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Introduction 

Consider a  Galoi s theoretica l embeddin g problem , i.e. , th e questio n o f embeddin g 
a Galoi s extensio n M/K  wit h Galoi s grou p G  —  Gal(M/K)  int o a  large r Galoi s 
extension F/K,  suc h tha t th e Galoi s grou p Gal(F/K)  i s isomorphi c t o a  specifie d 
group E  an d th e restrictio n ma p fro m Ga l ( F / i f) t o G  correspond s t o a  give n 
homomorphism n:  E  — > G.  Ho w d o w e approac h suc h a  problem ? Ho w d o w e 
determine whethe r suc h a n extensio n F/K  exists ? Ho w d o w e find  i t i f i t does ? O r 
(preferably) ho w d o w e find  al l o f the m i f ther e ar e any ? 

The answer s t o thes e question s o f cours e depen d o n th e kin d o f embeddin g 
problem considered , bot h wit h respec t t o th e natur e o f the group s an d th e natur e o f 
the field.  Fo r instance , i f G  an d E  ar e cyclic , i t take s nothin g mor e tha n elementar y 
Galois theor y t o solv e th e proble m ove r a  finite field,  wherea s i t take s clas s field 
theory (o r a t leas t som e reasonabl y sophisticate d algebrai c numbe r theory ) t o solv e 
it ove r th e field  o f rationa l numbers . 

The method s o f algebrai c numbe r theor y an d clas s field  theor y hav e i n fac t 
been pu t t o goo d us e i n studyin g thes e kind s o f problems : I n th e 1920's , Schol z [76 ] 
considered variou s solvabl e group s (mostl y o f smal l order ) ove r algebrai c numbe r 
fields, an d i n the 1930' s Schol z [77 ] and Reichard t [70 ] independently prove d tha t al l 
finite group s o f od d prim e powe r orde r coul d b e realise d a s Galoi s group s ove r an y 
algebraic numbe r field,  i n bot h case s b y buildin g u p th e extension s throug h solvin g 
embedding problem s 'along ' a  compositio n series . Thi s approac h culminate d i n th e 
1950's wit h Shafarevich' s resul t tha t al l solvabl e group s ar e Galoi s group s ove r al l 
algebraic numbe r fields;  cf . [32 ] o r [66]. 

Also i n th e 1930's , Wit t [94 ] considere d group s o f prim e powe r orde r p n ove r 
fields o f characteristi c p , an d essentiall y prove d al l involve d embeddin g problem s t o 
be triviall y solvable . W e wil l touc h briefl y o n thi s i n Chapte r 2 . I n th e sam e paper , 
Wi t t solve d th e proble m o f embeddin g a  biquadrati c extensio n int o a n extensio n 
with th e quaternio n grou p a s Galoi s group . W e wil l ge t considerabl e mileag e ou t 
of tha t resul t i n Chapte r 7 . 

It i s clea r tha t a n embeddin g proble m i s in a  sens e a  'local ' problem : W e shoul d 
be abl e t o investigat e i t full y usin g onl y th e extensio n M/K  an d th e homomorphis m 
7r: E  — > G, withou t havin g t o conside r 'global ' structure s lik e separabl e closure s 
and absolut e Galoi s groups. 1 

In 1932 , Braue r [7 ] introduce d a  typ e o f embeddin g proble m fo r whic h th e 
necessary 'local ' informatio n i s readil y available : I n thes e so-calle d Brauer  type 
embedding problems,  wher e th e kerne l o f TT  ca n b e identifie d wit h a  grou p o f root s o f 

1This i s no t t o sa y tha t separabl e closure s an d absolut e Galoi s group s ar e no t usefu l fo r 
theoretical consideration s - sectio n 6. 2 o f Chapte r 6  i s a  goo d exampl e o f thi s bu t simpl y tha t 
they ten d t o b e unwieldy , i f onl y becaus e w e d o no t generall y kno w them . 
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unity insid e M, 2 thi s information i s contained i n the cohomology group H 2(G, M*) , 
or th e relativ e Braue r grou p Br(M/K),  whicheve r on e prefers . Thi s i s no t onl y 
decidedly 'local' , bu t quit e convenient , sinc e bot h grou p cohomolog y an d Braue r 
group theor y ar e well-develope d disciplines , providin g ampl e tool s fo r studyin g 
embedding problems . 

We shoul d mentio n her e tha t Braue r wa s no t i n fac t intereste d i n th e embed -
ding problems . H e was - naturally enoug h - interested i n the Braue r group , an d hi s 
concern was the classification o f finite-dimensional  centra l division algebras over th e 
field K,  an d th e connectio n t o embeddin g problem s wa s a  reduction , a s h e writes , 
from 'non-commutative ' t o 'commutative ' algebra . W e will go the othe r way , usin g 
the fac t tha t th e structur e o f Braue r group s i s reasonably wel l understood . 

This monograph , then , i s abou t Braue r typ e embeddin g problems , primaril y 
the cas e wher e ker7 r ha s prim e order , an d som e relate d embeddin g proble m types . 
This topi c bring s togethe r Galoi s theory , Braue r grou p theory , grou p cohomolog y 
and th e theor y o f quadratic forms , an d al l of these subject s ar e covered i n the text , 
in Chapter s 1 , 3 , 4  an d 5 . (Chapte r 1  differ s fro m mos t introduction s t o Galoi s 
theory b y no t containin g ver y man y examples ; o n th e othe r hand , ther e ar e plent y 
of explicitl y give n Galoi s extension s i n late r chapters. ) I n addition , Appendi x A 
gives a n introductio n t o pro-finit e Galoi s theory . 

Chapter 2  provide s th e set-up , i.e. , th e basi c results , th e definition s an d th e 
first examples . Al l don e i n a s elementar y a  fashio n a s possible. 3 Mos t impor -
tantly, i t introduce s th e obstruction  t o th e embeddin g problem . Thi s i s an elemen t 
in H 2(G, M* ) expressin g the solvability (o r non-solvability) o f the embedding prob -
lem. Th e existenc e o f obstructions i s what make s Brauer typ e embedding problem s 
nice. 

Chapter 6  deal s wit h th e proble m o f decomposin g th e obstructio n int o con -
venient factors . Again , sectio n 6. 1 i s fairl y elementary , whil e sectio n 6. 2 relie s o n 
pro-finite cohomology . Thi s (an d th e subsequen t sectio n 6.3 ) is , however , th e onl y 
place i n th e monograp h w e mak e rea l us e o f pro-finit e cohomology , an d i t ca n b e 
skipped withou t givin g i t a  secon d thought , shoul d on e s o desire . 

Chapter 7  explores th e connectio n betwee n Braue r typ e embeddin g problem s 
and quadrati c forms . Specifically , i t provide s criteri a fo r solvabilit y fo r a  numbe r 
of embeddin g problem s i n term s o f equivalence s o f quadrati c forms , an d describe s 
how to find  th e solutions . Thi s include s th e famou s resul t b y Witt : A  bi-quadrati c 
extension K{yJ~a,  yJb)jK  i n characteristic ^  2  can b e embedded i n a  Qg-extension , 
if an d onl y i f the quadrati c form s (a , 6, ab) and (1,1,1 ) ar e equivalen t (ove r K). 

The final  chapter , Chapte r 8 , i s concerned wit h reducin g embeddin g problems . 
As i t happens , i n som e case s embeddin g problem s tha t ar e no t o f Braue r typ e ca n 
be reduced t o Braue r typ e embedding problem s an d solve d a s such, thus extendin g 
the usefulnes s o f Brauer typ e embeddin g problems . I n particular , i f the embeddin g 
problem i s non-spli t wit h kerne l o f prim e orde r p  (an d th e characteristi c o f th e 
involved fields  i s no t p) , i t ca n b e s o reduced . 

Another kin d o f embedding proble m tha t ca n b e reduce d t o Braue r typ e i s th e 
case wher e ker7 r i s cycli c o f orde r 4 . Suc h a n embeddin g proble m reduce s t o tw o 
Brauer typ e embeddin g problems , an d th e result s coverin g thi s reductio n ar e give n 
in sectio n 8. 3 o f Chapte r 8 . 

2See sectio n 2. 4 i n Chapte r 2  fo r details . 
3 Or a t leas t reasonable . I t i s perfectl y possibl e t o describ e Qs-extension s withou t resortin g 

to Braue r groups , bu t i t i s har d t o motivat e th e arguments . 
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There ar e o f cours e othe r way s o f lookin g a t embeddin g problems ; cf . [55 ] 
and [32] , which als o contain s extensiv e references . Particularl y noteworth y i s th e 
study o f embedding problems over Hilbertian  field s (a s defined i n Chapter 1) , where 
it can be shown that split-exac t embeddin g problems with abelia n kerne l are alway s 
solvable. (Th e proof , whil e a  littl e tedious , i s no t particularl y deep , an d consist s 
mostly o f producin g so-calle d regular  extension s wit h prescribe d abelia n Galoi s 
group. W e refer t o [19]. ) Mos t o f the group s w e will consider ca n b e realise d easil y 
as Galoi s group s ove r Q  (o r an y Hilbertia n field ) b y invokin g thi s result . Thi s 
realisation i s generally not , however , ver y explicit . 

Another commo n approac h i s t o realis e th e finit e grou p G  a s a  Galoi s grou p 
over C(t ) (a s mentioned i n Chapte r 1 , this i s always possible ) an d the n attemp t t o 
descend t o Q(t) , followe d b y specialisatio n t o Q . Mos t realisation s o f finit e simpl e 
groups (sporadi c groups , projectiv e specia l linea r groups , etc. ) ove r Q  hav e bee n 
obtained i n thi s manner . Here , a  goo d referenc e i s Malle &  Matzat [55] . 

A powerful method , whic h w e will make som e use of , i s the mor e genera l appli -
cation o f group cohomology . W e will use i t a s i t relate s t o th e Braue r group , bu t i t 
can easil y b e employe d independently . Here , a n importan t pape r i s Hoechsmann' s 
Zum Einbettungsproblem  [30] , covering th e basic s o f this approach . Also , Neukirc h 
[65] made great contribution s here , using the cohomological description o f class fiel d 
theory t o conside r problem s simila r t o thos e o f Shafarevich . 
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