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Preface to the English
Edition

This textbook is a translation of Numerische Mathematik kompakt published
by Vieweg Verlag, with only a few changes: most of the references to Ger-
man monographs appearing in the German edition are replaced by references
to English written textbooks, some new publications are added, and a few
errors have been corrected. A webpage for this book is maintained on the
AMS website at:

http://www.ams.org/bookpages/gsm-57.

I would like to thank Richard C. Le Borne and Sabine Le Borne (they
are both at Tennessee Technological University, Cookeville) for the careful
translation and for a very efficient and pleasant cooperation. I am grateful
to several colleagues and students for suggestions on the German edition
which are considered to some extent in this edition. Moreover, I express
thanks to the Christian- Albrechts University for travel support in connec-
tion with this translation and for giving me the opportunity during the last
two years to hold introductory courses on numerical mathematics for stu-
dents of mathematics, engineering, and computer sciences. These courses
were based on the Vieweg edition of this textbook. Additionally, I would
like to thank Edward Dunne from the American Mathematical Society for
several helpful suggestions and his patience.

X1



xii Preface to the English Edition

Finally two comments on frequently used notations. The symbol A marks
the end of an example, a remark, or an algorithm, and the symbol ‘— « —*
is used as a ditto mark.

Berlin, Germany October 2002 Robert Plato



Preface to the German
Edition

This textbook emerged from my two-semester courses in numerical mathe-
matics which I have repeatedly taught since 1997 at the Technical University
of Berlin. These lectures were attended primarily by students of mathemat-
ics and to a smaller extent by students of physics and computer sciences.

In its current form this textbook addresses students and graduates of mathe-
matics, computer sciences, and natural and engineering sciences. In a concise
form several basic topics of numerical mathematics with important applica-
tions are treated:

* interpolation, fast Fourier transform and integration,

» direct and iterative solution of linear systems of equations,

« iterative methods for nonlinear systems of equations,

¢ numerical solution of initial and boundary value problems
for ordinary differential equations,

e eigenvalue problems for matrices,

e approximation theory and computer arithmetic.

For the purpose of conciseness, the numerical solution of partial differential
equations as well as nonlinear optimization is not treated here.

The intention of this textbook is to consider topics in an elementary and
clear form, thereby only requiring a basic knowledge of calculus and linear

——
xiii



xiv Preface to the German Edition

algebra. Moreover, many of the presented methods are illustrated by fig-
ures. For numerous algorithms, practical and relevant work estimates are
given and pseudo codes are provided that can be used for implementations.
The approximately 120 exercises presented with different levels of difficulty
proved to be good in the courses.

I used preliminary versions of this textbook as lecture notes for my two-
semester courses in numerical mathematics, each course meeting four hours
per week. The first six chapters were always considered in the first part,
and Chapters 7-13 were treated in the second part of these lectures. In a
one-semester course in numerical mathematics, an alternative is to consider
numerical integration (Chapter 6) only briefly, and then to present the foun-
dations of one-step methods for the numerical solution of initial value prob-
lems for ordinary differential equations (Chapter 7) and relaxation methods
for the iterative solution of linear systems of equations (Chapter 10).

For this textbook there exists an online service which is available under
http://www.math.tu-berlin.de/numerik/plato/viewegbuch. It contains
hints for the presented exercises and MATLAB routines for some of the
pseudo codes presented in the textbook. Moreover, this online service will
contain a list of possibly necessary corrections. Comments on this textbook
can be sent to my email address, plato@math.tu-berlin.de.

I would like to thank my colleagues Prof. Dr. R. D. Grigorieff and Dipl. Math.
Etienne Emmrich for several suggestions which are considered in this text-
book to a large extent. I am indebted to Till Tantau and Olivier Pfeiffer
and some other participants of the lectures for several minor but important
improvements. Finally I would like to thank Prof. Dr. Chuck Groetsch,
Prof. Dr. Martin Hanke-Bourgeois and Prof. Dr. Hans-Jiirgen Reinhardt
for their support of this book project and Ulrike Schmickler-Hirzebruch
from the publisher Vieweg for her pleasant cooperation.

Berlin, May 2000 Robert Plato
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| Ip» 1<p < oo, 83

— «—, xi

R, set of real numbers, 1

n(A), 12

o(B), spectrum of matrix B, 84

ro(B), spectral radius of matrix B, 84

s(K), space of sequences, 223

|u|2 for a continuous function u : [a,b] —
R, 25

| % | oo, maximum norm of a continuous func-
tion u, 25

A, xi

A-conjugate vectors, 315

A-norm, 313

a posteriori error estimate, 111

a priori error estimate, 111

Adams— Bashfort method, 204

Adams—Moulton method, 208

algebro—differential equations, systems of,
186

algorithm of Strassen, 100

alternant, alternation theorem, 412

arithmetic operation, 4

Arnoldi process, 325

asymptotic expansion of the error for one—
step methods, 172

Aubin— Nitsche trick, 272

backward difference, 250
banded matrix, 79
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basis, 423

BDF method, 214

Bernoulli numbers, 157

best approximation, 401

bias notation, 429

bit reverse, 52

By (z), Bernoulli polynomials, 155
block relaxation method, 305
bounded bilinear form, 268
Bulirsch sequence, 145

Cauchy — Schwarz inequality, 408
central difference of first order, 250
central difference of second order, 250
CG method, 316
CGNR method, 323
characteristic polynomial of a difference equa-
tion, 224
Chebyshev polynomials
of the second kind Uy, 20
of the first kind T},, 14
optimality property, 15
Chebyshev system, 418
Cholesky factorization, 77
circulant, 337
classical Runge— Kutta method, 169
closed subset of a normed space, 404
coercive bilinear form, 268
column norm, 83
composite quadrature formulas, 137
asymptotics of the composite trapezoidal
rule, 141
composite rectangle rules, 137
composite Simpson’s rule, 140
composite trapezoidal rule, 139
condition number of a matrix, 88
conjugate gradient method, 316
connecting chain, 306
consistency condition, 187
consistency order of multistep methods, 191
consistency order of one—step methods, 165
consistent matrix norm, 84
contraction, 110
convergence order of one—step methods, 165
convergent stationary iterative method, 283
convex subset of a normed space, 404
cubic spline function, 24
cubic B-splines, 270

Dahlquist’s root condition, 192

data compression, 44

deflation, 118

denormalized floating point number, 425
diagonalizable matrix, 350

digital data transfer, 44

discrete Fourier transform, 41

discrete inverse Fourier transform, 43

discrete maximum principle, 278
dissipative differential equation, 233
divergent stationary iterative method, 283
divided differences, 9

duality trick, 272

eigenvalue problem, 339

elementary permutation, 68

elementary permutation matrix, 68

energy functional, 273

energy norm, 265

eps, precision of the floating point number
system F, 427

error constant, 201

Euclidian norm, 82

Euler’s method, 166

Euler — Maclaurin summation formula, 157

exchange method of Remez, 417

explicit m—step method, 190

extended format, additional floating point
number systems, 429

extrapolation methods, 178

F(b, t, €min, €max ), System of normalized float-
ing point numbers, 425
ﬁ( b, t, €min, €max ), extended system of float-
ing point numbers, 425
FFT, Fast Fourier Transform, 49
finite element method, 269
five point formula, five point star, 286
fixed point, 106
fixed point iteration, 106, 110
convergent of order p > 1, 106
exactly convergent of order p, 106
linear convergence, 106
quadratic convergence, 106
floating point numbers, 425
forward difference, 250
Fourier coefficients
complex, 43
real, 43
Friedrich’s inequality, 263
Frobenius companion matrix, 118
Frobenius matrix of index k, 69
Frobenius norm, 83
function of a constant sign, 129

Galerkin approximation § € S, 266
Galerkin method, 266

fully discrete, 269

quasi—optimality, 267
Gauss — Seidel method, 292
Gaussian elimination, 61

with (column) pivoting, 66

with total pivoting, 101
Gaussian quadrature formulas, 152
generalized, weak solution, 265, 274
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generating polynomial, 192
Gerschgorin discs, 343
global iteration error of one—step methods,
164
Gram matrix, 411
Gram—Schmidt process, 93
grid function wup (t), 172
Gronwall’s lemma, 195
discrete version, 197

Haar space, 418
Hadamard’s estimate for determinants, 102
Hamming’s method, 244
harmonic sequence, 145
hat functions, 269
Hermite interpolation, 19
Hessenberg matrix, 328, 355
lower Hessenberg matrix, 356
upper Hessenberg matrix, 356
Heun’s method, 168
homogeneous difference equation, 223
Horner scheme, 8
Householder transformation, 95

IEEE, Institute of Electrical and Electronics
Engineers, 429

ill- conditioned linear system of equations,
90

implicit Euler method, 209

implicit m—step method, 190

induced matrix norm, 84

initial value problem, existence and unique-
ness, 162

inner product, 408

integration step for one— and multistep method,
214

inverse monotonicity, 278

inverse triangle inequality, 81

inverse Wielandt iteration, 389

involutory matrix, 94

irreducible matrix, 287

isometric, 92

iteration function, 105, 163

iteration matrix, 283

iteration method, 281

Jacobi method for eigenvalue problems, 367
classical, 371
cyclic, 372
Jacobi method for linear systems of equa-
tions, 290

KANT, 336
Krylov subspace methods, 312

Lagrange interpolation formula, 4
Lagrange polynomials, 3

Lanczos process, 326

Landau symbols, 2

leading coefficient, 11

least squares method, 279
least squares problem, 99
Lemma of Céa, 268
lexicographical ordering, 286
linear difference operator, 223
linear elementary divisors, 198
linear fixed point iteration, 283
linear m—step method, 190
linear multistep methods, 190
linear spline function, 24

LLT factorization, 78

local iteration error of one—step methods,

164

local truncation error of multistep methods,

191
logarithmic norm, 241
LR algorithm, 386
LR factorization, 75

M -matrix, 298
m—step methods, 190
MACSYMA, 336
mantissa, 425
mantissa length, 425
Maple, 336
Mathematica, 336
MATLAB, xiv, 336
matrix equilibration, 100

row equilibrated matrix, 102
matrix norm, 81
maximum norm, 82
method of Hyman, 362
method of lines, 240
midpoint rule, 128, 190, 212
Milne’s method, 213, 244
Milne’s rule, 127
Milne - Simpson method, 212
minimal distance, 401
minimal residual approach, 311
minimizing sequence, 403
MINRES, 324
modified Euler method, 168
moments of a spline function, 29
multigrid method, 305
multiple shooting methods, 277
multistep methods, 189, 190

MuPAD, Multi Processing Algebra Data Tool,

336

n-digit decimal arithmetic, 427
NaN, Not a Number, 430
Neumann series, 256

Neville’s algorithm, 7

Newton polynomials, 8
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Newton’s interpolation formula, 9

Newton’s method, one—dimensional case, 108

Newton’s method, multidimensional case, 114

Newton— Cotes formulas, 125

Newton— Cotes formulas, closed, 125

nonlinear optimization, xiii, 402

nonnegative matrix, 253

norm, 81

normal equations ATAz = ATb, 323

normal equations for best approximations,
411

numerical solution of partial differential equa-
tions, xiii

Nystrém method, 210

Octave, 336

one-—step methods, 163

online service to this book, xi, xiv

open subset of a normed space, 404

order of convergence of multistep methods,
191

orthogonal complement of sets (in vector spaces
with inner products), 409

orthogonal polynomials, 147

orthogonal residual approach, 311

over-relaxation, 296

overflow, underflow, 435

parallel- and vector computers, 100
parallelogram equation, 409
partitioning according to Crout, 75
P(EC)ME method, 221
P(EC)M method, 222
Peano kernel, 394
permutation, 66
permutation matrix, 66
I,,3
Yy, 202
I}, orthogonal complement of IT,, C II, 147
piecewise continuously differentiable function,
262
pivot, 66
Poisson equation, 284
polynomial interpolation, 3
error, 11, 13
existence and uniqueness, 4
positive definite matrix, 76
positive homogeneity, 81
power boundedness of a matrix, 194
predictor — corrector method, 216
preprocessing phase for multistep method,
190
principal submatrices, 76, 101
program systems with multifunctionality, 335
computer algebra functionality, 335
graphical functionality, 336
numerical functionality, 335

QR algorithm, 373

quadratic spline function, 24

quadrature formula, 123
degree of exactness, 123
by interpolation, 124

rational interpolation, 18

Rayleigh quotient, 348, 388

rectangle rules, 128

REDUCE, 336

reducible matrix, 287

regression line, 98

regular decomposition A = B — P of a
matrix, 305

regularization methods, 100

relaxation method, 295

residual, 312

Ritz method, 266

Romberg integration, 142

Romberg sequence, 145

rounding to t digits, 433

row norm, 83

scalar product, 408

Schulz’s method, 122

Schur factorization, 351

Scilab, 336

Sa,e, 23

search direction, 316

secant method, 121

Sherman — Morrison formula, 103

sign matrix, 373

simple Kutta rule, 188

simple shooting method, 274

Simpson’s rule, 127

singular value decomposition of a matrix,
101

singular values of a matrix, 101

smoothing, 44

sparse matrix, 282

spectral norm, 86

spectral radius of a matrix, 84

spectrum of a matrix, 84

spline function, spline, 23

square root method, 78

stability of one—step methods, 165

step length, 316

step size control, 182

stiff differential equations, 232

stiffness matrix, 268

Stormer’s method, 243

strictly convex set, 404

strictly diagonally dominant, 32

strictly normed space, 405

Sturm— Liouville’s boundary value problem,
249

sum norm, 82
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support abscissas, 1 under-relaxation, 296
support ordinates, 9 unitary matrix, 341
support points, 3 upper Lipschitz condition, 233
symbolic computation, 336
symmetric matrix, 350 van der Pol’s differential equation, 187
system matrix, 268 variational equality, 265
vector iteration, 387
Taylor’s method, 187 vector norm, 81
Theorem of vertices, 23
Bauer / Fike, 340 von Mises iteration, 389
Courant/Fischer, 347
Faber, 13 weight function, 146
Kahan, 296
Kusmin, 128 zero—stability, 192
Ostrowski/Reich, 297
Perron, 259

Picard/Lindelof, 162
Rayleigh / Ritz, 348
three—term recursion for orthogonal polyno-
mials, 148
trapezoidal rule, 126, 209
triangle inequality, 81
triangular linear systems of equations, upper
and lower, 59
triangular matrix, 59
trigonometric polynomials (complex), 44
trigonometric polynomials (real), 48
truncation to t digits, 435
two grid iteration, 305
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This textbook is a concise introduction to the fundamental concepts and
methods of numerical mathematics. The author manages to cover the many
important topics while avoiding redundancies and using well-chosen examples
and exercises. The exposition is supplemented by numerous figures. Work esti-
mates and pseudo codes are provided for many algorithms, which can be easily
converted to computer programs. Topics covered include interpolation, the fast
Fourier transform, iterative methods for solving systems of linear and nonlinear
equations, numerical methods for solving ODEs, numerical methods for matrix
eigenvalue problems, approximation theory, and computer arithmetic.

The book is suitable as a text for a first course in numerical methods for math-
ematics students or students in neighboring fields, such as engineering, physics,
and computer science. In general, the author assumes only a knowledge of
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