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Preface

Since the early 1960’s, polyhedral methods have had a central role to play in

both the theory and practice of combinatorial optimization. Since the early 1990’s,

a new technique, semidefinite programming, has been increasingly applied to some

combinatorial optimization problems. The semidefinite programming problem is

the problem of optimizing a linear function of matrix variables, subject to finitely

many linear inequalities and the positive semidefiniteness condition on some of the

matrix variables. On certain problems, such as maximum cut, maximum satisfi-

ability, maximum stable set and geometric representations of graphs, semidefinite

programming techniques yield important, new results. In this monograph, we pro-

vide the necessary background to work with semidefinite optimization techniques,

usually by drawing parallels to the development of polyhedral techniques and with

a special focus on combinatorial optimization, graph theory and lift-and-project

methods.

The core of this monograph is based on ten lectures given at the Fields Institute

during the academic term Fall-1999. This activity was a part of a special year of

activities at the Fields Institute under the heading Graph Theory and Combinato-
rial Optimization. During the terms Fall-2001, Fall-2003, Spring-2005, Spring-2006,

Spring-2007 as well as Fall-2008, I gave a course entitled Semidefinite Optimization
at the Department of Combinatorics and Optimization, Faculty of Mathematics,

University of Waterloo. During the course, I used and expanded some of the mate-

rial from my Fields Institute lectures. These lecture notes and the handouts that I

prepared evolved to the current monograph.

As prerequisites for this monograph, a solid background in mathematics at the

undergraduate level and some exposure to linear optimization are required. Some

familiarity with computational complexity theory and the analysis of algorithms

would be helpful.

The chapters are exactly in the same order as the lectures. The first chapter

familiarizes the audience with the basic concepts, notation, and lays down some

theory to motivate the focus of the monograph, sometimes by way of analogy to

the mainstream polyhedral approaches. Duality theory is paramount. As a result,

instead of continuing with the material in Chapter 12 (which covers some examples

of convex sets that can be represented as the feasible regions of Semidefinite Opti-

mization problems) which would be the right way to go for an application-oriented

audience, I took a risk and chose to cover duality theory as early as possible (Chap-

ter 2). Then comes the theory of algorithms for convex optimization (Chapters

3 and 4). In Chapter 3, I give a quick overview of the Ellipsoid Method and in

Chapter 4, I go through the theory of interior-point methods, with a focus on sym-

metric, primal-dual algorithms. This portion of the monograph (Chapters 1–4)

ix



x Preface

aims to establish rigorously most of the fundamental tools needed for Semidefinite

Optimization. Chapters 5 and 6 cover various impressive results in Combinatorial

Optimization and Graph Theory involving Semidefinite Optimization in a central

way. Chapter 7 starts moving towards more abstract approaches in combinatorial

optimization which use Semidefinite Optimization (Lift-and-Project Operators).

Chapter 8 covers some of the basic techniques to analyze Lift-and-Project proce-

dures with a special emphasis on the stable set problem. Chapter 9 considers yet

further abstraction and generalization of these methods and prepares the audience

for Chapter 10. The latter chapter is a collection of pointers to various wonderful

results, some from other areas of mathematics and some establishing connections to

such areas. Chapter 11 is a quick application to a cute theorem in number theory.

Chapter 12 brings the lectures to a close in a nice, straightforward way with some

obviously interesting open questions. Open problems of seemingly varying difficulty

have been sprinkled throughout the text.

I thank Joseph Cheriyan for providing many interesting references over the

years and Steven Karp, Graeme Kemkes, Lingchen Kong, Cristiane Sato, and Mar-

cel Silva for many very useful remarks on earlier versions of the monograph. I also

thank six anonymous referees for their very useful remarks and suggestions. I thank

the editor Carl Riehm for his work and patience.

My research efforts were supported in part by Natural Sciences and Engineering

Research Council of Canada, and by a Premier’s Research Excellence Award from

Ontario, Canada. The support is gratefully acknowledged.

Levent Tunçel

Waterloo, Canada 2010
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[81] C. B. Chua and L. Tunçel, Invariance and efficiency of convex representations, Math. Pro-

gram. 111 (2008) 113–140.
[82] M. Chudnovsky, N. Robertson, P. Seymour, R. Thomas, The strong perfect graph theorem,

Ann. of Math. 164 (2006) 51–229.
[83] M. Chudnovsky, N. Robertson, P. Seymour, R. Thomas, Progress on perfect graphs, Math.

Program. 97 (2003) 405–422.
[84] F. Chung and R. Graham, Sparse quasi-random graphs, Combinatorica 22 (2002) 217–244.
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programming, Math. Program. 34 (1986) 251–264.
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[139] A. M. H. Gerards, G. Maróti and A. Schrijver, Note on: N. E. Aguilera, M. S. Escalante,

G. L. Nasini, “A generalization of the perfect graph theorem under the disjunctive index,”
Math. Oper Res. 28 (2003) 884–885.

[140] M. X. Goemans, Semidefinite programming in combinatorial optimization, Math. Program.

79 (1997) 143–161.
[141] M. X. Goemans, Worst-case comparison of valid inequalities for the TSP, Math. Program.

69 (1995) 335–349.
[142] M. X. Goemans and F. Rendl, Semidefinite programs and association schemes, Computing

63 (1999) 331–340.
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[175] J.-B. Hiriart-Urruty and C. Lemaréchal, Convex analysis and minimization algorithms. II.

Advanced theory and bundle methods, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], Springer-Verlag, Berlin, 1993.
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[253] J. Matoušek, On variants of the Johnson-Lindenstrauss lemma, Random Structures Algo-

rithms 33 (2008) 142–156.
[254] A. Megretski, Relaxations of quadratic programs in operator theory and system analysis,

Oper. Theory Adv. Appl. 129 (2001) 365–392.
[255] M. Mesbahi and G. P. Papavassilopoulos, A cone programming approach to the bilinear

matrix inequality problem and its geometry, Math. Program. 77 (1997) 247–272.
[256] J. E. Mitchell, Restarting after branching in the SDP approach to MAX-CUT and similar

combinatorial optimization problems, J. Combinatorial Optimization 5 (2001) 151–166.
[257] R. D. C. Monteiro, Primal-dual path following algorithms for semidefinite programming,

SIAM J. Optim. 7 (1997) 663–678.
[258] R. D. C. Monteiro and I. Adler, Interior path following primal-dual algorithms, Part I:

Linear programming, Math. Program. 44 (1989) 27-42.
[259] R. D. C. Monteiro and I. Adler, Interior path following primal-dual algorithms, Part II:

Convex quadratic programming, Math. Program. 44 (1989) 43-66.
[260] R. D. C. Monteiro, I. Adler and M. G. C. Resende, A polynomial time primal-dual affine scal-

ing algorithm for linear and convex quadratic programming and its power series extension,
Math. Oper. Res. 15 (1990) 191–214.

[261] R. D. C. Monteiro and Y. Zhang, A unified analysis for a class of long-step primal-dual
path-following interior-point algorithms for semidefinite programming, Math. Program. 81
(1998) 281–299.

[262] M. Muramatsu, A unified class of directly solvable semidefinite programming problems, Ann.

Oper. Res. 133 (2005) 85–97.
[263] K. Murota, Discrete Convex Analysis, SIAM Monographs on Discrete Mathematics and

Applications, SIAM, Philadelphia, PA, 2003.
[264] G. L. Nemhauser and L. A. Wolsey, Integer and Combinatorial Optimization, Wiley-

Interscience Series in Discrete Mathematics and Optimization, John Wiley & Sons, Inc.,
New York, 1988.

[265] A. Nemirovski, Sums of random symmetric matrices and quadratic optimization under or-
thogonality constraints, Math. Program. 109 (2007) 283–317.

[266] A. Nemirovski, Proximal method with rate of convergence O(1/t) for variational inequalities
with Lipschitz continuous monotone operators and smooth convex-concave saddle point
problems, SIAM J. Optim. 15 (2004) 229–251.

[267] A. Nemirovski and D. B. Yudin, Problem Complexity and Method Efficiency in Optimiza-

tion, Wiley-Interscience Series in Discrete Mathematics, John Wiley & Sons, Inc., New York,
1983.

[268] Yu. Nesterov, Unconstrained convex minimization in relative scale, Math. Oper. Res. 34
(2009) 180–193.

[269] Yu. Nesterov, Rounding of convex sets and efficient gradient methods for linear programming
problems, Optim. Methods Softw. 23 (2008) 109–128.

[270] Yu. Nesterov, Dual extrapolation and its applications for solving variational inequalities and
related problems, Math. Prog. 109 (2007) 319–344.

[271] Yu. Nesterov, Smooth minimization of nonsmooth functions, Math. Prog. 103 (2005) 127–
152.



Bibliography 213

[272] Yu. Nesterov, Introductory Lectures on Convex Optimization. A basic course, Applied Op-
timization, 87, Kluwer Academic Publishers, Boston, MA, 2004.

[273] Yu. Nesterov, Squared functional systems and optimization problems, High performance
optimization, Appl. Optim. 33, Kluwer Acad. Publ., Dordrecht, 2000, pp. 405–440.

[274] Yu. Nesterov, Semidefinite relaxation and nonconvex quadratic optimization, Optimization

Methods and Software 9 (1998) 141–160.
[275] Yu. E. Nesterov and A. S. Nemirovskii, Interior-Point Polynomial Algorithms in Convex

Programming, SIAM, Philadelphia, PA, USA, 1994.
[276] Nesterov, Yu. E. and M. J. Todd, Self-scaled barriers and interior-point methods for convex

programming, Math. Oper. Res. 22 (1997) 1–46.
[277] Yu. E. Nesterov and M. J. Todd, Primal-dual interior-point methods for self-scaled cones,

SIAM J. Optim. 8 (1998) 324–364.
[278] J. Nie, K. Ranestad and B. Sturmfels, The algebraic degree of semidefinite programming,

Math. Program. 122 (2010) 379–405.
[279] J. Nie and B. Sturmfels, Matrix cubes parameterized by eigenvalues, SIAM J. Matrix Anal.

Appl. 31 (2009) 755–766.
[280] C. H. Papadimitriou, Computational Complexity, Addison-Wesley Publishing Company,

CA, USA, 1994.
[281] C. H. Papadimitriou and M. Yannakakis, Optimization, approximation, and complexity

classes, J. Comput. System Sci. 43 (1991) 425–440.
[282] P. A. Parrilo, Semidefinite programming relaxations for semialgebraic problems, Math. Pro-

gram. 96 (2003) 293–320.
[283] P. A. Parrilo, A. Robertson and D. Saracino, On the asymptotic minimum number of

monochromatic 3-term arithmetic progressions, J. Combin. Theory A 115 (2008) 185–192.
[284] P. A. Parrilo and B. Sturmfels, Minimizing polynomial functions, Algorithmic and quan-

titative real algebraic geometry (Piscataway, NJ, 2001), pp. 83–99, DIMACS Ser. Discrete
Math. Theoret. Comput. Sci., 60, Amer. Math. Soc., Providence, RI, 2003.

[285] D. V. Pasechnik, Bipartite sandwiches: semidefinite relaxations for maximum biclique, 6th
Twente Workshop on Graphs and Combinatorial Optimization (Enschede, 1999), 5 pp.
(electronic), Electron. Notes Discrete Math., 3, Elsevier, Amsterdam, 1999.

[286] G. Pataki, Cone LP’s and semidefinite programs: Geometry and a simplex type method,
Proc. Fifth IPCO Conference, W. H. Cunningham, S. T. McCormick and M. Queyranne
(eds.), Springer-Verlag, pp. 161–174, 1996.

[287] G. Pataki, On the rank of extreme matrices in semidefinite programs and the multiplicity

of optimal eigenvalues, Math. Oper. Res. 23 (1998) 339–358.
[288] G. Pataki and L. Tunçel, On the generic properties of convex optimization problems in conic

form, Math. Program. 89 (2001) 449–457.
[289] J. Peña, J. Vera and L. F. Zuluaga, Computing the stability number of a graph via linear

and semidefinite programming, SIAM J. Optim. 18 (2007) 87–105.
[290] J.-P. Penot, Softness, sleekness and regularity properties in nonsmooth analysis, Nonlinear

Anal. 68 (2008) 2750–2768.
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[342] É. Tardos, A strongly polynomial mimimum cost circulation algorithm, Combinatorica 5
(1985) 247–255.

[343] M. Tawarmalani and N. V. Sahinidis, Convexification and Global Optimization in Contin-

uous and Mixed-Integer Nonlinear Programming, Kluwer Academic Publishers, Dordrecht,
The Netherlands, 2002.

[344] M. J. Todd, Semidefinite optimization, Acta Numer. 10 (2001) 515–560.
[345] M. J. Todd, Potential-reduction methods in mathematical programming, Math. Program.

76 (1997) 3–45.
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[347] L. Tunçel, On the Slater condition for the SDP relaxations of nonconvex sets, Oper. Res.

Lett. 29 (2001) 181–186.
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27 Levent Tunçel, Polyhedral and semidefinite programming methods in combinatorial
optimization, 2010

26 Clifton Cunningham and Monica Nevins, Editors, Ottawa lectures on admissible
representations of reductive p-adic groups, 2009

25 Eric T. Sawyer, Function theory: Interpolation and corona problems, 2009

24 Kenji Ueno, Conformal field theory with gauge symmetry, 2008

23 Marcelo Aguiar and Swapneel Mahajan, Coxeter groups and Hopf algebras, 2006

22 Christian Meyer, Modular Calabi-Yau threefolds, 2005

21 Arne Ledet, Brauer type embedding problems, 2005

20 James W. Cogdell, Henry H. Kim, and M. Ram Murty, Lectures on automorphic

L-functions, 2004

19 Jeremy P. Spinrad, Efficient graph representations, 2003

18 Olavi Nevanlinna, Meromorphic functions and linear algebra, 2003

17 Vitaly I. Voloshin, Coloring mixed hypergraphs: theory, algorithms and applications, 2002

16 Neal Madras, Lectures on Monte Carlo Methods, 2002

15 Bradd Hart and Matthew Valeriote, Editors, Lectures on algebraic model theory,
2002

14 Frank den Hollander, Large deviations, 2000

13 B. V. Rajarama Bhat, George A. Elliott, and Peter A. Fillmore, Editors,
Lectures in operator theory, 2000

12 Salma Kuhlmann, Ordered exponential fields, 2000

11 Tibor Krisztin, Hans-Otto Walther, and Jianhong Wu, Shape, smoothness and
invariant stratification of an attracting set for delayed monotone positive feedback, 1999
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FIM/27.S

Since the early 1960s, polyhedral methods have played a central role 
in both the theory and practice of combinatorial optimization. Since 
the early 1990s, a new technique, semidefinite programming, has been 
increasingly applied to some combinatorial optimization problems. 
The semidefinite programming problem is the problem of optimizing 
a linear function of matrix variables, subject to finitely many linear 
inequalities and the positive semidefiniteness condition on some of the 
matrix variables. On certain problems, such as maximum cut, maximum 
satisfiability, maximum stable set and geometric representations of 
graphs, semidefinite programming techniques yield important new 
results. This monograph provides the necessary background to work 
with semidefinite optimization techniques, usually by drawing parallels 
to the development of polyhedral techniques and with a special focus on 
combinatorial optimization, graph theory and lift-and-project methods. 
It allows the reader to rigorously develop the necessary knowledge, tools 
and skills to work in the area that is at the intersection of combinatorial 
optimization and semidefinite optimization.

A solid background in mathematics at the undergraduate level and some 
exposure to linear optimization are required. Some familiarity with 
computational complexity theory and the analysis of algorithms would 
be helpful. Readers with these prerequisites will appreciate the important 
open problems and exciting new directions as well as new connections to 
other areas in mathematical sciences that the book provides.
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