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Introduction 

The aim of this monograph i s to describe the models of the elementary theory of 
an o-minima l expansio n o f the real s i n which th e exponentia l functio n i s definable . 
We focus on polynomially bounded +  (exp ) expansion s (cf . Sectio n 4 of Chapter 6) . 
Important example s o f suc h expansion s are : th e expansio n b y restricte d analyti c 
functions an d the unrestricted exponential function (cf . [D—M—Ml]) , the expansion 
by convergen t generalize d powe r serie s an d th e unrestricte d exponentia l functio n 
(in which the Riemann ^-functio n restricte d to (1 , oo) is definable: cf . [D—SI]) , and 
the expansion by multisummable rea l power series and th e unrestricted exponentia l 
function (i n which th e T-functio n restricte d t o (0 , oo) i s definable: cf . [D—S2]) . 

The notio n o f o-minimality (cf . Sectio n 2  of Chapte r 6 ) was introduced b y va n 
den Drie s i n [D3] , whil e studyin g th e expansio n (R,exp ) o f th e ordere d field  o f 
the rea l number s b y th e rea l exponentia l function . Va n de n Drie s observe d tha t 
the subset s o f th e cartesia n product s R n whic h ar e parametricall y definabl e i n a n 
o-minimal expansio n o f R share man y o f the geometri c propertie s o f semi-algebrai c 
sets. Fo r example , a  semi-algebrai c se t ha s onl y finitely  man y connecte d com -
ponents, eac h o f the m semi-algebrai c (cf . [CO]) . Va n de n Drie s showe d tha t thi s 
result remain s true i f one replaces "semi-algebraic " b y "parametricall y definabl e i n 
an o-minima l expansio n o f R" (cf . als o cell-decomposition  fo r o-minima l structure s 
[K-P-S]) . Thi s i s a  finiteness theorem,  an d va n de n Drie s ha s se t ou t a s a  goa l t o 
explain the other finiteness  phenomen a i n real algebraic an d rea l analytic geometr y 
as consequence s o f o-minimalit y (cf . [D4]) . Th e breakthroug h wa s achieve d wit h 
Wilkie's results on the o-minimality o f the reals with exponentiation (cf . [Wl]) . H e 
showed that th e expansion of R by Pfaffian function s restricted  to  the closed  unit box 
(i.e., the function s ar e se t t o b e identicall y zer o outside th e uni t box ) ha s a  mode l 
complete theory . Thi s resul t ma y b e viewe d a s a  stron g refinemen t o f Gabrielov' s 
Theorem (cf . [GA]) . Th e latte r state s tha t th e clas s o f sub-analyti c set s i s close d 
under takin g complements . Wilkie' s Theore m show s tha t i f the restricte d analyti c 
functions use d to describe a  given sub-analytic se t A  ar e Pfaffian , the n th e comple -
ment o f A  ma y als o be describe d b y Pfaffian functions . Wilki e als o establishe s th e 
model completeness of the elementary theory T(exp ) o f R with the real exponentia l 
function exp . Thi s theore m ha s a n importan t geometri c interpretatio n (cf . [Wl] , 
p. 1054) : cal l a subset o f Rn semi-exponential-algebraic  (semi-EA ) i f it i s defined b y 
exponential-polynomial equation s and inequalities , and a  map from R n t o Rm semi -
EA i f its grap h i s so, and finally a  se t t o b e sub-EA  i f i t i s the imag e o f a  semi-E A 
set unde r a  semi-EA map . The n the theorem i s equivalent t o the assertion tha t th e 
complement o f a  sub-E A se t i s a  sub-E A set . This , a s fo r th e semi-algebrai c case , 
implies tha t th e clas s o f sub-EA set s i s also close d unde r takin g closures , interior s 
and boundaries . Recentl y (cf . [W2] ) Wilki e prove d a  far-reachin g generalization , 
from whic h i t follow s tha t th e expansio n o f th e real s b y total  Pfaffia n function s i s 
o-minimal a s well . 

xii i 



XIV Introduction 

When provin g results such as model completeness, the model theorist ha s to in-
vestigate the class of all  models of a given theory, instea d o f studying one particula r 
model. A t th e cente r o f the clas s of models that w e consider lie s the ordered field of 
the reals . Bu t i n this class there ar e also non-archimedean models , which we under-
take t o describe . Ou r basi c too l fo r thi s i s valuation theory . Inspire d b y the theor y 
of rea l place s an d rea l close d fields,  an d seekin g th e analog y t o th e semi-algebrai c 
case, w e systematicall y develo p a n exponentia l analogu e fo r al l importan t notion s 
and methods . W e us e thi s abstrac t machiner y t o describ e explicitl y th e algebrai c 
structure o f th e models , an d t o giv e concret e constructions . Thes e construction s 
use powe r serie s fields  (cf . Theore m 5. 7 an d Theore m 5.11) . 

The valuatio n theor y tha t w e need i s basic . Indeed , w e consider ordere d fields 
with conve x valuations, whos e residue fields  are ordered an d henc e of characteristi c 
zero. Ther e ar e no deep mysteries in the theory o f valued fields in the characteristi c 
zero case . W e use , s o t o say , "shadows " o f valuations . I n fact , w e reduc e th e 
valuation theory t o the "bones " b y going down to the skeletons of the value groups, 
and ye t furthe r dow n t o th e valu e set s o f the valu e groups . Thi s descen t make s u s 
deal wit h thos e valu e sets , whic h ar e ofte n lexicographi c ordering s an d hav e som e 
kind o f ultrametri c structur e tha t i s reminiscen t o f th e valuation s wa y u p o n th e 
fields. 

At first  sight , thi s approac h ma y see m to o simplistic . However , th e powe r o f 
this metho d come s fro m th e fac t tha t i n mos t importan t cases , a s i n th e cas e o f 
the powe r serie s fields,  w e ca n lif t th e whol e situatio n fro m th e valu e se t bac k u p 
to th e field,  vi a th e valu e group . 

At th e beginnin g o f thi s work , ou r approac h t o th e exponentia l functio n i s 
equally naive . Althoug h ou r ultimat e ai m i s t o construc t extremel y well-behave d 
exponentials (tha t is , satisfyin g al l th e elementar y theorem s tha t th e rea l expo -
nential functio n does) , w e star t b y workin g o n ver y simpl e exponentials . W e jus t 
demand tha t the y ar e order preserving group isomorphisms fro m th e additive grou p 
of th e field  ont o th e multiplicativ e grou p o f it s positiv e elements . Bu t eve n thos e 
almost ridiculousl y wea k exponential s impos e tremendous restriction s o n the struc -
ture o f th e ordere d fields  tha t carr y them . A t th e poin t o f thi s wor k wher e w e 
discover tha t powe r serie s fields  canno t carr y exponentials , w e ar e force d t o mak e 
our demand s o n th e exponentials , (o r mor e precisel y o n thei r compositiona l in -
verses, th e logarithms)  eve n mor e modes t tha n before . Then , w e hav e t o lear n t o 
work wit h prelogarithms , tha t i s non-surjectiv e logarithms . W e jus t hav e thes e 
logarithms tha t ar e no t eve n surjectiv e an d tha t enjo y n o reasonabl e propertie s 
whatsoever. 

Luckily however , w e hav e thre e importan t key s t o modif y an d improv e thos e 
weak prelogarithms , al l the wa y through . 

The first  i s the discover y tha t powe r serie s fields,  whils t no t carryin g surjectiv e 
logarithms, alway s carry prelogarithms.  Thu s we develop a  standard metho d t o get 
a surjectiv e logarith m o n a  countable unio n o f power serie s fields. 

The secon d ke y i s a  resul t o f [D—M—Ml ] wh o sho w tha t powe r serie s fields 
can be naturally mad e into models of restricted  rea l exponentiation, an d even more, 
of al l restricted analyti c functions . Thi s structur e i s preserved b y taking countabl e 
unions o f powe r serie s fields.  Thu s w e no w en d u p wit h ordere d fields,  endowe d 
with a n exponentia l whos e restriction  to  the  unit  box  of th e field  enjoy s th e sam e 
elementary propertie s a s the rea l exponential restricte d t o the uni t bo x in the reals . 

But w e ar e no t done . I n fac t th e exponentia l thu s constructe d doe s not  yet 
satisfy th e elementar y propertie s o f the unrestricted  rea l exponential ! Here , we use 
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the las t ke y tha t open s th e las t door : Ressayre' s Theore m [RE] . I t state s tha t 
an exponentia l o n a n ordere d field  whic h satisfie s th e elementar y propertie s o f th e 
restricted rea l exponential , and  satisfie s th e growt h axio m schem e (GA) , satisfie s 
the elementar y propertie s o f the unrestricted  rea l exponentia l a s well . 

This leads us to a  substantial par t o f the research presented i n this monograph . 
We undertak e a  systemati c stud y o f th e growt h axio m scheme . Ou r mai n ide a i s 
to investigate wha t (GA ) impose s on the valu e group o f the field.  Descendin g eve n 
further down , we are able to encode  the growth axiom scheme in the value  set  of th e 
value group of the field.  Heuristically , (GA ) i s encoded i n the order automorphism s 
which th e valu e se t carries . I t i s certainl y muc h easie r t o understan d a  totall y 
ordered set  (th e valu e set ) endowe d wit h a n automorphism , tha n t o understan d 
a totall y ordere d field  endowe d wit h a  logarithm . S o t o say , w e ge t ri d o f th e 
algebraic structure , bu t w e lose nothing . Indeed , a s mentione d already , w e ar e i n 
the privileged situatio n where we can lif t thi s informatio n u p again , from th e valu e 
set t o th e ordere d field.  W e develo p a  canonica l metho d t o achiev e thi s lifting . 
Finally, thi s allows us to describe the non-archimedean ordere d fields endowed wit h 
exponentials an d restricte d analyti c function s whic h satisf y al l th e axiom s o f rea l 
exponentiation, an d whic h moreove r enjo y furthe r interestin g properties . 

Related t o (GA ) i s the notio n o f exponential rank . I t i s a finer  measurement o f 
the growth rates of exponentials than just (GA) . We encode the exponential rank a s 
well in th e automorphism s o f the valu e set . W e construc t fields  o f arbitrar y expo -
nential ranks , th e "exponential-logarithmi c powe r serie s fields".  Thes e canonicall y 
defined exponentia l fields  are the exponentia l analogu e o f power serie s fields  i n th e 
real case . The y ca n carr y a  multitude o f exponentials o f distinct  growt h rates , an d 
enjoy furthe r surprisin g propertie s o f which w e provide a  detailed account . 

Hardy fields provide the mos t beautifu l exampl e o f non-archimedean exponen -
tial fields.  The y wer e introduce d b y Hard y (cf . [HD2]) , a s "th e natura l domai n 
for th e stud y o f asymptoti c analysis" . W e appl y ou r genera l structur e theorem s 
for exponentia l fields  t o thi s particularl y importan t case . Inspire d b y Rosenlicht' s 
work on Hardy fields  o f finite  ran k (cf . [ROl]) , w e extend th e stud y t o th e infinit e 
rank case . W e give a  detaile d descriptio n o f the valu e group s an d residu e fields  o f 
Exponential Hard y fields  (whic h necessaril y hav e infinit e rank) . Usin g ou r results , 
we present a t th e end of the monograph a  new proof to a conjecture raise d by Hard y 
concerning the asymptotic behaviou r o f the "Logarithmico-Exponential " functions . 
This conjectur e wa s first  establishe d i n [D— M—M2] by differen t methods . 

In Chapter 0 , we gather some preliminaries abou t valuation s on ordered  Abelian 
groups. W e introduce th e valu e se t an d th e skeleto n o f such a  group . Thes e invari -
ants tur n ou t t o b e very hand y throughou t thi s research . 

In Chapte r 1 , we stud y th e necessar y condition s tha t a n ordere d exponentia l 
field K ha s to satisfy. W e show at the end of Chapter 2  that th e exponential induce s 
canonically a n amazin g ma p (whic h we call a  contraction) o n the valu e group G  of 
K wit h respect to the natural valuation. A  contraction contracts every archimedea n 
class 7 ^ {0} to a  se t {a , —a} of tw o points , an d ye t map s G  surjectively  ont o G  i n 
an order preserving way. Th e class of ordered Abelia n groups tha t ar e able to carr y 
contractions i s much smalle r tha n th e clas s o f all  ordered Abelia n groups . I t i s a n 
elementarily axiomatizabl e clas s an d ha s a  ver y well-behave d mode l theory . Thi s 
has been worke d ou t i n [KF1 ] an d [KF2] , an d w e present th e result s o f these tw o 
papers i n the Appendi x o f thi s monograph . 

At th e end of Chapter 1 , we study "small " non-archimedea n exponentia l fields. 
We investigate the following problem: Give n an ordered field  K,  an d assumin g tha t 
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its residue field  K  wit h respec t t o the natura l valuatio n (whic h i s a subfield o f R) i s 
an exponentially close d subfield o f the reals, is it possible to lif t th e real exponentia l 
exp to an exponentia l /  o f Kl  W e answer thi s problem fo r non-archimedea n count -
able fields  tha t ar e roo t close d fo r positiv e elements . W e ge t a  structur e theore m 
for thos e fields  (cf . Theore m 1.44) , and sho w that the y admi t exponential s /  liftin g 
exp fro m thei r residu e fields  i f an d onl y i f thei r valu e grou p i s isomorphi c t o th e 
lexicographic su m o f copie s o f th e additiv e ordere d grou p (if , + ,0 , <) , take n ove r 
the rationals . I n Sectio n 6  o f Chapte r 2 , w e sho w tha t thi s conditio n i s indee d 
sufficient t o ge t exponential s satisfyin g (GA ) o n th e countabl e field.  Thi s theo -
rem provide s a  method t o construc t non-archimedea n countabl e exponentia l fields, 
given archimedea n one s (cf . Exampl e 1.45) . 

In Chapte r 2 , we translate th e meanin g o f (GA ) an d th e Taylo r axio m schem e 
(T) into a valuation theoretic language. Fo r example, we show that (T ) i s equivalent 
to assertions of the form v(f(x)—E n(x)) >  v(xn) (wher e En denote s the n-th partia l 
sum i n th e Taylo r expansio n o f exp) . Thes e result s ar e use d throughou t th e late r 
chapters. 

In Chapter 3 , we introduce prelogarithms an d define the exponentia l rank to be 
the chain of convex valuation rings which are compatible with the prelogarithm. W e 
characterize th e exponentia l ran k throug h exponential  equivalence  (cf . Sectio n 4  of 
Chapter 3) , as the rank i s characterized b y the "multiplicativ e equivalence relation " 
in th e rea l case . I t i s worthwhil e mentionin g her e tha t i f K  i s a  mode l o f th e 
elementary theor y T  o f a n exponentiall y bounde d expansio n o f th e reals , suc h 
that th e exponentia l /  i s definable , the n th e valuatio n ring s R w o f valuation s w 
compatible wit h /  ar e precisel y th e T-conve x valuatio n ring s o f K , i n th e sens e of 
[D-L]. 

So far , w e hav e onl y describe d result s tha t ar e i n nic e analog y t o th e theor y 
of rea l places . Bu t whe n i t come s t o existenc e results , th e analog y break s down . 
If a  field  ha s a  plac e ont o a n ordere d residu e field,  the n th e orde r ca n b e lifte d 
up t o th e field  throug h th e place . I t i s no t surprisin g tha t exponential s canno t b e 
lifted throug h arbitrar y places . Indeed , w e sho w i n Chapte r 4  tha t powe r serie s 
fields never  admi t exponential s compatibl e wit h thei r canonica l valuation . (I t i s 
interesting t o not e tha t ther e i s an exponentia l o n the surrea l numbers , cf . [G] , but 
this "powe r serie s field"  i s a  prope r class. ) However , w e sho w tha t ever y powe r 
series field  R((G) ) carrie s a  prelogarithm . Indeed , i n Sectio n 3  o f Chapte r 4 , w e 
give an explici t formul a fo r th e basi c prelogarith m log 0 o n powe r serie s fields  wit h 
any give n valu e grou p o f th e for m R r ° , wher e T Q i s a  totall y ordere d set . Goin g 
to th e unio n ove r a n increasin g chai n o f powe r serie s fields,  w e mak e thi s loga -
rithm log o surjectiv e (cf . Sectio n 4  of Chapte r 4) . W e cal l the so-obtaine d field  th e 
exponential-logarithmic power  series  field  an d denot e i t b y R{(TQ)) EL. Th e loga -
rithm log 0 doe s n ° t satisf y (GA) , and w e develop a  method i n Chapte r 5  to modif y 
log0. W e show tha t on e ca n us e an y orde r preservin g ma p a  o n T o satisfyin g tha t 
<J7 > 7  fo r al l 7 , t o derive from log 0 a  logarithm log CT having th e righ t growt h rate . 
Its invers e exp a wil l the n yiel d a  mode l o f rea l exponentiatio n (an d restricte d an -
alytic functions) . Thi s metho d enable s u s als o to construc t exponentia l fields  wit h 
arbitrary principa l exponentia l ranks . I n thi s way , ou r constructio n exhibit s th e 
relation betwee n orde r endomorphism s o f the value group s an d th e growt h rate s of 
the constructed exponentials . W e also show that R((r 0)) £ ; L admit s countably infin -
itely many exponential s o f distinct exponentia l rank , fo r any  IV Thi s contrast s th e 
impression o f rigidit y whic h i s give n b y th e notatio n M((ro)) jBL (cf . Exampl e 5.1 0 
and Remar k 5.14) . 
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Analogous constructions , usin g powe r serie s fields,  ar e give n i n [D—M— M2]. 
There, a  first  limi t proces s i s employed t o obtai n a  field  with non-surjectiv e expo -
nential, and then a  second (inverse ) limi t process renders the exponential surjective . 
The outcome i s a mode l calle d th e "logarithmic-exponentia l powe r serie s field".  I n 
contrast t o th e constructio n give n i n [D—M— M2], our constructio n use s onl y on e 
limit process . I t i s a n interestin g tas k fo r futur e researc h t o compar e th e model s 
obtained b y thes e tw o differen t approaches . 

Chapter 6  answer s a  questio n raise d b y Macintyr e i n a  cours e give n a t Th e 
Fields Institute , durin g th e Algebrai c Mode l Theor y Program , Novembe r 1996 . 
In [D—M— M2], the author s us e result s o f Ressayr e an d Mourgue s t o sho w tha t 
Hardy's field  LE  o f Logarithmico-exponential function s admit s a  truncation-close d 
embedding in the logarithmic-exponential powe r series field (see above). Then , the y 
use this particular embedding to prove Hardy's conjecture (cf . Sectio n 9 of Chapter 6 
for details ) an d t o sho w tha t certai n functions , includin g th e Gamma-functio n an d 
the Rieman n ^-function , canno t b e define d usin g exponentia l function , logarith m 
and restricte d analyti c functions . Whil e lecturin g o n th e result s o f [D—M-M2] , 
Macintyre aske d whethe r thei r result s coul d b e deduce d b y a  "mor e invariant " 
version o f truncation . Indeed , w e deriv e th e result s o f [D—M— M2] withou t usin g 
embeddings in the logarithmic exponential power series field.  We replace truncatio n 
results by an intrinsic property , which i s an assertio n abou t th e residue fields of th e 
Hardy fields  wit h respec t t o arbitrar y conve x valuations . I t i s invarian t becaus e i t 
does no t depen d o n a n embeddin g i n logarithmic-exponentia l powe r serie s fields. 
As a  by-product , w e ge t a  structur e theore m fo r th e Hard y fields  associate d t o a 
polynomially bounde d +  (exp ) expansio n o f the real s (cf . Theore m 6.30 ) an d show , 
amongst othe r results , tha t thes e Hardy fields have levels in the sense of Rosenlich t 
(cf. [ROSJ) . 

Several result s presente d i n thi s monograp h wer e obtaine d i n th e join t paper s 
[K-Kl] , [K-K2] , [K-K3] , [K-K4 ] an d [K-K-Sl ] . I  woul d lik e t o than k m y 
co-authors Franz-Vikto r Kuhlman n an d Saharo n Shela h fo r thei r essentia l contri -
butions i n ou r join t work . Specia l thank s ar e du e t o Franz-Vikto r Kuhlman n fo r 
allowing th e inclusio n o f result s o f [KF'l ] an d [KF2 ] a s a n Appendix , an d fo r 
proof-reading m y manuscript . 

I a m particularl y gratefu l t o Alexande r Preste l an d Pete r Roquett e fo r thei r 
constant suppor t durin g the years I spent in Germany. I  am grateful t o Sudesh Kau r 
Khanduja fo r invitin g m e t o teac h a  cours e o n exponentia l fields  a t he r universit y 
(Chandigarh, India , 1995) , an d t o Charle s Delzel l an d Jame s Madde n fo r invitin g 
me t o giv e a  mini-cours e o n thi s materia l durin g th e Specia l Semeste r o n Rea l 
Algebraic Geometr y an d Ordere d Structure s (Bato n Rouge , 1996) . 

I would like to thank Lo u van den Dries , Askold Khovanskii , Angu s Macintyre , 
David Marker , Joh n Shackell , Patrick Speissegge r an d Mar k Spivakovsk y fo r usefu l 
conversations. I  am especiall y endebte d t o Chri s Miller , fro m who m I  have learne d 
a lo t i n Bato n Roug e an d a t Th e Field s Institute . 

I am endebte d t o John Marti n an d th e Mathematic s Departmen t i n Saskatoo n 
for th e privileg e o f teachin g a n advance d graduat e cours e o n thi s materia l durin g 
the first year of my appointment. I  thank the colleagues who attended m y course fo r 
their constructiv e comments . Specia l thank s t o Murra y Marshal l fo r alway s bein g 
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principal, 5 1 

convex valuation , 16 , 4 9 
associated t o G w, 5 0 

Countable Cas e Characterizatio n Theorem , 
31 

cross-section 
^-logarithmic, 6 6 
canonical grou p cross-section , 7 0 
group cross-section , 7 0 
of a  value d field , 6 6 
strong v-logarithmic , 7 7 
surjective w- logarithmic, 6 6 

Crucial Lemma , 10 4 
cut, 11 8 

i>G-cut, 11 8 
induced b y a n element , 11 8 
shifted vc-cut , 11 9 

definable, 9 5 
dense 

u>-dense, 2 9 
order dense , 3 0 

divisible, 1 6 
contraction hull , 12 5 

elements 
finite, 1 7 
infinitesimal, 1 7 
positive infinite , 1 7 

embedding 
truncation closed , 8 7 

embedding o f value d modules , 2 
equivalent 

^-equivalent t o y , 9 
(^-equivalent, 5 7 

equivalent valuation s ,  2 
exchange propert y 

algebraic, 13 6 
exponential, 2 2 

T\-exponential, 5 3 
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i>-left exponential , 2 4 
^-middle exponential , 2 5 
f-right exponential , 2 5 
w-compatible, 5 2 
(GA)-i;-left exponential , 3 4 
(GA)-exponential, 3 3 
(GATn)-exponential, 3 3 
(GAT)-i>-middle exponential , 3 4 
(GAT)-exponential, 3 3 
(Tn)-v-right exponential , 4 2 

(Tn)-exponential, 3 3 
(T)-v-right exponential , 3 4 
(T)-exponential, 3 3 
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induced o n th e residu e field , 5 2 
lexicographic product , 2 5 
strong grou p exponential , 3 5 

exponential class , 5 8 
exponential field,  2 2 

v-compatible, 2 3 
extension o f exponentia l fields , 2 9 
formally, 2 2 

exponential grou p i n A , 2 6 
exponential Hard y field , 9 4 
exponential rank , 5 2 

characterization, 6 1 
of a  prelogarithm , 5 3 
principal, 6 1 

exponential-logarithmic powe r serie s fiel d 
over To , 7 5 
over (r 0 ,cr) , 8 1 

exponentially bounded , 9 5 
exponentially closed , 3 2 
exponents 

field of , 9 7 
extension 

immediate extensio n o f valued modules , 3 
of exponentia l fields,  2 9 
of value d modules , 3 
value se t preserving , 12 4 

field o f exponents , 9 7 
final segmen t 

principal, 5 1 
finer, 5 0 
finite conve x partition , 13 8 
finite elements , 1 7 
finite ope n conve x partition , 14 0 
formally exponentia l field,  2 2 

germ a t oo , 9 2 
Gravett, K . A . H. , 1 2 
group 

exponential grou p i n A,  2 6 
of 1-units , 16 , 1 8 
of positiv e units , 1 8 
of units , 1 6 
strong exponential , 3 5 

group cross-section , 7 0 
canonical, 7 0 

group exponential , 2 6 
induced b y x > 4 5 

growth axiom , 3 3 

Holder's Theorem , 1 5 
Holder, O. , 1 5 
Hahn Embeddin g Theorem , 1 4 
Hahn product , 3 
Hahn sum , 3 
Hardy field,  9 2 
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exponential, 9 4 
levelled, 9 7 

henselian, 2 8 
homomorphism o f ordere d modules , 8 

immediate extensio n 
of value d fields , 2 7 
of value d modules , 3 

increasing automorphism , 7 8 
induced b y hf,  2 6 
infinitely smaller , 9 
infinitesimals, 1 7 
isomorphic a s ordere d skeletons , 1 0 
isomorphic a s value d modules , 2 
isomorphism 

of ordere d systems , 2 
of value d modules , 2 

Kaplansky, I. , 2 8 

left 
•o-left exponential , 2 4 
-u-left logarithm , 2 4 
to-left prelogarithm , 6 6 
(GA)-i>-left exponential , 3 4 

level, 9 7 
levelled, 9 7 
lexicographic decompositio n 

additive, 1 8 
multiplicative, 1 9 

lexicographic product , 1 3 
of exponentials , 2 5 

lexicographic sum , 1 3 
lifting, 26 , 6 6 
lifting property , 3 5 
lifts, 2 5 
logarithm, 2 2 

^-compatible, 2 3 
•u-left logarithm , 2 4 

logarithmic cross-section , 6 6 
surjective, 6 6 

Logarithmico-Exponential functions , 9 4 

maximal exponential , 2 9 
maximally value d 

field, 2 7 
module, 4 

middle 
v-middle exponential , 2 5 
(GAT)-'u-middle exponential , 3 4 

minimum suppor t valuation , 3 , 2 7 
monomial, 11 4 

generalized x-monomial , 13 9 
monic generalize d x _ monomial, 13 8 

multiplicative class , 5 2 
Multiplicative Lexicographi c Decompositio n 

Theorem, 1 9 

natural contraction , 4 5 
induced b y h,  4 5 
induced b y / , 4 5 

natural valuatio n 
.R-natural valuation , 9 
on a n ordere d field,  1 6 

o-minimal, 9 5 
o-minimal, weakly , 13 6 
open conve x set , 13 9 
order compatible , see  also  compatibl e wit h 

the orde r 
order complete , 3 0 
order completion , 3 0 
order dense , 3 0 
order preserving , 8 
ordered module , 8 

homomorphism of , 8 
ordered skeleton , 9 
ordered syste m 

isomorphism o f ordere d systems , 2 
of modules , 2 

piecewise monotone , 13 8 
polynomial 

generalized x-polynomial , 13 9 
reduced, 2 8 

poly normally bounded , 9 5 
positive infinit e elements , 1 7 
positive units , 5 0 
power serie s field,  2 7 

exponential-logarithmic 
over To , 7 5 
over (ro,cr) , 8 1 

precontraction, 56 , 12 1 
centrifugal, 12 1 
centripetal, 12 1 

precontraction group , 12 0 
prelogarithm, 5 3 

w-compatible, 5 3 
w-left, 6 6 
UHright, 6 6 
(GA)-prelogarithm, 5 4 
(Ti)-prelogarithm, 5 5 
exponential rank , 5 3 

principal 
X^-principal, 6 1 
X^-principal generate d b y g,  6 1 
^-principal, 6 1 
^-principal generate d b y a , 6 1 
(^-principal, 6 1 
Ge -principal generate d b y 7 , 6 1 
principal exponentia l rank , 6 1 

principal conve x subgrou p 
generated b y g,  5 1 

principal conve x submodule , 8 
principal conve x subrin g generate d b y a , 5 1 
principal exponentia l rank , 6 1 

characterization, 6 3 
principal final  segment , 5 1 
principal ran k 

of a  field,  5 1 
of a  group , 5 1 
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pseudo Cauch y sequence , 5 
pseudo complete , 5 
pseudo limit , 5 

quasicut, 11 8 

rank 
cr-rank, 8 3 
exponential, 5 2 
of a  value d group , 5 0 
of a n ordere d field,  5 0 
principal 

of a  field,  5 1 
of a  group , 5 1 

principal exponentia l rank , 6 1 
realize a  (quasi)cut , 11 8 
reduced polynomial , 2 8 
representable 

P-representable, 14 2 
residue field,  1 6 
restricted analyti c function , 10 3 
Riemann ("-function , 11 3 
right 

v-right exponential , 2 5 
lu-right prelogarithm , 6 6 
(Tn)-i>-right exponential , 4 2 
(T)-f-right exponential , 3 4 

root close d fo r positiv e elements , 1 8 

shift 
induced b y a  prelogarithm , 5 7 
to th e right , 5 7 

shift elements , 13 1 
shift o f a  quasicut , 11 8 
skeleton, 2 

isomorphic a s ordere d skeletons , 1 0 
ordered, 9 

strong 
^-logarithmic cross-section , 7 7 
exponential group , 3 5 
group exponential , 3 5 

sum o f chains , 1 0 
sum o f ordere d system s o f modules , 1 0 
supersequence, 13 1 
support, 3 , 27 , 6 7 
surjective w;-logarithmi c cross-section , 6 6 

Taylor axiom , 3 3 
theorem 

Additive Lexicographi c Decomposition , 1 8 
Countable Cas e Characterization , 3 1 
Holder's Theorem , 1 5 
Multiplicative Lexicographi c Decomposi -

tion Theorem , 1 9 
topology 

i^-topology, 2 9 
transcendental 

X-transcendental, 13 1 
bounded x-transcendental , 13 3 

transexponential, 9 5 
truncation close d embedding , 8 7 
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ultimately, 9 2 
ultrametric inequality , 1 
units 

group o f 1-units , 16 , 1 8 
group o f positiv e units , 1 8 
group o f units , 1 6 
positive, 5 0 

valuation 
^min, 3 , 2 7 
canonical, 2 7 
coarser, 5 0 
convex, 16 , 4 9 
finer, 5 0 
on a  field,  1 5 
on a  module , 1 

valuation basis , 4 
valuation ideal , 1 6 
valuation independent , 4 

over, 4 
valuation preserving , 2 
valuation ring , 1 6 
value group , 1 5 
value set , 1 
value se t preservin g extension , 12 4 
valued field,  1 5 

henselian, 2 8 
immediate extension , 2 7 
maximally valued , 2 7 

valued module , 1 
embedding o f value d modules , 2 
extension o f value d modules , 3 
immediate extensio n of , 3 
isomorphism o f value d modules , 2 
maximally valued , 4 

weakly o-minimal , 13 6 
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