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Preface

My motivation for writing this book came from teaching a two year course
in algebra at the Mathematical College of the Independent University of
Moscow in 1992-1994. The students’ enthusiasm and a relatively small class
allowed me to keep the level of presentation higher than it is usually done at
the Mechanics and Mathematics Department of Moscow State University,
and to touch on a number of subjects beyond a regular university course.
However, in writing this book I used my experience in teaching at Moscow
State University, and so the final version of the book is only partially related
to the course given at the Independent University.

Chapters 1-7 and part of Chapter 8 more or less correspond to the
first year algebra course at the Mechanics and Mathematics Department
of Moscow State University. The remaining chapters cover, and, in fact,
substantially exceed the second year algebra course. These chapters are
intended mainly for students specializing in algebra.

Note that Chapter 7 is devoted to geometry of Euclidean, affine, and pro-
jective spaces. However, this chapter should not be viewed as an exposition
of geometry; rather, it describes the algebraic approach to geometry.

In the first four chapters I tried to make the presentation sufficiently
detailed to be suitable for a reader such as a mathematics freshman at
Moscow State University. (However, the language of sets and maps is used
from the very beginning without any explanations.) In later chapters I
allowed myself to skip details that can be easily reconstructed, since I believe
that a reader should gradually acquire mathematical culture.

There are almost no technically difficult proofs in this book. Following
my point view on mathematics, I tried to replace calculations and difficult
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% Preface

deductions with conceptual proofs. Some readers may find this style hard,
but the efforts spent in absorbing new ideas will pay off when the students
start solving problems not discussed in this book.

For the English edition, the bibliography at the end of the book was
revised. It is certainly not complete and, to some extent, arbitrary, but I
believe the reader might find it helpful.

I am grateful to all current and former members of the Chair of Higher
Algebra at the Mechanics and Mathematics Department of Moscow State
University who helped me to shape my approach to teaching algebra.

In the English translation a number of misprints and inaccuracies were
corrected and some explanations added.

Moscow, November 2002 E. B. Vinberg
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algebra, 341
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group, 163

Lie group, 480
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topological group, 432
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hull

affine, 242
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projective, 282
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generated by S, 343
left, 338
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index
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raising of, 305
index of a subgroup, 157
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negative, 187, 199

positive, 187, 199
inequality, Cauchy—Schwarz, 190
interpolation problem, 84
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interval, 247
invariant, 452

separating orbits, 453
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action, 398
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of algebras, 29
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lattice, 328
Law of Inertia, 186, 199
least common multiple, 108
Legendre symbol, 337
Lemma
D’Alambert’s, 96
Fixed Point, 431, 433
Gauss, 110
Gauss’s, 377
Noether Normalization, 368
Schur’s, 424
length, 190
line, 241
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manifold
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map
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differential of, 259
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exponential, 478
linear, 53
matrix of, 55
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skew-symmetric, 314
symmetric, 308
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matrix, 30
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diagonal of, 31
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pivotal element, 37
plane, 241
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boundary, 248
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points
affinely dependent, 242
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affinely independent, 242
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polar decomposition, 219, 221
polarization, 182, 312
polyhedron, 253
face of, 255
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regular, 266, 267
polynomial, 81
annihilating, 228
characteristic, 208
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degree of, 82, 113
depressed, 125
homogeneous, 113
irreducible, 107, 378
leading coefficient of, 82
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root of, 87
separable, 409
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elementary, 116
power
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Problem
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product
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central, 270
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operator, 420
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ring, 7
algebraic extension, 356
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commutative, 8
radical of, 355
division, 458
center of, 459
Euclidean, 104
integral over another, 364
Noetherian, 352
of integers, 366
of residue classes, 20
quotient, 338
without zero divisors, 9
ring element
algebraic, 356
degree of, 358
integral, 364
integral algebraic, 364
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unity, 8
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multiplicity of, 88
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pseudo-Euclidean, 267
quotient, 347
representation, 420
topological
connected, 476
irreducible, 373
Noetherian, 373
vector, 24
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direct product of, 385
direct sum of, 333
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subring, 11
generated by a finite set, 356
subspace, 25
complementary, 424
cyclic, 225
direction, 241
invariant, 203, 421
nondegenerate, 183
root, 222
subspaces
direct sum of, 174, 306
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intersection of, 171
linearly dependent, 173
linearly independent, 173
sum of, 171
surface, quadric, 269
symbol, Kronecker, 177
symmetrization, 310
symmetry, central, 261
system of equations
compatible, 36
degree of indeterminacy, 41
determined, 39
general solution of, 39
in step form, 38
incompatible, 36
triangular, 39
underdetermined, 39
systems of equations
equivalent, 36

tensor, 302
contravariant, 306
covariant, 307
metric, 305
skew-symmetric, 315
symmetric, 310

tensor product, 296
of matrices, 301
of operators, 301
of representations, 429

Theorem
Bezout’s, 86
Burnside’s, 428
Cayley’s, 396
Cayley—Hamilton, 230
Ceva's, 243
Descrates, 100
Euler’s, 158, 217
Fermat’s Little, 158
Frobenius, 465

Fundamental, of algebra of complex num-

bers, 93

Fundamental, of Galois theory, 412
Hilbert’s basis, 354
Hilbert’s finiteness, 454
Hilbert’s Nullstellensatz, 371
Homomorphism, 165, 347
Jordan—Hoélder, 403
Lagrange’s, 157
Menelaus’s, 243
Minkowski-Weyl, 254
Primitive element, 462
Separation, 250
Steinitz’s, 256
Wedderburn’s, 465
Wilson’s, 90

topology, Zariski, 373

torus, 432

trace, 176
transformation, 137
affine, 145, 260
differential of, 167
linear part of, 167
elementary, 36
elementary row, 36
integral elementary column, 330
integral elementary row, 330
linear, 201
Lorentz, 147
orthogonal, 141
projective, 285
quasi-elementary, 349
transposition, 68, 154
adjacent, 154
trigonometric form, 17
trivector, 315

valuation, 380
ideal of, 381
variable
free, 39
principal, 39
variety
affine, 371
algebraic, 268, 371
Grassmann, 318
ideal of, 372
irreducible, 373
dimension of, 375
linear, 268
polynomial algebra of, 371
vector, 24
connecting points, 239
geometric, 24
highest weight, 491
length of, 190, 200
position, 240
root, 222
height of, 222
vectorization, 240
vectors
collinear, 26
coplanar, 26
equivalent, 52
linearly dependent, 44
linearly independent, 44
orthogonal, 182, 199
positively oriented, 64
system of, 44
rank of, 52
vertex
of a paraboloid, 279
of a polyhedron, 255
of a quadric, 270

weight, highest, 492
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Great book! The author’s teaching experience shows in every chapter.
—Efim Zelmanov, University of California, San Diego

Vinberg has written an algebra book that is excellent, both as a classroom text or for self-
study. It is plain that years of teaching abstract algebra have enabled him to say the right

thing at the right time. —Irving Kaplansky, MSRI

This is a comprehensive text on modern algebra written for advanced undergraduate
and basic graduate algebra classes. The book is based on courses taught by the author
at the Mechanics and Mathematics Department of Moscow State University and at the
Mathematical College of the Independent University of Moscow.

The unique feature of the book is that it contains almost no technically difficult
proofs. Following his point of view on mathematics, the author tried, whenever
possible, to replace calculations and difficult deductions with conceptual proofs and
to associate geometric images to algebraic objects. Another important feature is
that the book presents most of the topics on several levels, allowing the student to
move smoothly from initial acquaintance to thorough study and deeper under-
standing of the subject.

Presented are basic topics in algebra such as algebraic structures, linear algebra, poly-
nomials, groups, as well as more advanced topics like affine and projective spaces,
tensor algebra, Galois theory, Lie groups, associative algebras and their representa-
tions. Some applications of linear algebra and group theory to physics are discussed.

Written with extreme care and supplied with more than 200 exercises and 70
figures, the book is also an excellent text for independent study.
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