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Preface 

Representation theory plays a central role in Lie theory and has developed in 
numerous specialized directions over recent decades. Motivation comes from 
many areas of mathematics and physics, notably the Langlands program. 
The methods involved are also diverse, including fruitful interactions with 
"modern" algebraic geometry. Here we focus primarily on algebraic methods 
in the case of a semisimple Lie algebra g over C with universal enveloping 
algebra U(g), where the prerequisites are relatively modest. 

The category Mod?7(g) of all [/(g)-modules is much too large to be 
understood algebraically. Fortunately, many interesting Lie group repre
sentations can be studied effectively in terms of a more limited subcate
gory where modules are subjected to appropriate finiteness conditions: the 
BGG category O introduced in the early 1970s by Joseph Bernstein, Israel 
Gelfand, and Sergei Gelfand. Their papers, stimulated in part by Verma's 
1966 thesis [251], have led to far-reaching work involving a growing list of 
researchers. In this book we discuss systematically the early work leading 
to the Kazhdan-Lusztig Conjecture and its proof around 1980. This is at 
the core of more recent developments, some of which we go on to introduce 
in the later chapters. Taken on its own, the study of category O offers a 
rewarding tour of the beautiful terrain that lies just beyond the classical 
Cartan-Weyl theory of finite dimensional representations of g. 

Part I (comprising Chapters 1-8) is written in textbook style, at the level 
of a second year graduate course in a U.S. university. The emphasis here is 
on highest weight modules, starting with Verma modules and culminating 
in the determination of formal characters of simple highest weight modules 
in the setting of the Kazhdan-Lusztig Conjecture (1979). The proof of this 
conjecture requires sophisticated ideas from algebraic geometry which go 

xv 



XVI Preface 

well beyond the algebraic framework of earlier chapters. Thus Chapter 8 
marks a shift toward the survey style used in the remainder of the book. 

The chapters in Part II can to a large extent be read independently. 
They supplement the more unified theme of Part I in a variety of ways, 
often motivated by problems arising in Lie group representations. The book 
ends with an introduction to the influential work of Beilinson, Ginzburg, 
and Soergel on Koszul duality. 

I have tried to keep prerequisites to a minimum. The reader needs to be 
comfortable with the basic structure theory of semisimple Lie algebras over 
C (summarized in Chapter 0) as well as with standard algebraic methods 
including elementary homological algebra. 

Exercises are scattered throughout the text (mainly in Part I) where I 
thought they would do the most good. Some of the more straightforward 
ones are used later in the development. At any rate, the most important 
exercise for the reader is to engage actively with the ideas presented. Exam
ples are also interspersed, though unfortunately it is difficult to gain much 
direct insight from low rank cases of the sort which can be done by hand. 
The deeper parts of the theory have required some imaginative leaps not 
based on examples alone. 

The substantial reference list includes all source material cited, together 
with related books and survey articles. I have added a somewhat arbitrary 
sample of other research papers to point the reader in directions such as 
those sketched in Chapter 13. There is also a list of frequently used symbols, 
most of which are introduced early in the book. Anyone who consults the 
literature will encounter a wide array of notational choices; here I have tried 
to keep things simple and consistent to the extent possible. 

The mathematics presented here is not original, though parts of the 
treatment may be. Many people have provided helpful feedback on ear
lier versions of the chapters, including Troels Agerholm, Henning Ander
sen, Brian Boe, Tom Braden, Jon Brundan, Walter Mazorchuk, Wolfgang 
Soergel, Catharina Stropple, and Geordie Williamson. I am especially in
debted to Jens Carsten Jantzen for his detailed suggestions at many stages 
of the writing. His ideas have left a lasting imprint on the study of category 
O. Naturally, the final choices made are my own responsibility. Corrections 
and suggestions from readers are welcome. 

J. E. Humphreys 
February 2008 

j eh@math.umass.edu 
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Frequently Used 
Symbols 

Symbol 

0 
if 
£ 
$ 
A 
$ + 

0a 
n 
n~ 
b 

P = Pi 
l=h 
U = Ul 

[tia, xa, ya) 
E 
a v 

^a 

Ar 

Description 

semisimple Lie algebra 
Cartan subalgebra 
rank of g (=dimf)) 
root system of g relative to f) 
simple system in $ 
positive roots relative to A 
root space 
sum of positive root spaces 
sum of negative root spaces 
standard Borel subalgebra f) © n 
parabolic subalgebra, I C A 
Levi subalgebra 
nilradical of p 
standard basis elements, a G $ + 

euclidean space spanned by $ 
coroot 2a/(a, a) 
reflection relative to a G <fr 
root lattice in E 

Section 

0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.2 
0.2 
0.2 
0.2 
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Symbol 

W 
£{w) 
W0 

Wi 
w' < w 

U(9) 
Z(d) 
T 

A 
A+ 
fi< A 

r 
wa 

p 
C 
Modu(e) 
Mx 

U(M) 
O 
Oint 
M(A) 
L(X) 
N(\) 

Xx 
w • A 
[M : L(A)] 
K(0) 
RadM 
SocM 

ox 
M* 

Co 
XQ 

chM 

P 
V 

Description 

Weyl group 
length of w € W 
longest element of W 
parabolic subgroup of W (I C A) 
Bruhat ordering of W 
universal enveloping algebra of g 
center of (7(g) 
transpose map on U(g) 
integral weight lattice in E 
dominant integral weights 
partial ordering of weights 
Z+-linear combinations of A 
fundamental weight, a € A 
sum of fundamental weights 
Weyl chamber in E 
category of all [/(g)-modules 
weight space in M for A G f)* 
set of weights of M 
subcategory of Mod U(g) 
modules in O with integral weights 
Verma module 
simple quotient of M(A) 
maximal submodule of M(A) 
central character 
w(X + p)-P(we W,Aeh*) 
composition factor multiplicity 
Grothendieck group of O 
radical of module M 
socle of module M 
subcategory of O 
summand of M in Ox 

principal block of O 
additive group of formal characters 
formal character of M 
Kostant function in XQ 
original Kostant partition function 

Section 

0.3 
0.3 
0.3 
0.3 
0.4 
0.5 
0.5 
0.5 
0.6 
0.6 
0.6 
0.6 
0.6 
0.6 
0.6 
0.7 
0.7 
0.7 
1.1 
1.1 
1.3 
1.3 
1.3 
1.7 
1.8 
1.11 
1.11 
1.11 
1.11 
1.12 
1.12 
1.13 
1.14 
1.14 
1.16 
1.16 
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Symbol 

M v 

$ W 
A[A] 

WW 

Ox 
(M : M(X)) 
P(X) 
Q(A) 

MA 
M(xy 
M(\)i 

*t 
T"x 

Ha 

F 

c 
E(\) 
A* 
W°x 

W\ 

Qs 

l(x,w) 
Px,w(q) 
G/B 
Xw 

£)P 
Mi (A) 
Wl 

Description 

dual of module M eO 
integral root system of A € f)* 
simple system in <J>̂ ] 
integral Weyl group of A G f)* 
block in O 
standard filtration multiplicity 
projective cover of L(X) 
injective hull of L(A) 
strong linkage of weights 
ith submodule in Jantzen nitration 
zth layer in Jantzen nitration 
index set in Jantzen Sum Formula 
translation functor 
a-hyperplane shifted by — p in E 
upper closure of facet F 
upper closure of Weyl chamber C 
span of $[^] in E 
integral part of A G f)* 
stabilizer of A 
longest element in W[\] 
wall-crossing functor 
£(w) — l(x) when x < w 
Kazhdan-Lusztig polynomial, x < w 
flag variety 
Bruhat cell in G/B 
parabolic subcategory of O 
parabolic Verma module 
minimal coset representatives in Wi\PF 

Sect: 

3.2 
3.4 
3.4 
3.4 
3.5 
3.7 
3.9 
3.9 
5.1 
5.3 
5.3 
5.3 
7.1 
7.3 
7.3 
7.3 
7.4 
7.4 
7.4 
7.13 
7.14 
8.0 
8.2 
8.5 
8.5 
9.3 
9.4 
9.4 
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Index 

adjoint group, 2, 27 
adjoint representation, 2 
adjunction morphism, 149, 236 
affine Lie algebra, 257 
affine reflection, 53 
affine Weyl group, 53 
alternating function, 39 
annihilator of a module, 215 
antidominant weight, 54 
artinian category, 28 

BGG algebra, 260 
BGG category, 13 
BGG Reciprocity, 65 
BGG resolution, 108 
block, 30 
Borel subalgebra, 2 
braid relations, 236 
Bruhat cell, 160 
Bruhat decomposition, 160 
Bruhat ordering, 5 

Cartan decomposition, 2 
Cart an invariant, 3 
Cartan matrix, 257 
Cartan subalgebra, 1 
category (9, 13 
center of U(g>), 6 
central character, 23 
chamber, 133 
Chevalley Restriction Theorem, 27 
Chevalley-Bruhat ordering, 5 
coinvariant algebra, 265, 266 
compatible weights, 130 
complete module, 246 
completion, 246 

composition series, 29 
contravariant form, 68 
convolution, 33 
coroot, 3 
Coxeter group, 4 

direct sum of functors, 214 
discrete series, 247 
dominant chamber, 133 
dominant integral weight, 7 
dominant weight, 54 
dot action, 24 
dot-regular weight, 24 
dual root system, 3 
duality in 0 , 50 

facet, 132 
family of twisted Verma modules, 239 
filtration, 17 
filtration length, 58 
flag variety, 122, 160 
formal character, 32 
fundamental weight, 7 
fusion rules, 231 

Gabber-Joseph Conjecture, 170 
Gelfand-Kirillov dimension, 254 
generalized Cartan matrix, 257 
generalized KL Conjecture, 172 
generalized Verma module, 188 
global dimension, 120 
Goldie rank, 254 
Goldie rank polynomial, 254 
Grothendieck group, 29 

Harish-Chandra homomorphism, 23 

287 
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Harish-Chandra module, 168, 220 
head, 29 
head of a module, 174 
Hecke algebra, 156 
height of positive root, 3 
Hermitian symmetric pair, 205 
highest weight category, 260 
highest weight module, 16 
homological dimension, 120 

indecomposable functor, 214 
induced module, 17 
induction, 17 
injective hull, 63 
injective object, 60 
integral weight lattice, 7 
Iwahori-Hecke algebra, 156 

Jantzen Conjecture, 97, 171 
Jantzen middle, 149 
Jantzen Sum Formula, 96 
Jordan-Holder length, 29 

Kac-Moody algebra, 257 
Kazhdan-Lusztig Conjecture, 159 
Kazhdan-Lusztig polynomial, 157 
Killing form, 2 
KL Conjecture, 159 
KL polynomial, 157 
KLV polynomial, 158, 169 
Kostant function, 34 
Kostant partition function, 34 
Kostant's Problem, 255 
Koszul duality, 269 
Koszul ring, 269 

length function, 4 
length of a module, 29 
Levi subalgebra, 2 
linkage class, 24 
linked weights, 24 
Loewy filtration, 174 
Loewy layer, 174 
Loewy length, 174 
Loewy series, 174 
long exact sequence, 48 
longest element of W, 4 
loop algebra, 257 
lower closure, 133 

maximal vector, 15 
multiplicity free block, 206 
multiplicity of composition factor, 29 
multiplicity of weight, 9 

noetherian category, 14 

Ore localization, 244 

parabolic category Op, 184 
parabolic subalgebra, 2 
parabolic subgroup of W, 4 
parabolic Verma module, 186 
parabolic Verma module of scalar type, 195 
parabolic-singular duality, 269 
partial ordering of weights, 9 
PBW basis of tf(fl), 6 
Poincare polynomial, 160 
primitive ideal, 215, 252 
primitive vector, 16 
principal block, 31 
principal series module, 221 
projective x - m n c t o r , 216 
projective cover, 62 
projective dimension, 120 
projective functor, 207, 214 
projective generator, 68 
projective object, 60 

quiver, 261 

radical, 29 
radical filtration, 174 
radical of a module, 174 
real rank one, 204 
reduced expression in W, 4 
reduced tensor product, 232 
reductive Lie algebra, 2 
regular weight, 24 
relative Hecke module, 190 
relative KL polynomial, 190 
relative Verma module, 188 
representation type, 263 
rigid module, 174 
root lattice, 3 
root space, 2 
root system, 2, 3 

scalar type, 195 
Schubert variety, 160 
semisimple Lie algebra, 1 
Shapovalov matrix, 102 
shuffled Verma module, 236 
shuffling functor, 149, 237 
simple reflection, 4 
simple system, 2, 3 
singular weight, 24 
socle, 29 
socle filtration, 174 
socle of a module, 174 
socular weight, 200 
square, 117 
standard basis, 2 
standard filtration, 58, 191 
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standard map, 193 
standard PBW ordering, 6 
strong linkage, 93 
strongly linked weights, 93 
Sum Formula, 96 
symmetrizable Kac-Moody algebra, 257 

Tensor Identity, 56 
tilting module, 223, 224 
tilting module in O*, 234 
translation functor, 130 
transpose map, 7 
truncation, 185 
twisted Harish-Chandra homomorphism, 26 
twisted Verma module, 236, 239 
twisting functor, 242 

universal enveloping algebra, 6 
universal highest weight module, 18 
upper closure, 133 

Verma flag, 58 
Verma module, 18 
Vogan's Conjecture, 168 

wall, 133 
wall-crossing functor, 148, 236 
weak BGG resolution, 109 
weight, 9 
weight filtration, 173 
weight module, 9 
weight space, 9 
Weyl chamber, 8, 132 
Weyl Denominator Formula, 41 
Weyl group, 4 
Weyl's Complete Reducibility Theorem, 9 
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