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Preface 

The mai n purpos e o f the presen t note s i s to give a  systematic approac h t o con -
formal field  theor y wit h gaug e symmetry , th e s o calle d th e Wess-Zumino-Witten -
Novikov model from th e viewpoint o f complex algebraic geometry . Afte r presentin g 
basic fact s o n th e theor y o f compac t Rieman n surfaces , an d o n th e representatio n 
theory o f affin e Li e algebra s i n Chapter s 1  and 2 , respectively , w e shal l construc t 
conformal block s for stabl e pointed curve s with coordinate s i n Chapte r 3 . I n Chap -
ter 4  w e shal l construc t th e shea f o f conforma l block s associate d t o a  famil y o f 
stable pointe d curve s wit h coordinates . I n Chapte r 5  i t wil l b e show n tha t th e 
sheaf o f conformal blocks , carries a  protectively fla t connection , whic h i s one o f th e 
most importan t fact s o f conforma l field  theory . Chapte r 6  is devoted t o stud y th e 
detailed structur e o f the conforma l field  theor y ove r P 1 . 

Recently J.E . Anderse n an d I  constructe d modula r functor s fro m conforma l 
field theory . Thi s give s a n interestin g relationshi p betwee n Algebrai c Geometr y 
and Topological Quantum Fiel d Theory . Th e present note s include al l the necessar y 
techniques an d result s o n conforma l field  theor y wit h gaug e symmetry , whic h ar e 
used t o construc t th e modula r functor . 

The presen t note s ar e based o n the lecture s an d talk s given a t th e Field s Insti -
tute, Queen' s University , Arhu s University , Kob e Universit y an d Kyot o University . 
I than k th e enthusiasti c audience s wh o helpe d m e t o improv e certai n part s o f th e 
proofs i n thes e notes . 

My thank s ar e du e t o Norik o Yui for invitin g m e to writ e th e presen t note s fo r 
Fields Institut e Monograph s an d fo r helpin g m e t o complet e th e manuscript . Las t 
but no t leas t I  woul d lik e t o expres s m y heart y thank s t o Arthu r Greenspoo n o f 
Mathematical Review s fo r smoothin g ou t th e Englis h o f my origina l manuscript . 

March 200 8 
Kenji Uen o 
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Notation 

Su; th e projectiv e connectio n attache d t o a  symmetric bidiffer -
ential UJ  (se e (1.41)) , 

Tx th e holomorphi c (o r regular ) tangen t bundl e o f a  comple x 
manifold (o r smoot h projectiv e variety ) X , 

Qx th e sheaf of holomorphic vecto r fields of a complex manifol d 
or a  smoot h projectiv e variet y X , 

Q^ th e shea f o f holomorphic /c-form s o f a  comple x manifol d o r 
a smoot h projectiv e variet y X , 

? =  0 ® c C ( ( O ) 0 C c , 

BN =  9  ®c (©£= ! C((0))) ®C-c, 
A th e roo t syste m o f a  comple x simpl e Li e algebr a an d it s 

Cart an subalgebr a (g , fj), 
A + th e se t o f positive roots , 
0 th e longes t roo t o f a  comple x simpl e Li e algebr a $ , 

( ,  ) Cartan-Killin g for m o f a  complex simpl e Li e algebra g  nor -
malized a s (0,0)  =  2 , 

P + th e se t o f integra l dominan t weight s o f a  comple x simpl e 
Lie algebr a g , 

Pt =  { A e P+  |  (X,0) <  £}, 
^t —  —w(iJb)  fo r fi  E  Pe where w is the longes t elemen t o f the Weyl group 

of a  comple x simpl e Li e algebr a g , 
K = g* + £ wher e g*  i s th e dua l Coxete r numbe r o f a  comple x simpl e 

Lie algebra 0 , (K,  =  n  + 1  + £  in cas e g  = sl( n - f 1 , C)), 
_ Idimf l 

c^ — « > 
A _  (A,A+2p ) 
trA —  2 « ' 
A„ =  A A + A M l - AM 2 , 
A v =  A A +  A M1 -  A M2 fo r a  verte x v  =  ( ^ J , 
Xn =  C n\ U^jAij,  Aij  =  {(*„ , . . . , *i) e  C n |  ^ =  Zj }, 
nn =  {(z n,...,Zl)eCn |  |*n| >  | * n _ i | > . . - > | ^ | } , 
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Appendix 

In thi s appendi x w e shall giv e basi c result s o n th e hypergeometri c function . 
For an y comple x numbe r a  an d fo r an y non-negativ e intege r n  defin e 

(a ) n =  a ( a +  l ) ( a +  2 ) • •  • (a +  n  -  1 ) 

where 

(a)o =  1 -
Using th e gamm a functio n w e can expres s (a) n a s 

Tja +  n) 
{ )n  r(o ) 

The hypergeometri c serie s F (a , /3,7; 2:) is defined b y 

f(a,ft7;,) = f ; ( ^^ =  1 + ^+ M £ ± M | ± ^^ + ..., (AJB ) 
^ (l)nnl  7  7( 7 + 1)2 ! 

where a , /? , 7  ar e arbitrar y comple x numbers . Th e radiu s o f convergenc e o f th e 
series F(a, /? , 7; 2;) is 1, hence it defines a  holomorphic function o n the unit disk . Th e 
holomorphic functio n ca n b e analyticall y extende d t o a  multi-value d holomorphi c 
function o n C  \ {0,1} . W e use the sam e notatio n F(a,  /3,7 ; z) fo r th e multi-value d 
holomorphic functio n an d cal l i t th e hypergeometri c function . Th e hypergeometri c 
function F(a,/3, 7; z)  i s a  solutio n o f th e hypergeometri c differentia l equation : 

z(l-z)— +  ( 7-(a +  (3 + l ) z )~ -  a(3u  = 0 . (A.40 ) 

The hypergeometri c differentia l equatio n (A.40 ) ha s regula r singula r point s a t 0 , 1 
and 00 . Fo r simplicit y i n th e followin g assum e tha t 7  i s no t a  negativ e intege r o r 
0. I n a  neighbourhoo d o f 0  two linearl y independen t solution s ar e give n b y 

^0,1 =F(a,(3,r,z) 

wo,2 = z^Fil  -  7  + a , 1  - 7  + /? , 2 - 7 ; z). (A.41 ) 

In a  neighbourhoo d o f 1  two linearl y independen t solution s ar e give n b y 

ui,i -  F (a , /3 , a +  / ? - 7  + 1 ; 1 - 2 ) (A.42 ) 

wi,2 = ( 1 - zy-^F^  -  a , 7  _  0 , 7 -  a  -  /? ; 2). (A.43 ) 

Similarly, i n a  neighbourhood o f oo two linearly independen t solution s ar e given b y 

«oo,i =  (~z)~ aF(a, 1  + a  -  7, 1 +  a  -  /3 ; i) (A.44 ) 

«co,2 = ( - z r ^ F O S , 1  + / ? - 7, 1 +  / ? - a ; - ) . (A.45 ) 
Z 
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162 A p p e n d i x 

The analyti c continuatio n o f F(a,  /?,7 ; z) i n a  neighbourhoo d o f th e poin t 0 0 
is given b y 

F(°,ft7^)=r^:°JF(c«,H-a-7,l +  »-ftl ) 

+ fW^T)mi +  li-^ +  l3~''^ {kM) 

A proo f ca n b e foun d i n Whittake r &  Watso n [WW ] 14.5 . Thi s fac t i s use d t o 
calculate th e connectio n matri x i n Theore m 6.25 . 
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family o f stabl e pointe d curves , 3 5 
KZ equation , 14 0 

Level, 3 9 
Longest root , 3 7 
Loop algebra , 11 7 
Loop group , 11 6 

Monodromy representation , 15 6 

Nodal curve , 1 7 
Normal ordering , 4 0 
Normalized Cartan-Killin g form , 3 7 

Parabolic G-bundle , 11 8 
Parabolic subgroup , 11 6 
Projective connection , 1 7 
Projective flat  connection , 9 3 
Projective hea t operator , 12 4 
Propagation o f vacua , 5 4 

Quasi-parabolic G-bundle , 11 8 

Residue pairing , 2 0 
Restricted brai d group , 15 6 
Riemann surface , 1 
Root vector , 3 7 

Schwarzian derivative , 5 3 
Sewing, 8 4 
Sheaf o f covacua , 7 4 
Sheaf o f twiste d differentia l operators , 9 6 
Sheaf o f conforma l blocks , 7 4 
Sheaf o f vacua , 7 4 
Space o f covacua , 4 8 
Space o f vacua , 4 8 

Universal, 2 7 
Universal modul i stac k o f G-bundles , 12 1 

Vacua, 4 8 
Verlinde algebra , 11 2 
Verma module , 3 9 
Versal, 2 7 
Versal family , 28 , 7 7 
Vertex, 14 1 
Vertex operator , 14 1 
Virasoro algebra , 4 3 
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Virasoro operator , 4 1 

Wenzl's representation , 15 9 

Young diagram , 15 1 




