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Preface

Algebraic K-theory has two components: the classical theory which centers
around the Grothendieck group Ky of a category and uses explicit algebraic
presentations and higher algebraic K-theory which requires topological or
homological machinery to define.

There are three basic versions of the Grothendieck group Ky. One in-
volves the group completion construction and is used for projective mod-
ules over rings, vector bundles over compact spaces, and other symmetric
monoidal categories. Another adds relations for exact sequences and is used
for abelian categories as well as exact categories; this is the version first used
in algebraic geometry. A third adds relations for weak equivalences and is
used for categories of chain complexes and other categories with cofibrations
and weak equivalences (“Waldhausen categories”).

Similarly, there are four basic constructions for higher algebraic K-
theory: the +-construction (for rings), the group completion constructions
(for symmetric monoidal categories), Quillen’s @Q-construction (for exact
categories), and Waldhausen’s wS. construction (for categories with cofi-
brations and weak equivalences). All these constructions give the same
K-theory of a ring but are useful in various distinct settings. These settings
fit together as in the table that follows.

All the constructions have one feature in common: some category C' is
concocted from the given setup, and one defines a K-theory space associated
to the geometric realization BC' of this category. The K-theory groups are
then the homotopy groups of the K-theory space. In the first chapter, we
introduce the basic cast of characters: projective modules and vector bundles
(over a topological space and over a scheme). Large segments of this chapter
will be familiar to many readers, but which segments are familiar will depend

1X
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Number theory and — ‘Algebraic geometry‘
other classical topics
$ $
Homological and @-construction: K-theory of
+-constructions, <—— |vector bundles on schemes,
K-theory of rings exact categories, modules,
and abelian categories
T N T
Group completions: Waldhausen construction:

relations to L-theory, K-theory of spaces,

topological K-theory, K-theory of chain complexes,
stable homotopy theory topological rings
I I
‘ Algebraic topology‘ > Geometric topology

upon the background and interests of the reader. The unfamiliar parts of
this material may be skipped at first and referred back to when relevant. We
would like to warn the complacent reader that the material on the Picard
group and Chern classes for topological vector bundles is in the first chapter.

In the second chapter, we define Ky for all the settings in the above
table and give the basic definitions appropriate to these settings: group
completions for symmetric monoidal categories, K for rings and topological
spaces, A-operations, abelian and exact categories, Waldhausen categories.
All definitions and manipulations are in terms of generators and relations.
Our philosophy is that this algebraic beginning is the most gentle way to
become acquainted with the basic ideas of higher K-theory. The material on
K-theory of schemes is isolated in a separate section, so it may be skipped
by those not interested in algebraic geometry.

In the third chapter we give a brief overview of the classical K-theory
for K1 and K> of a ring. Via the Fundamental Theorem, this leads to Bass’s
“negative K-theory,” meaning groups K_1, K_o, etc. We cite Matsumoto’s
presentation for Ky of a field from [131] and “Hilbert’s Theorem 90 for K5”
(from [125]) in order to get to the main structure results. This chapter ends
with a section on Milnor K-theory, including the transfer map, Izhboldin’s
Theorem on the lack of p-torsion, the norm residue symbol, and the relation
to the Witt ring of a field.

In the fourth chapter we shall describe the four constructions for higher
K-theory, starting with the original BGL™" construction. In the case of
P(R), finitely generated projective R-modules, we show that all the con-
structions give the same K-groups: the groups K,(R). The A-operations
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are developed in terms of the S~1S construction. Nonconnective spectra
and homotopy K-theory are also presented. Very few theorems are present
here, in order to keep this chapter short. We do not want to get involved
in the technicalities lying just under the surface of each construction, so the
key topological results we need are cited from the literature when needed.

The fundamental structural theorems for higher K-theory are presented
in Chapter V. This includes Additivity, Approximation, Cofinality, Reso-
lution, Devissage, and Localization (including the Thomason-Trobaugh lo-
calization theorem for schemes). As applications, we compute the K-theory
and G-theory of projective spaces and Severi-Brauer varieties (§1), construct
transfer maps satisfying a projection formula (§3), and prove the Fundamen-
tal Theorem for G-theory (§6) and K-theory (§8). Several cases of Gersten’s
DVR (discrete valuation domain) Conjecture are established in §6 and the
Gersten-Quillen Conjecture is established in §9. This is used to interpret the
coniveau spectral sequence in terms of K-cohomology and establish Bloch’s
formula that CHP(X) = HP(X, K,) for regular varieties.

In Chapter VI we describe the structure of the K-theory of fields. First
we handle algebraically closed fields (§1) and the real numbers R (§3) fol-
lowing Suslin and Harris-Segal. The group K3(F') can also be handled by
comparison to Bloch’s group B(F') using these methods (§5). In order to
say more, using classical invariants such as étale cohomology, we introduce
the spectral sequence from motivic cohomology to K-theory in §4 and use
it in §§6-10 to describe the K-theory of local and global fields.

Text cross-references to definitions, figures, equations, and other items
use the following conventions. Within Chapter IV, for example, text cross-
references to Definition 1.1, Figure 4.9.1, and equation (5.3.2) of Chapter
IV are referred to as Definition 1.1, Figure 4.9.1, and (5.3.2). Outside of
Chapter IV, they are referred to as Definition IV.1.1, Figure IV.4.9.1, and
(IV.5.3.2).

The back story

In 1985, I started hearing a persistent rumor that I was writing a book on
algebraic K-theory. This was a complete surprise to me! Someone else had
started the rumor, and I never knew who. After a few years, I had heard
the rumor from at least a dozen people.

It actually took a decade before the rumor had become true—Ilike the
character Topsy!, the book project was never born, it just grew. In 1988

1 Topsy is a character in Harriet B. Stowe’s 1852 book Uncle Tom’s Cabin, who claimed to
have never been born: “Never was born! I spect I grow’d. Don’t think nobody never made me
[sic].”
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I wrote out a brief outline, following Quillen’s paper Higher Algebraic K-
theory: I [153]. It was overwhelming. I talked to Hy Bass, the author of
the classic book Algebraic K-theory [15], about what would be involved in
writing such a book. It was scary, because (in 1988) I didn’t know how to
write a book at all.

I needed a warm-up exercise, a practice book if you will. The result, An
Introduction to Homological Algebra [223], took over five years to write.

By this time (1995), the K-theory landscape had changed and with it
my vision of what my K-theory book should be. Was it an obsolete idea?
After all, the new developments in motivic cohomology were affecting our
knowledge of the K-theory of fields and varieties. In addition, there was no
easily accessible source for this new material. Nevertheless, I wrote early
versions of Chapters [-IV during 1994-1999. The project became known as
the “K-book” at the time.

In 1999, I was asked to turn a series of lectures by Voevodsky into a
book. This project took over six years, in collaboration with Carlo Mazza
and Vladimir Voevodsky. The result was the book Lecture Notes on Motivic
Cohomology [122], published in 2006.

In 2004-2008, Chapters IV and V were completed. At the same time,
the final steps in the proof of the Norm Residue Theorem VI.4.1 were
finished. (This settles not just the Bloch-Kato Conjecture, but also the
Beilinson-Lichtenbaum Conjectures and Quillen-Lichtenbaum Conjectures.)
The proof of this theorem is scattered over a dozen papers and preprints,
and writing it spanned over a decade of work, mostly by Rost and Voevod-
sky. Didn’t it make sense to put this house in order? It did. I am currently
collaborating with Christian Haesemeyer in writing a self-contained proof of
this theorem.

Acknowledgements
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a’%(i) signature map on H"(Og), 570
(G) Burnside ring of G, 71

A(X), An(X) K-theory of spaces, K(R¢(X)), 369
AT4(X) K-theory of finitely dominated spaces, 370
Az(R) category of Azumaya algebras, 116

B(F) Bloch’s group for a field, 536
BC' geometric realization of a category, 313
BC'™P geometric realization of a topological category, 321
BG?  classifying space of a discrete group, 524
BG. subcomplex of BGY, 524
BGL(R)" connected K-theory space of R, 285
By, Bernoulli numbers, 519
BO  classifying space for real vector bundles, 92
BO,, classifying space for real vector bundles, 42
BSp classifying space for symplectic vector bundles, 92
BSp,, classifying space for symplectic vector bundles, 42
BU  classifying space for complex vector bundles, 92
BU,, classifying space for complex vector bundles, 42
C(R) cone ring of R, 6
C/d or d\C' comma category, 314
Cart(R) Cartier divisor group, 22
Cart(X) Cartier divisors on X, 61
Ch(A) chain complexes in A, 176
Chhb(A) homologically bounded complexes, 420
Chpcol1 pseudo-coherent complexes, 421
Chyeit(R), Chpere(X) perfect chain complexes, 420
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Ch%P(R) bounded S-torsion complexes, 185
CH'(R) generalized Weil divisor class group, 133
Cl(R) Weil divisor class group of R, 26

Cn Chern classes, 107

D(R) Weil divisor group, 25

E(R) elementary group, generated by elementary matrices, 198
EA  extension category, 359

End. (k) K-theory of endomorphisms, 354
End(R) category of endomorphisms, 144

F_1 contraction of F', 230

FP(R) faithfully projective R-modules, 116
F(R) category of based free modules, 327
Free(R) category of free modules, 144

G(R), G(X) K-theory of finitely generated/coherent modules, 350
G(R on S) relative G-theory for R — S™1R, 419
G(X on Z) relative G-theory for X\Z — X, 419
G-Sets category of G-sets, 115

G.,A Gillet-Grayson construction, 377

Go(R), Go(X) Ko of M(R), of M(X), 126
Gd'(X) Gy of pseudo-coherent modules, 187
GLy(I) linear group of a nonunital ring I, 6
GL,(R) group of invertible n x n matrices, 2
GL(R) linear group of a unital ring, 197

Grass,, Grassmann manifold, 41

GW (F) Grothendieck-Witt ring, 118

H quaternion algebra over R, 523

Hyar (—, A) Zariski descent spectrum, 489

H(R) R-modules with finite resolutions, 148
Hg(R) S-torsion modules in H(R), 149

H(X) Ox-modules with finite resolutions, 160
Hy ring of continuous maps X — Z, 77
H2(R; Zs(i)) subgroup of H2(R;Zs(i)), 577
HC, cyclic homology, 440

H;(X) modules in K(X) supported on Z, 170
I [ X translation category, 315

IBP invariant basis property, 2

iso.S category of isomorphisms in S, 327

Jj(R) signature defect of R, 573

K?(R), KB(X) Bass K-theory spectrum, 383
K(A) = QBQA Quillen K-theory space, 350
K(C) = QBwS,C Waldhausen K-theory space, 368
K(R), (-adic completion of K, 309
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K(R on S) relative K-theory for R — S™'R, 420
K(X on Z) relative K-theory for X\Z — X, 439
KH(R), KH(X) homotopy K-theory of R or X, 394
Ky(A) Ky of an abelian category, 124

Ky(C) Ky of an exact category, 141

Ko(wC) Ky of a Waldhausen category, 173

Ko(R) ideal of Ko(R), 78

Ko(R) Ky of aring, 74

Ko(R on S) Ky of S-torsion homology complexes, 185
K§(S) Ky of a symmertic monoidal category, 114
Ko(X) ideal of Ko(X), 159

Ko(X) Kj of a scheme, 142

K{e'(X) Ky of perfect modules, 188

Kg(X) Ky of topological G-bundles, 117

Ki(R) K; of aring, 198

Ks(R) K of aring, 237

KiM(F) K3(F)/KM(F) (K3-indecomposable), 536
K,(A) K, of an exact category, 350

K(g) eigenspace in A-ring K, 107

KS)(R) eigenspace in K, (R) for 4%, 346

K,(R) K, of aring, 285

K_,(R) negative K-groups of R, 229

K, (R,I) relative K-groups of an ideal, 293
Kn(R;Z/l) K, with coefficients, 306

K2 (S) K, of a symmetric monoidal category, 329
K,(X) K, of a scheme, 351

KO(X) reduced K-theory, 90

KO(X) K-theory of real vector bundles, 89
KO°(X), KO™(X) representable KO-theory, 92
KSp(X) K-theory of symplectic vector bundles, 89
KSp°(X), KSp™(X) representable K Sp-theory, 92
KU(X) K-theory of complex vector bundles, 89
KU°(X), KU"(X) representable KU-theory, 92
KV, Karoubi-Villamayor groups, 386

LF  contraction of F', 230

M(R) finitely generated R-modules, 126

M¢(R) modules supported in codimension > i, 478
Mg (R) S-torsion R-modules, 128

My, (S) category of graded S-modules, 138

M(X) category of coherent modules, 127

M_z(X) coherent modules supported on Z, 130



602 Index of notation

M~1'M group completion of a monoid, 69

M,,  monomial matrices in GL,(F), 545

M, (R) ring of n X n matrices, 2

modg(R) category of S-torsion modules, 132
MR Mumford-regular vector bundles, 163

u®  twisted Galois representation, 303

Nil(k) K-theory of nilpotent endomorphisms, 354
Nil(R) category of nilpotent endomorphisms, 145
NK,(R) the quotient K, (R[t])/Ki(R), 222
NS(X) Néron-Severi group, 68

v(n)r logarithmic de Rham group, 273

QG loop space of G, 90

Q(BG) loop space of BG, 42

OF Kahler differentials, 266

QR  algebraic loop ring of ring R, 391

P(F) scissors congruence group, 536

P(R) category of projective modules, 9

m1(BC) fundamental group of a category, 316
7ind(BM*) indecomposables of m3(BM™1), 547
7Tn(X;Z/¢) homotopy with coefficients, 304
Pic(R) Picard category (line bundles), 115
Pic(R) Picard group of R, 20

Pic(X) Picard group of X, 55

Picy (R) narrow Picard group, 573

P projective n-space, 55

QA Quillen’s )-construction, 348

Quad(A) category of quadratic modules, 328
Quad(F) category of quadratic spaces, 120

p rank of KM (F) — K4(F), 576

R(G) representation ring of G, 72

r1, ro number of real (complex) embeddings, 297
R[A*] simplicial ring of standard simplices, 386
Repc(G) category of complex representations of G, 115
R;(X) finite spaces over X, 174

Rita(X) finitely dominated spaces over X, 186
R” free R-module of rank n, 1

o(M) shift automorphism on graded modules, 138
Y symmetric group of permutations, 287
S~1S group completion category, 328

Seq(F, R) sequence for contracted functors, 230
Setsgn category of finite sets, 115

SKo(R) ideal of Ko(R), 81
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SKo(X) ideal of Ko(X), 159
SK;(A) subgroup of Ki(A), A semisimple, 200
SK;(R) subgroup of K;(R), 198

n(R) special linear group of a ring, 198

(S,) stable range condition, 5
SpC  category of n-fold extensions, 366
sr(R) stable range, 5
St(R) Steinberg group, 237
* star operation on St(R), 245
(S, X), S~1X localization categories, 333
U(R) group of units in R, 2
Unip(R) group of unipotent matrices, 385
v} generator of 75(5%Z/16), 534
VB(X) category of algebraic vector bundles, 50
VB¢ (X) category of complex vector bundles, 35
VBR(X) category of real vector bundles, 35
VB,,(X) vector bundles of rank n, 42
w”(r) special element of St(R), 246
W(F) Witt ring of quadratic forms, 118

W(R) a subgroup of units, 202
W (R) ring of big Witt vectors, 101
ho(G) 0" Whitehead group, 79
hl(G) 15 Whitehead group, 207

hn(G) n'™ Whitehead group, 292
w; Stiefel-Whitney classes, 44
w;(F) exponent of the e-invariant, 516
WQ(F) Ky of split quadratic forms, 121
wS,C Waldhausen construction, 367
[X,N] continuous maps from X to N, 36
(r(s) Riemann zeta function, 520

w
w






Index

+-construction, ix, x, 288, 283-304,
330-341, 350, 359, 506, 512-516,
546-552

+ = @ Theorem, 284, 290, 359,
358-364, 412

F-regular ring, 385

K-theory space

of R, 300

Q-spectrum, see also spectrum

d-functors, 154

~y-dimension, 104, 347

~-filtration, 105, 105-113, 159, 168,
345-347

~y-operations, 103, 103-113, 343-347

A-operations, x, xi, 69, 98, 98-113, 167,
294, 341-347

A-ring, 98, 98-113, 167, 496, 499, 506

A-semiring, 98

free A-ring, 102, 107, 111

line element, 100, 100-113, 167, 168

positive structure, 99, 99-114, 167
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cofibrations, see also category with
cofibrations
cofinal functor, 235, 337-340
cofinal monoid, 71-74, 78, 85, 89-91,
101-110, 210, 331, 338
cofinal subcategory, 115, 115-117, 143,
144, 157, 161, 180-189, 205—207,
241, 327, 336, 351, 356, 357,
372-377, 416422, 469

Cofinality Theorem, xi, 116, 143, 161,
180, 182, 189, 337, 337-339, 351,
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excision
absolute, 293
for GL, 6
for K., 469
for Ko, 85, 213
for K1, 215, 216, 250



Index

609

for K H., 396-397
for KV, 389
for Pic, 31
exotic spheres, 520
extension axiom, 366-377, 413-419
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determinant, 158, 159, 167



612

Index

topological, 20, 36, 37, 40—48, 57, 64,
96, 97, 100
twisting, 56, 56, 57, 163
line element, see also A-ring
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