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Preface

Algebraic K-theory has two components: the classical theory which centers
around the Grothendieck group K0 of a category and uses explicit algebraic
presentations and higher algebraic K-theory which requires topological or
homological machinery to define.

There are three basic versions of the Grothendieck group K0. One in-
volves the group completion construction and is used for projective mod-
ules over rings, vector bundles over compact spaces, and other symmetric
monoidal categories. Another adds relations for exact sequences and is used
for abelian categories as well as exact categories; this is the version first used
in algebraic geometry. A third adds relations for weak equivalences and is
used for categories of chain complexes and other categories with cofibrations
and weak equivalences (“Waldhausen categories”).

Similarly, there are four basic constructions for higher algebraic K-
theory: the +-construction (for rings), the group completion constructions
(for symmetric monoidal categories), Quillen’s Q-construction (for exact
categories), and Waldhausen’s wS. construction (for categories with cofi-
brations and weak equivalences). All these constructions give the same
K-theory of a ring but are useful in various distinct settings. These settings
fit together as in the table that follows.

All the constructions have one feature in common: some category C is
concocted from the given setup, and one defines a K-theory space associated
to the geometric realization BC of this category. The K-theory groups are
then the homotopy groups of the K-theory space. In the first chapter, we
introduce the basic cast of characters: projective modules and vector bundles
(over a topological space and over a scheme). Large segments of this chapter
will be familiar to many readers, but which segments are familiar will depend

ix
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Number theory and
other classical topics

←→ Algebraic geometry

↑↓ ↑↓
Homological and
+-constructions,
K-theory of rings

←−−−−
Q-construction: K-theory of
vector bundles on schemes,
exact categories, modules,
and abelian categories

↑ ↖ ↑
Group completions:
relations to L-theory,
topological K-theory,
stable homotopy theory

←−−−−
Waldhausen construction:
K-theory of spaces,
K-theory of chain complexes,
topological rings

� �
Algebraic topology ↔ Geometric topology

upon the background and interests of the reader. The unfamiliar parts of
this material may be skipped at first and referred back to when relevant. We
would like to warn the complacent reader that the material on the Picard
group and Chern classes for topological vector bundles is in the first chapter.

In the second chapter, we define K0 for all the settings in the above
table and give the basic definitions appropriate to these settings: group
completions for symmetric monoidal categories, K0 for rings and topological
spaces, λ-operations, abelian and exact categories, Waldhausen categories.
All definitions and manipulations are in terms of generators and relations.
Our philosophy is that this algebraic beginning is the most gentle way to
become acquainted with the basic ideas of higher K-theory. The material on
K-theory of schemes is isolated in a separate section, so it may be skipped
by those not interested in algebraic geometry.

In the third chapter we give a brief overview of the classical K-theory
for K1 and K2 of a ring. Via the Fundamental Theorem, this leads to Bass’s
“negative K-theory,” meaning groups K−1, K−2, etc. We cite Matsumoto’s
presentation for K2 of a field from [131] and “Hilbert’s Theorem 90 for K2”
(from [125]) in order to get to the main structure results. This chapter ends
with a section on Milnor K-theory, including the transfer map, Izhboldin’s
Theorem on the lack of p-torsion, the norm residue symbol, and the relation
to the Witt ring of a field.

In the fourth chapter we shall describe the four constructions for higher
K-theory, starting with the original BGL+ construction. In the case of
P(R), finitely generated projective R-modules, we show that all the con-
structions give the same K-groups: the groups Kn(R). The λ-operations
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are developed in terms of the S−1S construction. Nonconnective spectra
and homotopy K-theory are also presented. Very few theorems are present
here, in order to keep this chapter short. We do not want to get involved
in the technicalities lying just under the surface of each construction, so the
key topological results we need are cited from the literature when needed.

The fundamental structural theorems for higher K-theory are presented
in Chapter V. This includes Additivity, Approximation, Cofinality, Reso-
lution, Devissage, and Localization (including the Thomason-Trobaugh lo-
calization theorem for schemes). As applications, we compute the K-theory
and G-theory of projective spaces and Severi-Brauer varieties (§1), construct
transfer maps satisfying a projection formula (§3), and prove the Fundamen-
tal Theorem for G-theory (§6) and K-theory (§8). Several cases of Gersten’s
DVR (discrete valuation domain) Conjecture are established in §6 and the
Gersten-Quillen Conjecture is established in §9. This is used to interpret the
coniveau spectral sequence in terms of K-cohomology and establish Bloch’s
formula that CHp(X) ∼= Hp(X,Kp) for regular varieties.

In Chapter VI we describe the structure of the K-theory of fields. First
we handle algebraically closed fields (§1) and the real numbers R (§3) fol-
lowing Suslin and Harris-Segal. The group K3(F ) can also be handled by
comparison to Bloch’s group B(F ) using these methods (§5). In order to
say more, using classical invariants such as étale cohomology, we introduce
the spectral sequence from motivic cohomology to K-theory in §4 and use
it in §§6–10 to describe the K-theory of local and global fields.

Text cross-references to definitions, figures, equations, and other items
use the following conventions. Within Chapter IV, for example, text cross-
references to Definition 1.1, Figure 4.9.1, and equation (5.3.2) of Chapter
IV are referred to as Definition 1.1, Figure 4.9.1, and (5.3.2). Outside of
Chapter IV, they are referred to as Definition IV.1.1, Figure IV.4.9.1, and
(IV.5.3.2).

The back story

In 1985, I started hearing a persistent rumor that I was writing a book on
algebraic K-theory. This was a complete surprise to me! Someone else had
started the rumor, and I never knew who. After a few years, I had heard
the rumor from at least a dozen people.

It actually took a decade before the rumor had become true—like the
character Topsy1, the book project was never born, it just grew. In 1988

1Topsy is a character in Harriet B. Stowe’s 1852 book Uncle Tom’s Cabin, who claimed to
have never been born: “Never was born! I spect I grow’d. Don’t think nobody never made me
[sic].”
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I wrote out a brief outline, following Quillen’s paper Higher Algebraic K-
theory: I [153]. It was overwhelming. I talked to Hy Bass, the author of
the classic book Algebraic K-theory [15], about what would be involved in
writing such a book. It was scary, because (in 1988) I didn’t know how to
write a book at all.

I needed a warm-up exercise, a practice book if you will. The result, An
Introduction to Homological Algebra [223], took over five years to write.

By this time (1995), the K-theory landscape had changed and with it
my vision of what my K-theory book should be. Was it an obsolete idea?
After all, the new developments in motivic cohomology were affecting our
knowledge of the K-theory of fields and varieties. In addition, there was no
easily accessible source for this new material. Nevertheless, I wrote early
versions of Chapters I–IV during 1994–1999. The project became known as
the “K-book” at the time.

In 1999, I was asked to turn a series of lectures by Voevodsky into a
book. This project took over six years, in collaboration with Carlo Mazza
and Vladimir Voevodsky. The result was the book Lecture Notes on Motivic
Cohomology [122], published in 2006.

In 2004–2008, Chapters IV and V were completed. At the same time,
the final steps in the proof of the Norm Residue Theorem VI.4.1 were
finished. (This settles not just the Bloch-Kato Conjecture, but also the
Beilinson-Lichtenbaum Conjectures and Quillen-Lichtenbaum Conjectures.)
The proof of this theorem is scattered over a dozen papers and preprints,
and writing it spanned over a decade of work, mostly by Rost and Voevod-
sky. Didn’t it make sense to put this house in order? It did. I am currently
collaborating with Christian Haesemeyer in writing a self-contained proof of
this theorem.
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Index of notation

αn
S(i) signature map on Hn(OS), 570

A(G) Burnside ring of G, 71
A(X), An(X) K-theory of spaces, K(Rf (X)), 369

Afd(X) K-theory of finitely dominated spaces, 370
Az(R) category of Azumaya algebras, 116
B(F ) Bloch’s group for a field, 536
BC geometric realization of a category, 313
BCtop geometric realization of a topological category, 321
BGδ classifying space of a discrete group, 524
BGε subcomplex of BGδ, 524
BGL(R)+ connected K-theory space of R, 285
Bk Bernoulli numbers, 519
BO classifying space for real vector bundles, 92
BOn classifying space for real vector bundles, 42
BSp classifying space for symplectic vector bundles, 92
BSpn classifying space for symplectic vector bundles, 42
BU classifying space for complex vector bundles, 92
BUn classifying space for complex vector bundles, 42
C(R) cone ring of R, 6
C/d or d\C comma category, 314
Cart(R) Cartier divisor group, 22
Cart(X) Cartier divisors on X, 61
Ch(A) chain complexes in A, 176

Chhb(A) homologically bounded complexes, 420

Chhb
pcoh pseudo-coherent complexes, 421

Chperf(R), Chperf(X) perfect chain complexes, 420
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Chb
SP(R) bounded S-torsion complexes, 185

CH i(R) generalized Weil divisor class group, 133
Cl(R) Weil divisor class group of R, 26
cn Chern classes, 107
D(R) Weil divisor group, 25
E(R) elementary group, generated by elementary matrices, 198
EA extension category, 359
End∗(k) K-theory of endomorphisms, 354
End(R) category of endomorphisms, 144
F−1 contraction of F , 230
FP(R) faithfully projective R-modules, 116
F(R) category of based free modules, 327
Free(R) category of free modules, 144
G(R), G(X) K-theory of finitely generated/coherent modules, 350
G(R on S) relative G-theory for R→ S−1R, 419
G(X on Z) relative G-theory for X\Z → X, 419
G-Sets category of G-sets, 115
G•A Gillet-Grayson construction, 377
G0(R), G0(X) K0 of M(R), of M(X), 126
Gder

0 (X) G0 of pseudo-coherent modules, 187
GLn(I) linear group of a nonunital ring I, 6
GLn(R) group of invertible n× n matrices, 2
GL(R) linear group of a unital ring, 197
Grassn Grassmann manifold, 41
GW (F ) Grothendieck-Witt ring, 118
H quaternion algebra over R, 523
Hzar(−, A) Zariski descent spectrum, 489
H(R) R-modules with finite resolutions, 148
HS(R) S-torsion modules in H(R), 149
H(X) OX -modules with finite resolutions, 160
H0 ring of continuous maps X → Z, 77

H̃2(R;Z2(i)) subgroup of H̃2(R;Z2(i)), 577
HC∗ cyclic homology, 440
HZ(X) modules in K(X) supported on Z, 170
I
∫
X translation category, 315

IBP invariant basis property, 2
isoS category of isomorphisms in S, 327
j(R) signature defect of R, 573
KB(R), KB(X) Bass K-theory spectrum, 383
K(A) = ΩBQA Quillen K-theory space, 350
K(C) = ΩBwS•C Waldhausen K-theory space, 368

K̂(R)� �-adic completion of K, 309
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K(R on S) relative K-theory for R→ S−1R, 420
K(X on Z) relative K-theory for X\Z → X, 439
KH(R), KH(X) homotopy K-theory of R or X, 394
K0(A) K0 of an abelian category, 124
K0(C) K0 of an exact category, 141
K0(wC) K0 of a Waldhausen category, 173

K̃0(R) ideal of K0(R), 78
K0(R) K0 of a ring, 74
K0(R on S) K0 of S-torsion homology complexes, 185
K�

0 (S) K0 of a symmertic monoidal category, 114

K̃0(X) ideal of K0(X), 159
K0(X) K0 of a scheme, 142
Kder

0 (X) K0 of perfect modules, 188
K0

G(X) K0 of topological G-bundles, 117
K1(R) K1 of a ring, 198
K2(R) K2 of a ring, 237
K ind

3 (F ) K3(F )/KM
3 (F ) (K3-indecomposable), 536

Kn(A) Kn of an exact category, 350

K
(i)
Q eigenspace in λ-ring K, 107

K
(i)
n (R) eigenspace in Kn(R) for ψk, 346

Kn(R) Kn of a ring, 285
K−n(R) negative K-groups of R, 229
Kn(R, I) relative K-groups of an ideal, 293
Kn(R;Z/�) Kn with coefficients, 306
K�

n (S) Kn of a symmetric monoidal category, 329
Kn(X) Kn of a scheme, 351

K̃O(X) reduced K-theory, 90
KO(X) K-theory of real vector bundles, 89
KO0(X), KOn(X) representable KO-theory, 92
KSp(X) K-theory of symplectic vector bundles, 89
KSp0(X), KSpn(X) representable KSp-theory, 92
KU(X) K-theory of complex vector bundles, 89
KU0(X), KUn(X) representable KU -theory, 92
KVn Karoubi-Villamayor groups, 386
LF contraction of F , 230
M(R) finitely generated R-modules, 126
Mi(R) modules supported in codimension ≥ i, 478
MS(R) S-torsion R-modules, 128
Mgr(S) category of graded S-modules, 138
M(X) category of coherent modules, 127
MZ(X) coherent modules supported on Z, 130



602 Index of notation

M−1M group completion of a monoid, 69
Mn monomial matrices in GLn(F ), 545
Mn(R) ring of n× n matrices, 2
modS(R) category of S-torsion modules, 132
MR Mumford-regular vector bundles, 163
μ⊗i twisted Galois representation, 303
Nil(k) K-theory of nilpotent endomorphisms, 354
Nil(R) category of nilpotent endomorphisms, 145
NKn(R) the quotient Kn(R[t])/Ki(R), 222
NS(X) Néron-Severi group, 68
ν(n)F logarithmic deRham group, 273
ΩG loop space of G, 90
Ω(BG) loop space of BG, 42
Ωn
F Kähler differentials, 266

ΩR algebraic loop ring of ring R, 391
P(F ) scissors congruence group, 536
P(R) category of projective modules, 9
π1(BC) fundamental group of a category, 316
πind
3 (BM+) indecomposables of π3(BM+), 547

πn(X;Z/�) homotopy with coefficients, 304
Pic(R) Picard category (line bundles), 115
Pic(R) Picard group of R, 20
Pic(X) Picard group of X, 55
Pic+(R) narrow Picard group, 573
Pn projective n-space, 55
QA Quillen’s Q-construction, 348
Quadε(A) category of quadratic modules, 328
Quad(F ) category of quadratic spaces, 120
ρ rank of KM

4 (F )→ K4(F ), 576
R(G) representation ring of G, 72
r1, r2 number of real (complex) embeddings, 297
R[Δ•] simplicial ring of standard simplices, 386
RepC(G) category of complex representations of G, 115
Rf (X) finite spaces over X, 174
Rfd(X) finitely dominated spaces over X, 186
Rn free R-module of rank n, 1
σ(M) shift automorphism on graded modules, 138
Σn symmetric group of permutations, 287
S−1S group completion category, 328
Seq(F,R) sequence for contracted functors, 230
Setsfin category of finite sets, 115
SK0(R) ideal of K0(R), 81



Index of notation 603

SK0(X) ideal of K0(X), 159
SK1(A) subgroup of K1(A), A semisimple, 200
SK1(R) subgroup of K1(R), 198
SLn(R) special linear group of a ring, 198
(Sn) stable range condition, 5
SnC category of n-fold extensions, 366
sr(R) stable range, 5
St(R) Steinberg group, 237
� star operation on St(R), 245
〈S,X〉, S−1X localization categories, 333
U(R) group of units in R, 2
Unip(R) group of unipotent matrices, 385
v41 generator of πs

8(S
0;Z/16), 534

VB(X) category of algebraic vector bundles, 50
VBC(X) category of complex vector bundles, 35
VBR(X) category of real vector bundles, 35
VBn(X) vector bundles of rank n, 42
wij(r) special element of St(R), 246
W (F ) Witt ring of quadratic forms, 118
W (R) a subgroup of units, 202
W (R) ring of big Witt vectors, 101
Wh0(G) 0th Whitehead group, 79
Wh1(G) 1st Whitehead group, 207
Whn(G) nth Whitehead group, 292
wi Stiefel–Whitney classes, 44
wi(F ) exponent of the e-invariant, 516
WQ(F ) K0 of split quadratic forms, 121
wS•C Waldhausen construction, 367
[X,N] continuous maps from X to N, 36
ζF (s) Riemann zeta function, 520





Index

+-construction, ix, x, 288, 283–304,
330–341, 350, 359, 506, 512–516,
546–552

+ = Q Theorem, 284, 290, 359,
358–364, 412

F -regular ring, 385

K-theory space

of R, 300

Ω-spectrum, see also spectrum

δ-functors, 154

γ-dimension, 104, 347

γ-filtration, 105, 105–113, 159, 168,
345–347

γ-operations, 103, 103–113, 343–347

λ-operations, x, xi, 69, 98, 98–113, 167,
294, 341–347

λ-ring, 98, 98–113, 167, 496, 499, 506

λ-semiring, 98

free λ-ring, 102, 107, 111

line element, 100, 100–113, 167, 168

positive structure, 99, 99–114, 167

special, 98, 99, 101, 102, 155, 167,
341–345

ψk, see also Adams operations

(App), see also Approximation
Theorem

A(G), see also Burnside ring

A(X) (K-theory of spaces), 369, 370,
413

Afd(X), 370

abelian category, 124

exact subcategory, 126

absolute excision, 294

absolutely flat ring, 8

f∗-acyclic module, 162

acyclic functor, 229

acyclic map, 288, 288

acyclic space, 287

Adams e-invariant, 112, 517, 523

Adams Conjecture, 294

Adams operations, 102, 102, 294,
343–347, 528, 534, 563

Adams’s element μn, 523, 581

Adams, J. F., 102, 112, 294, 517, 523

additive category, 124

additive function, 125, 147, 158, 178

Additivity Theorem, xi, 371, 401–412,
426, 428, 459, 465, 473, 474, 482

admissible filtration, 410

Almkvist, G., 144, 354

ample line element, 111

analytic isomorphism, 229, 236

analytic space, 52, 54, 67

analytic vector bundle, 52, 54

Anderson, D., 291, 388, 393, 449

Approximation Theorem, xi, 182,
183–188, 417, 417–422, 430, 432,
439, 467, 468

Approximation Theorem for units, 570,
572

Araki, S., 308

Arf invariant, 121, 123

Arf, C., 123

Artamanov, V., 10

Artin-Schrier extension, 259, 260, 274

605



606 Index

Artin-Schrier operator, 273
Artin-Wedderburn Theorem, 2, 75, 262
artinian ring, 5, 77, 79, 107, 234, 296,

397, 440
simple, 2, 79

Asok, A., xii
assembly map, 292, 292, 336
Atiyah, M., 57, 58, 98, 117
Auslander-Buchsbaum equality, 170
Azumaya algebra, 116, 409, 410

Bak, A., 338
Banach algebra, 202–210, 244–245
Banaszak, G., 587
Barratt-Priddy Theorem, 336, 376, 513,

548
base change, 83, 85, 126, 150–172, 193,

425–438, 446–483
flat, 126–139, 350, 426, 446

based free module, 1, 327, 332, 334
Bass’s Finiteness Conjecture, 355
Bass, H., x, xii, 4, 13, 16, 39, 78, 81, 87,

122, 201, 205, 214, 227, 229–234,
241, 252, 256, 265, 267, 268, 279,
280, 284, 334, 355, 381, 394, 470,
475, 553

Bass-Milnor-Serre Theorem, 201, 214,
310, 453, 558

Beilinson, A., 346, 502, 531
Beilinson-Lichtenbaum Conjectures, xii,

531
Bernoulli numbers, 509, 519, 519–520,

579–586
Bernoulli, J., 519
Berthelot, P., 163
Bertini’s Theorem, 67
bicategory, 322, 322–326, 352–357, 374,

414
biexact, see also exact functor
bifibrations, see also biWaldhausen

category
big vector bundles, 383, 487
binary icosohedral group, 299
binomial ring, 98, 98–103
Birch, B., 567
Birch–Tate Conjecture, 567, 567
bisimplicial sets, 317, 317–326,

368–377, 388, 403, 417
bivariant K-theory, 88
biWaldhausen category, 175, 174–184
Bloch’s formula, xi, 485, 500
Bloch’s group, xi, 536, 536–552

Bloch, S., 274–275, 485, 501, 528–536
Bloch-Kato Conjecture, xii, 528, 531
Boavida, P., xii
Bockstein, 295, 501, 511, 549, 588
Borel’s Theorem, 297, 509, 537, 563,

579
Borel, A., 296, 297, 509, 553, 579
Borel-Moore homology, 529
Bott element, 295, 307, 307–310, 453,

456, 501, 511–515, 532–535, 566
Bott periodicity, 91, 92, 96, 322, 524,

527, 534, 574, 575, 578
Bourbaki, N., 8
Bousfield-Kan integral completion, 290,

497
Braeunling, O., xii
Brasca, R., xii
Brauer group, 116, 116–117, 200,

262–265, 564, 566, 579
Brauer lifting, 294, 345
Browder, W., 295, 308, 535, 581
Browkin, J., 576
Brown, K., 479, 487, 489, 492
BSp, 42, 90–95, 523
Burnside ring, 71, 72, 73, 115, 122, 340

calculus of fractions, 191, 431, 442, 488
Calegari, F., xii
Calkin category, 233
Calmes, B., xii
Campbell-Hausdorff formula, 217
Cancellation Theorem

Bass, 4, 5
Bass-Serre, 13, 22, 39, 57, 67, 78, 87,

104
vector bundles, 39–41, 43, 104
Witt, 118, 123

cap product, 505
Cartan homomorphism, 126, 126, 127,

137, 142, 159
Cartan, H., 296
Cartan-Eilenberg resolution, 498
Carter, D., 235
Cartier divisor, see also divisor
Cartier operator, 273, 279
Castelnuovo, G., 65, 163, 164
category with cofibrations, 172,

172–181, 186, 364
and weak equivalences, see also

Waldhausen category
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130 Viviana Ene and Jürgen Herzog, Gröbner Bases in Commutative Algebra, 2011

129 Stuart P. Hastings and J. Bryce McLeod, Classical Methods in Ordinary Differential
Equations, 2012

128 J. M. Landsberg, Tensors: Geometry and Applications, 2012

127 Jeffrey Strom, Modern Classical Homotopy Theory, 2011

126 Terence Tao, An Introduction to Measure Theory, 2011

125 Dror Varolin, Riemann Surfaces by Way of Complex Analytic Geometry, 2011

124 David A. Cox, John B. Little, and Henry K. Schenck, Toric Varieties, 2011

123 Gregory Eskin, Lectures on Linear Partial Differential Equations, 2011

122 Teresa Crespo and Zbigniew Hajto, Algebraic Groups and Differential Galois Theory,
2011

121 Tobias Holck Colding and William P. Minicozzi II, A Course in Minimal Surfaces,
2011

120 Qing Han, A Basic Course in Partial Differential Equations, 2011

119 Alexander Korostelev and Olga Korosteleva, Mathematical Statistics, 2011

118 Hal L. Smith and Horst R. Thieme, Dynamical Systems and Population Persistence,
2011

117 Terence Tao, An Epsilon of Room, I: Real Analysis, 2010
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Informally, K -theory is a tool for probing the structure of a mathematical object such 
as a ring or a topological space in terms of suitably parameterized vector spaces and 
producing important intrinsic invariants which are useful in the study of algebraic and 
geometric questions. Algebraic K -theory, which is the main character of this book, 
deals mainly with studying the structure of rings. However, it turns out that even 
working in a purely algebraic context, one requires techniques from homotopy theory 
to construct the higher K -groups and to perform computations. The resulting interplay 
of algebra, geometry, and topology in K -theory provides a fascinating glimpse of the 
unity of mathematics.

This book is a comprehensive introduction to the subject of algebraic K -theory. It 
blends classical algebraic techniques for K0  and K1  with newer topological techniques 
for higher K -theory such as homotopy theory, spectra, and cohomological descent. 
The book takes the reader from the basics of the subject to the state of the art, 
including the calculation of the higher K �������	�
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the Riemann zeta function.


