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Preface

Free boundary problems (FBPs) are considered today as one of the most
important directions in the mainstream of the analysis of partial differential
equations (PDEs), with an abundance of applications in various sciences and
real world problems. In the past two decades, various new ideas, techniques,
and methods have been developed, and new important, challenging problems
in physics, industry, finance, biology, and other areas have arisen.

The study of free boundaries is an extremely broad topic not only due to
the diversity of applications but also because of the variety of the questions
one may be interested in, ranging from modeling and numerics to the purely
theoretical questions. This breadth presents challenges and opportunities!

A particular direction in free boundary problems has been the study of
the regularity properties of the solutions and those of the free boundaries.
Such questions are usually considered very hard, as the free boundary is not
known a priori (it is part of the problem!) so the classical techniques in
elliptic/parabolic PDEs do not apply. In many cases the success is achieved
by combining the ideas from PDEs with the ones from geometric measure
theory, the calculus of variations, harmonic analysis, etc.

Today there are several excellent books on free boundaries, treating var-
ious issues and questions: e.g. [DL76], [KS80], [Cra84], [Rod87], [Fri88],
[CS05]. These books are great assets for anyone who wants to learn FBPs
and related techniques; however, with the exception of [CS05], they date
back two decades. We believe that there is an urge for a book where some
of the most recent developments and new methods in the regularity of free
boundaries can be introduced to the nonexperts and particularly to the
graduate students starting their research in the field. This gap in the liter-
ature has been partially filled by the aforementioned book of Caffarelli and

ix



x Preface

Salsa [CS05], which treats the Stefan-type free boundary problems (with
the Bernoulli gradient condition). Part 3 in [CS05], in particular, covers
several technical tools that should be known to anyone working in the field
of PDEs/FBPs.

Our intention, in this book, was to give a coherent presentation of the
study of the regularity properties of the free boundary for a particular type
of problems, known as obstacle-type problems. The book grew out of the
lecture notes for the courses and mini-courses given by the authors at var-
ious locations, and hence we believe that the format of the book is most
suitable for a graduate course (see the end of the Introduction for sugges-
tions). Notwithstanding this, we have to warn the reader that this book is
far from being a complete reference for the regularity theory. We hope that
it gives a reasonably good introduction to techniques developed in the past
two decades, including those due to the authors and their collaborators.

We thank many colleagues and fellow mathematicians for reading parts
of this book and commenting, particularly Mark Allen, Darya Apushkin-
skaya, Mahmoudreza Bazarganzadeh, Paul Feehan, Nestor Guillen, Erik
Lindgren, Norayr Matevosyan, Andreas Minne, Sadna Sajadini, Wenhui Shi,
Martin Strömqvist. Our special thanks go to Luis Caffarelli, Craig Evans,
Avner Friedman, and Juan-Luis Vázquez for their useful suggestions and
advice regarding the book.

We gratefully acknowledge the support from the following funding agen-
cies: A.P. was supported in part by the National Science Foundation Grant
DMS-0701015; H.S. was supported by the Swedish Research Council; N.U.
was supported by RFBR Grant No. 11-01-00825-a NSh.4210.2010.1, and
Russian Federal Target Program 2010-1.1-111-128-033.

Finally, we thank the Mathematical Sciences Research Institute (MSRI),
Berkeley, CA, for hosting a program on Free Boundary Problems, Theory
and Applications in Spring 2011, where all three of us were at residence and
had a fabulous working environment to complete the book.

West Lafayette, IN, USA—Stockholm, Sweden—St. Petersburg, Russia

February 2012
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linéaires, Dunod, 1969. MR0259693 (41 #4326)

[LS67] J.-L. Lions and G. Stampacchia, Variational inequalities, Comm. Pure Appl.
Math. 20 (1967), 493–519. MR0216344 (35 #7178)

[LS69] Hans Lewy and Guido Stampacchia, On the regularity of the solution of a vari-
ational inequality, Comm. Pure Appl. Math. 22 (1969), 153–188. MR0247551
(40 #816)

[LS70] , On the smoothness of superharmonics which solve a minimum problem,
J. Analyse Math. 23 (1970), 227–236. MR0271383 (42 #6266)

[LS71] , On existence and smoothness of solutions of some non-coercive
variational inequalities, Arch. Rational Mech. Anal. 41 (1971), 241–253.
MR0346313 (49 #11038)

[LS03] K. Lee and H. Shahgholian, Hausdorff measure and stability for the p-obstacle
problem (2 < p < ∞), J. Differential Equations 195 (2003), no. 1, 14–24.
MR2019240 (2004k:35423)

[Mar82] A. S. Margulis, On potential theory in the classes Lp(Ω), Izv. Vyssh. Uchebn.
Zaved. Mat. (1982), no. 1, 33–41. MR651659 (83g:31005)

[Mat05] Norayr Matevosyan, Tangential touch between free and fixed boundaries in
a problem from superconductivity, Comm. Partial Differential Equations 30
(2005), no. 7-9, 1205–1216. MR2180300 (2006f:35305)



208 Bibliography

[Mon03] R. Monneau, On the number of singularities for the obstacle problem in
two dimensions, J. Geom. Anal. 13 (2003), no. 2, 359–389. MR1967031
(2004a:35223)

[Mon04] Régis Monneau, On the regularity of a free boundary for a nonlinear obstacle
problem arising in superconductor modelling, Ann. Fac. Sci. Toulouse Math.
(6) 13 (2004), no. 2, 289–311. MR2126745 (2006a:35320)

[Mon09] R. Monneau, Pointwise estimates for Laplace equation. Applications to the free
boundary of the obstacle problem with Dini coefficients, J. Fourier Anal. Appl.
15 (2009), no. 3, 279–335. MR2511866 (2010h:35064)

[Mor08] Charles B. Morrey, Jr., Multiple integrals in the calculus of variations, Classics
in Mathematics, Springer-Verlag, Berlin, 2008, Reprint of the 1966 edition
[MR0202511]. MR2492985

[MP11] Norayr Matevosyan and Arshak Petrosyan, Almost monotonicity formulas for
elliptic and parabolic operators with variable coefficients, Comm. Pure Appl.
Math. 64 (2011), no. 2, 271–311. MR2766528

[MW07] R. Monneau and G. S. Weiss, An unstable elliptic free boundary problem arising
in solid combustion, Duke Math. J. 136 (2007), no. 2, 321–341. MR2286633
(2007k:35527)

[Ou94] Biao Ou, Global solutions to a free boundary problem, Comm. Partial Differen-
tial Equations 19 (1994), no. 3-4, 369–397. MR1265804 (95e:35233)
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intégrale des fonctions de plusieurs variables, C. R. 188 (1929), 1138–1139.

[PS07] Arshak Petrosyan and Henrik Shahgholian, Geometric and energetic criteria
for the free boundary regularity in an obstacle-type problem, Amer. J. Math.
129 (2007), no. 6, 1659–1688. MR2369892 (2008m:35384)

[Ric78] David Joseph Allyn Richardson, Variational problems with thin obstacles, Pro-
Quest LLC, Ann Arbor, MI, 1978, Thesis (Ph.D.)–The University of British
Columbia (Canada). MR2628343
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Notation

Basic notation

c, c0, C, C0, C1, . . . generic constants

Ca1,...,ak
, C(a1, . . . , ak) constants depending (only) on a1, . . . , ak

N {1, 2, 3, . . .}, the set of natural numbers

R (−∞,∞), the set of real numbers

Rn {x = (x1, . . . , xn) : xi ∈ R, i = 1, . . . , n}, n ∈ N, the
n-dimensional Euclidean space

e1, e2, . . . , en ei = (0, . . . , 1, . . . , 0), with 1 in the i-th position, the
standard coordinate vectors in Rn

x · y
∑n

i=1 xiyi, the interior product of x, y ∈ Rn

|x|
√
x · x for x ∈ Rn, the Euclidean norm

x′ (x1, . . . , xn−1) for x = (x1, . . . , xn) ∈ Rn; we also
identify x = (x′, xn)

Rn
+, R

n
− {x ∈ Rn : xn > 0}; {x ∈ Rn : xn < 0}

Br(x) {y ∈ Rn : |y − x| < r}, the open ball in Rn

B±
r (x) Br(x) ∩ Rn

±
Br, B

±
r Br(0), B

±
r (0)

B′
r {y′ ∈ Rn−1 : |y′| < r}, ball in Rn−1; often identified

with Br ∩ (Rn−1 × {0})
Cδ {x ∈ Rn : xn > δ|x′|}, for δ > 0, cone with axis en

and opening angle 2 arctan(1/δ)

∂E, E, Int(E) the boundary, closure, and the interior of the set E
in the relevant topology
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Ec Rn \ E, the complement of the set E ⊂ Rn

dist(x,E) infy∈E |x− y| for x ∈ Rn, E ⊂ Rn

diam(E) supx,y∈E |x− y| for E ⊂ Rn

|E| Lebesgue measure of a measurable set E ⊂ Rn

Hs(E), s ≤ 0 ≤ n s-Hausdorff measure for a Borel set E

χE

{
1 on E,

0 on Ec,
the characteristic function of E ⊂ Rn

A � B A is compact and contained in B

a+, a− max{a, 0}; max{−a, 0} for a number a ∈ R; for a
function u : E → R, u± : E → R+ are given by
u±(x) = u(x)±

suppu {u �= 0}, the support of a function u

∂eu, ue the partial derivative of a function u in direction e,
understood in the classical sense or in the sense of
distributions

∂xi
u, uxi

same as ∂eiu, i = 1, 2, . . . , n, where ei are the stan-
dard coordinate vectors

∂xi1
···xik

u, uxi1
···xik

∂xi1
∂xi2

· · · ∂xik
u, higher order derivatives

∂βu ∂β1
x1

· · · ∂βk
xk
u, for multiindex β = (β1, . . . , βn), βi ∈

N∪{0}, partial derivative of order |β| = β1+ · · ·+βn

Δu
∑n

i=1 ∂xixi
u, the Laplace operator (Laplacian) in Rn

∇u (∂x1
u, . . . , ∂xn

u), the gradient of u

D2u (∂xixj
u)ni,j=1, the Hessian matrix of u

Dku for k ∈ N, (∂xi1
···xik

u), the tensor of partial deriva-
tives of k-th order

Function spaces

C0(E): the Banach space of continuous function u : E → R on the set E with
the uniform norm

‖u‖C0(E) = sup
x∈E

|u(x)|.

C(E): same as C0(E).

C0,α(E), α ∈ (0, 1]: the Banach space of α-Hölder continuous functions of E with
the norm

‖u‖C0,α(E) = ‖u‖C0(E) + [u]α,E , [u]α,E = sup
|u(x)− u(y)|

|x− y|α .

The quantity [u]α,E is called the α-Hölder seminorm of u on E. When
α = 1, C0,1 is the space of Lipschitz continuous functions and [u]1,E is
called the Lipschitz constant of u on E.

Cα(E), α ∈ (0, 1): same as C0,α(E); we never use this notation for α = 1.
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Ck(D), k ∈ N: for open D ⊂ Rn, the Fréchet space of functions u : D → R with
continuous partial derivatives ∂βu in D, |β| ≤ k; it has the family of
seminorms

‖u‖Ck(K) =
∑
|β|≤k

‖∂βu‖C0(K) for K � D.

C∞(D): the Fréchet space of infinitely differentiable functions in D, intersection
of all Ck(D), k ∈ N.

Ck
0 (D), k ∈ N ∪ {0,∞}: a subspace of Ck(D) of functions compactly supported in

D, i.e. with supp u � D.

Ck,α(D), k ∈ N, α ∈ (0, 1]: the Fréchet space consisting of functions u ∈ Ck(D)
such that ∂βu ∈ C0,α(K), |β| = k, for any K � D, with the family of
seminorms

‖u‖Ck,α(K) = ‖u‖Ck(K) +
∑
|β|=k

[∂βu]α,K .

Ck(D ∪ F ), Ck,α(D ∪ F ): for a relatively open F ⊂ ∂D, similar to Ck(D) and
Ck,α(D) but with the k-th partial derivatives continuous (α-Hölder con-
tinuous) up to F and with the respective seminorms for K � D ∪ F .

Ck,α
loc (D), Ck,α

loc (D ∪ F ): same as Ck,α(D), Ck,α(D∪F ); we use this notation in the
instances where we want to emphasise the local nature of the estimates.

Lp(E), 1 ≤ p < ∞: for a measurable set E ⊂ Rn, the Banach space of measurable
functions u on E (more precisely, classes of a.e. equivalences) with the
finite norm

‖u‖Lp(E) =

(∫
E

|u(x)|pdx
)1/p

.

L∞(E): the Banach space of essentially bounded measurable functions u with the
norm

‖u‖L∞(E) = ess sup
x∈E

|u(x)|.

W k,p(D), k ∈ N, 1 ≤ p ≤ ∞: the Sobolev space, the Banach space of functions u ∈
Lp(D) with the (distributional) partial derivative ∂βu ∈ Lp(D), |β| ≤ k;
the norm is given by

‖u‖Wk,p(D) =
∑
|β|≤k

‖∂βu‖Lp(D).

W k,p
0 (D), k ∈ N, 1 ≤ p ≤ ∞: the closure of C∞

0 (D) in W k,p(D).

Lp
loc(D), W k,p

loc (D), k ∈ N, 1 ≤ p ≤ ∞: the Fréchet space of measurable functions

u : D → R such that u|D′ ∈ Lp(D′) or, respectively, W k,p(D′) for any
open D′ � D.
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Notation related to free boundaries

δ(ρ, u, x0) the thickness function for the coincidence set for
the solution u at x0, defined as 1

ρ min diam(Ω(u)c ∩
Bρ(x

0))

δ(ρ, u) same as δ(ρ, u, 0)

Γ±(u) in Problem C, the free boundaries of positive and
negative phases, ∂Ω±(u) ∩D

Γ0(u) the set of branch points in Problem C, defined as
Γ(u) ∩ {|∇u| = 0}

Γ∗(u) the set of nonbranch points in Problem C, defined
as Γ(u) ∩ {|∇u| �= 0}

Γκ(u) the set of free boundary points in Problem S, where
the blowups have homogeneity κ, i.e. {x0 ∈ Γ(u) :
N(0+, u, x0) = κ}

Λ(u), Λ the coincidence set; in the classical obstacle problem,
the set {x ∈ D : u(x) = ψ(x)}; in ProblemA, the set
{x ∈ D : u(x) = |∇u(x)| = 0}; in Problem B, the set
{x ∈ D : |∇u(x)| = 0}; in the thin obstacle problem,
the set {x ∈ M : u(x) = ψ(x)}; in Problem S, the
set {x′ ∈ B′

R : u(x′, 0) = 0}
min diamE the minimum diameter of the set E, the infimum of

distances between pairs of parallel planes enclosing
E

M(r, u, p), M(r, u, p, x0) Monneau’s monotonicity formula for the classical ob-
stacle problem; see p. 138

Mκ(r, u, p),
Mκ(r, u, p, x

0)
Monneau-type monotonicity formula for Problem S;
see p. 189

N(r, u), N(r, u, x0) Almgren’s frequency function (at x0); see pp. 173,
178

Ω(u), Ω the complement of the coincidence set Λ(u)

Ω±(u) in Problem C, regions of positive and negative phase
defined as {x ∈ D : ±u(x) > 0}

PR(x
0,M) a class of local solutions of Problems A, B, C in

BR(x
0); see p. 65

PR(M) same as PR(0,M)

P+
R (x0,M), P+

R (M) classes of local solutions of Problems A, B, C in B+
R

(see p. 154); P+
R (M) should not be confused with

P+
R (0,M)
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P∞(M) a class of global solutions of Problems A, B, C; see
p. 65

P+
∞(M) a class of solutions of Problems A, B, C in Rn

+; see
p. 154

Σ(u) the set of singular points; for Problem A, see p. 134;
for Problem S, see p. 187

Σκ(u) for κ = 2m, m ∈ N, the same as Γκ(u)

Σd(u), Σd
κ(u) the set of singular points where the dimension of the

singular set equals d; for classical obstacle problem,
see p. 141; for Problem A, see p. 146; for Problem S,
see p. 192

ux0,λ(x) a rescaling of solution u; in Problems A, B, C de-
fined as ux0,λ(x) := 1

λ2 (u(x
0 + λx); in Problem S

defined as ux0,λ(x) :=
u(x0+λx)(

λ−(n−1)
∫
∂Bλ(x0)

u2
)1/2

uλ(x) same as ux0,λ(x) when the scaling center x0 is un-
ambiguously identified from the context

u
(κ)
λ (x), u

(κ)
x0,λ(x) κ-homogeneous rescalings in Problem S, defined as

1
λκu(x

0 + λx)

W (r, u), W (r, u, x0) Weiss’s energy functional (at x0) in Problems A, B,
C; see p. 74

Wκ(r, u), Wκ(r, u, x
0) Weiss’s energy functional (at x0) in Problem S; see

p. 188

Φ(r, u+, u−) the Alt-Caffarelli-Friedman functional; see p. 34

φe(r, u) Φ(r, (∂eu)
+, (∂eu)

−)





Index

ACF monotonicity formula, 32, 34, 36, 44,
70, 106, 108, 143, 157, 163, 179

ACF estimate, 39

case of equality, 39, 70, 157

for harmonic functions, 32

Almgren’s frequency formula, 173, 175

for harmonic functions, 174

for Problem S, 175

Almgren’s frequency function, 174

Almgren’s monotonicity formula, see
Almgren’s frequency formula

almost monotonicity formula, 39, 41

Alt-Caffarelli-Friedman monotonicity
formula, see ACF monotonicity
formula

American options, perpetual, 170

Andersson-Weiss counterexample, 49

balanced energy, 77, 134

blowdowns, see shrinkdowns

blowups, 3, 4, 66

at a point, 66

classification

energetic, Problem A, 78

Problems A,B,C, 72

Problem S, 177

continuous dependence

classical obstacle problem, singular
points, 140

homogeneity, 76

obstacle-type problems, strong, 69

Problem S, 176

Problem S, κ-homogeneous, 189

uniqueness

classical obstacle problem, singular
points, 139

contact points, 162

Problem A, B, variable centers, 92

Problem A, regular points, 85

Problem B, regular points, 89

Problem S, singular points, 190

uniqueness of type, 72

Problems A, B, C, 73

with variable centers (over a sequence),
66, 92

boundary Harnack principle, 120, 123, 186

boundary thin obstacle problem, 169

branch points, see Problem C

Brownian motion, 14

C1 touch, 159, 161

Caffarelli-Jerison-Kenig estimate, see CJK
estimate

Calderón-Zygmund estimates, 17, 21

Cauchy-Kovalevskaya theorem, 10, 25, 188,
200

characteristic constant, 35, 38

CJK almost monotonicity formula, see
CJK estimate

CJK estimate, 41, 44, 48

classical obstacle problem, 1, 7, 8

C1,1 regularity, 31

W 2,p regularity, 18

blowups

continuous dependence, singular
points, 140

uniqueness, singular points, 139

global solutions, 100

convexity, 100

optimal regularity, 29

singular set

structure, 141

217
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coercive boundary conditions, 96, 98
coincidence set, 8

thin obstacle problem, 168
complementarity conditions, 168

complementarity problem, 9
composite membrane, 14
cone of monotonicity, 83, 85
contact points, 153, 154

cross-shaped singularity, 51

directional monotonicity, 97
Problem A, 84, 85, 117
Problem B, 88, 89, 118
Problem C, 93, 94

Problem S, 183, 185
Dirichlet energy, 7
Dirichlet principle, 7
Dirichlet problem, 7

eigenvalue, 14, 36, 38, 135, 143, 146

filling holes method, 171
fixed boundary, 153

C1 touch, 159, 161
optimal regularity, up to, 45

tangential touch, 159
fractional Laplacian, 170
free boundary, 1, 9, 16

(n− 1)-Hausdorff measure, 62
C1 regularity

Problem A, regular points, 87
Problem B, regular points, 88
Problem C, branch points, 93
Problem C, closeness to two-half-space

solution, 124

C1 touch, see fixed boundary
C1,α regularity

Problems A, B, 120
C1,Dini regularity

Problem C, counterexample, 125
C2,α regularity

Problems A, B, 128
flatness

Problem A, 83
higher regularity

Problems A, B, 91, 128
Lebesgue measure, 62
Lipschitz implies C1,α, 122, 124, 183

Lipschitz regularity
Problem A, regular points, 85, 86
Problem A, thickness condition, 115,

117, 118
Problem B, thickness condition, 118

Problem C, closeness to two-half-space
solution, 119

Problem S, regular set, 183
porosity, 61

real analyticity
Problems A, B, 92, 131
Problem C, nonbranch points, 95

tangential touch, see fixed boundary

thickness implies Lipschitz, 118
thin, 168
touch with fixed boundary, see fixed

boundary
free boundary points

classification

Problems A, B, C, 73
Problem S, 178

one-phase (positive, negative), 73
regular, singular, 73

regular

Problem A, 73, 83, 85–87, 91, 92
Problem B, 73, 88–92
Problem S, 183

singular, 73, 133, 134, 138, 186

Schaeffer examples, 136
two-phase, 74

branch, nonbranch, 74
frequency function, see Almgren’s

frequency function
Friedland-Hayman inequality, 35, 36

global solutions, 65, 99
approximations by, 109

Problems A, B, 109
Problem A, in half-spaces, 159
Problem C, 111

Problem C, in half-spaces, 160
classical obstacle problem, 100
convexity, 100
in half-spaces, 154, 155

approximations by, 159
classification, 155, 156

Problems A, B, 101
compact complement, 103
unbounded complement, 106

Problem C, 108
Problem S, 177
Problem S, homogeneous, 177, 178, 180

growth estimate, 181

half-space solutions, 72

positive, negative, 72
harmonic continuation, 10
Harnack inequality, 31
hodograph-Legendre transformation

partial, see partial hodograph-Legendre
transformation

homogeneous harmonic polynomials, 33,
180

homogeneous quadratic polynomials, 69,
135

Hopf principle, 127



Index 219

implicit function theorem, 196

John’s ellipsoid lemma, 110

κ-homogeneous blowups, 189
κ-homogeneous rescalings, 189

Lévy process, α-stable, 170
local solutions, 65

near flat boundaries, 154
lower-dimensional free boundary, see thin

free boundary

membrane, 8
composite, 14
semipermeable, 169

two-phase, 12, 16
minimal diameter, 109
minimal homogeneity, 179
modulus of continuity, 118, 123, 134, 143,

147, 191

Monneau’s monotonicity formula, see
Monneau-type monotonicity formula

Monneau-type monotonicity formula
classical obstacle problem, 138, 141

Problem S, 189, 191
monotone function of one variable, 69
monotonicity formula

ACF (Alt-Caffarelli-Friedman), see ACF

monotonicity formula
ACF estimate, see ACF estimate
Almgren, see Almgren’s frequency

formula
CJK (Caffarelli-Jerison-Kenig) estimate,

see CJK estimate

Monneau, see Monneau-type
monotonicity formula

Weiss-type, see Weiss-type monotonicity
formula

Newtonian potential, 10, 18, 25, 103
no-sign obstacle problem, 11, 16, see also

Problem A
nonbranch points, see Problem C

nondegeneracy, 57
of the gradient, 60
Problem A, 58

Problem B, 59
Problem C, 60
Problem S, singular points, 190
up to the boundary, 125, 155, 165

NTA domains, 122, 132

obstacle, 8

thin, 168
zero, 9

obstacle problem

boundary thin, 169
classical, 7, 8
no-sign, 11, 16
thin, see thin obstacle problem
two-phase, 12, 16
unstable, 14, 54

non-C1,1 solution, 49
obstacle-type problems, 17

optimal regularity, 42
up to the fixed boundary, 45

strong blowups, 69
optimal pricing, 170

optimal regularity
classical obstacle problem, 29
obstacle-type problems, 42

up to the fixed boundary, 45
Problem S, 181

optimal stopping, 14
osmosis, 169

osmotic pressure, 169
OT1-OT2 conditions, 17

partial hodograph-Legendre transformation
first order, 129
zeroth order, 95

penalization, 9, 26, 171
penalized problem, 26, 171
permeability, 169
Poisson equation, 8
polynomial solutions, 72, 135

approximations by, 135
positive, negative, 72

Pompeiu problem, 11
Pompeiu property, 11

porosity of free boundary, 61
porous set, 61

locally, 61
potential theory, 10

problem
A, 16
B, 16
C, 16
S, 170
potential theory, from, 10
interior temperature control, 13

obstacle-type, see obstacle-type problems
Pompeiu, 11
superconductivity, from, 11, 16
two-phase membrane, 12, 16

Problem A, 16
blowups

classification, 72

global solutions, 101
nondegeneracy, 58
shrinkdowns, 102
singular set, 143

structure, 146
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Problem B, 16
blowups

classification, 72
global solutions, 101

nondegeneracy, 59
patches, 11, 12, 25

local structure, 88
shrinkdowns, 102

Problem C, 16
blowups

classification, 72
branch points, 74, 92

global solutions, 108
nonbranch points, 95
nondegeneracy, 60
shrinkdowns, 108

Problem S, 170

C1,α regularity, 171, 197
blowups, 176

homogeneity, 177
minimal homogeneity, 179

classification of free boundary points, 178
directional monotonicity, 183, 185
growth estimate, 181
regular set, 183

rescalings, 176
singular set, 186

structure, 192

quadratic growth, 30
quadrature domains, 2, 11

regular free boundary points, see free
boundary points

regular points, see free boundary points
regular set

Problem S, 183
regularization, 9, 20, 22, 49

rescalings, 66
Problem S, 176
Problem S, κ-homogeneous, 189

Schaeffer examples of singular points, 136

Schauder fixed point theorem, 49
Schiffer conjecture, 11
semipermeable membranes, 169
shrinkdowns, 67

Problem A, B, 102

Problem C, 108
sign condition, 1
Signorini boundary conditions, 169, 171
Signorini problem, see thin obstacle

problem

singular free boundary points, see free
boundary points

singular points, see free boundary points
singular set

classical obstacle problem, 138
Problem A, 133, 143
Problem S, 186
structure

classical obstacle problem, 141
Problem A, 146
Problem S, 192

solutions

C1,1 regularity, 29, 31, 42
counterexample, 49
up to the boundary, 45

W 2,p regularity, 17

directional monotonicity, see directional
monotonicity

global, see global solutions
half-space, 72

positive, negative, 72

in the sense of distributions, 8, 16, 24
limits, 67
local, 65
near fixed boundary

C1 touch, 159
tangential touch, 159

polynomial, 72
positive, negative, 72

two-half-space, 72

spherical Laplacian, 38
stopping time, 14
superconductivity problem, 11, 16, see also

Problem B

tangential touch, 159

temperature control, 13
thickness condition

Problem A, 117, 118
Problem B, 118

thickness function, 109, 134
thin free boundary, 15, 168
thin obstacle, 168
thin obstacle problem, 167, 168, see also

Problem S

two-half-space solutions, 72
two-phase free boundary points, see free

boundary points
two-phase membrane problem, 12, 16, see

also Problem C
W 2,p regularity, 22

two-phase points, see free boundary points

unstable obstacle problem, 14, 49, 54

Weiss’s energy functional, 74
in half-spaces, 158

Weiss’s monotonicity formula, see
Weiss-type monotonicity formula

Weiss-type monotonicity formula
near fixed boundary, 158, 165
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Problems A, B, C, 74–76, 103, 139
Problem S, 188, 189
unstable obstacle problem, 54

Whitney’s extension theorem, 141, 194
Wiener process, 14

zero obstacle, 9
zero thin obstacle, 170



GSM/136

For additional information
and updates on this book, visit

www.ams.org/bookpages/gsm-136

www.ams.org
AMS on the Web
www.ams.org

The regularity theory of free boundaries fl ourished during the late 1970s and 
early 1980s and had a major impact in several areas of mathematics, mathematical 
physics, and industrial mathematics, as well as in applications. Since then the theory 
continued to evolve. Numerous new ideas, techniques, and methods have been 
developed, and challenging new problems in applications have arisen. The main 
intention of the authors of this book is to give a coherent introduction to the 
study of the regularity properties of free boundaries for a particular type of prob-
lems, known as obstacle-type problems. The emphasis is on the methods developed 
in the past two decades. The topics include optimal regularity, nondegeneracy, 
rescalings and blowups, classifi cation of global solutions, several types of mono-
tonicity formulas, Lipschitz, C 1 , as well as higher regularity of the free boundary, 
structure of the singular set, touch of the free and fi xed boundaries, and more.

The book is based on lecture notes for the courses and mini-courses given by 
the authors at various locations and should be accessible to advanced graduate 
students and researchers in analysis and partial differential equations.


