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Preface

This book grew out of a graduate course on 3-manifolds taught at Emory
University in the spring of 2003. It aims to introduce the beginning graduate
student to central topics in the study of 3-manifolds. Prerequisites are kept
to a minimum but do include some point set topology (see [109]) and some
knowledge of general position (see [128]). In a few places, it is worth our
while to mention results or proofs involving concepts from algebraic topology
or differential geometry. This should not stop the interested reader with
no background in algebraic topology or differential geometry from enjoying
the material presented here. The sections and exercises involving algebraic
topology are marked with a ∗, those involving differential geometry with
a ∗∗.

This book conveys my personal path through the subject of 3-manifolds
during a certain period of time (roughly 1990 to 2007). Marty Scharlemann
deserves credit for setting me on this path. He remains a much appreciated
guide. Other guides include Misha Kapovich, Andrew Casson, Rob Kirby,
and my collaborators.

In Chapter 1 we introduce the notion of a manifold of arbitrary dimen-
sion and discuss several structures on manifolds. These structures may or
may not exist on a given manifold. In addition, if a particular structure
exists on a given manifold, it may or may not be presented as part of the
information given. In Chapter 2 we consider manifolds of a particular di-
mension, namely 2-manifolds, also known as surfaces. Here we provide an
overview of the classification of surfaces and discuss the mapping class group.
Chapter 3 gives examples of 3-manifolds and standard techniques used to
study 3-manifolds. In Chapter 4 we catch a glimpse of the interaction of
pairs of manifolds, specifically pairs of the form (3-manifold, 1-manifold). Of

ix



x Preface

particular interest here is the consideration of knots from the point of view
of the complement (“Not Knot”). For other perspectives, we refer the reader
to the many books, both new and old, mentioned in Chapter 4, that provide
a more in-depth study. In Chapter 5 we consider triangulated 3-manifolds,
normal surfaces, almost normal surfaces, and how these set the stage for
algorithms pertaining to 3-manifolds. In Chapter 6 we cover a subject near
and dear to the author’s heart: Heegaard splittings. Heegaard splittings are
decompositions of 3-manifolds into symmetric pieces. They can be thought
of in many different ways. We discuss key examples, classical problems,
and recent advances in the subject of Heegaard splittings. In Chapter 7 we
introduce hyperbolic structures on manifolds and complexes and provide a
glimpse of how they affect our understanding of 3-manifolds. We include two
appendices: one on general position and one on Morse functions. Exercises
appear at the end of most sections.

I wish to thank the many colleagues and students who have given me
the opportunity to learn and teach. I also wish to thank the institutions
that have supported me through the years: University of California, Emory
University, Max-Planck-Institut für Mathematik Bonn, Max-Planck-Institut
für Mathematik Leipzig, and the National Science Foundation.
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plications, Birkhäuser Boston Inc., Boston, MA, 1992, Translated from the second
Portuguese edition by Francis Flaherty. MR1138207 (92i:53001)

38. Cornelia Drutu and Michael Kapovich, Lectures on geometric group theory, preprint.

39. A. Fathi, F. Laudenbach, and V. Poenaru, Travaux de Thurston sur les surfaces,
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183–197, Séminaire Bourbaki, Vol. 1988/89. MR1040573 (91e:57047)

51. , Travaux de Novikov sur les feuilletages, Séminaire Bourbaki, Vol. 10, Soc.
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118. Peter S. Ozsváth and Zoltán Szabó, Knot Floer homology and rational surgeries,
Algebr. Geom. Topol. 11 (2011), no. 1, 1–68. MR2764036 (2012h:57056)

119. C. D. Papakyriakopoulos, On Dehn’s lemma and the asphericity of knots, Ann. of
Math. 66 (1957), no. II, 1–26.

120. R. C. Penner and J. L. Harer, Combinatorics of train tracks, Annals of Mathematics
Studies, vol. 125, Princeton University Press, Princeton, NJ, 1992. MR1144770
(94b:57018)

121. G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
http://arxiv.org/abs/math/0211159.

122. , Finite extinction time for the solutions to the Ricci flow on certain three-
manifolds, http://arxiv.org/abs/math/0307245.

123. , Ricci flow with surgery on three-manifolds, http://arxiv.org/abs/math/
0303109.

124. John G. Radcliffe, Foundations of hyperbolic manifolds, second ed., Graduate Texts
in Mathematics, vol. 149, Springer Verlag, New York, 2006.

125. Yo’av Rieck and Eric Sedgwick, Thin position for a connected sum of small knots,
Algebr. Geom. Topol. 2 (2002), 297–309 (electronic).

126. Igor Rivin, Euclidean structures on simplicial surfaces and hyperbolic volume, Ann.
of Math. (2) 139 (1994), no. 3, 553–580. MR1283870 (96h:57010)

127. Dale Rolfsen, Knots and links, Mathematics Lecture Series, vol. 7, Publish or Perish
Inc., Houston, TX, 1990, corrected reprint of the 1976 original.

128. C. Rourke and B. Sanderson, Introduction to piecewise-linear topology, Springer
Study Edition, Springer-Verlag, Berlin-New York, 1982, reprint of the 1972 origi-
nal.

129. Hyam Rubinstein and Martin Scharlemann, Comparing Heegaard splittings of non-
Haken 3-manifolds, Topology 35 (1996), no. 4, 1005–1026. MR1404921 (97j:57021)

130. , Transverse Heegaard splittings, Michigan Math. J. 44 (1997), no. 1, 69–83.
MR1439669 (98c:57017)

131. , Comparing Heegaard splittings—the bounded case, Trans. Amer. Math. Soc.
350 (1998), no. 2, 689–715. MR1401528 (98d:57033)

132. Martin Scharlemann, Constructing strange manifolds with the dodecahedral space,
Duke Math. J. 43 (1976), no. 1, 33–40. MR0402760 (53 #6574)

133. , Heegaard splittings of compact 3-manifolds, Handbook of geometric topology,
North-Holland, Amsterdam, 2002, pp. 921–953. MR1886684 (2002m:57027)

134. Martin Scharlemann and Jennifer Schultens, The tunnel number of the sum of n
knots is at least n, Topology 38 (1999), no. 2, 265–270. MR1660345 (2000b:57013)

135. , Annuli in generalized Heegaard splittings and degeneration of tunnel number,
Math. Ann. 317 (2000), no. 4, 783–820.

136. Martin Scharlemann and Abigail Thompson, Thin position and Heegaard splittings
of the 3-sphere, J. Differential Geom. 39 (1994), no. 2, 343–357.

137. , Thin position for 3-manifolds, Geometric topology (Haifa, 1992), Contemp.
Math., vol. 164, Amer. Math. Soc., Providence, RI, 1994, pp. 231–238.

http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2026543
http://www.ams.org/mathscinet-getitem?mr=2058681
http://www.ams.org/mathscinet-getitem?mr=2058681
http://www.ams.org/mathscinet-getitem?mr=2764036
http://www.ams.org/mathscinet-getitem?mr=2764036
http://www.ams.org/mathscinet-getitem?mr=1144770
http://www.ams.org/mathscinet-getitem?mr=1144770
http://www.ams.org/mathscinet-getitem?mr=1283870
http://www.ams.org/mathscinet-getitem?mr=1283870
http://www.ams.org/mathscinet-getitem?mr=1404921
http://www.ams.org/mathscinet-getitem?mr=1404921
http://www.ams.org/mathscinet-getitem?mr=1439669
http://www.ams.org/mathscinet-getitem?mr=1439669
http://www.ams.org/mathscinet-getitem?mr=1401528
http://www.ams.org/mathscinet-getitem?mr=1401528
http://www.ams.org/mathscinet-getitem?mr=0402760
http://www.ams.org/mathscinet-getitem?mr=0402760
http://www.ams.org/mathscinet-getitem?mr=1886684
http://www.ams.org/mathscinet-getitem?mr=1886684
http://www.ams.org/mathscinet-getitem?mr=1660345
http://www.ams.org/mathscinet-getitem?mr=1660345


282 Bibliography

138. Martin G. Scharlemann, Unknotting number one knots are prime, Invent. Math. 82
(1985), no. 1, 37–55. MR808108 (86m:57010)

139. Saul Schleimer, Waldhausen’s theorem, Workshop on Heegaard Splittings, Geom.
Topol. Monogr., vol. 12, Geom. Topol. Publ., Coventry, 2007, pp. 299–317.
MR2408252

140. , The end of the curve complex, Groups Geom. Dyn. 5 (2011), no. 1, 169–176.
MR2763783

141. Horst Schubert, Knoten und Vollringe, Acta Math. 90 (1953), 131–286.
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Haken 3-manifold, 75
handle decomposition, 274
handlebody, 177
Hausdorff distance, 256
Heegaard diagram, 181
Heegaard genus, 212

Heegaard splitting, 178, 202, 228
height function, 64, 128
hierarchy, 80
homotopy, 23
homotopy equivalent, 83
Hopf link, 117
horizontal, 92, 194, 254
hyperbolic arc length, 215
hyperbolic n-manifold, 221
hyperbolic volume, 215

ideal triangle, 219
incompressible, 73
independent, 162
index, 211, 269
inessential, 32
infinite cyclic cover, 139
innermost disk argument, 98
intersection number, 31
inversion, 219
irreducible, 62, 183
isometry, 22
isomorphic, 59
isomorphism, 58
isotopy, 23

Jones polynomial, 126
Jordan Curve Theorem, 30, 64

Kneser-Haken finiteness, 162
knot, 102
knot diagram, 103
knot invariant, 113

lamination, 243
leaf, 238
leaves, 243
length, 82, 149, 235
lens space, 83
link, 102, 146
linking number, 117
longitude, 106, 227
Loop Theorem, 79

mapping class group, 48, 255
measure, 152
meridian, 106, 227
meridian disks, 177
metric triangulation, 173
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square knot, 109
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submanifold, 3
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torus knot, 105
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uniquely ergodic, 246
universal, 139
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Whitehead manifold, 84
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wild knot, 101
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