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Preface 

The proo f o f the Taniyama-Shimura Conjectur e b y A . Wiles e t al . i n the 1990 s 
(cf. [15]) , which implie d a  proo f o f Fermat' s Las t Theorem , ha s bee n me t wit h ap -
proval from th e mathematical communit y an d has even aroused grea t interes t i n th e 
public (cf . [1] , [95]) . I t connects , i n a  ver y fascinatin g way , differen t mathematica l 
subjects, suc h a s algebrai c geometr y an d numbe r theory . 

The tw o mai n mathematica l theorie s involve d ar e thos e o f ellipti c curve s an d 
of modular forms . Th e Taniyama-Shimura conjectur e relate s the number s o f point s 
on ellipti c curve s ove r finite fields  t o Fourie r coefficient s o f certai n modula r form s 
of weight  two . 

An ellipti c curve i s a special cas e of a  so-called Calabi-Yau  manifold,  namel y a 
Calabi-Yau manifol d o f dimensio n one . Calabi-Ya u manifold s ar e o f grea t impor -
tance i n strin g theory , a  mai n branc h o f moder n theoretica l physics . I t i s a  ver y 
natural tas k t o try t o extend th e result s fo r ellipti c curves to Calabi-Ya u manifold s 
of higher dimension . Calabi-Ya u manifold s o f dimension two are called K3  surfaces. 
Their arithmetic , i.e. , thei r propertie s ove r finit e fields,  ha s als o bee n studie d bu t 
we will take on e furthe r ste p forwar d an d concentrat e o n Calabi-Ya u manifold s o f 
dimension three , th e so-calle d Calabi-Yau  threefolds. 

The arithmeti c o f Calabi-Ya u threefold s define d ove r Q  i s mainly determine d 
by the L-serie s o f their middl e etale cohomology space . Th e dimension o f this spac e 
is a  positive eve n numbe r an d ca n be use d t o classif y Calabi-Ya u threefolds . I f th e 
dimension i s two then the threefold allow s no complex deformations an d i s therefor e 
called rigid  (an d non-rigid  otherwise) . Fo r a  rigi d Calabi-Ya u threefol d X  tha t i s 
defined ove r Q , ther e i s a  precis e conjectur e abou t it s connectio n wit h modula r 
forms. Ther e shoul d exis t a  newfor m o f weigh t fou r fo r som e Heck e subgrou p 
FQ(N), th e L-serie s o f which agree s wit h th e L-serie s o f the middl e cohomolog y o f 
X. I n thi s cas e X  i s called modular. 

The conjectur e ha s bee n checke d i n severa l example s previousl y an d ther e i s 
also a  partia l genera l resul t b y Dieulefai t an d Manoharmayu m ( a modularity proo f 
under mild restrictions concerning the primes of bad reduction) . I t i s rather difficul t 
to construc t rigi d Calabi-Ya u threefolds . 

For non-rigi d Calabi-Ya u threefold s th e situatio n become s muc h mor e compli -
cated. W e expec t tha t th e L-serie s o f thei r middl e cohomolog y i s als o determine d 
by modula r o r automorphi c forms . Ther e ar e som e example s wher e th e L-serie s 
splits int o two-dimensiona l pieces , whic h ar e easie r t o handle . 

The mai n subjec t o f thi s boo k i s the presentatio n o f known result s concernin g 
modularity o f Calabi-Ya u threefold s an d th e constructio n o f man y ne w examples . 

vi i 



V l l l Preface 

In chapter 1  we collect the notations and facts concerning Calabi-Yau manifold s 
and thei r arithmetic . W e als o presen t genera l modularit y result s an d tool s fo r 
modularity proofs . 

In chapters 2 ,3 , 4 an d 5  we investigate man y differen t example s o f Calabi-Ya u 
threefolds an d stud y thei r modularity . Not e that th e leve l of detai l i s very differen t 
for th e singl e examples . A  detaile d stud y o f al l occurrin g example s woul d requir e 
much mor e tim e an d space . Nevertheless , th e larg e numbe r o f example s make s 
it possibl e fo r th e firs t tim e t o giv e conjecture s abou t th e level s o f th e occurrin g 
newforms. Altogethe r ther e ar e hundred s o f ne w example s o f rigi d an d non-rigi d 
Calabi-Yau threefolds . I  would lik e to accentuat e som e results : 

• I n 3. 1 an d 3. 2 th e "standar d famil y o f quintics " i s discussed . W e presen t 
an equatio n fo r th e mirro r famil y a s a  famil y o f quintics . Insid e th e mirro r 
family ther e i s a  rigi d Calabi-Ya u manifol d tha t correspond s t o th e Schoe n 
quint ic. 

• Doubl e covering s o f P 3 branche d alon g a n octi c surfac e (so-calle d double 
octics) ar e investigated i n chapter 4 . Thes e Calabi-Ya u threefold s ar e easie r 
to handl e becaus e thei r geometr y i s determined b y th e (lower-dimensional ) 
branch locus . Thi s lead s t o larg e table s o f modula r examples . 

• I n 3. 2 an d 5. 1 w e construc t tw o rigi d Calabi-Ya u threefold s wit h Eule r 
characteristics 3 2 an d 202 . T o my  knowledg e thes e ar e th e smalles t (resp . 
largest) know n values . Not e tha t i t seem s t o b e possibl e t o produc e large r 
values (cf . 5.11 ) bu t thi s require s additiona l work . 

• Th e questio n o f which prim e number s ca n occu r i n the level s o f weight fou r 
modular form s connecte d wit h Calabi-Ya u threefold s i s a n interestin g one . 
We presen t example s involvin g th e "new " prime s 13 , 19 , 31 and 37 . 

In chapte r 6  we try t o lin k thos e modula r Calabi-Ya u threefold s tha t hav e th e 
same modular for m in their L-series . Accordin g to the Tate Conjecture ther e shoul d 
be correspondence s betwee n them . W e presen t table s o f example s an d correspon -
dences for examples connected with weight fou r newform s o f small level. Afterward s 
we discuss th e effec t o f primes o f bad reductio n o n th e leve l an d formulat e conjec -
tures. 

Appendix A  contains a  table of arrangements o f eight planes defined ove r Q  and 
the numerical data of the double coverings of P3 branched alon g these arrangements . 

Appendix B  contains table s o f modula r doubl e covering s o f P 3 branche d alon g 
the unio n o f si x planes an d a  smooth quadri c surface . 

Appendix C  contains table s o f weight tw o and weigh t fou r newform s fo r TQ(N) 
with rationa l coefficients . 

To kee p th e tex t fro m furthe r expansio n I  omitte d detail s o n th e backgroun d 
in algebrai c geometr y an d numbe r theory . Th e reade r i s referre d t o th e standar d 
textbooks o f Hartshorn e ([47] ) o n algebrai c geometry , Serr e ([91] ) o n Galoi s rep -
resentations an d Knap p ([58]) , Dolgachev ([37] ) o r Miln e ([72] ) o n modula r forms . 
Further reference s o n specifi c topic s ar e give n i n th e text . Th e tabl e o f reference s 
should b e rathe r complet e a s fa r a s the subjec t o f modularity o f Calabi-Ya u three -
folds i s concerned . 

This boo k i s th e publishe d versio n o f m y thesis , whic h wa s writte n betwee n 
March 200 1 an d Februar y 200 5 a t th e Johanne s Gutenberg-Universita t Mainz , 
Germany. Th e modification s concer n onl y th e layou t bu t no t th e contents . I t 
is a  pleasure t o than k N . Yui fo r encouragin g m e t o publis h my  thesi s a s a  book . 
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