morse  sets  for  delay  differential  equa-
tions, J . rein e angew . Math . 39 7 (1989) , 23-41 . 

Gyori, I. , Connections  between  compartmental  systems  with  pipes  and  integrodifferential  equa-
tions, Mathematica l Modellin g 7  (1987) , 1215-1238 . 

Hale, J . K. , Theory  of  Functional  Differential  Equations,  Springer-Verlag , Ne w York , 1977 . 
Hale, J . K. , Asymptotic  Behavior  of  Dissipative  Systems,  Amer . Math . Soc , Providence , RI , 

1988. 
Hale, J . K . an d Lin , X . B. , Symbolic  dynamics  and  nonlinear  semiflows,  Annal i Mat . Pur a 

Appl. 14 4 (1986) , 693-709 . 
Hale, J . K . an d Verduy n Lunel , S . M. , Introduction  to  Functional  Differential  Equations, 

Springer-Verlag, Ne w York , 1993 . 
Hatvani, L . an d Krisztin , T. , Asymptotic  stability  for  a  differential-difference  equation  con-

taining terms  with  and  without  delay,  Act a Sci . Math . (Szeged ) 6 0 (1995) , 371-384 . 
Herz, A . V . M. , Global  Analysis  of  recurrent  neural  networks,  i n Model s o f Neura l Networks , 

Vol. 3  (E . Domany , J . L . va n Hemme n an d K . Schulten , eds.) , Springer-Verlag , Ne w York , 
1994. 

Hirsch, M. , Stability  and  convergence  in  strongly  monotone  dynamical  systems,  J . rein e angew . 
Math. 38 3 (1988) , 1-53 . 

Hocking, J . G . an d Young , G . S. , Topology,  Addison-Wesley , Dover , 1988 . 
Hopfield, J . J. , Neural  networks  and  physical  systems  with  emergent  collective  computational 

abilities, Proc . Natl . Acad . Sci . 7 9 (1982) , 2554-2558 . 
Hopfield, J . J. , Neurons  with  graded  response  have  collective  computational  properties  like 

two-stage neurons,  Proc . Natl . Acad . Sci . 8 1 (1984) , 3088-3092 . 
Iooss, G. , Bifurcation  of  Maps  and  Applications,  North-Holland , Amsterdam , 1979 . 
Krisztin, T. , On  the  convergence  of  solutions  of  functional  differential  equations,  Act a Sci . 

Math. 4 3 (1981) , 45-54 . 
Krisztin, T. , Convergence  of  solutions  of  a  nonlinear  integrodifferential  equation  arising  in 

compartmental systems,  Act a Sci . Math . 4 7 (1984) , 471-485 . 
Krisztin, T. , An  invariance  principle  of  Lyapunov-Razumikhin  type  and  compartmental  sys-

tems, i n Proc . o f th e Firs t Worl d Congres s o f Nonlinea r Analyst s (V . Lakshmikantham , 
ed.), pp . 1371-1379 , Walthe r d e Gruyter , Berlin , 1996 . 

Lani-Wayda, B . an d Walther , H.-O. , Chaotic  motion  generated  by  delayed  negative  feedback, 
Part I:  a  transversality  criterion,  Differentia l an d Integra l Equation s 8  (1995) , 1407-1452 . 

Mallet-Paret, J. , Morse  decompositions  for  differential  delay  equations,  J . Differentia l Equa -
tions 7 2 (1988) , 270-315 . 

Mallet-Paret, J . an d Sell , G. , Systems  of  differential  delay  equations:  Floquet  multipliers  and 
discrete Lyapunov  functions,  J . Differentia l Equation s 12 5 (1996) , 385-440 . 

Mallet-Paret, J . an d Sell , G. , The  Poincare-Bendixson  theorem  for  monotone  cyclic  feedback 
systems with  delay,  J . Differentia l Equation s 12 5 (1996) , 441-489 . 

Mallet-Paret, J . an d Walther , H.-O. , Rapid  oscillations  are  rare  in  scalar  systems  governed 
by monotone  negative  feedback  with  a  time  delay,  Math . Inst. , Universit y o f Giessen , 1994 , 
preprint. 

Marcus, C . M . an d Westervelt , R . M. , Stability  of  analog  neural  networks  with  delay,  Phys . 
Rev. A  3 9 (1989) , 347-356 . 

Morita, M. , Associative  memory  with  non-monotone  dynamics,  Neura l Network s 6  (1993) , 
115-126. 

Neugebauer, A. , Invariante  Mannigfaltigkeiten  und  Neigungslemmata  filr  Ahhildungen  in 
Banachrdumen, Diplom a thesis , Universita t Miinchen , 1988 . 

Olien, L . an d Belair , J. , Bifurcations,  stability,  and  monotonicity  properties  of  a  delayed 
neural network  model,  Physic a D . 10 2 (1997) , 349-363 . 

Pakdaman, K. , Malta , C . P. , Grotta-Ragazzo , C . an d Vibert , J.-F. , Effect  of  delay  on  the 
boundary of  the  basin  of  attraction  in  a  self-excited  single  neuron,  Neura l Computatio n 9 
(1997), 319-336 . 

Pakdaman, K. , Grotta-Ragazzo , C , Malta , C . P. , Arino , O . an d Vibert , J.-F. , Effect  of  delay 
on the  boundary  of  the  basin  of  attraction  in  a  system  of  two  neurons,  preprint . 

Rinow, W. , Lehrbuch  der  Topologie,  VE B Deutsche r Verla g de r Wissenschaften , Berlin , 1975 . 



Bibliography 24 1 

[53; 

[54 

[55 

[56; 

[57; 

[58; 

[59; 

[60; 

[61 

[62; 

[63; 

[64; 

[65; 

[66; 

[67; 

[70; 

[71 

[72; 

Schoenfliess, A. , Die  Entwicklung  der  Lehre  von  den  Punktmannigfaltigkeiten.  Bericht  er-
stattet der  Deutschen  Mathematiker-Vereinigung,  Teil  II,  J.-Ber . Deutsch . Math.-Verein. , 
Erganzungsband II , 1908 . 

Smith, H . L. , Monotone  semifiows  generated  by  functional differential  equations,  J . Differen -
tial Equation s 6 6 (1987) , 420-442 . 

Smith, H . L. , Oscillation  and  multiple  steady  states  in  a  cyclic  gene  model  with  repression, 
J. Math . Biol . 2 5 (1987) , 169-190 . 

Smith, H . L. , Monotone  Dynamical  Systems:  An  Introduction  to  the  Theory  of  Competitive 
and Cooperative  Systems,  Amer . Math . Soc , Providence , RI , 1995 . 

Smith, H . L . an d Thieme , H . R. , Strongly  order  preserving  semifiows  generated  by  functional 
differential equations,  J . Differentia l Equation s 9 3 (1991) , 332-363 . 

Tank, D . an d Hopfield , J . J. , Simple  neural  optimization  networks:  an  A/D  converter,  single 
decision circuit  and  a  linear  programming  circuit,  IEE E Trans . Circ . Syst . 3 3 1986 , 533 -
541. 

Vanderbauwhede, A . an d va n Gils , S . A. , Center  manifolds  and  contractions  on  a  scale  of 
Banach spaces,  J . Functiona l Analysi s 7 1 (1987) , 209-224 . 

Vanderbauwhede, A . an d Iooss , G. , Center  manifold  theory  in  infinite  dimensions,  i n Dy -
namics Reporte d (Ne w Series) , Vol . 1  (C.K.R.T . Jones , U . Kirchgrabe r an d H.-O . Walther , 
eds.), Springer-Verlag , Ne w York , 1992 . 

Walther, H.-O. , Uber  Ejektivitdt und  periodische  Losungen  bei  Funktionaldifferentialgleichun-
geng mit  verteilter  Verzogerung,  Habilitationsschrift , Universita t Miinchen , 1977 . 

Walther, H.-O. , On  instability,  u-limit  sets  and  periodic  solutions  of  nonlinear  autonomous 
differential delay  equations,  i n Functional  Differential  Equations  and  Approximation  of 
Fixed Points  (H.-O . Peitgen , H.-O . Walthe r eds.) , Lectur e Note s i n Math. , Vol . 730 , pp . 
489-503, Springer-Verlag , Ne w York , 1979 . 

Walther, H.-O. , Homoclinic  solutions  and  chaos  in  x{t)  =  f(x(t  —  1)) , Nonlinea r Anal . 5 
(1981), 775-788 . 

Walther, H.-O. , Bifurcation  from  periodic  solutions  in  functional  differential  equations,  Math . 
Z. 18 2 (1983) , 269-289 . 

Walther, H.-O. , Hyperbolic  periodic  solutions,  heteroclinic  connections  and  transversal  ho-
moclinic points  in  autonomous  differential  delay  equations,  Memoir s o f th e Amer . Math . 
Soc, Vol . 402 , Amer . Math . Soc , Providence , RI , 1989 . 

Walther, H.-O. , A  differential  delay  equation  with  a  planar  attractor,  i n Proc.  of  the  Int. 
Conf. on  Differential  Equations,  Universit e Cad i Ayyad , Marrakech , 1991 . 

Walther, H.-O. , An  invariant  manifold  of  slowly  oscillating  solutions  for  x'(t)  =  —fix(t)  + 
f(x(t -  1)) , J . rein e angew . Math . 41 4 (1991) , 67-112 . 

Walther, H.-O. , On  Floquet  multipliers  of  periodic solutions  of  delay  equations  with  monotone 
nonlinearities, i n Int.  Symp.  Functional  Differential  Equations  (Kyoto,  1990),  pp . 349-356 , 
World Scientific , Singapore , 1991 . 

Walther, H.-O. , Unstable  manifolds  of  periodic  orbits  of  a  differential  delay  equation,  Con -
temp. Math . 12 9 (1992) , 177-239 . 

Walther, H.-O. , The  2-dimensional  attractor  of  x(t)  =  —fix{t)  +  f(x(t  —  1)),  Memoir s o f th e 
Amer. Math . Soc , Vol . 544 , Amer . Math . Soc , Providence , RI , 1995 . 

Walther, H.-O . an d Yebdri , M. , Smoothness  of  the  attractor  of  almost  all  solutions  of  a  delay 
differential equation,  Dissertatione s Mathematica e 368 , 1997 . 

Wu, J. , Symmetric  functional  differential  equations  and  neural  networks  with  memory,  Trans . 
Amer. Math . Soc , t o appear . 



This page intentionally left blank



Index 

a-limit se t 7 
^-unstable se t 19 , 16 9 
C^-map 7]  4 5 
co'-limit se t 7 

above S  2 , 1 8 
adjoint operato r 13 8 
asymptotic phas e 5 , 53 , 17 1 

below S  2 , 1 8 
boundary b d M 6 

canonical curv e 4 1 
center manifol d 20 1 
center-stable manifol d 5 , 64 , 17 3 
characteristic functio n 3 , 1 1 
closure (o f M ) : M  6 
closed se t D\y  4 , 16 1 
closed uni t bal l D n 6 
compact se t Ds  4 , 16 1 
compactness 10 , 1 9 
complementary spac e E  4 , 16 1 
cone invarianc e 19 8 
cone K  2 , 11 , 16 1 
continuous dependenc e 9 

decomposition 1 7 
dual spac e 13 8 

equivalent nor m 5 , 30 , 137 , 16 7 
exterior (o f a  simpl e close d curv e c) : ext(c ) 6 

feedback 1 
Floquet multiplie r 5 , 51 , 170 , 22 1 
flow F w 4 , 22 , 16 2 
flowline 1 0 

generalized center-unstabl e manifol d 5 , 18 9 
generator 3 , 11 , 13 8 
global a t t racto r 2 , 16 3 
graph representatio n 17 , 23 , 3 6 
growth boun d 1 0 

24 3 
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heteroclinic connectio n 4 , 19 , 16 5 
homeomorphism h  4 8 
hyperbolic 51 , 168 
hyperplane H  4 1 

instability 11 , 51 
o 

interior (o f M):  M  6 
interior (o f a  simpl e close d curv e c) : int(c ) 6 
intersection ma p 4 1 
invar iance 7 , 11 , 19 
invariant con e 5 
invariant laye r 16 5 

Jordan-Brouwer separatio n theore m 145 , 237 
Jordan curv e theore m 6 , 23 7 

leading unstabl e manifol d 5 , 16 9 
leading unstabl e se t 1 9 
linear functiona l cp  2 6 
linear ma p II 2 3 3 
linear ma p II 3 3 3 
Lyapunov functiona l 5 , 27 , 21 1 

map w  4 , 36 , 16 1 
map w s 4 , 36 , 16 1 
minimal linea r instabilit y 5 , 5 1 
monodromy operato r 170 , 22 1 
monotone 2 , 16 1 
monotone feedbac k 1 
Morse decompositio n 16 5 

negatively invarian t 7 
neural network s 1 
neutrally stabl e 19 7 
nonordering 1 5 

ordering 2 
oscillation frequenc y 28 , 22 3 

periodic orbi t O  4 , 44 , 16 2 
phase curv e 7 , 169 , 20 5 
Poincare ma p 5 , 53 , 57, 63 , 75, 169 , 17 0 
positively invarian t 7 
projection 6 
projection P 2 3 6 
projection P 3 3 6 

realined eigenspac e 3 , 22 4 
realified generalize d eigenspac e 12 , 52 , 138 , 224 , 23 7 

Schoenfliess theore m 5 , 23 7 
segment x t 7 
semicontinuous 2 7 
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semiflow F 
semigroup 
separatrix 
set R 
sign chang e 
simple close d curv e 
singularity 
solution 
space C 
space G c 
space C 1 

space L 
space L(E,  F) 
space Q 
spectrum 
spindle 
stable manifol d 
stationary poin t 
stratification 
strong stabl e manifol d 
strong unstabl e manifol d 
submanifold 
subspaces £?i , G2, G3 
substitution operato r 
sun dua l 
sun-reflexive 
synchronized solutio n 

tangent vecto r 
threshold 
tip 
topological boundar y (o f M) : dM 
trajectory 
transversal 

uniformly locall y 1-connecte d 
unit circl e S^ 
unit spher e S n 

unstable se t 
unstable se t W u(0) 

variation-of-constants formul a 
variational equatio n 

2,9, 
3, 11, 137, 

2,15, 
27, 

5,27, 

5, 53, 58, 

161 
138 
161 
211 
211 
6 

163 
7 
6 
6 
6 
12 
6 
12 
6 
5 

202 
2, 9, 11 

67, 
4, 5, 19, 

4,36, 

162 
169 
169 
172 
161 
175 
137 
138 
1 

6 
1 
5 
6 
6 

5, 41, 58, 65 

145, 

2, 

9, 137, 

237 
6 
6 

206 
67 

221 
9, 51 

weak-star integra l 139 
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