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Preface

The aim of this text is to provide an introductory treatment of the theory of
differential inclusions that will be accessible to anyone having a basic knowl-
edge of analysis, theory of functions, and ordinary differential equations.

The present book is an expanded record of lectures given at the Inter-
national School for Advanced Studies (SISSA), Trieste, Italy, and at the
Universities of Evora and Porto, Portugal, during the last few years.

Most of the material in this text was written when the author was visit-
ing SISSA. I acknowledge the opportunity offered by the Functional Analysis
Sector of SISSA to work there. I wish to express my thanks to Boris Mor-
dukhovich, who read the draft of the manuscript and made important re-
marks. I also thank the students who made suggestions that have improved
the presentation.

Georgi Smirnov
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Introduction

In this text we consider differential inclusions
t € F(x),

where F' is a set-valued map which associates with any point x € R" a
set F(z) € R™ . Differential inclusions serve as models for many dynam-
ical systems. Obviously, any process described by an ordinary differential
equation

&= f(z)
can be described by a differential inclusion with the right-hand side F/(z) =
{f(z)} as well. A system of differential inequalities

i< fit, 2, i=1,n

can also be considered as a differential inclusion. If an implicit differential
equation

f(z,2) =0
is given, then we can put F(z) = {v | f(z,v) = 0} to reduce it to a differen-
tial inclusion. Differential inclusions are used to study ordinary differential
equations with an inaccurately known right-hand side. Suppose that the
right-hand side of a differential equation is in an e-neighborhood of a given

function f(x). Then any solution of the differential equation is a solution
to the differential inclusion

z € f(z)+ €Bn,

where B,, is a unit ball in R™ centered at zero.

Differential inclusions play a crucial role in the theory of differential
equations with a discontinuous right-hand side. The investigation of such

—
xiii



xiv Introduction

equations is of great importance since they model the performance of various
mechanical and electrical devices as well as the behavior of automatic control
systems. Differential equation

&= f(z)

with discontinuous f is a rather unpleasant object from the mathematical
point of view. In particular it is impossible to prove existence theorems.
However if solutions of the differential equation with discontinuous right-
hand side are regarded to be solutions to the differential inclusion

S ﬂ clcof(x + €Bp),
e>0

then it is possible to develop a rigorous mathematical theory of discontinuous
Systems.

One of the most important examples of differential inclusions comes from
control theory. Consider a control system

z = f(z,u), ueUl,

where u is a control parameter. It appears that the control system and the
differential inclusion
€ f(z,U)= ] flz,u)
uelU
have the same trajectories. If the set of controls depends on z, that is,
U = U(x), then we obtain the differential inclusion

z € f(z,U(x)).

The equivalence between a control system and the corresponding differential
inclusion is the central idea used to prove existence theorems in optimal
control theory.

Since the dynamics of economical, social, and biological macrosystems is
multivalued, differential inclusions serve as natural models in macrosystem
dynamics. Differential inclusions are also used to describe some systems
with hysteresis.

Differential inclusion is a generalization of the notion of an ordinary dif-
ferential equation. Therefore all problems considered for differential equa-
tions, that is, existence of solutions, continuation of solutions, dependence
on initial conditions and parameters, are present in the theory of differential
inclusions. Since a differential inclusion usually has many solutions start-
ing at a given point, new issues appear, such as investigation of topological
properties of the set of solutions, selection of solutions with given properties,
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evaluation of the reachability sets, etc. To solve the above problems special
mathematical techniques were developed.

Thus, the differential inclusions are not only models for many dynam-
ical processes but they also provide a powerful tool for various branches
of mathematical analysis. As we have mentioned the differential inclusion
techniques are applied to prove existence theorems in optimal control the-
ory. They are used to derive sufficient conditions of optimality, play an
essential role in the theory of control under conditions of uncertainty and in
differential games theory.

In this text we discuss many important problems of differential inclu-
sions theory. For simplicity of presentation we consider only differential
inclusions with a convex-valued right-hand side. The mathematical difficul-
ties appearing in the nonconvex case and outstanding techniques developed
to overcome them are outside of the frame of this text. This assumption
enables us to apply approximation techniques in order to solve many in-
teresting problems. Namely, we approximate differential inclusions under
consideration by differential (or even discrete-time) inclusions with simpler
structure. We then solve the problem for the simplified dynamical systems
and obtain the result for the original problem using a limiting procedure.
This is the central idea of many proofs in the text that allows us to avoid
complicated mathematical constructions. Note that this method simplifies
the proofs of some classical theorems from the theory of ordinary differential
equations (the Hukuhara theorem, the Kneser theorem, for instance).

The required mathematical background is knowledge of ordinary differ-
ential equations theory, the theory of functions, and functional analysis at an
elementary level. The text is intended for graduate students who specialize
in pure and applied analysis.

The text is organized as follows. The first chapter contains a brief in-
troduction to convex analysis. In the second chapter we consider set-valued
maps. The third chapter is devoted to the Mordukhovich version of non-
smooth analysis. Chapter 4 contains the main existence theorems and gives
an idea of the approximation techniques used throughout the text. Chapter
5 is devoted to the viability problem, that is, the problem of selection of a
solution to a differential inclusion which is contained in a given set. The
controllability problem is considered in Chapter 6. In Chapter 7 we discuss
extremal problems for differential inclusions. Stability theory for differential
inclusions is presented in Chapter 8. In the last chapter we deal with the
stabilization problem.



xvi Introduction

At the end of the book we suggest further reading intended to provide
more detailed coverage of the relevant topics, but no attempt is made to
survey the literature on the subject.



Comments

In these bibliographical comments we do not review all works on differential
inclusions. We mention only books devoted to the theory of differential
inclusions or its applications, fundamental papers that are interesting from
the historical point of view and show the development of the theory, and
some papers closely connected with the material of the text. The works are
cited in chronological order.

Introduction. The theory of differential inclusions appeared in 30’s when
Marchaud [77] and Zaremba [128] proved the first existence theorems. How-
ever at that time there were no applications of the results obtained, and
mathematicians did not pay much attention to the subject. At the end of
50’s optimal control theory was developed (see Bellman [16], Pontryagin,
Boltyanski, Gamkrelidze, and Mischenko [95]). It was a great impetus for
differential inclusions theory. Filippov [41] and Wazewski [125] established
the correspondence between control systems and differential inclusions and
derived existence results for optimal control problems. Another motivation
came from the theory of differential equations with discontinuous right-hand
side. Filippov [42] suggested to define solutions of such systems as solutions
to differential inclusions. Since the early 60’s the theory of differential in-
clusions can be considered as an independent branch of mathematics with
its own problems, methods, and applications.

There exist many monographs devoted to various aspects of differential
inclusions theory. In Aubin and Cellina [9] the emphasis is given to selection
problems, existence theorems, and viability theory. The theory of differential
equations with discontinuous right-hand side is considered in Filippov [45].
In Tolstonogov [119] differential inclusions in Banach space are studied.

213
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The book of Deimling [40] contains many results concerning the existence
of solutions and qualitative properties of solution sets.

The discussion of the role of differential inclusions in economics, sociol-
ogy, and biology can be found in Aubin [8], where a complete presentation
of viability theory is given. Extremal problems for differential inclusions
are considered in Pshenichnyi [98], Clarke [34], Blagodatskikh and Filip-
pov [18], Mordukhovich [83], and Kisielewicz [63]. Differential inclusions
are applied to differential games theory in Krasovski and Subbotin [66] and
Aubin [8], and to the theory of control under conditions of uncertainty in
Kurzhanski [69]. Krasnoselski and Pokrovski [65] used differential inclu-
sions to describe systems with hysteresis. Applications in mechanics are
considered in Monteiro Marques [80].

More complete information on differential inclusions can be obtained
from the bibliography contained in the mentioned books.

Chapter 1. There are many monographs on convex analysis. We mention
only books by Rockafellar [99] and Pshenichnyi [98]. The solutions of the
problems to this chapter also can be found there.

Chapter 2. The theory of set-valued maps is considered in Castaing and
Valadier [28], Pshenichnyi [98], Aubin and Cellina [9], Aubin and Ekeland
[11], Aubin and Frankowska [12]. The concept of directional derivative for
set-valued maps was introduced by Aubin [7]. The approximation theorem
from Section 3 belongs to Haddad and Lasri [55]. The first extension theo-
rem for set-valued maps was proved by Cellina [29]. The decomposition of
the compliment of a closed set into cubes used in Section 4 first appeared
in Whitney [126]. Elementary proofs of the Brouwer fixed point theorem
can be found in [15], [120]. The notion of a o-selectionable map appeared
in Haddad and Lasri [55]. Many other results on the selection problem can
be found in Aubin and Cellina [9].

Convex processes were introduced by Rockafellar [99]. Other set-valued
versions of Perron’s theorem can be found in Aubin and Ekeland [11] and
Aubin, Frankowska, and Olech [13]. The structure of convex processes was
studied in Aubin, Frankowska, and Olech [13] and Smirnov [106].

Problems 4 and 5 are from Pontryagin [93].

Chapter 3. Nonsmooth calculus appeared at the end of the 60’s. The first
concepts are described in Ioffe and Tikhomirov [60] and Pshenichnyi [98],
for example. A very successful version of nonsmooth analysis was developed
by Clarke [32]. A complete presentation of this approach is given in Clarke
[34].
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Here we consider the version of nonsmooth analysis developed by Mor-
dukhovich [81], [82], [83], [84], [87]. The separation theorem for nonconvex
sets was proved by Kruger and Mordukhovich [68].

Related nonsmooth calculus appeared in Ioffe [57] and Rockafellar [101],
Rockafellar and Wets [103]. An alternative approach can be found in Suss-
mann [116].

Problems 1, 2, and 6-10 are from Mordukhovich [83]. (Many of them
are simplified versions.) The concept of tent was introduced by Boltyanski.
Problems 3 and 4 go back to Rockafellar [100] and Watkins [124].

Chapter 4. The facts from the theory of functions and functional analy-
sis gathered in Section 1 are proved in the textbook by Kolmogorov and
Fomin [64], for example. The first version of the existence theorem com-
bined with the Gronwall inequality was proved by Filippov [43]. The con-
tinuous version of Filippov’s result presented here is taken from Polovinkin
and Smirnov [92]. Continuous versions of the Filippov theorem for differ-
ential inclusions with nonconvex-valued right-hand side and some related
results are obtained in Polovinkin and Smirnov [92], Cellina [30], Ornelas
[89], Colombo, Fryszkowski, Rzezuchowski, and Staicu [37], Fryszkowski
and Rzezuchowski [52], Staicu and Wu [113], and Smirnov [108].

The most general existence result for differential inclusions with convex-
valued right-hand sides was obtained by Davy [38]. In the nonconvex case it
is much more difficult to prove existence theorems. The first existence the-
orems in the nonconvex case were proved by Filippov [43] for Lipschitzian
differential inclusions. Then in Filippov [44] the existence result for dif-
ferential inclusions with continuous right-hand sides was obtained. A very
general existence theorem which covers the results of Davy [38] and Filippov
[44] was proved by Olech [88]. For differential inclusions with nonconvex
lower semi-continuous right-hand sides, existence theorems were proved by
Bressan [20] and Lojasiewicz [74]. A general existence result in Banach
spaces was obtained by Bressan and Colombo [26].

Some uniqueness results are contained in Aubin and Cellina [9] and
Cellina [31].

Qualitative properties of solution sets to differential inclusions with con-
vex-valued right-hand sides, were considered by Davy [38] and the non-
convex case was studied by Bressan [21], [22], [23], [24], and De Blasi and
Pianigiani [39]. Qualitative properties for Lipschitzian differential inclusions
were largely studied in Bressan, Cellina, and Fryszkowski [25] and Smirnov
[108].

The examples of discontinuous differential equations are taken from An-
dronov, Vitt, and Khaikin [1].
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Many results on the existence of optimal trajectories are gathered in
Kisielewicz [63].

The results on the differentiability with respect to initial conditions and
estimates of tangent cones to solution sets appeared in Frankowska [47]
Polovinkin and Smirnov [91], and Frankowska and Kaskosz [50].

3

The approximation result of Section 7 is taken from Smirnov [107].
Some other approximation theorems can be found in Pshenichnyi [98], Mor-
dukhovich [83], and Wolenski [127].

Problem 2 is a special case of a more general result from Filippov [43].
Problems 4 and 5 are from Gamkrelidze [53]. Problem 6 in the frame of
optimal control theory was considered by Sussmann [114]. Problem 8 is
from Bushenkov and Smirnov [27].

Chapter 5. Different results concerning monotone solutions were obtained
by Roxin [105], Krbec [67], Aubin, Cellina, and Nohel [10], and Aubin
[7] (see also [9]). The viability theorem was proved in Haddad [54]. The
material of Section 3 is taken from Clarke [32] and from Aubin and Cellina
[9]. The existence theorem for periodic solutions was obtained by Haddad
and Lasri [55]. Viability theory is presented in Aubin and Cellina [9] and
Aubin [8].

There are many monographs on the theory of differential games. We
mention only the books by Friedman [51] and Krasovski and Subbotin [66].
The approach presented here is due to Pontryagin [93], [94] and Pontryagin
and Mischenko [96].

Problem 3 is due to Krasnoselski. Problem 4 is from Pontryagin [93].
Problem 5 is a simplified version of more general results from Pontryagin
and Mischenko [96] (see also Friedman [51]).

Chapter 6. Controllability of convex processes was studied in Aubin, Fran-
kowska, and Olech [13]. The result on continuous differentiability on initial
conditions is taken from [92]. Controllability at first approximation was con-
sidered in Blagodatskikh [17], Frankowska [46], and Polovinkin and Smirnov
[92]. Dual forms of controllability conditions can be found, for example, in
Clarke [34], Polovinkin and Smirnov [92], Mordukhovich [83], Frankowska
and Kaskosz [50], Sussmann [115], [117], and Tuan [121]. Controllability
at high order approximation is considered in Frankowska [49] and Sussmann
[115], [117], [118].

Problems 1 and 2 are from Aubin, Frankowska, and Olech [13]. The
techniques needed to solve Problem 5 can be found in Ioffe and Tikhomirov
[60]. Problems 6 and 7 are from Polovinkin and Smirnov [91]. Problem 8
is a special case of a more general result from Polovinkin and Smirnov [92].
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Chapter 7. First results on necessary conditions of optimality for differen-
tial inclusions were obtained by Boltyanski [19], Clarke [33], and Pshenich-
nyi [97] (see also Pshenichnyi [98] and Clarke [34]). The method of discrete
approximations goes back to Halkin [56], Pshenichnyi [97], (98], and Mor-
dukhovich [82], [83], [85], [86]. The necessary conditions proved here are
taken from Smirnov [107]. Some other approaches to the problem are con-
sidered in Frankowska [48], Kaskosz and Lojasiewicz [61], [62], Lojasiewicz,
Plis, and Suarez [75], Polovinkin and Smirnov [91], [92], Aseev [5], [6], Ioffe
[58], Toffe and Rockafellar [59], Loewen and Rockafellar [71], [72], Loewen
and Vinter [73], Pinho and Vinter [90], Rockafellar [102], Rowland and
Vinter [104], Sussmann [115], [117], [118], and Vinter and Zheng [122].
The problem with state constraints is considered in Arutyunov and Aseev
[2], Arutyunov, Aseev, and Blagodatskikh [3], and Vinter and Zheng [123].

The model of hydroplane considered in Section 3 is a modification of a
model from Andronov, Vitt, and Khaikin [1].

The mechanical model used in Problem 4 is due to Clarke [34]. Problem
6 is from Polovinkin and Smirnov [92]. Problem 8 is from Pshenichnyi [98].

Chapter 8. The concepts of stability for differential inclusions were intro-
duced in Roxin [105]. Stability of an equilibrium position is comprehen-
sively studied in Filippov [45]. Lyapunov functions are used to investigate
the weak stability problem in Roxin [105], Krbec [67], Aubin 7], Aubin and
Cellina [9], and Aubin [8]. The construction of a quadratic Lyapunov func-
tion for a linear asymptotically stable system appeared in Lyapunov [76].
For the general case, converse Lyapunov theorems are proved in Arzarello
and Bacciotti [4], Clarke, Ledyaev, and Stern [36], and Lin, Sontag, and
Wang [70]. Asymptotic stability for linear-selectionable differential inclu-
sions was studied by Molchanov and Pyatnitski [78], [79]. Many other
results on stability and asymptotic stability can be found in Filippov [45].
The results on weak asymptotic stability of convex processes and weak as-
ymptotic stability at first approximation are taken from Smirnov [106]. The
case of periodic differential inclusions is considered in Smirnov [110].

Problems 4-7 are from Smirnov [110].

Chapter 9. Literature on the stabilization problem is reviewed in Bacciotti
[14] and Sontag [112]. The main results of this chapter are taken from
Smirnov [106]. Some other aspects concerning the approach considered here
are contained in Bushenkov and Smirnov [27] and Smirnov [111], [109].
Another point of view on the relation between weak asymptotic stability
and stabilizability can be found in Clarke, Ledyaev, Sontag, and Subbotin
[35].

All problems are from Bushenkov and Smirnov [27].



This page intentionally left blank



Bibliography

[1]
2]

3]

4]

(5]

[6]

7l

(8]
[
[10]

[11]
[12]
(13]

(14]
(15]

A.A. Andronov, A.A. Vitt, and S.E. Khaikin, Theory of Oscillators, Pergamon Press,
Oxford, 1966.

A.V. Arutyunov and S.M. Aseev, Investigation of the degeneracy phenomenon of
the mazimum principle for optimal control problems with state constraints, SIAM J.
Contr. Opt., 35 (1997), 930-952.

A.V. Arutyunov, S.M. Aseev, and V.I. Blagodatskikh, First-order necessary condi-
tions in the problem of optimal control of a differential inclusion with phase con-
straints, Russ. Acad. Sci, Sb, Math., 79 (1994), 3-32.

E. Arzarello and A. Bacciotti, On stability and boundedness for Lipschitzian dif-
ferential inclusions: The converse of Lyapunov’s theorems, Set-Valued Analysis, 5
(1997), 377-390.

S.M. Aseev, Smooth approximations of differential inclusions and the time-optimality
problem, Trudy Mat. Inst. Steklov, 200 (1991), 27-34 (in Russian).

S.M. Aseev, A method of smooth approximations in the theory of necessary optimality
conditions for differential inclusions, Izv. Math., 61 (1997), 235-258.

J.-P. Aubin, Contingent derivatives of set-valued maps and existence of solutions to
nonlinear inclusions and differential inclusions, Advances in Math. Suppl. Studies,
Acad. Press, N. Y., 1981, pp. 160-232.

J.-P. Aubin, Viability Theory, Birkhduser, Boston, 1991.
J.-P. Aubin and A. Cellina, Differential Inclusions, Springer-Verlag, 1984.

J.-P. Aubin, A. Cellina, and J. Nohel, Monotone trajectories of multivalued dynam-
ical systems, Annali di Matem. pura e applic., 115 (1977), 99-117.

J.-P. Aubin and I. Ekeland, Applied Nonlinear Analysis, Wiley, N. Y., 1984.
J.-P. Aubin and H. Frankowska, Set-valued Analysis, Berlin, Birkh&user, 1990.

J.-P. Aubin, H. Frankowska, and C. Olech, Controllability of convex processes, SIAM
J. Control, 24 (1986), 1192-1211.

A. Bacciotti, Local stabilizability of nonlinear control systems, World Scientific, 1992.

L. Baez-Duarte, Brouwer’s fized point theorem and a generalization of the formula
for change of variables in multiple integrals, J. Math. Anal. Appl., 177 (1993), 412-
414.

219



220

Bibliography

[16]
(17]

18]
19]
[20]
21]
22]

23]

[24]
[25]
126]
[27]
28]
[29]
[30]
31]

[32]

R. Bellman, Dynamic Programming, Princeton Univ. Press, 1957.

V.I. Blagodatskikh, Local controllability of differential inclusions, Diff. Equations, 9
(1973).

V.I. Blagodatskikh and A.F. Filippov, Differential inclusions and optimal control,
Proc. Steklov Inst. Math., 169 (1986), 199-259.

V.G. Boltyanski, The method of local cross sections in the theory of optimal processes,
Diff. Equations, 4 (1968).

A. Bressan, On differential relations with lower semicontinuous right-hand side, J.
Diff. Equat., 37 (1980), 89-97.

A. Bressan, Directionally continuous selections and differential inclusions, Funk.
Ekvac., 31 (1988), 459-470.

A. Bressan, On the qualitative theory of lower semicontinuous differential inclusions,
J. Diff. Equat., 77 (1989), 379-391.
A. Bressan, Upper and lower semicontinuous differential inclusions: a unified ap-

proach, in Nonlinear Controllability and Optimal Control, Ed. H.J. Sussmann, Mar-
cel Dekker, Inc., New York, 1990.

A. Bressan, On the set of trajectories for a non-convex differential inclusion, Bull.
Pol. Acad. Sci., Math., 39 (1991), 111-115.

A. Bressan, A. Cellina, and A. Fryszkowski, A class of absolute retracts in spaces of
integrable functions, Proc. Amer. Math. Soc., 119 (1991), n. 2.

A. Bressan and G. Colombo, Generalized Baire category and differential inclusions
in Banach spaces, J. Diff. Equat., 76 (1988), 135-158.

V.A. Bushenkov and G.V. Smirnov, Stabilization Problems with Constraints: Anal-
ysis and Computational Aspects, Gordon and Breach, 1997.

C. Castaing and M. Valadier, Conver Analysis and Measurable Multifunctions, Lect.
Notes in Math., n. 580, Springer-Verlag, 1977.

A. Cellina, A theorem on the approzimation of compact multivalued mappings, Rend.
Acc. Naz. Lincei, 47 (1969), 429-433.

A. Cellina, On the set of solutions to Lipschitzian differential inclusions, Diff. and
Int. Equat., 1 (1988), 459-500.

A. Cellina, On uniqueness almost everywhere for monotonic differential inclusions,
Nonlin. Anal. Theory Meth. Appl., 25 (1995), 899-903.

F.H. Clarke, Generalized gradients and applications, Trans. Amer. Math. Soc., 205
(1975), 247-262.

F.H. Clarke, Necessary conditions for a general control problem, in Calculus of Vari-
ations and Control Theory, N. Y., 1976, pp. 257-278.

F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley-Interscience, N. Y., 1983.
F.H. Clarke, Y.S. Ledyaev, E.D. Sontag, and A.I. Subbotin, Asymptotic controlla-
bility implies feedback stabilization, IEEE Trans. Autom. Control, 42 (1997), 1394-
1407.

F.H. Clarke, Y.S. Ledyaev, and R.J. Stern, Asymptotic stability and smooth Lyd-
punov functions, J. Diff. Equat., 149 (1998), 66-114.

R.M. Colombo, A. Fryszkowski, T. Rzezuchowski, and V. Staicu, Continuous selec-
tions of solution sets of Lipschitzian differential inclusions, Funkcialaj Ekvacioj, 34
(1991), n. 2.

J.L. Davy, Properties of solution set of a generalized differential equations, Bull.
Austr. Math. Soc., 6 (1972), 372-398.



Bibliography 221

39]

(40]

N
=

F.S. De Blasi and G. Pianigiani, On the solution sets of nonconvez differential in-
clusions, J. Diff. Equat., 128 (1996), 541-555.

K. Deimling, Multivalued Differential Equations, de Gruyter, Berlin, 1992.

A F. Filippov, On some questions in the theory of optimal requlation, Vestn. Mosk.
Univ. Ser. Mat. Mekh. Astr. Fiz. Khim., (1959), 25-32 (translation in J. SIAM
Control, Ser A, 1 (1962), 76-84).

A.F. Filippov, Differential equations with discontinuous right-hand side, Mat.
Sborn., 51 (1960), 99-128 (in Russian).

A.F. Filippov, Classical solutions of differential equations with multivalued right-
hand side, SIAM J. Control, 5 (1967), 609-621.

A F. Filippov, On the existence of solutions of multivalued differential equations ,
Mat. Zametki, 10 (1971), 307-313 (in Russian).

A F. Filippov, Differential Equations with Discontinuous Right-Hand Sides, Kluwer
Acad. Publishers, 1988.

H. Frankowska, Controlabilité locale et propriétés des semigroupes de correspon-
dances, C.R.A.S., 299 (1983), Ser. 1, 165-168.

H. Frankowska, Inclusions adjointes associées aux trajectories minimales
d’inclusions différentielles, C.R.A.S., 297 (1983), Ser. 1, 461-464.

H. Frankowska, The maximum principle for a differential inclusion problem, Lect.
Notes Contr. Inf. Sci., 62 (1984), pp. 517-531.

H. Frankowska, Local controllability of control systems with feedback, J. Optim. The-
ory Appl., 60 (1989), 277-296.

H. Frankowska and B. Kaskosz, Linearization and boundary trajectories of mon-
smooth control systems, Canadian J. Math., XL (1988), 589-609.

A. Friedman, Differential Games, Wiley-Intersci., New York, 1971.

A. Fryszkowski and T. Rzezuchowski, Continuous version of Filippov-Wazewski re-
lazation theorem, J. Diff. Equat., 94 (1991), 254-265.

R.V. Gamkrelidze, Principles of Optimal Control Theory, Plenum Press, New York,
1978.

G. Haddad, Monotone trajectories of differential inclusions and functional differen-
tial inclusions with memory, Israel J. Math., 39 (1981), 83-100.

G. Haddad and J.-M. Lasri, Periodic solutions of functional differential inclusions
and fized points of o-selectionable correspondences, J. Math. Anal. Appl., 96 (1983),
295-312.

H. Halkin, Eztremal properties of biconvex contingent equations, in Ordinary Differ-
ential Equations, L. Weiss, Ed., Academic Press, N. Y., 1972, pp. 109-119.

A.D. lToffe, Approzimate subdifferentials and applications, I-III, Trans. Amer. Math.
Soc., 281 (1984); Mathematika, 33 (1986), 111-128; 36 (1989), 1-38.

A.D. Toffe, Euler-Lagrange and Hamiltonian formalisms for dynamic optimization,
Trans. Amer. Math. Soci., 349 (1997), 2871-2900.

A.D. Ioffe and R.T. Rockafellar, The Fuler and Weierstrass conditions for non-
smooth variational problems, Calc. Var. Partial Diff. Equat., 4 (1996), 59-87.

A.D. Ioffe and V.M. Tikhomirov, The Theory of Extremal Problems, North-Holland,
Amsterdam, 1979.

B. Kaskosz and S. Lojasiewicz, A mazimum principle for generalized control systems,
Nonlin. Anal., 9 (1985), 109-130.



222 Bibliography

[62] B. Kaskosz and S. Lojasiewicz, Lagrange-type extremal trajectories in differential
inclusions, Syst. Control Lett., 19 (1992), 241-247.

[63] M. Kisielewicz, Differential Inclusions and Optimal Control, Kluwer Acad. Publish-
ers, 1991.

[64] A.N. Kolmogorov and S.V. Fomin, Introductory Real Analysis, Dover, N. Y., 1975.

[65] M.A. Krasnoselski and A.V. Pokrovski, Systems with Hysteresis, Springer-Verlag,
1989.

[66] N.N. Krasovski and A.I. Subbotin, Game-Theoretical Control Problems, Springer-
Verlag, 1987.

[67] P. Krbec, Weak stability of multivalued differential equations, Czechosl. Math.
Journ., 26 (1976), 470-476.

[68] A.Y. Kruger and B.S. Mordukhovich, Fztremal points and Euler equations in non-
smooth optimization, Dokl. Akad. Nauk BSSR, 1980, n. 8, 684-687 (in Russian).

[69] A.B. Kurzhanski, Control and Observation under Conditions of Uncertainty,
Moskva, Nauka, 1977 (in Russian).

[70] Y. Lin, E.D. Sontag, and Y. Wang, A smooth converse Lyapunov theorem for robust
stability, STAM J. Control Opt., 34 (1996), 124-160.

[71] P.D. Loewen and R.T. Rockafellar, Optimal control of unbounded differential inclu-
stons, SIAM J. Control Opt., 32 (1994), 442-470.

[72] P.D. Loewen and R.T. Rockafellar, New necessary conditions for the generalized
problem of Bolza, SIAM J. Control Opt., 34 (1996), 1496-1511.

[73] P.D. Loewen and R.B. Vinter, Pontryagin type necessary conditions for differential
inclusion problems, Syst. Control Lett., 9 (1987), 263-265.

[74] S. Lojasiewicz, The ezistence of solutions for lower semicontinuous orientor fields,
Bull. Acad. Polon. Sci. Sér. Sci. Math., 28 (1980), 483-487.

[75] S. Lojasiewicz, A. Plis, and R. Suarez, Necessary conditions for nonlinear control
system, J. Diff. Equat. 59 (1985), n. 2.

[76] A.M. Lyapunov, Probléme Général de la Stabilité du Mouvement, Annals of Math-
ematics Studies, no. 17, Princeton Univ. Press, Princeton, N.J., and Oxford Univ.
Press, London, 1947.

[77] A. Marchaud, Sur les champs continus de demi-cones convezx et leurs integrales,
Comp. Math., 3 (1936), 89-127.

[78] A.P. Molchanov and E.S. Pyatnitski, Stability criteria for selector-linear differential
inclusions, Soviet Math. Dokl., 36 (1988), 421-424.

[79] A.P. Molchanov and E.S. Pyatnitski, Criteria of asymptotic stability of differential
and difference inclusions encountered in control theory, System Control Lett., 13
(1989), 59-64.

[80] M.D.P. Monteiro Marques, Differential Inclusions in Nonsmooth Mechanical Prob-
lems, Birkh&duser, 1993.

[81] B.S. Mordukhovich, Mazimum principle in the problem of time optimal control with
nonsmooth constraints, J. Appl. Math. Mech., 40 (1976), 960-969.

[82] B.S. Mordukhovich, Metric approzimations and necessary conditions for optimality
for gemeral classes of nonsmooth extremal problems, English translation in Soviet
Math. Dokl., 22 (1980), 526-530.

[83] B.S. Mordukhovich, Approzimation Methods in Problems of Optimization and Con-
trol, Nauka, Moskva, 1988 (in Russian, 2nd English edition to appear in Wiley-
Interscience).



Bibliography 223

(84]
(85]

[86]

(87]
(88]

(89]

B.S. Mordukhovich, Generalized differential calculus for nonsmooth and set-valued
mappings, J. Math. Anal. Appl., 183 (1994), 250-288.

B.S. Mordukhovich, Discrete approzimations and refined Fuler-Lagrange conditions
for nonconver differential inclusions, SITAM J. Control Optimiz., 33 (1995), 832-915.
B.S. Mordukhovich, Optimization and finite difference approximations of nonconvex
differential inclusions with free time, in Proceedings of IMA Workshop on Non-
smooth Analysis and Geometric Methods in Deterministic Optimal Control, Min-
neapolis, Feb. 1993, B.S. Mordukhovich and H.J. Sussmann, Eds., IMA Volumes in
Math. and its Applications 78, Springer-Verlag, N. Y., 1996, pp. 153-202.

B.S. Mordukhovich and Y. Shao, Nonsmooth sequential analysis in Asplund space,
Trans. Amer. Math. Soc., 348 (1996), 1235-1280.

C. Olech, Existence of solutions of non-convexr orientor fields, Boll. Un. Mat. It.,
(3) 11, suppl., (1975), 189-197.

A. Ornelas, A continuous version of Filippov-Gronwall inequality for differential
inclusions, Atti. Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Mat. Appl., 1
(1990), 105-110.

M.R. Pinho, and R.B. Vinter, An Fuler-Lagrange inclusion for optimal control prob-
lems, IEEE Trans. Autom. Control, 40 (1995), 1191-1198.

E.S. Polovinkin and G.V. Smirnov, An approach to differentiation of set-valued maps
and necessary conditions of optimality for differential inclusions, Diff. Equations, 22
(1986), 660-668.

E.S. Polovinkin and G.V. Smirnov, Time-optimal problem for differential inclusions,
Diff. Equations, 22 (1986), 940-952.

L.S. Pontryagin, Linear differential games of pursuit, Math. USSR Sb. 40 (1981).

L.S. Pontryagin, Linear differential games, Proc. Steklov Inst. Math., 185 (1990),
225-232.

L.S. Pontryagin, V.G. Boltyanski, R.V. Gamkrelidze, and E.F. Mischenko, The
Mathematical Theory of Optimal Processes, Wiley-Interscience, New York, 1962.

L.S. Pontryagin and A.S. Mischenko, Linear differential games (analytic theory on
the basis of alternating integration), Proc. Steklov Inst. Math., 185 (1990), 233-240.

B.N. Pshenichnyi, Necessary conditions of extremum for differential inclusions, Cy-
bernetics, 12 (1976).

B.N. Pshenichnyi, Convez analysis and extremal problems, Nauka, Moskva, 1980 (in
Russian).

R.T. Rockafellar, Conver Analysis, Princeton Univ. Press, 1970.

R.T. Rockafellar, Clarke’s tangent cones and the boundaries of closed sets in R™,
Nonlin. Anal., 3 (1979), 145-154.

R.T. Rockafellar, Extension of subgradient calculus with applications to optimization,
Nonlin. Anal., 9 (1985), 665-698.

R.T. Rockafellar, Fquivalent subgradient version of Hamiltonian and Fuler-Lagrange
equations in variational analysis, STAM J. Control Opt., 34 (1996), 1300-1314.

R.T. Rockafellar and R.J.-B. Wets, Variational Analysis, Springer, 1998.

J.D.L. Rowland and R.B. Vinter, Pontryagin type conditions for differential inclu-
stons with free time, J. Math. Anal. Appl., 165 (1992), 587-597.

E. Roxin, Stability in general control systems, J. Diff. Equat., 1 (1965), 115-150.

G.V. Smirnov, Weak asymptotic stability for differential inclusions, I-1I. Automat.
Remote Control, 51 (1990), n. 7 part 1, 901-908; n. 8 part 1, 1052-1058.



224

Bibliography

[107]
108
[109]
[110]
[111]
[112]
[113]

[114]

[115]

[116]

[117)

[118)

[119]
[120]
[121]
[122]
[123]
[124]
[125]
[126]
[127]

[128]

G.V. Smirnov, Discrete approzimations and optimal solutions to differential inclu-
sions, Cybernetics, 27 (1991), 101-107.

G.V. Smirnov, The topological properties of an integral funnel of a differential in-
clusion with Lipschitzian right-hand side, Diff. Equations, 27 (1991), 157-165.

G.V. Smirnov, Unilateral stabilization at first approrimation, J. Math. Anal. Appl.,
192 (1995), 469-501.

G.V. Smirnov, Weak asymptotic stability at first approzimation for periodic differ-
ential inclusions, Nonlinear Diff. Equations, 2 (1995), 445-461.

G.V. Smirnov, Stabilization by constrained controls, STAM J. Control Opt., 34
(1996), 1616-1649.

E.D. Sontag, Mathematical Control Theory. Deterministic Finite Dimensional Sys-
tems, Springer-Verlag, New York, 1990.

V. Staicu and H. Wu, Arcwise connectedness of solution sets to Lipschitzian differ-
ential inclusions, Boll. Unione Mat. Ital. ses. A, V-A (1991), 253-257.

H.J. Sussmann, From the brachystochrone to the maximum principle, in Proceedings
of the 35th IEEE Conference on Decision and Control, Kobe, Japan, Dec. 1996, IEEE
publications, 1996.

H.J. Sussmann, A strong mazimum principle for systems of differential inclusions,
in Proceedings of the 35th IEEE Conference on Decision and Control, Kobe, Japan,
Dec. 1996, IEEE publications, 1996, pp. 1809-1814.

H.J. Sussmann, Multidifferential calculus: chain rule, open mapping and transversal
intersection theorems, in Optimal Control: Theory, Algorithms, and Applications,
W.W. Hager and P.M. Pardalos, Eds., Kluwer Academic Publishers, 1997.

H.J. Sussmann, Geometry and optimal control, in Mathematical Control Theory, J.
Baillieul and J.C. Willems, Eds., Springer-Verlag, 1998.

H.J. Sussmann, Transversality conditions and a strong mazimum principle for sys-
tems of differential inclusions, in Proceedings of the 37th IEEE Conference on De-
cision and Control, Tampa, FL, USA, Dec. 1998.

A.A. Tolstonogov, Differential Inclusions in Banach Space, Nauka, Novosibirsk, 1987
(in Russian).

T. Traynor, An easy analytic proof of Brouwer’s fized point theorem, Atti Sem. Mat.
Fios. Univ. Modena, XLIV (1996), 479-483.

H.D. Tuan, Controllability and extremality in nonconvez differential inclusions, J.
Optim. Theory Appl., 85 (1995), 435-472.

R.B. Vinter and H. Zheng, The extended Euler-Lagrange condition for nonconvex
variational problems, SIAM J. Control Opt., 35 (1997), 56-77.

R.B. Vinter and H. Zheng, Necessary conditions for optimal control problems with
state constraints, Trans. Amer. Math. Soc., 350 (1998), 1181-1204.

G.G. Watkins, Clarke’s tangent vectors as tangents to Lipschitz continuous curves
J. Opt. Theory Appl., 45 (1985).

T. Wazewski, Systemes de commande et equations au contingent, Bull. Acad. Polon
Sci. Sér. Sci. Math., 9 (1961), 151-155.

H. Whitney, Analytic extensions of differentiable functions defined in closed sets,
Trans. Amer. Math. Soc., 36 (1934), 63-89.

P.R. Wolenski, The exponential formula for the reachable set of a Lipschitz differen-
tial inclusion, SIAM J. Control, 28 (1990), 1148-1161.

S.K. Zaremba, Sur les equations au paratingent, Bull. Sci. Math., 60 (1936), 139-160.



Index

Arzela-Ascoli theorem, 89
Asymptotic controllability, 172

Boundary, 4

Closure, 4
Cone, 11
Clarke normal, 83
Clarke tangent, 83
conjugate, 11
contingent, 38
convex, 11
normal, 12
polar, 11
tangent, 11, 38
Control, 91
admissible, 91
problem, 108
system, 91
trajectory of, 91
Control process, 108
optimal, 108
Convex combination, 5
Convex hull, 5
Convex process, 49
bounded, 55
closed, 49
controllable, 145
eigenvalue of, 55
eigenvector of, 55
strict, 49
unstable, 189
weakly asymptotically stable, 185
Convex set, 4

Differential game, 133

linear, 133
Dini
derivative lower, 76
derivative upper, 76
lower subdifferential, 76
Directional derivative, 24

Equilibrium position
asymptotically stable, 171
stable, 171
unstable, 172
weakly asymptotically stable, 171
weakly éxponentially stable, 206
weakly stable, 171

Extreme point, 30

Fenchel’s inequality, 19
Filippov solution, 105
First approximation, 110
Function
conjugate, 19
convex, 13
definite, 173
effective domain of, 13
epigraph of, 13
lower semi-continuous, 18
semi-definite, 173
upper semi-continuous, 18

Gronwall inequality, 90

Indicator function, 16
Interior, 4

Lagrange function, 66
Lebesgue theorem, 90

225



226 Index

Locally finite covering, 41
Lusin theorem, 36

Lyapunov direct method, 173
Lyapunov exponent, 172
Lyapunov function, 173

Maximum principle, 164
Mayer problem, 106
Minkowski function, 16
Mordukhovich
normal cone, 67
subdifferential, 75

Partition of unity, 41
Polar set, 30
Polytope, 11
Projection, 8

Reachability set, 95
Relative boundary, 7
Relative interior, 7

Selection, 35
Set-valued map, 31
contingent derivative of, 41
continuous, 32
derivative of, 41
domain of, 32
graph of, 31
image of, 32
linear-selectionable, 176
Lipschitzian, 32
locally, 32
lower semi-continuous, 32
restriction of, 32
o-selectionable, 48
upper semi-continuous, 32
Simplex, 11
Spectrum of a matrix, 176
Stabilization problem, 199
Stabilizer, 199
Strictly negative-dominant diagonal 183
Subdifferential, 25
singular, 76
Support function, 14

Tent, 83
Time-optimal problem, 106

Variational inclusion, 110
Vertex of a simplex, 11



Selected Titles in This Series

(Continued from the front of this publication)

2 Jack Graver, Brigitte Servatius, and Herman Servatius, Combinatorial rigidity,
1993

1 Ethan Akin, The general topology of dynamical systems, 1993



ISBN 0-8218-2977-7

9l7808211829776

GSM/41| AMS on the Web

WWW.ams.org




		2014-08-09T10:37:49+0530
	Preflight Ticket Signature




