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Preface

This is a book about C*-algebras, various types of approximation, and a few
of the surprising applications that have been recently discovered. In short,
we will study approzimation theory in the context of operator algebras.

Approximation is ubiquitous in mathematics; when the object of inter-
est cannot be studied directly, we approximate by tractable relatives and
pass to a limit. In our context this is particularly important because C*-
algebras are (almost always) infinite dimensional and we can say precious
little without the help of approximation theory. Moreover, most concrete
examples enjoy some sort of finite-dimensional localization; hence it is very
important to exploit these features to the fullest. Indeed, over the years
approximation theory has been at the heart of many of the deepest, most
important results: Murray and von Neumann’s uniqueness theorem for the
hyperfinite II;-factor and Connes’s remarkable extension to the injective
realm; Haagerup’s discovery that reduced free group C*-algebras have the
metric approximation property; Higson and Kasparov’s resolution of the
Baum-Connes conjecture for Haagerup’s groups; Popa’s work on subfactors
and Cartan subalgebras; Voiculescu’s whole free entropy industry, which is
defined via approximation; Elliott’s classification program, which collapses
without approximate intertwining arguments; and one can’t forget the influ-
ential work of Choi, Effros, and Kirchberg on nuclear and exact C*-algebras.

Approximation is everywhere; it is powerful, important, the backbone of
countless breakthroughs. We intend to celebrate it. This subject is a func-
tional analyst’s delight, a beautiful mixture of hard and soft analysis, pure
joy for the technically inclined. Our wheat may be other texts’ chaff, but we
see no reason to hide our infatuation with the grace and power which is ap-
proximation theory. We don’t mean to suggest that mastering technicalities

X1
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is the point of operator algebras — it isn’t. We simply hope to elevate them
from a necessary ally to a revered friend. Also, one shouldn’t think these
pages are a one-stop shopping place for all aspects of approximation the-
ory — they aren’t. The main focus is nuclearity and exactness, with several
related concepts and a few applications thrown in for good measure.

From the outset of this project, we were torn between writing user-
friendly notes which students would appreciate — many papers in this subject
are notoriously difficult to read — or sticking to an expert-oriented, research-
monograph level of exposition. In the end, we decided to split the difference.
Part 1 of these notes is written with the beginner in mind, someone who
just finished a first course in operator algebras (C*- and W*-algebras). We
wanted the basic theory to be accessible to students working on their own;
hence Chapters 2 - 10 have a lot of detail and proceed at a rather slow
pace.! Chapters 11 - 17 and all of the appendices are written at a higher
level, something closer to that found in the literature.

Here is a synopsis of the contents.
Part 1: Basic Theory

The primary objective here is an almost-comprehensive treatment of
nuclearity and exactness.? Playing the revisionist-historian role, we de-
fine these classes in terms of finite-dimensional approximation properties
and later demonstrate the tensor product characterizations. We also study
several related ideas which contribute to, and benefit from, nuclearity and
exactness.

The first chapter is just a collection of results that we need for later pur-
poses. We often utilize the interplay between C*-algebras and von Neumann
algebras; hence this chapter reviews a number of “basic” facts on both sides.
(Some are not so basic and others are so classical that many students never
learn them.)

Chapter 2 contains definitions, simple exercises designed to get the
reader warmed up, and a few basic examples (AF algebras, C*-algebras
of amenable groups, type I algebras).

1Except for a few sections in Chapters 4 and 5, where much more is demanded of the reader.
This was necessary to keep the book to a reasonable length.

2The most egregious omission is probably Kirchberg’s Oz-embedding theorem for separable
exact C*-algebras. We felt there were not enough general (i.e., outside of the classification pro-
gram) applications to warrant including the difficult proof. The paper [107] is readily available
and has a self-contained, well-written proof. Rgrdam’s book [168] has a nearly complete proof and
a forthcoming book of Kirchberg and Wassermann will certainly contain all the details. Another
significant omission is a discussion of general locally compact groups; we stick to the discrete case.
The ideas are adequately exposed in this setting and we don’t think beginners benefit from more
generality.
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In Chapter 3 we give a long introduction to the theory of C*-tensor
products. Most of the chapter is devoted to definitions and a thorough
discussion of the subtleties which make C*-tensor products both interesting
and hazardous. However, the last two sections contain important theorems,
taking us back to the original definitions of nuclearity and exactness.

In the next two chapters we show that many natural examples of C*-
algebras admit some sort of finite-dimensional approximants. In Chapter 4
we discuss a number of general constructions which one finds in the litera-
ture (crossed products by amenable actions, free products, etc.). Chapter
5 is an introduction to exact discrete groups and some related topics which
are relevant to noncommutative geometry. Both of these chapters contain
redundancies in the sense that we start with special cases and gradually tack
on generality. The Bourbakians may protest, but we feel this approach is
pedagogically superior.

Someone who works through Chapters 2 - 5 will have a pretty good feel
for most aspects of nuclearity and exactness. There is, however, one impor-
tant permanence property which requires much more work: Both nuclearity
and exactness pass to quotients. In some sense, the next four chapters are
required to prove these fundamental facts. This doesn’t mean we’ve taken
the most direct route, however. On the contrary, we take our sweet time
and present a number of related approximation properties which are of in-
dependent interest and play crucial roles in the quotient results.

Chapter 6 contains the basics of amenable tracial states. These “invari-
ant means” on C*-algebras can be characterized in terms of approximation
or tensor products. They also yield a simple proof of the deep fact that
every finite injective von Neumann algebra is semidiscrete.

In Chapter 7 we study quasidiagonal C*-algebras. They are also defined
via approximation, but the flavor is quite different from nuclearity or exact-
ness. Most of the basic theory is presented, including Voiculescu’s homotopy
invariance theorem, though much of it isn’t necessary for applications to ex-
actness. (For this we only need Dadarlat’s approximation theorem for exact
quasidiagonal C*-algebras; see Section 7.5.)

This leads naturally to Chapter 8: AF Embeddability. For applications,
the most important fact is that every exact C*-algebra is a subquotient of
an AF C*-algebra. We give the proof in the beginning of the chapter so
those only interested in exactness can quickly proceed forward. For others,
we have included the homotopy invariance theorem for AF embeddability
and a short survey of related results.

In Chapter 9 we put all the pieces together, completing the basic-theory
portion of the book. The main result gives two more tensor product charac-
terizations of exactness, from which corollaries flow: Exact C*-algebras are
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locally reflexive (another important finite-dimensional approximation prop-
erty), nuclearity and exactness pass to quotients, and a few others.

Finally, we conclude Part 1 with a chapter summarizing permanence
properties. This is just for ease of reference, in case one forgets whether or
not extensions of exact C*-algebras are exact.

Part 2: Special Topics

The next four chapters are a disjoint collection of related concepts. They
are logically independent and meant to spark the reader’s interest — much
more could be written about any one of them.

Chapter 11 is primarily about simple quasidiagonal C*-algebras. Moti-
vated by Elliott’s classification program, we spend time discussing the gen-
eralized inductive limit approach (of Blackadar and Kirchberg) to nuclear
quasidiagonal C*-algebras. We also prove a theorem of Popa, showing that
quasidiagonality is often detectable internally. Finally, we present Connes’s
amazing uniqueness theorem for the injective II;-factor, exploiting Popa’s
techniques.

Chapter 12 introduces some properties of discrete groups that have been
extremely important over the years. First, we discuss Kazhdan’s property
(T), prove that SL(3,Z) has this property, and demonstrate Connes’s result
that IIi-factors with property (T) have few outer automorphisms. Next, we
define Haagerup’s approximation property — the antithesis of property (T)
— and prove that a group which acts properly on a tree (e.g., a free group)
enjoys this property. The latter sections of this chapter discuss related

approximation properties and their interrelations.

Chapter 13 — on Lance’s weak expectation property and the local lifting
property for C*-algebras — gives a streamlined approach to some of Kirch-
berg’s influential work around these ideas. We also reproduce Junge and
Pisier’s theorem on the tensor product of B(¢?) with itself.

Part 2 concludes with Chapter 14: Weakly Exact von Neumann Al-
gebras. This concept was first suggested by Kirchberg; the theorems and
proofs are similar to C*-results found in Part 1 of the book. It is not yet
clear if this theory will bear fruit like its C*-predecessor, but it seemed like
a natural topic to include.

Part 3: Applications

The last three chapters, comprising Part 3, are devoted to applications.
We hope to convince you that approximation properties are useful; seemingly
unrelated problems will crack wide open when pried with the right technical
tool.
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Chapter 15 contains solidity and prime factorization results for certain
group von Neumann algebras. The solidity results generalize one of the cele-
brated achievements of free probability theory, while the prime factorization
results are natural analogues of some spectacular recent work in dynamical
systems. Both depend in a crucial way on some of the C*-ideas and tensor
product techniques contained in Part 1.

Chapter 16 resolves a problem in single operator theory which, at present,
appears to require exact quasidiagonal C*-algebras. We need the fact that
exactness implies local reflexivity — one of the deepest, most difficult theo-
rems in C*-algebras — and it is hard to imagine an operator-theoretic proof
which could circumvent this fact.

The final chapter is based on some work of Simon Wassermann. He
observed that property (T) groups together with quasidiagonal ideas lead
to natural examples for which the Brown-Douglas-Fillmore semigroup is not
a group. Approximation properties, or the lack thereof, are at the heart of
the argument.

So, that’s what you’ll find in this book. To the student: We hope these
notes are reasonably accessible and a helpful introduction to an area of active
research. To the veteran: We hope this will be a useful reference for C*-
approximation theory. As mentioned earlier, Kirchberg and Wassermann
are working on an exact C*-algebra text and there will certainly be overlap
between these notes and theirs. However, the emphasis and selection of
topics will likely differ; with any luck, the union of our books will satisfy
the needs of most. We should also mention that a web page correcting this
book’s inevitable errors can be found at www.ams.org/bookpages/gsm-88.

This project would have been impossible without the support of our
academic institutions and the encouragement of many friends and colleagues.
Thank you. The first author gratefully acknowledges NSF support; the
second author thanks JSPS, NSF, and the Sloan Foundation. Finally, we are
deeply indebted to Reiji Tomatsu for his meticulous note-taking during the
second author’s lectures on some of the material covered in this book; Tyrone
Crisp, Steve Hair, and Naokazu Mizuta for their fastidious proofreading; and
Kenley Jung and Takeshi Katsura for some helpful questions, remarks, and
suggestions.

Nate and Taka, 2007
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Notation Index

A (unitization of a C*-algebra), 28

A, B,C and D (C*-algebras), 2

A® B (minimal tensor product), 73

A ®max B (maximal tensor product), 73

A Xq,rI' (reduced crossed product), 118

A Xoq ' (full crossed product), 117

A**  (double dual of a C*-algebra), 5

A°P  (opposite C*-algebra), 211

A4+ (positive elements in a C*-algebra), 2

A1 (closed unit ball in a C*-algebra), 2

A, (multiplicative domain), 12

Asa (self-adjoints in a C*-algebra), 2

B(H) (bounded (adjointable) linear
operators), 1, 137

C*(G) (full groupoid C*-algebra), 204

C*(T") (full group C*-algebra), 43

C*(®) (graph C*-algebra), 135

C3(G) (reduced groupoid C*-algebra),
204

C3(T') (reduced group C*-algebra), 42

C;(T) (right reduced group C*-algebra),
42

C*(') (uniform Roe algebra), 168

C.(I', A) (finitely supported functions on
T" with values in A), 116

C[I'] (complex group ring), 42

CA (cone over a C*-algebra A), 251, 270

CP(E, B) (space of completely positive
maps), 9

¢(m) (central cover), 6

A9T  (G-boundary of T'), 411

@, An  (co-direct sum), 107

E and F (operator systems or spaces), 2

{ei,;} (matrix units), 2

X (H;, &) (free product Hilbert module),
154

X p(Ai, E;) (reduced amalgamated free
product), 155

F(H) (full Fock space), 141

F, (free group of rank r), 50

gli_rr}(A,m ¢n,m) (generalized inductive
limit), 314

‘H, K and £ (Hilbert spaces), 1

‘H® K (Hilbert spaces tensor product), 67

H®a K (interior tensor product of
Hilbert modules), 138

I<q4A (ideal in a C*-algebra), 2

K(H) (compact operators), 1, 137

L?(A,E) (GNS Hilbert module), 138

L%(A,p) (GNS Hilbert space), 2

L(I') (group von Neumann algebra), 43

£2  (separable, infinite-dimensional
Hilbert space), 1

£2  (n-dimensional Hilbert space), 1

£°(I") (complex bounded functions on I'),
42

A (left regular representation), 42, 204

M, (C) (n x n matrices), 1

M and N (von Neumann algebras), 2

M, (predual of a von Neumann algebra),
4

my  (multiplier), 46

O(H) (Cuntz-Pimsner algebra), 143

II; B; (¢%-direct sum), 3

Prob(X) (regular Borel probability
measures), 48

Q(H) (Calkin algebra), 1

R (real part of a complex number), 340

p (right regular representation), 42

S(A) (state space of a C*-algebra), 2

81 (trace class operators), 1

Sy (Hilbert-Schmidt operators), 1
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Notation Index

SA (suspension over a C*-algebra A), 251

s.f (s.f(t) = f(s71)), 42

T(H) (Toeplitz-Pimsner algebra), 142

Tr (nonnormalized (unbounded) trace), 1

tr (normalized trace on matrices), 2

0¢n (“rank-one” operator on Hilbert
modules), 137

X x ' (transformation groupoid), 129,
201

X @Y (algebraic tensor product), 60



Subject Index

r-
C*-algebra, 116
topological space, 126

G-boundary of I', 411

abelian projection, 40
AFD (approximately finite-dimensional)
von Neumann algebra, 333
affiliated with a von Neumann algebra, 483
AH (approximately homogeneous)
C*-algebra, 39
algebraic tensor product, 60
almost invariant vectors, 228, 339
amalgamated free product
of C*-algebras, 155
of groups, 475
amenable
action on a C*-algebra, 124, 127
action on a topological space, 127, 130,
132, 170, 176, 189, 193
C*-algebra, 32
group, 48, 50, 89, 91, 97, 224, 227, 242
groupoids, 205
trace, 214, 219, 223, 242
anti-isomorphism, 213
AP (approximation property)
for Banach spaces, 370
for groups, 372
approximate invariant mean on a group, 48
approximately unitarily equivalent
relative to the compacts, 18
representations, 18
Arveson’s Extension Theorem, 17
ASH (approximately subhomogeneous)
C*-algebra, 279

banded operator, 425

basic construction, 484

bi-exact relative to a family of subgroups,
408, 411

bi-normal *-homomorphism
M ® N — B(H), 285

bimodules, 479

block diagonal operator, 421, 422

bounded generation, 346, 347

bounded geometry, 195

Brown-Douglas-Fillmore (BDF) semigroup
of extensions, 433

Busby invariant, 432

C*-algebras
(X x I')-C*-algebras, 130
I'-C*-algebras, 116
cones and suspensions, 251, 385
Cuntz-Pimsner algebras, 143
full group C*-algebras, 43
full groupoid C*-algebra, 204
graph C*-algebra, 135, 144
opposite and conjugate C*-algebras, 211,

213

reduced amalgamated free product, 155
reduced crossed product, 118
reduced group C*-algebras, 42
reduced groupoid C*-algebra, 204
subhomogeneous, 56
Toeplitz-Pimsner algebras, 142
type I C*-algebra, 55, 239, 297
uniform Roe algebra, 168, 195
universal (full) crossed product, 117

C*-correspondence, 138

c.b. (completely bounded), 449

c.c. (completely contractive), 449
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Subject Index

c.c.p. (contractive completely positive), 9
c.i. (completely isometric), 449
c.p. (completely positive), 9
Cartan subalgebra, 487
Cayley graph, 184, 472
CBAP (completely bounded approximation
property), 365
center-valued trace, 480
central cover, 6
Choi and Effros
and Kirchberg’s theorem on nuclear
C*-algebras, 104
lifting theorem, 460
circumcenters, 469
co-amenable subgroup, 358, 366
coarse
(metric) space, 203
map, 194
coboundary, 468
cocycles, 468
coding family of unitary k-tuples, 389
Cohen’s factorization theorem, 141
combinatorial Laplacian, 473
compactification
equivariant, 411
of a group, 191
of a hyperbolic graph, 187
of a tree, 179
comparison tripod, 183
complete order embedding, 317
completely bounded maps, 449
completely positive maps, 9
amalgamated free product of, 162
liftable, 459
locally liftable, 459
conditional expectation, 12, 120, 480
conditionally negative definite, 468
cone over a C*-algebra, 251, 385
conjugate algebra, 213
Connes’s
embedding problem, 254, 380
uniqueness theorem, 333, 336
containment of unitary representations, 463
convergence along a filter, 446
correspondence from N to M, 479
covariant representation
of a I'-C*-algebra, 116
of a Hilbert C*-module, 148
Cowling-Haagerup constant for groups, 361
CPAP (completely positive approximation
property), 32
creation operators, 141
cross norm, 68, 81
Cuntz-Pimsner algebras, 143

degree of a vertex, 473
diffuse von Neumann algebra, 410

dimension of a module, 482
double dual of a C*-algebra, 5

Effros-Haagerup lifting theorem, 460
elementary amenable groups, 49
embeds in A inside M, 486
enveloping von Neumann algebra, 5
equivalent
essential extensions by the compacts, 433
maps into the Calkin algebra, 432
equivariant map, 120
essential
extension by the compacts, 432
ideal, 274
representation of a C*-algebra, 19
exact
C*-algebra, 32, 105, 293, 297, 303
group, 167, 170, 173, 395
excision, 8, 328
expanders, 199, 474

factorable maps, 34
factorization property, 227, 383
Fell’s absorption principle, 44, 119
finite propagation, 195
fixed point subalgebra, 133
free
action on a graph, 473
ultrafilter, 446
full
C*-correspondence, 138
crossed product, 117
Fock space, 141
group C*-algebras, 43
groupoid C*-algebra, 204
subalgebra, 153
fundamental group, 353
Fglner condition, 48

gauge action, 135, 142, 144, 147
gauge-invariant uniqueness theorem, 148
generalized inductive system, 313
geodesic
path, 179, 182, 471
stability in hyperbolic space, 184
triangle, 183
Glimm’s Lemma, 8
GNS triplet associated to a positive definite
function, 45
graph, 471
action of a group on, 472
C*-algebra, 135, 144
metric, 471
Gromov
boundary of hyperbolic graphs, 187
compactification of hyperbolic graphs,
187
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nonexact groups, 200
product, 183

group
action on a C*-algebra, 116
action on a tree, 355, 361, 478
infinite conjugacy class (ICC), 419
ring, 42

groupoids
(étale) groupoids, 200
left regular representations, 204
transformation groupoids, 201

Haagerup
constant for C*-algebras, 365
constant for von Neumann algebras, 365
property for groups, 354
property for von Neumann algebras, 359
Hausdorff distance, 183
Herz-Schur multiplier, 466
Hilbert C*-modules, 136
C*-correspondence, 138
covariant representations, 148
interior tensor product, 138
representations, 145
homotopic C*-algebras, 248
homotopy
invariance theorems, 251, 279
of x-homomorphisms, 248
hyperbolic
graph, 183
group, 186, 189
hypertrace, see also amenable trace

ideal boundary, 172, 179

infinite conjugacy class (ICC) group, 419

injective von Neumann algebra, 17, 38, 294

inner QD (quasidiagonal), 323

interior tensor product of Hilbert modules,
138

invariant translation approximation
property for groups, 373

invertible elements in Ext(A), 434

Kadison’s Transitivity Theorem, 7
Kazhdan
constant, 229
pair, 229, 340
projections, 437
property (T), 228
relative property (T) for groups, 340
relative property (T) for von Neumann
algebras, 351
kernel on a group, 464
Kirchberg’s
and Choi and Effros’s theorem on
nuclear C*-algebras, 104
factorization property, 227, 383

tensorial characterization of the WEP
and LLP, 379

theorem on exact C*-algebras, 105

theorem on weakly nuclear maps, 101

left regular representation
of a C*-algebra (w.r.t. a trace), 212
of a group, 42
of a groupoid, 204

liftable c.p. map, 375, 459

linear group, 167

link, 349

LLP (local lifting property), 375, 379

locally
liftable c.p. map, 375, 459
reflexive C*-algebra, 284, 288, 297
split extension, 94

LP (lifting property), 375

Lusin’s Theorem, 7

malnormal subgroup, 489
mapping cylinder, 278
maximal tensor product, 73
maximally almost periodic group, 234
metrically proper action on a graph, 472
MF (matricial field) algebras, 317
min-continuous, 101
minimal (spatial) tensor product, 73
Morita equivalence of étale groupoids, 203
multiplicative domain, 12
multiplier

algebra, 274

Herz-Schur, 466

on group algebra, 46

Schur, 464
Murray and von Neumann’s uniqueness

theorem, 336

NF algebra, 318
nondegenerate
C*-correspondence, 138
conditional expectation, 138
norm microstates, 314
normal map on von Neumann algebras, 4
nuclear
C*-algebra, 32, 104, 301
maps, 25, 90, 104
nuclearly embeddable C*-algebra, 33

OAP (operator approximation property),
369
operator
space, 449
system, 9
opposite algebra, 211

point ultraweak topology, 5
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Subject Index

positive

definite functions on groups, 45, 463

definite kernel on I' x I} 168, 464

definite kernel on X x X, 195

definite operator-valued function, 463

type function on X x I'; 130

type functions on groupoids, 205
Powers-Stgrmer inequality, 216
predual of a von Neumann algebra, 4
prime II;-factor, 414
principle of local reflexivity, 284
product group, 419
proper

1-cocycle, 354

action on a space with walls, 356
property

A of Yu, 195

C, C’, and C", 286, 288, 293

(T) for groups, 228

(T) for von Neumann algebras, 351
pseudogroup, 201

quasi-equivalent representations of a
C*-algebra, 6
quasi-isometric, 184
quasicentral approximate unit, 2, 247
quasidiagonal
C*-algebra (QD), 237, 245, 251, 259, 306
extension, 307
operator, 421
representation, 245
set of operators, 243
QWEP
C*-algebra, 380, 385
conjecture, 254, 380

real rank zero, 328
reduced
amalgamated free product, 155
crossed product, 118
group C*-algebras, 42
groupoid C*-algebra, 204
regular representation of a crossed product,
118
relative property (T)
for groups, 340
for von Neumann algebras, 351
relatively weakly injective inclusion, 88, 381
representation
modulo the compacts, 19
of a Hilbert C*-module, 145
theory for von Neumann algebras, 5
residually finite
C*-algebra, 281
dimensional C*-algebra, 239
group, 96

restrictions of a *-representation
A®B — B(H), 70
RFD (residually finite-dimensional)
C*-algebra, 239
right regular representation
of a C*-algebra (w.r.t. a trace), 212
of a group, 42

Sakai’s Theorem, 4
saturated family of subgroups, 413
Schoenberg’s Theorem, 468
Schur multipliers, 464
Schwarz inequality, 12
semidiscrete von Neumann algebra, 33, 38,
294
Shalom property, 347
slice map property, 370
small at infinity, 191, 412
SOAP (strong operator approximation
property), 369
socle, 323
space with walls, 356
spatial (minimal) tensor product, 73
square integrable affiliated operator, 483
stabilizer, 472
stable
point-norm topology, 369
point-ultraweak topology, 369
stably finite C*-algebra, 241
Stinespring’s Theorem, 10
strong NF algebra, 318
strong stable point-norm topology, 369
subexponential growth, 49
subhomogeneous C*-algebra, 56
suspension over a C*-algebra, 251, 385
symmetric
difference of sets, 48
set of generators for a group, 52

Takesaki’s Theorem, 80
tensor calculus, 60
tensor product
algebraic, 60
continuity of completely positive maps,
83
interior, 138
maximal tensor product, 73
minimal (spatial) tensor product, 73
nuclear maps, 104
operator space, 73
von Neumann algebra, 73
The Trick, 87
Toeplitz-Pimsner algebras, 142
Tomiyama’s Theorem, 12
topology on Ext, 439
torus knot group, 477
translation algebra, 195
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tree, 179, 355, 361, 472
action of a group on, 355, 361, 478
compactification of, 179

trivial element of Ext(A), 433

tube, 167

type I C*-algebra, 55, 239, 297

type I, II and III von Neumann algebras, 3

u.c.p. (unital completely positive), 9
ultrafilters and ultraproducts, 445
ultraweak topology, 4
uniform Roe algebra, 168, 195
uniformly convex, 342
universal
crossed product, 117
representation of a C*-algebra, 5
unitary representation of a group, 343

vacuum state, 144
Voiculescu’s Theorem, 18
von Neumann algebras
bimodules, 479
group von Neumann algebra, 43
injective, 17, 38, 294
of type I, II and III, 3
predual, 4
semidiscrete, 33, 38, 294

W*CBAP (W*-completely bounded
approximation property), 365
W*OAP (W*-operator approximation
property), 369, 396
wall structure
on a space, 356
proper (on a group), 357
weak slice map property, 370
weakly
amenable group, 361
contained in a unitary representation,
463
equivalent representations, 463
exact von Neumann algebra, 393, 395,
399
nuclear map, 26, 101
WEP (weak expectation property), 38, 89,
379
wreath product of groups, 357
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