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Preface

This text presents models of transport in continuous media and a corre-
sponding body of mathematical techniques. Within this text, I have em-
bedded a subtext of problems. Topics and problems are listed together in
the table of contents. Each problem is followed by a detailed solution em-
phasizing process and craftsmanship. These problems and solutions express
the practice of applied mathematics as the examination and re-examination
of essential ideas in many interrelated examples.

Since the science that falls under the headings “transport” or “fluids”
is so broad, this introductory text for a one-term advanced undergraduate
or beginning graduate course must select a highly specific path. The main
requirement is that topics and exercises be logically interconnected and form
a self-contained whole.

Briefly, the physical topics are: convection and diffusion as the sim-
plest models of transport, local conservation laws with sources as a general
“frame” of continuum mechanics, ideal fluid as the simplest example of an
actual physical medium with mass, momentum and energy transport, and
finally, free surface waves and shallow water theory. The idea behind this
lineup is the progression from purely geometric and kinematic to genuinely
physical.

The mathematical prerequisites for engaging the practice of this text
are: fluency in advanced calculus and vector analysis, and acquaintance
with PDEs from an introductory undergraduate course.

The mathematical skills developed in this text have two tracks: First,
classical constructions of solutions to linear PDEs and related tools, such as
the Dirac δ-function, are presented with a relentless sense of connection to

xi



xii Preface

the geometric-physical situations they articulate. Second, and more essen-
tial, is the emphasis on dimensional analysis and scaling. Some topics, such
as physical similarity and similarity solutions, are traditional. In addition,
there are asymptotic reductions based on scaling, such as incompressible
flow as a limit of compressible flow, shallow water theory from the full equa-
tions of free surface waves, and further reduction of shallow water theory
to an asymptotic model of a tsunami approaching the shore. The art of
scaling reduction is introduced in the very first chapter, and the drum beat
of examples and problems persists throughout the body of the text.

I am grateful to several people who assisted me with the development
of this text. Craig Evans asked me to write this book in the first place, and
Sergei Gelfand, the editor, reinforced and upheld this request. I thank Tom
Beale for discussions and suggestions regarding the title. Katherine Schwarz,
a student in my Fall 2004 graduate course on which this book is based,
developed the LaTeX version of my lecture notes and figures, many of which
are included here. Yu Tanouchi typed the revised and extended version,
bringing the book into its present form. Rahel Wachs and Yossi Farjoun
made the computerized versions of the figures. Bianca Cerchiai reviewed
the book close to its final form and offered many thoughtful suggestions.
Finally, I acknowledge my wife, Wanda Krassowska Neu, for her help and
support during this work.

The period of writing includes the years from 2005 to 2009, during
which I received support from the National Science Foundation grant DMS-
0515616.
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absorbing surface, 80

acoustic wave, 214

adiabatic expansion, 14

air

density, 147

oversaturated, 151

pressure, sea-level, 148

Airy function, 138

arc length, 119

asymptotic, symbol for, 55

balance

between acceleration and pressure force
per unit mass, 198

between centripetal acceleration and
pressure force, 148

between diffusive transport and
absorption, 82

between external and drag forces, 65

between kinetic and potential energies,

250

between load and tension, 119

between nonlinearity and
variable-bottom effects, 246

of units, 78, 81

Bernoulli’s theorem, 150

Bessel functions, integral representation of,
111

Boltzmann

constant, 65, 149

factor, 65

from minimization of free energy, 66

bore, 231

absorbs characteristics, 239

as energy sink, 233

asymptotic continuity of Riemann
invariant across weak bore, see
Riemann invariant

following precursor trough of tsunami,
255

perturbation analysis of weak bores, 240

propagating into undisturbed ocean, 233

turbulent, 231

wake of, 233, 240

weak, 240

world line of, 238, 241

bore velocity, 232

asymptotic velocity of weak bore, 242

bottom topography, 181, 200

effect on vortices, 202

slowly varying, 246

boundary condition

absorbing boundary condition for
diffusion, 80, 128

associated with convection PDE, 12

bottom, 187

dynamical, 188, 190

for periodic heating and cooling, 103

kinematic, 187, 189, 199

linearized, 190

looking like initial condition, 163

no penetration, 63, 65, 182

boundary value problem, Neumann, for
pressure field of incompressible flow,
166

Brownian motion, 31, 87

as integral of white noise, 121

average exit time, 128–130

distribution of exit times, 129

homogeneity and isotropy of, 33

Brownian particles, 39, 49
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source of in two dimensions, 56
buoyancy, 178, 180

force, 65, 178, 180
Burger’s equation, 242

as pedagogical model of shocks, 242

in model of tsunami, 251
Burger’s model, as asymptotic limit of

small-amplitude shallow water wave,
242

Burger’s shock, 242

capacitance, 73

capacitor, 73
characteristic polynomial, 7
characteristics, 219

absorbed by a bore, 238
crossing a bore, 238
definition of, 220

extrapolated backward in time, 229
for elastic waves, 222
for initial value problem of shallow water

equations, 220
in dam break problem, 227
information carried by, 230

charge

point, see point charge
transport, 73

charge density, 72, 125
due to superposition of dipoles, 125
of point dipole, 125, 127
surface charge density, 73

on boundary of polar medium, 126

circular flow, steady, 147
circulation, 147, 152

theorem, 202
collision rate, 76
colored noise, 121

asymptotic to white noise, 123

compressible flow, incompressible limit of,
176

compression wave, 224
conductivity, see electrical conductivity
conductor, see electrical conductor
conservation

bulk conservation identity, 4, 9

local conservation laws, 61
of energy, see local conservation
of mass, see local conservation
of momentum, see local conservation

constitutive relations, 61
continuum mechanics, 61, 75
convected

density, 10, 19, 22, 153
scalar, 19, 20

vector analogs of, see vector analogs
vector, 25, 28
vector PDE, 27

convection
constitutive relation for, 61
PDE, 61

convection-diffusion
in Smoluchowski PDE, 65

PDE, 62, 65
for smoke plume, 94

convective
derivative, 18, 20, 145
flux, 12

convolution, 131
correlation function, 120

of colored noise, 120, 122
Coulomb interactions, singular limits of,

207
current density, 72, 73

dam break problem, 227

characteristics in, see characteristics
δ-function, 115, 116

as shorthand, 115, 116
definition of, 115
differentiation of point source solution,

124
explanation of superposition, 117

identity, 117
δ-sequence, 115, 123, 130

derived from scaling symmetry, 137
discrete, 135
oscillatory, 134, 137, 138

density, 61
carried by incompressible flow, 10

perturbation of, 157
descent, from R

3 to R
2, 109, 204

diffusion
absorbing boundary condition, see

boundary condition
coefficient, 32

lattice random walk model for, 38

constitutive relation for, 61
equation, 49
from a time-dependent point source, 102
in R

n, 39
PDE, 33, 34, 40, 61

backwards, 132, 133

inhomogeneous, 118, 132
spherically symmetric, 109

diffusion flame, 76
boundary value problem for, 77

diffusion kernel, 49, 118
as a δ-sequence, 130, 131
from symmetry and independence, 53

in R
2, 54

in smoke plume solution, 96, 97
in solution of initial value problem, 52
initial value problem for, 38
superposition of diffusion kernels, 124
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diffusive

damping, 105

flux, 39, 88

flux, continuity of, 46

diffusivity, thermal, 42

dilute solution, 62, 87

dipole

charge density of point dipole, see charge
density

definition of, 125

moment, 125, 127

point dipole field, 125

potential, 125, 126

Dirac δ-function, see δ-function

discrete initial value problem, for lattice
random walk, 35–37

dispersion relation, 190, 191

domain

of dependence, 161, 163

of influence, 158, 221

drag

coefficient, 65

force, 65

drift velocity, 65

eigenfunction, 49

ground state, 49

eigenvalue, 49

problem, 49, 58, 181

elastic

material

hard, 216

soft, 216, 219

medium, 215

shock, 235

wave, 215, 222

wave, simple, 216

waves, characteristics for, see
characteristics

electric field, integral curves of, 73

electric potential field, 125

electrical

conductivity, 73

conductor, 73

neutrality, 73

electrically conducting

fluid, 25

medium, 72

electrophysiology, 72

energy

absorption, in turbulent bore, 233

density, 233, 235

dissipation, in elastic shock, 236

internal, see internal energy

ensemble

averaging, 120

density, in position-velocity phase space,
14

entropy
definition of, 66, 68
functional, 68
of a composite system, 68

per unit mass, 19
equation of state, 144
equilibrium or nonequilibrium, in Coulomb

potential, 70
equilibrium thermodynamics, 65
Euler constant, 206
Euler equation

definition of, 146
incompressible, 178
linearized, 163, 195, 196
steady, 147

Fick’s law, 39, 40
flood wave, 227
flow

about wing, 161
supersonic, 160

flow map, 3, 4, 10, 11, 16

fluid
electrically conducting, see electrically

conducting fluid
incompressible, see incompressible fluid
stably stratified, 181, 193

flux
condition, due to point source in R

2, 111

diffusive, see diffusive flux
for convection-diffusion, 62
for smoke plume, 94
magnetic, 25
Maxwell, 41
of charge, 72

of energy, 233
of particles, 88, 91
vector, 61

fluxes, of area and momentum in shallow
water theory, see shallow water theory

force
buoyancy, see buoyancy force

drag, see drag force
friction, see friction force
gravity, see gravity force
per unit mass, arising from pressure

gradient, 146
per unit volume, as source of momentum

density, 75
pressure, see pressure force

forms, 29
density as three-form, 29
one-form, 29
three-form, 29
two-form, 29
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Fourier
analysis, 135
series, 108, 134

free boundary problem, 43, 46

nonlinear, 45
quasistatic limit, 43

free energy, 66
decrease of, 70

free surface, 187
continuity of pressure across, 194, 195
waves, 187

friction

“diffusive friction”, 106, 107
force, 106

Galilean invariance, 160
generalized stream function, 202
gradient, of convected scalar, 20

gravity force, 75, 178, 187
Green’s identity, 92, 93

in analysis of diffusion PDE with source,
99, 132

ground effect, 169, 207

harmonic function

circularly symmetric, 42
homogeneous, 57, 59
spherically symmetric, 41, 44

heat

content, 42
source, time-periodic, 102
transfer, 42, 144, 146

boundary condition, 43, 44

homogeneity, of Brownian motion, 32
homogeneous function, definition of, 58
hottest time of the day, 102, 103
hydrostatic

approximation in shallow water theory,

199
equilibrium, 178
pressure, 178, 198

ideal fluid, 143
mechanics, 143

steady flow, 160
ideal gas, 19

equation of state, 148
velocity distribution in, 148

incompressibility, 167
incompressible

flow, 10, 19, 22
fluid, 63, 165, 207

incompressible limit

of compressible flow, see compressible
flow

scaling for, 177
independence, statistical, 120

integral curves, 25, 27
of electric field, see electric field
of velocity field, see velocity field

integral representation

of moving source solution, 102
of solution to diffusion PDE with source,

99
integral, over changing region, 9
interface

between dense and light fluid, 193
evaporation interface, 82

internal
energy, 144

wave, 181, 193
streamlines of, 194

isotropy, 32

Jacobian determinant, 4, 6, 7
joint distribution, 32, 39

jump condition, 116, 126
induced by moving point source, 102

jump conditions
across a bore, 239

across shock, 154
jump discontinuity, 88, 89, 116

in concentration, 46
in normal derivative, 159

latent heat of fusion, 42

lattice random walk, as model of diffusion,
35

line source, 124
linearization, 157, 161
load, compressive, 236

local conservation
of energy, 235
of energy, in shallow water theory, 233
of mass, 143

of mass, momentum, and energy in ideal
fluid, 145

of momentum, 236
locality, 72
Lyapunov functional, 41

for diffusion process, 40

Mach
cone, 160, 164
number, 162

mass

action, 76
balance, 144
density, 143

material

cross-section, 28
curve, 24, 25, 28, 152
interval, 5
patch, 4, 27
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planes, 216
point, 17, 19, 21

on surface, 187
region, 4, 6, 8, 143

shrinking to a material point, 18
surface, 10, 25
volume, 3, 4, 9

shrinking to a material point, 5

Maxwell flux, 41
mean

displacement, 32
square displacement, 32, 33, 50

melting
interface, 42, 43, 54
temperature, 42, 43
time, 56

moments, 34, 54

higher, 33
momentum

balance, 144
density, 236

Newtonian mechanics, 143

noise
colored, see colored noise
white, see white noise

nondimensionalization, 43, 44, 46, 96, 179

normal
derivative, 40
velocity, 9, 43, 63, 159

normalization condition, 72, 90

oscillatory source solution, of diffusion
PDE in R

2, 112

particle orbits, in phase plane, 17
penetration depth, 105
perturbation, of density, see density
phase

lag, 104, 107, 111

due to diffusive friction, 106
shift, 112
speed, 191

phase plane, 13

particle orbits in, see particle orbits
plane wave, 190

deep water limit, 191
linearized, 191

long wave limit, 197
point

charge, 125
load, induces jump in derivative, 119
source, definition of, 115

vortex, 167, 207
cautionary tale about point vortices,

204
flows, superposition of, 169

in incompressible two-dimensional
fluid, 20

limit, 170
Poisson’s equation, 125, 166

in polar medium, 127

polar medium
charge density in, see charge density
Poisson’s equation for, see Poisson’s

equation
polarization

uniform, 126

vector field, 125
polarized medium, 125
potential energy

in shallow water theory, 234

per unit mass in ideal fluid, 144
potential, spherically symmetric, 125
pressure, 143

at sea level, see air pressure
change, in vortex, 147

force, 143
hydrostatic, see hydrostatic pressure
in incompressible fluid, 165

propagation
instantaneous, 166

of information, finite speed, 158

relaxation time, 44, 72
rest frame

of material point, 62

of shock, 154
Riemann

invariant, 219
asymptotic continuity across weak

bore, 241
invariants

for elastic waves, 222
level curves of, 219

rod factory
Soviet, 89

scale invariance, 50, 180
scaling table, 43, 79, 198

for incompressible limit, see
incompressible limit

for shallow water theory, see shallow
water theory

scaling-based reduction, 143, 178, 187

Schrödinger PDE, 138
similarity solution, see similarity solution

separation of variables, 48, 103, 183
shallow water

analogous to two-dimensional ideal fluid,
199

approximation, 207
shallow water equations, 211

one-dimensional solution of, 209
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shallow water theory
conservation of energy, see local

conservation
fluxes of area and momentum, 232
hydrostatic approximation, see

hydrostatic approximation
in variable-depth ocean, 200
local conservation of area and

momentum, 232
potential energy, see potential energy
scaling for, 198
slow current limit, 200
volume flux, see volume flux

shock, 245
as traveling sink of energy, 237
elastic, see elastic shock
energy dissipation in, see energy

dissipation

fitting, 242
according to area rule, 243

leading edge, 164
pre-shock speed of sound, 157
strength, 156
trailing edge, 165
wave, heating induced by, 153

shot problem, 222
similar graphs, 51
similarity solution, 51, 52

of Schrödinger PDE, 138
related to diffusion kernel, 139

of Smoluchowski PDE in Coulomb
potential, 70

simple wave, 209, 219, 231
afterlife of, 239
definition of, 209
level curves of, 211

simple waves
in ideal fluid, 212

slow current limit, in shallow water theory,
see shallow water theory

slow currents, in variable-depth ocean, 200

smoke plume, 94
convection-diffusion PDE for, see

convection-diffusion PDE
diffusion kernel in, see diffusion kernel
far downstream limit, 96
flux for, see flux

Smoluchowski
boundary value problem, 65
model of particle transport, 65

sonic boom, 160
sound, speed of, 157, 162, 176
source

as sum of point sources, 117
line, see line source
moving, 101
point, see point source

sources, 75

specific volume, 149

state variables, 61, 143

stationary wave, 181, 193, 195

strain

definition of, 215

flow, 172

matrix, 22

stream function

defined by line integral, 167

generalized, 203

streamlines

as integral curves of velocity field, 196

definition of, 150

for steady flow about a wing, 151

kinks due to jump in normal velocity, 164

thin-wing limit, 161

stress, 143, 215

and Newton’s third law, 215

imposed on surface, 222

stress-strain relation, 235

superposition, 92, 98, 118

of diffusion kernels, see diffusion kernels

of point source solutions, 87, 92

in R
3, 110

in spacetime, 98

superposition solution, analyzed by Green’s
identity, 93

surface

charge density, see charge density

density, 13

temperature

absolute, 149

field, 102

jump, across shock, 154

post-shock, 156

test function, 130, 132

thermal

energy, conservation of, 42

random motion, 144

thermodynamic equilibrium

at evaporation interface, 82

of particles in solution, 65

relaxation to, 67

thermodynamics, 75

equilibrium, see equilibrium
thermodynamics

first law of, 146

tornado, 147

transport theorem, 4, 9

tsunami

and earthquake, 224

approaching the shore, 251, 253

beginning of, 224, 252

leading edge of, 251
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undertow, in precursor to tsunami bore,
252

vector analogs
of a convected density, 25, 152, 153
of a convected scalar, 24

velocity field, integral curves of, 150
vertical tangent

in graph of gas density, 212
in graph of simple wave, 211

volume flux, in shallow water theory, 201
vortex

definition of, 147
dynamics, of two-dimensional

incompressible flow, 166
elliptical, 172
image, 171
point, see point vortex
traveling, 169

vorticity, 152
center of, 169

evolution equation, 202
PDE, 153
scalar, 167

water vapor, 150
water wave, particle kinematics of, 191, 192
wave

acoustic, see acoustic wave
elastic, see elastic wave
equation, for acoustics, 158
flood, see flood wave
free surface, see free surface waves
generator, 228
induced by wing in supersonic flow, 161
internal, see internal wave
plane, see plane wave
rising as it nears the shore, 249
shock, see shock wave
simple, see simple wave
stationary, see stationary wave

wavefront
definition of, 159
in elastic medium, 215
in ideal compressible fluid, 160
stationary, 160

wavenumber, 181

weak solution, 153, 242
white noise, 120
work

against diffusive friction, 107
done by collisions, 17
done by pressure force, 144
done by stress, 144
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I have learned a lot from John Neu over the past years, and his book reflects very well his 
sense of style and purpose.

—Walter Craig, McMaster University, Hamilton, Ontario, Canada and Fields 
Institute for Research in Mathematical Sciences, Toronto, Ontario, Canada

This book presents elementary models of transport in continuous media and a 
corresponding body of mathematical technique. Physical topics include convec-
tion and diffusion as the simplest models of transport; local conservation laws 
with sources as the general framework of continuum mechanics; ideal fluid as the 
simplest model of a medium with mass; momentum and energy transport; and finally, 
free surface waves, in particular, shallow water theory.

There is a strong emphasis on dimensional analysis and scaling. Some topics, such 
as physical similarity and similarity solutions, are traditional. In addition, there are 
reductions based on scaling, such as incompressible flow as a limit of compressible 
flow, and shallow water theory derived asymptotically from the full equations of free 
surface waves. More and deeper examples are presented as problems, including a 
series of problems that model a tsunami approaching the shore.

The problems form an embedded subtext to the book. Each problem is followed by 
a detailed solution emphasizing process and craftsmanship. The problems express 
the practice of applied mathematics as the examination and re-examination of 
simple but essential ideas in many interrelated examples.


