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Preface 

My motivation for writing this book came from teaching a two year course 
in algebra at the Mathematical College of the Independent University of 
Moscow in 1992-1994. The students' enthusiasm and a relatively small class 
allowed me to keep the level of presentation higher than it is usually done at 
the Mechanics and Mathematics Department of Moscow State University, 
and to touch on a number of subjects beyond a regular university course. 
However, in writing this book I used my experience in teaching at Moscow 
State University, and so the final version of the book is only partially related 
to the course given at the Independent University. 

Chapters 1-7 and part of Chapter 8 more or less correspond to the 
first year algebra course at the Mechanics and Mathematics Department 
of Moscow State University. The remaining chapters cover, and, in fact, 
substantially exceed the second year algebra course. These chapters are 
intended mainly for students specializing in algebra. 

Note that Chapter 7 is devoted to geometry of Euclidean, affine, and pro­
jective spaces. However, this chapter should not be viewed as an exposition 
of geometry; rather, it describes the algebraic approach to geometry. 

In the first four chapters I tried to make the presentation sufficiently 
detailed to be suitable for a reader such as a mathematics freshman at 
Moscow State University. (However, the language of sets and maps is used 
from the very beginning without any explanations.) In later chapters I 
allowed myself to skip details that can be easily reconstructed, since I believe 
that a reader should gradually acquire mathematical culture. 

There are almost no technically difficult proofs in this book. Following 
my point view on mathematics, I tried to replace calculations and difficult 

IX 
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deductions with conceptual proofs. Some readers may find this style hard, 
but the efforts spent in absorbing new ideas will pay off when the students 
start solving problems not discussed in this book. 

For the English edition, the bibliography at the end of the book was 
revised. It is certainly not complete and, to some extent, arbitrary, but I 
believe the reader might find it helpful. 

I am grateful to all current and former members of the Chair of Higher 
Algebra at the Mechanics and Mathematics Department of Moscow State 
University who helped me to shape my approach to teaching algebra. 

In the English translation a number of misprints and inaccuracies were 
corrected and some explanations added. 

Moscow, November 2002 E. B. Vinberg 
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of a free abelian group, 326 
of a free module, 349 
of a linear operator, 207 
of a matrix, 52 
of a system of vectors, 52 

ratio 
cross-, 287 
simple, 262 

reduction 
modulo p of a polynomial, 110 

reduction to principal axes, 215 
reflection, 210, 264 

glide, 266 
orthogonal, 213 

relation, 18 
equivalence, 18 

relations, Plucker, 319 
relatively prime elements, 377 
remainder, 85 
representation, 420 

adjoint, 484, 485 
character of, 446 
completely reducible, 424 
dimension of, 420 
dual, 449 
irreducible, 422 
isotypic, 427 
linear, 420 
matrix entry of, 445 
monomial, 423 
of a group, 420 
of a Lie algebra, 484 
of a Lie group, 484 
of an associative algebra, 420 
operator, 420 
orthogonal, 430 
quotient, 421 
regular, 423 
self-dual, 449 
space, 420 
symplectic, 430 
tautological, 437 
with a simple spectrum, 429 

representations 
product of, 450 
sum of, 426 
tensor product of, 429 

residue class, 20 
ring, 7 

algebraic extension, 356 
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associative, 8 
commutative, 8 

radical of, 355 
division, 458 

center of, 459 
Euclidean, 104 
integral over another, 364 
Noetherian, 352 
of integers, 366 
of residue classes, 20 
quotient, 338 
without zero divisors, 9 

ring element 
algebraic, 356 

degree of, 358 
integral, 364 
integral algebraic, 364 
invertible, 9 
nilpotent, 355 
transcendental, 356 
unity, 8 

ring elements 
algebraically dependent, 356 

root, 87 
multiple, 88 
multiplicity of, 88 
of unity, primitive, 152 
simple, 88 

rotation 
mirror, 217, 266 

Scheme, Horner's, 86 
semidirect product, 389 

external, 390 
set 

convex, 247 
generating, 153, 326, 348 
quotient, 19 

signature, 187 
simplex, 248 
solid 

convex, 253 
Platonic, 267 

solutions 
fundamental system of, 59 

space 
affine, 239 

Euclidean, 247 
pseudo-Euclidean, 267 

countable-dimensional, 51 
dimension of, 47 
dual, 177 
Euclidean, 190 
finite-dimensional, 46 
infinite-dimensional, 46 
linear, 24 
Minkowski, 268 

norm on, 232 
projective, 282 
pseudo-Euclidean, 267 
quotient, 347 
representation, 420 
topological 

connected, 476 
irreducible, 373 
Noetherian, 373 

vector, 24 
spaces 

direct sum of, 306 
external, 306 
internal, 306 

span, linear, 46 
special direction, 278 
spectrum, 372 
stabilizer 

of a point, 398 
of an element, 158 

standard involution, 460 
structure constants, 461 
subalgebra, 29 
subfield, 12 

generated by a finite set, 359 
subgroup, 10, 11, 141 

p-torsion, 335 
commutator, 392 

higher order, 394 
cyclic, 148 
discrete, 328 
generated by 5, 153, 326 
index of, 157 
normal, 161 
Sylow, 401 
torsion, 335 

subgroups 
conjugate, 400 
direct product of, 385 
direct sum of, 333 

submatrix, 73 
submodule, 346 

p-torsion, 350 
generated by 5 , 348 
torsion, 350 

subrepresentation, 421 
subring, 11 

generated by a finite set, 356 
subspace, 25 

complementary, 424 
cyclic, 225 
direction, 241 
invariant, 203, 421 
nondegenerate, 183 
root, 222 

subspaces 
direct sum of, 174, 306 



Index 

intersection of, 171 
linearly dependent, 173 
linearly independent, 173 
sum of, 171 

surface, quadric, 269 
symbol, Kronecker, 177 
symmetrization, 310 
symmetry, central, 261 
system of equations 

compatible, 36 
degree of indeterminacy, 41 
determined, 39 
general solution of, 39 
in step form, 38 
incompatible, 36 
triangular, 39 
underdetermined, 39 

systems of equations 
equivalent, 36 

tensor, 302 
contravariant, 306 
covariant, 307 
metric, 305 
skew-symmetric, 315 
symmetric, 310 

tensor product, 296 
of matrices, 301 
of operators, 301 
of representations, 429 

Theorem 
Bezout's, 86 
Burnside's, 428 
Cayley's, 396 
Cayley-Hamilton, 230 
Ceva's, 243 
Descrates, 100 
Euler's, 158, 217 
Fermat's Little, 158 
Frobenius, 465 
Fundamental, of algebra of complex num­

bers, 93 
Fundamental, of Galois theory, 412 
Hilbert's basis, 354 
Hilbert's finiteness, 454 
Hilbert's Nullstellensatz, 371 
Homomorphism, 165, 347 
Jordan-Holder, 403 
Lagrange's, 157 
Menelaus's, 243 
Minkowski-Weyl, 254 
Primitive element, 462 
Separation, 250 
Steinitz's, 256 
Wedderburn's, 465 
Wilson's, 90 

topology, Zariski, 373 
torus, 432 
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trace, 176 
transformation, 137 

affine, 145, 260 
differential of, 167 
linear part of, 167 

elementary, 36 
elementary row, 36 
integral elementary column, 330 
integral elementary row, 330 
linear, 201 
Lorentz, 147 
orthogonal, 141 
projective, 285 
quasi-elementary, 349 

transposition, 68, 154 
adjacent, 154 

trigonometric form, 17 
trivector, 315 

valuation, 380 
ideal of, 381 

variable 
free, 39 
principal, 39 

variety 
affine, 371 
algebraic, 268, 371 
Grassmann, 318 
ideal of, 372 
irreducible, 373 

dimension of, 375 
linear, 268 
polynomial algebra of, 371 

vector, 24 
connecting points, 239 
geometric, 24 
highest weight, 491 
length of, 190, 200 
position, 240 
root, 222 

height of, 222 
vectorization, 240 
vectors 

collinear, 26 
coplanar, 26 
equivalent, 52 
linearly dependent, 44 
linearly independent, 44 
orthogonal, 182, 199 
positively oriented, 64 
system of, 44 

rank of, 52 
vertex 

of a paraboloid, 279 
of a polyhedron, 255 
of a quadric, 270 

weight, highest, 492 
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