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Foreword 

This book contains complete solutions to the more than six hundred exercises 
in the authors' book: An Invitation to Operator Theory, American 
Mathematical Society, 2002. The problems have been spread over eleven 
chapters following the format of that book. Each problem is identified by 
a triplet of numbers x.y.z; x designates the chapter, y the section, and z 
the exercise. For instance, Problem 3.4.7 indicates Exercise 7 in Section 4 
of Chapter 3. 

All solutions are based on the material covered in the text with frequent 
references to the results in the text. For example, a reference to Theorem 5.9 
refers to Theorem 5.9 and a reference to Example 6.21 refers to Example 6.21 
in the book An Invitation to Operator Theory. We have added an extra 
amount of material to many solutions in order to make this book as self-
contained as possible. 

This problem book wrill be beneficial to students only if they use it 
"properly," that is to say, if students look at a solution of a problem only after 
trying very hard to solve the problem. Students will do themselves great 
injustice by reading a solution without any prior attempt on the problem. 
It should be a real challenge to students to produce solutions which are 
different from the ones presented here. 

Due to the extra material incorporated into the problems, the book 
can be used as a companion supplement to any text used for the standard 
functional analysis graduate courses. In addition, this solution book can be 
used as a reference not only for mathematical subjects but also for other 
disciplines that rely on functional analytic or measure theoretic techniques. 

XI 



X l l Foreword 

We would like to express our most sincere thanks to all people who made 
constructive comments and corrections regarding the text and the problems. 
Special thanks are due to Professors Arkady Kitover and Vladimir Troitsky 
who read the solutions and made numerous suggestions and corrections. 
A final thank you goes to Arlene O'Sean, the AMS Copy Editor, for her 
excellent job in editing the manuscript. 

Y. A. Abramovich and C. D. Aliprantis 

Indianapolis and West Lafayette, May 2002 
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null of an ^-seminorm, 115 
null of functional, 31 
order dense, 58 
order dense in LO(TT)? 58 
principal, 90 
range of operator, 311 

ideal irreducibility, 283 
ideal irreducible operator, 100, 273, 276 
identity operator, 160, 356 
implication scheme, 273 
independence 

of eigenvectors, 197 
of linear functionals, 119 

index of operator, 134, 137 
Index Theorem, 137 
inequality 

Clarkson's, 345 
Jensen's, 173 
Khintchine's, 143 
triangle, 96 

inner product preserving matrix, 244 
integral operator, 94, 145, 215, 294 
internal point of a set, 87 
interval preserving operator, 46, 132, 231, 

264 
invariant ideal, 310 
invariant measure, 276 
invariant subspace, 5, 203, 299 
inverse of operator, 1, 7, 193, 232, 235 
invertible elements in a J3-algebra, 237 
invertible matrix, 263 
invertible operator, 7, 193, 232, 235, 251 
irreducibility 

band, 290 
ideal, 283 

irreducible matrix, 265, 266 
irreducible operator, 273 
isolated point, 352, 361 
isolated point of a(T), 197, 210, 239 
isometry, 8, 353 

lattice, 225 
linear, 8, 142, 225 

isomorphism 
lattice, 117 

James' theorem, 341 
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Jensen's inequality, 173 
joint continuity of composition, 10 
joint spectral radius, 320 
Jordan contour, 205 

iCB-space, 75 
Kadets-Klee property, 344 
Khintchine's inequality, 143 
Krein operator, 266, 267, 271, 273, 293 

compact, 294 
with positive eigenvalues, 295 

Krein-Rutman theorem, 219 
Kronecker's theorem, 231 

L-space, 114 
Lo(fi), space of measurable functions, 54 
I/P,i , B-lattice of mixed norms, 163 
Lp,oo, B-lattice of mixed norms, 163 
fp-sum of B-spaces, 223 
C(X, V), the S-space of bounded operators, 

2, 10 
£r(E, F ) , the J3-lattice of regular operators, 

28 
La t (T) , algebra of T-invariant closed sub-

spaces, 301 
Laplace's equation, 186 
lattice homomorphism, 46, 74,105, 117, 129, 

132, 227, 229 
complex, 130 
order continuous, 133 
spectrum, 230 

lattice isometry, 225 
lattice isomorphism, 117 
lattice operations 

i n £ r ( F , F ) , 26 
weakly er-continuous, 91 

lattice seminorm, 115 
lattice-subspace, 183 

finite dimensional, 183 
law 

Parallelogram, 345 
limit functional, 134 
linear function, 184 
linear functional 

limit, 134 
multiplicative, 131, 142 

linear isometry, 8, 114, 142, 225 
linearly independent functionals, 119 
locally quasinilpotent collection, 317 
locally quasinilpotent operator, 285 
Lomonosov operator, 308 
Lomonosov's Invariant Subspace Theorem, 

307 

M-space, 113 
Maeda-Ogasawara-Vulikh Representation The

orem, 108,110 

majorizing vector subspace, 183 
Markov matrix, 95, 263, 269 
Markov operator, 95, 130, 276, 308 
Markov projection, 177 
matrix 

diagonal, 109 
diagonalizable, 246 
diagonalizing, 246 
Hermitian, 243, 246, 249 
inner product preserving, 244 
invertible, 263 
irreducible, 265, 266 
Markov, 95, 263, 269 
nilpotent, 249, 265 
non-negative, 262 
norm preserving, 244 
positive, 262 
positive semidefinite, 248 
primitive, 271 
quasinilpotent, 249 
stochastic, 95 
strongly positive, 262 
unitary, 244, 246 
upper triangularizable, 251 
upper triangularizing, 251 

matrix representing an operator, 6, 255 
matrix-valued function, 267 
maximum modulus principle, 187 
measure, 107, 126 

atomic, 154 
Borel, 94, 126, 362 
complete, 52 
invariant, 276 
of bounded variation, 126 
on a semiring, 59 
separable, 148 

measure convergence, 57 
measure of non-compactness, 240 

of operator, 241 
of set, 240 

minimal extension, 155 
minimal polynomial, 253 
mixed norm, 163 
Miyajima projection, 183 

continuous, 185 
modulus, 123, 262 

of finite-rank operator, 123 
of integral operator, 94 
of matrix, 262 
of regular operator, 74 

Morera's theorem, 48 
multiplication operator, 125, 127, 303, 307 

weakly compact, 220 
multiplicative linear functional, 131, 142, 221 
multiplicative semigroup, 319 
multiplicity of eigenvalues, 252 
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Nakano's theorem, 156 
narrow operator, 369 
nearest point mapping, 11 
nearest point to a set, 11 
Neumann series, 191 
nilpotent matrix, 249, 265 
nilpotent operator, 70, 195 
non-negative matrix, 262 
non-transitive algebra, 304, 305, 331 
norm, 1 

Frechet differentiable, 347 
Gateaux different iable, 347 
mixed, 163 
of integral operator, 94 
of operator, 1 
quotient, 18, 112 
uniformly convex, 11 
uniqueness in a B-lattice, 28 

norm completion, 112, 114 
of AX-space, 114 
of AM-space, 113 

norm extension, 233 
norm of integral operator, 94 
norm preserving matrix, 244 
norm totally bounded set, 81 
norming subspace, 49 
norms on C 1 , 98 
nuclear operator, 124 
null ideal, 31, 65, 311 

of an £-seminorm, 115 
of functional, 116 

one-to-one operator, 7, 251 
operator 

AM-compact, 313 
abstract integral, 154 
adjoint, 66 
band irreducible, 273, 276, 281 
bounded below, 63 
Carleman, 147 
central, 106, 274 
Cesaro, 195 
compact, 78, 82 
compact-friendly, 320, 321 
compactly dominated, 289, 292 
composition, 83, 128, 303 
conditional expectation, 169, 170 
contraction, 64 
direct sum, 195 
disjointly strictly singular, 144 
double power bounded, 195 
Dunford-Pettis, 316 
essentially nilpotent, 239 
expanding, 273 
finite-rank, 79, 119, 123, 127, 215, 355 
Predholm, 134 
generalized Harris, 323 

Harris, 293, 323 
Hilbert-Schmidt, 153 
ideal irreducible, 100, 273, 276 
identity, 151, 160, 356 
integral, 94, 145, 215, 294 
interval preserving, 46, 132, 231, 264 
invertible, 7, 193, 232, 235, 251 
irreducible, 273 
isometry, 8 
Krein, 266, 267, 271, 273, 293 
locally quasinilpotent, 285 
locally quasinilpotent but not quasinilpo

tent, 285 
Lomonosov, 308 
Markov, 95, 130, 276, 308 
multiplication, 125, 127, 303, 307 
narrow, 369, 372 
nilpotent, 70, 195 
non-strictly singular, 143 
nuclear, 124 
one-to-one, 7, 251 
order continuous, 25, 202 
polynomially compact, 307 
power compact, 219, 239 
principal ideal preserving, 106 
projection, 176 
quasinilpotent, 192, 195 
rank-one, 127, 354, 365 
regular, 93 
shift, 219, 306 
strictly positive, 127, 311 
strictly singular, 139, 220, 240 
strong Krein, 273 
strongly expanding, 274, 275, 281 
surjective, 7, 63, 226, 251 
symmetric, 328, 339 
Volterra, 216, 219, 331 
weakly compact, 78, 80, 84, 220, 367 
weakly expanding, 274 
with closed range, 65-67, 139 
with countable spectrum, 197 
with separable range, 81, 362 

operator domination, 100, 310 
operator norm, 1 
orbit of vector, 260 
order closed set, 23 
order complete lattice of invariant subspaces, 

301 
order complete Riesz space, 22 
order completeness of LO(M)> 54 
order continuity of the norm 

in an AL-space, 90 
order continuous dual, 31 

of Loo, 157 
order continuous operator, 25, 202 
order convergence, 22, 53 
order dense ideal, 58 
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order dense Riesz subspace, 54 
order interval, 92 

weakly compact, 92 
order spectrum, 232 
order unit, 87, 125 
ordered vector space 

Archimedean, 21 
orthogonal basis, 244 
orthogonal complement, 247 
orthomorphism, 105 
orthonornal basis, 244 

Parallelogram Law, 345 
partition of set, 171 
Perron-Frobenius theorem, 268, 270 
piecewise linear function, 184 
point 

closest to a set, 11 
dyadic, 38 
exposed, 367 
internal of set, 87 
isolated, 352, 361 
isolated of cr(T), 239 
nearest to a set, 11 
quasi-interior, 125, 126 
strongly exposed, 367 
support of a set, 14 

Poisson's formula, 186 
pole of the resolvent, 210 
polynomial 

characteristic, 245, 250, 252, 255, 256, 268 
minimal, 253 

polynomially compact operator, 307 
positive matrix, 262 
positive operator 

on a B-space, 329 
positive projection, 169, 180 
positive semidefinite matrix, 248 
power compact operator, 219, 239 
primitive matrix, 271 
principal band, 110, 159 
principal ideal, 90 
principal ideal preserving operator, 106 
product rule for derivatives, 48 
projection, 29, 121, 169, 176, 179, 199 

band, 108, 110 
contractive, 170, 175 
diagonal, 109 
finite-rank operator, 121 
Markov, 177 
orthogonal, 179 
positive, 180 
spectral, 211, 239 

projection band, 321 
property 

antisymmetry, 20 
Daugavet, 352 

Kadets-Klee, 344 
reflexivity, 20 
Schur, 84, 333 
transitivity, 20 

pseudoinverse of operator, 139 

quasi-interior point, 125, 126 
quasinilpotent matrix, 249 
quasinilpotent operator, 192, 195 
quotient Banach space, 18 
quotient map, 18, 111 
quotient norm, 18, 112 

Rademacher functions, 91, 370 
range ideal of operator, 311 
range of operator, 66, 139 
rank of a matrix, 258 
rank-one operator, 127, 354, 365 
reducing subspace, 207 
reflexive S-space, 11, 40, 341, 367 
reflexivity property, 20 
regular operator, 93 
representation 

Kakutani-Bohnenblust-Krein, 130 
Maeda-Ogasawara-Vulikh, 108 
of AM-space as Loo(7r), 152 
of finite-rank operator, 120 
of operator by matrix, 255 

resolvent 
of positive operator, 201 

resolvent identity 
second, 189 

retract of a space, 13 
retraction, 13 
Riemann-Lebesgue lemma, 91 
Riesz space, 133, 155 

Archimedean, 22, 24, 52, 72, 108, 212 
atomless, 73 
Dedekind complete, 26, 30, 54, 105, 108, 

155, 233 
order complete, 22 

Riesz subspace, 110, 112 
order dense, 54 

Riesz's lemma, 135 
Riesz-Kantorovich formula, 26, 125 

•-convergence, 55 
S-invariant subspace, 318 
Schauder system, 37 
Schur property, 84, 333 
second resolvent identity, 189 
semigroup of operators, 319 

additive, 319 
multiplicative, 319 

semiring of sets, 59 
separable J5-space, 362 
separable measure, 148 
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separable range, 81, 362 
separation of points, 157, 183 
separation of sets, 16 
Separation Theorem 

Finite Dimensional, 16 
sequence 

basic, 39 
biorthogonal, 40 
disjoint, 212 
weakly unconditionally Cauchy, 360 

series 
Neumann, 191 
unconditionally convergent, 41, 361 
weakly unconditionally Cauchy, 360 

set 
clopen, 26 
cofinal, 51 
solid, 23 
spectral, 209, 211 
totally bounded, 169 
weakly compact, 84 

shift, 69 
shift operator, 219, 306 

backward, 69, 286, 311 
forward, 69, 238, 311 

similar matrices, 244, 255 
similar operators, 199 
similarity invariance, 121 
singularity 

essential, 210 
slice of a set, 365 
solid set, 23 
space 

L, 114 
M, 113 
Hilbert, 102 

special points of the spectrum, 197 
Spectral Mapping Theorem 

for polynomials, 205 
spectral projection, 211, 239 
spectral radius, 190, 192, 283, 289, 290, 292, 

294 
joint, 320 
of sum of operators, 202 
Rota-Strang, 320 

spectral set, 209, 211 
spectrum, 189, 220 

approximate, 198, 232 
essential, 237 
of a direct sum operator, 195 
of compact operator, 215 
of composition of operators, 196, 201 
of lattice homomorphism, 230 
of multiplication operator, 194 
of operator, 189 
of order bounded operator, 236 
of projection, 199 

of similar operators, 200 
order, 232 

spectrum of order bounded operator, 236 
stochastic matrix, 95 
strictly positive operator, 127, 311 
strictly singular operator, 139, 220, 240 
strong Krein operator, 273 
strong unit, 87 
strongly expanding operator, 274, 275, 281 
strongly exposed point, 367 
strongly positive matrix, 262 
subgroup of the unit circle, 230, 231 

dense, 231 
finite, 230 

subspace 
complemented, 121 
invariant, 5, 203 
norming, 49 
reducing, 207 

subspace invariant under a collection, 318 
subspace invariant under an operator, 5 
subspace of an ultrapower, 46 
sum of B-spaces, 223 
sum of narrow operators, 370, 372 
sum of unconditionally convergent series, 42 
sum of vector spaces closed, 111 
support point of a set, 14 
supporting functional, 347 
surjective operator, 7, 63, 226, 251 
symmetric operator, 328, 339 
system 

Haar, 34 
Schauder, 37 

totally bounded set, 76, 81, 169 
trace, 120 

of finite-rank operator, 120 
of matrix, 244 

transformer, 132 
transitive algebra, 306 
transitivity property, 20 
transpose of matrix, 259 
triangle inequality, 96 

W-limit of sequence, 45 
ultrafilter, 44, 229 

free, 229 
ultrafilter convergence, 45 
ultrapower of a B-space, 44 
unbounded component of p(T), 202 
unconditional basis, 36, 40, 329 
unconditionally convergent series, 41, 361 
uniformly convex B-space, 11, 341, 342, 344 
uniformly convex norm, 11 
uniformly smooth B-space, 342-344 
uniqueness of kernel, 145 
unit, 87, 330 
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order, 87, 125 
strong, 87 
weak, 25, 125, 126, 156, 169, 275, 330 

unital algebra, 127 
unital algebra of operators, 304 
unitary matrix, 244, 246 
upper triangularizable matrix, 251 
upper triangularizing matrix, 251 

vector 
cyclic, 260 

vector sublattice, 178 
closed, 178 
generated by a vector space, 182 

Volterra operator, 216, 219, 331 

weak unit, 25, 125, 126, 169, 275, 330 
in £?;, 156 

weakly compact interval, 92 
weakly compact operator, 78, 80, 84, 220, 

367 
weakly compact set, 84 
weakly expanding operator, 274 
weakly sequentially continuous lattice oper

ations, 91 
weakly unconditionally Cauchy sequence, 360 
weakly unconditionally Cauchy series, 360 
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