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Introduction

Preface to the Second Edition

We were very happy with the reception the first edition received after its
appearance in 2003. In the years since, numerous readers have contacted
us with questions, corrections, and comments on the exposition in the first
edition. The book has been used in graduate classes at Texas A& M seven
times by the second author, who would like to thank the students for their
substantial input, especially the students from the 2012 and 2015 classes
where preliminary versions of Chapters 3 and 11 were used. Thanks to our
readers and students we have implemented many changes to improve and
correct the exposition. While many people have helped, we owe a special
debt to Colleen Robles, Matt Stackpole, Pieter Eendebak and Peter Vassil-
iou, who gave us numerous detailed comments, and to Robert Bryant and
Michael Eastwood for their help developing the new material. We are also
grateful to the AMS editorial staff, in particular Ed Dunne, Sergei Gelfand,
and Christine Thivierge, for their help and patience.

One feature of this edition is that we have attempted to make more con-
nections with the larger subject of differential geometry, mentioning major
theorems and open questions with references to the literature. There are
also three chapters of essentially new material:

Chapter 3 vastly expands the few pages on Riemannian geometry in
the second chapter of the first edition. Notable here is the emphasis on a
representation-theoretic perspective for the Riemann curvature tensor and
its covariant derivative. There is also a proof of Killing’s theorem describing

xi



xii Introduction

the space of Killing vector fields on a Riemannian manifold and a discus-
sion of homogeneous Riemannian manifolds, the latter following unpublished
notes of R. Bryant.

Chapter 10 is devoted to the latest development in the study of Darboux-
integrable exterior differential systems, namely the work of Anderson, Fels
and Vassiliou [6] on superposition formulas for such systems. These struc-
tures, which enable one to write down explicit solutions, are based on the
action of the system’s Vessiot group, which is generated by a set of vec-
tor fields which define its Vessiot algebra. After discussing the generalized
definition of Darboux integrability formulated by these authors, we explain
the construction of the Vessiot algebra by a sequence of delicate coframe
adaptations. These adaptations are illustrated using a running example,
and other recent applications of Darboux integrability in diverse settings,
including Toda lattice systems and wave maps, are detailed in the exercises.

In Chapter 11 we discuss conformal differential geometry. A central goal
of this chapter is to take steps to bring the EDS and parabolic geometry
perspectives together by discussing a particular geometry. It should enable
readers familiar with the parabolic geometry perspective to place this book
in better context and enable readers from an EDS perspective to start read-
ing the parabolic geometry literature (see [33] for an excellent introduction).
Conformal geometry is a beautiful subject and we only touch on several top-
ics: conformal Killing fields, the conformal Laplacian, and Gover’s work on
Einstein metrics in a given conformal class [78]. This chapter was heavily
influenced by the expositions [29] and [56], as well as conversations with M.
Eastwood, who we thank for his help.

In addition, we have re-arranged some of the material from the first
edition. Grassmannians are introduced earlier in section 1.9. The first
edition’s Chapter 3, on projective geometry, has been split into two chapters:
Chapter 4, which contains material that every differential geometer should
learn and material needed later in the book, and Chapter 12, which contains
more specialized and advanced topics. The chapter on G-structures (now
Chapter 9) has also been substantially re-written for clarity, and a new
section on G-Killing vector fields, based on conversations with R. Bryant,
has been added.

With the re-arrangement of material, the interdependence of chapters in
the second edition is described by the following diagram:
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Dependence of Chapters

1

2 5 47.1

3 6

8

7.2–7.5

9

10

12

11

Suggested uses of this book:

• a year-long graduate course covering moving frames and exterior
differential systems (chapters 1–9);

• a one-semester course on exterior differential systems and applica-
tions to partial differential equations (chapters 1 and 7–8);

• a one-semester course on the use of moving frames in algebraic
geometry (chapters 4 and 12, preceded by part of chapter 1);

• a one-semester beginning graduate course on differential geometry
(chapters 1, 2, 3 and 9)

• a year-long differential geometry course based on chapters 1, 2, 3
and 11, interspersed with an introduction to differentiable mani-
folds from e.g., [174, Vol. I].



xiv Introduction

Preface to the First Edition

In this book, we use moving frames and exterior differential systems to study
geometry and partial differential equations. These ideas originated about
a century ago in the works of several mathematicians, including Gaston
Darboux, Edouard Goursat and, most importantly, Elie Cartan. Over the
years these techniques have been refined and extended; major contributors
to the subject are mentioned below, under “Further Reading”.

The book has the following features: It concisely covers the classical
geometry of surfaces and basic Riemannian geometry in the language of
moving frames. It includes results from projective differential geometry that
update and expand the classic paper [85] of Griffiths and Harris. It provides
an elementary introduction to the machinery of exterior differential systems
(EDS), and an introduction to the basics of G-structures and the general
theory of connections. Classical and recent geometric applications of these
techniques are discussed throughout the text.

This book is intended to be used as a textbook for a graduate-level
course; there are numerous exercises throughout. It is suitable for a one-
year course, although it has more material than can be covered in a year, and
parts of it are suitable for a one-semester course (see the end of this preface
for some suggestions). The intended audience is both graduate students who
have some familiarity with classical differential geometry and differentiable
manifolds, and experts in areas such as PDE and algebraic geometry who
want to learn how moving frame and EDS techniques apply to their fields.

In addition to the geometric applications presented here, EDS techniques
are also applied in CR geometry (see, e.g., [120]), robotics, and control
theory (see [68, 69, 159]). This book prepares the reader for such areas,
as well as for more advanced texts on exterior differential systems, such as
[27], and papers on recent advances in the theory, such as [71, 144].

Overview. Each section begins with geometric examples and problems.
Techniques and definitions are introduced when they become useful to help
solve the geometric questions under discussion. We generally keep the pre-
sentation elementary, although advanced topics are interspersed throughout
the text.

In Chapter 1 we introduce moving frames via the geometry of curves in
the Euclidean plane E2. We define the Maurer-Cartan form of a Lie group G
and explain its use in the study of submanifolds of G-homogeneous spaces.
We give additional examples, including the equivalence of holomorphic map-
pings up to fractional linear transformation, where the machinery leads one
naturally to the Schwarzian derivative.
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We define exterior differential systems and jet spaces, and explain how
to rephrase any system of partial differential equations as an EDS using jets.
We state and prove the Frobenius system, leading up to it via an elementary
example of an overdetermined system of PDE.

In Chapter 2 we cover traditional material—the geometry of surfaces in
three-dimensional Euclidean space, submanifolds of higher-dimensional Eu-
clidean space, and the rudiments of Riemannian geometry—all using moving
frames. Our emphasis is on local geometry, although we include standard
global theorems such as the rigidity of the sphere and the Gauss-Bonnet
Theorem. Our presentation emphasizes finding and interpreting differential
invariants to enable the reader to use the same techniques in other settings.

We begin Chapter 31 with a discussion of Grassmannians and the Plücker
embedding.2 We present some well-known material (e.g., Fubini’s theorem
on the rigidity of the quadric) which is not readily available in other text-
books. We present several recent results, including the Zak and Landman
theorems on the dual defect, and results of the second author on complete
intersections, osculating hypersurfaces, uniruled varieties and varieties cov-
ered by lines. We keep the use of terminology and results from algebraic
geometry to a minimum, but we believe we have included enough so that
algebraic geometers will find this chapter useful.

Chapter 43 begins our multi-chapter discussion of the Cartan algorithm
and Cartan-Kähler Theorem. In this chapter we study constant coefficient
homogeneous systems of PDE and the linear algebra associated to the corre-
sponding exterior differential systems. We define tableaux and involutivity
of tableaux. One way to understand the Cartan-Kähler Theorem is as fol-
lows: given a system of PDE, if the linear algebra at the infinitesimal level
“works out right” (in a way explained precisely in the chapter), then exis-
tence of solutions follows.

In Chapter 54 we present the Cartan algorithm for linear Pfaffian sys-
tems, a very large class of exterior differential systems that includes systems
of PDE rephrased as exterior differential systems. We give numerous ex-
amples, including many from Cartan’s classic treatise [40], as well as the
isometric immersion problem, problems related to calibrated submanifolds,
and an example motivated by the variation of the Hodge structure.

1Now Chapters 4 and 12
2Now in Chapter 1
3Now Chapter 5
4Now Chapter 6
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In Chapter 75 we take a detour to discuss the classical theory of charac-
teristics, Darboux’s method for solving PDE, and Monge-Ampère equations
in modern language. By studying the exterior differential systems associ-
ated to such equations, we recover the sine-Gordon representation of pseu-
dospherical surfaces, the Weierstrass representation of minimal surfaces, and
the one-parameter family of noncongruent isometric deformations of a sur-
face of constant mean curvature. We also discuss integrable extensions and
Bäcklund transformations of exterior differential systems, and the relation-
ship between such transformations and Darboux integrability.

In Chapter 66 we present the general version of the Cartan-Kähler The-
orem. Doing so involves a detailed study of the integral elements of an EDS.
In particular, we arrive at the notion of a Kähler-regular flag of integral ele-
ments, which may be understood as the analogue of a sequence of well-posed
Cauchy problems. After proving both the Cartan-Kähler Theorem and Car-
tan’s test for regularity, we apply them to several examples of non-Pfaffian
systems arising in submanifold geometry.

Finally, in Chapter 87 we give an introduction to geometric structures
(G-structures) and connections. We arrive at these notions at a leisurely
pace, in order to develop the intuition as to why one needs them. Rather
than attempt to describe the theory in complete generality, we present one
extended example, path geometry in the plane, to give the reader an idea
of the general theory. We conclude with a discussion of some recent gener-
alizations of G-structures and their applications.

There are four appendices, covering background material for the main
part of the book: linear algebra and rudiments of representation theory,
differential forms and vector fields, complex and almost complex manifolds,
and a brief discussion of initial value problems and the Cauchy-Kowalevski
Theorem, of which the Cartan-Kähler Theorem is a generalization.

Layout. All theorems, propositions, remarks, examples, etc., are numbered
together within each section; for example, Theorem 1.3.1 is the second num-
bered item in section 1.3. Equations are numbered sequentially within each
chapter. We have included hints for selected exercises, those marked with
the symbol � at the end, which is meant to be suggestive of a life preserver.

5Now Chapter 8
6Now Chapter 7
7Now Chapter 9
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Further reading on EDS. To our knowledge, there are only a small num-
ber of textbooks on exterior differential systems. The first is Cartan’s clas-
sic text [40], which has an extraordinarily beautiful collection of examples,
some of which are reproduced here. We learned the subject from our teacher
Bryant and the book by Bryant, Chern, Griffiths, Gardner and Goldschmidt
[27], which is an elaboration of an earlier monograph [26], and is at a more
advanced level than this book. One text at a comparable level to this book,
but more formal in approach, is [190]. The monograph [86], which is cen-
tered around the isometric embedding problem, is similar in spirit but covers
less material. The memoir [189] is dedicated to extending the Cartan-Kähler
Theorem to the C∞ setting for hyperbolic systems, but contains an exposi-
tion of the general theory. There is also a monograph by Kähler [109] and
lectures by Kuranishi [119], as well the survey articles [82, 110]. Some dis-
cussion of the theory may be found in the differential geometry texts [174]
and [177].

We give references for other topics discussed in the book in the text.

History and Acknowledgements. This book started out about a decade
ago. We thought we would write up notes from Robert Bryant’s Tuesday
night seminar, held in 1988–89 while we were graduate students, as well
as some notes on exterior differential systems which would be more intro-
ductory than [27]. The seminar material is contained in §9.8 and parts of
Chapter 7. Chapter 2 is influenced by the many standard texts on the sub-
ject, especially [55] and [174], while Chapter 4 is influenced by the paper
[85]. Several examples in Chapter 6 and Chapter 8 are from [40], and the
examples of Darboux’s method in Chapter 7 are from [76]. In each case,
specific attributions are given in the text. Chapter 8 follows Chapter III of
[27] with some variations. In particular, to our knowledge, Lemmas 8.1.10
and 8.1.13 are original. The presentation in §9.7 is influenced by [15], [114]
and unpublished lectures of Bryant.

The first author has given graduate courses based on the material in
Chapters 6 and 7 at the University of California, San Diego and at Case
Western Reserve University. The second author has given year-long gradu-
ate courses using Chapters 1, 2, 4, 5, and 8 at the University of Pennsylvania
and Université de Toulouse III, and a one-semester course based on Chap-
ters 1, 2, 4 and 5 at Columbia University. He has also taught one-semester
undergraduate courses using Chapters 1 and 2 and the discussion of con-
nections in Chapter 8 (supplemented by [173] and [174] for background
material) at Toulouse and at Georgia Institute of Technology, as well as
one-semester graduate courses on projective geometry from Chapters 1 and
3 (supplemented by some material from algebraic geometry), at Toulouse,
Georgia Tech. and the University of Trieste. He also gave more advanced
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lectures based on Chapter 3 at Seoul National University, which were pub-
lished as [129] and became a precursor to Chapter 3. Preliminary versions
of Chapters 5 and 8 respectively appeared in [126, 125].

We would like to thank the students in the above classes for their feed-
back. We also thank Megan Dillon, Phillipe Eyssidieux, Daniel Fox, Sung-
Eun Koh, Emilia Mezzetti, Joseph Montgomery, Giorgio Ottaviani, Jens
Piontkowski, Margaret Symington, Magdalena Toda, Sung-Ho Wang and
Peter Vassiliou for comments on the earlier drafts of this book, and An-
nette Rohrs for help with the figures. The staff of the publications division
of the AMS—in particular, Ralph Sizer, Tom Kacvinsky, and our editor,
Ed Dunne—were of tremendous help in pulling the book together. We are
grateful to our teacher Robert Bryant for introducing us to the subject.
Lastly, this project would not have been possible without the support and
patience of our families.



Hints and Answers to
Selected Exercises

Chapter 1

1.2.4 Use Stokes’ Theorem applied to integrating about the boundary
of a rectangle.

1.4.3(f) Let A(t) be a family of circles with radius r(t) and centers c(t),
and show that if dr

dt > |
dc
dt |, then the circles are nested.

1.7.3.1(d) Consider the area of the region bounded by the curve and a line
parallel to the curve, and take the limit as the line approaches
the tangent line (see [83]).

1.8.4.3 For (b): Write c(t) = c(t)+r(t)e2(t), and show that r is constant.

1.8.4.5 Consider the point c(t) + ρN + σB.

1.9.1.2 Use the skew-symmetry of the wedge product, defined in Appen-
dix A.

1.10.7 For part (c), n+m
∑k

j=0

(n+j−1
j

)
.

Chapter 2

2.1.2.2 Compare the speed of a curve to its curvature.

2.1.2.3 What is the characteristic polynomial of h?

2.2.2.5 Take a line in the x− z plane and rotate it about the z-axis.

2.2.2.6 Let r(v) = C cos(v), t(v) =
∫ v
0

√
1− C2 sin2 v dv. The only com-

plete ones are the spheres.

425



426 Hints and Answers to Selected Exercises

2.3.1.3 Differentiate ω3
1 = k1ω

1 and ω3
2 = k2ω

2.

2.3.1.4 Use (B.2).

2.3.1.5 Differentiate your answer from Exercise 2.3.1.3.

2.3.3 M compact implies there exists a point p at which k1 has a local
maximum. Then K constant implies that k2 must have a local
minimum at p as well. Deduce that p must be an umbilic point.
Let q ∈M be any other point, and compare kj(p) with kj(q).

2.4.1 Answer: H ≡ 0,K = − 1
a2 cosh4(v)

.

2.4.3 Locally we may write ω2
1 = du for some function u : F → R.

Since ω2
1 is not semi-basic for the projection to M , locally there

exists a vertical vector field X such that ω2
1(X) > 0, or du(X) >

0, which implies u is not constant in vertical directions. Thus
we may choose a local section F : M → F such that F ∗(u) is
constant and therefore F ∗(ω2

1) = 0.

2.4.5 Instead of calculating the whole frame, just show that dω2
1 = 0.

2.5.4.2 It is sufficient to show that if we adapt frames such that e1 is
tangent to the fiber of the Gauss map, then the integral curves
to the vector field e1 are lines; see Chapter 4 for more details.

2.5.9 Use the identification in Exercise 3.7.2.4.

2.6.5 Extend c′ to a neighborhood and show independence of exten-
sion.

2.7.2 Use Proposition 2.5.3.

2.7.3 Use (2.18) and apply Stokes’ Theorem to dω2
1.

2.8.1 Show that if one refines a triangulation by adding a new vertex
and corresponding edges, then χΔ doesn’t change.

3.2.2 If f̃ = Af for A ∈ GL(n), then (gij(f̃)) =
tA−1(gij(f))A

−1.

2.8.5 First observe that this is true for orthonormal frames.

2.8.6 Normalize e1 × e2 to obtain N .

Chapter 3

3.1.1 For (b) differentiate the result of part (a). For (d) use the Cartan
Lemma A.1.9.

3.1.3 The fibers are isomorphic to SO(V ) without the identity labeled.
If we consider the point we are taking the differential at as the
identity, then that fiber becomes SO(V ) and thus its tangent
space at that point becomes so(V ).
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3.1.8 Show that Θ̃ is unchanged under the action of O(n) on the fiber
of Fon(M).

3.1.16 dβ is minus the skew-symmetrization of ∇β.

3.1.19 For arbitrary α = aiη
i, we have ∇(α(X)) = d(aix

i) = aidx
i +

xidai and X ∇α = xi(dai − ajη
j
i ) from (3.3).

3.1.21.3 Use dα(X,Y ) = X(α(Y ))− Y (α(X))− α(X,Y ) for α = ηi, and
combine with (3.4).

3.1.21.4 Differentiating (3.4), with Z in place of X, gives a relationship
between Θ and the second derivatives of Z.

3.2.3 To do this exercise, you need to use the higher-dimensional ver-
sion of the Poincaré-Hopf Theorem; see p. 450 in Volume 1 of
[173] for further details.

3.2.7 On one hand ∇h = ωiωj⊗(dhij − hikω
k
j − hjkω

k
i ) by the defini-

tion of the covariant derivative. On the other hand taking 0 =
d(ωn+1

j − hjkω
k shows (dhij − hikω

k
j − hjkω

k
i )∧ωj = 0. Now ap-

ply the Cartan Lemma to conclude (dhij−hikω
k
j −hjkω

k
i ) = hijk

with hijk = hikj , but we also have hijk = hjik.

3.2.10 The differentials of ηi − ωi are clearly zero modulo I, those
of ηij − ωi

j are zero thanks to the Gauss equation, and that of

ωn+1, ωn+1
j − hjkω

k is zero thanks to the Codazzi equation.

3.3.7.2 Show that S2(Λ2V ) is spanned by elements of the form (v∧w)2.

3.3.10 Differentiate 0 = dηij + ηik ∧ ηkj −Θi
j .

3.4.2.5 Consider the orbit of a one-parameter subgroup passing through
a point x with the same tangent direction as a geodesic.

3.4.4.1 Use Proposition 11.2.10.

3.6.3.2 It is sufficient, by functoriality, to prove this is true on vector
fields Y ∈ Γ(TM).

3.7.2.1 Use Gram-Schmidt.

3.7.7 Use Schur’s Lemma to show that for any group G and any irre-
ducible G-module W , there exists at most one G-invariant qua-
dratic form on W .

Chapter 4

4.2.2 Use the fundamental theorem of algebra.
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4.2.16.1 When we project, we lose a conormal direction and the tangent
space remains the same. Thus IIX′,x′ is the same as IIX,x, except

one quadric is lost. If we let p = [en+a], and IIX,x = qμαβω
αωβeμ,

then IIX′,x′ = qφαβω
αωβeφ, where n+ 1 ≤ φ ≤ n+ a− 1.

4.2.16.2 Taking a hyperplane section, we lose a tangent direction; say
this direction is en. If IIX,x = qμαβω

αωβeμ, then IIX∩H,x =

qμstω
sωteμ, where 1 ≤ s, t ≤ n− 1.

4.3.4.1 Calculate d(e0 + te1).

4.3.4.2 Use Terracini’s Lemma.

4.3.4.3 Use Exercise 4.3.4.2.

Chapter 5

5.1.11.1 A = {p111w1⊗v1 ◦ v1 + p112w1⊗v1 ◦ v2 + p122w1⊗v2 ◦ v2 + p211w2⊗
v1 ◦ v1 + p212w2⊗v1 ◦ v2 + p222w2⊗v2 ◦ v2 | p111 + p222 = 0} has
dimension 5 = 6− 1.

Chapter 7

7.1.2.1 Use the fact that L[v,w] = Lv ◦ Lw − Lw ◦ Lv. This identity is
easily verified on 0-forms and exact 1-forms, and then follows for
all forms from the Leibniz rule (B.3) for Lie derivatives.

7.1.2.2 Suppose Lvψ ∈ I for ψ ∈ I. Then use the Leibniz rule to show
that Lv(α ∧ ψ) ∈ I for any α, and use (B.4) to get Lv(dψ) ∈ I.

7.1.2.3 The most general v is given by (7.2) for f = −hz and g = h+zhz,
where h is an arbitrary function of x, y, z.

7.1.3 Note that if ψ ∈ I, then φ∗
t (ψ) ∈ I also.

7.1.6.1 Use (B.4).

7.1.6.2 Use the identity [v,w] ψ = Lv(w ψ)− w (Lvψ), which may be
derived in the same way as the formula for L[v,w] above.

7.1.6.3 Use the formula v (α ∧ ψ) = (v α) ∧ ψ + (−1)degαα ∧ (v ψ),
and let ψ be one of the algebraic generators of I.

7.1.15.1 u(x, y) = 2
5

(
x± 1

2y
)2
.

7.1.15.2 u(x, y) = 1
2(1− x2)± y.
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7.1.15.3 u(x, y) = 2x3/2/
√
1− 27y. In general, the solution of u(s, 0) =

f(s) is u = f(s) − 2yf ′(s)3, where s is implicitly defined as a
function of x, y by s = x + 3yf ′(s)2. If f(s) isn’t linear, then
there exists an s such that f ′′(s) 	= 0, and hence there exists a y
such that ∂s/∂x is undefined. Then ∂2u/∂x2 is undefined.

7.1.19.1 Use the Pfaff Theorem 1.10.16.

7.1.19.2 Using x, y, z, p, q, s as coordinates, the Cauchy characteristic is
given by

v =
∂

∂x
+ s2

∂

∂y
+ (p+ qs2)

∂

∂z
+

2

3
s3

∂

∂p
+ 2s

∂

∂q
.

7.1.22.2 See Proposition B.3.3.

7.2.8 The hyperbolic system of class zero is generated by (du −
f(v)dx) ∧ dy and (dv − g(u)dy) ∧ dx.

7.3.3 I(2) is spanned by θ1.

7.3.13 q = sx− y ln s+
∫
φ(y)dy+

∫
ψ(s)/s ds and z = xp+ qy−xys−

1
2(x

2r − y2 ln s) +
∫
yφ(y)dy − 1

2

∫
ψ(s)/s2 ds.

7.3.15.2 The class-zero system is integrable if f, g are constants. The
class-two system is integrable if f, g are exponential functions.

7.4.4.1 Compute dΨ, noting that dp, dq ≡ 0 modulo θ, dx, dy. Then mod
out by dθ.

7.4.8 First apply the Pfaff Theorem 1.10.16 to obtain local coordinates
in which θ is a multiple of dz − p dx− q dy. Then show that, in
these coordinates, the generator 2-form can be taken to have the
form (7.19).

7.4.10 M1,2 = {θ, dx± dq, dy ± dp}.

7.4.11(b) Determine how β0, β1, β2 can be modified, by adding linear com-
binations of the coframe 1-forms, and still satisfy the structure
equations. Then, note that the derivative of the first equation
implies β1 ≡ β0mod θ, ω1, π1 and β2 ≡ β0mod θ, ω2, π2.

7.4.11(c) The first structure equation now implies dβ0 ≡ a(ω1∧π1−ω2∧π2)
mod θ. Then differentiate β1 = β0 − aθ modulo θ and compare
with the derivative of the second structure equation.

7.4.13 If fz = 0, we have a first-order PDE for q = zy. If fz 	= 0,
then the equation is semi-integrable if and only if f(x, y, z, q) =
A(x, y, z)q +B(x, y, z) and Ay = Bz.
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7.4.15 For part (a), note that ω3 is the result of taking the dot product
of dx with e3. For part (b), note that Fr is covered by the
transformation on F given by (x; e1, e2, e3) �→ (x+re3; e1, e2, e3).
Then use (1.26) and (1.27) to compute pullbacks of the ω’s.

7.4.16.1 Hint: when is Θ + λΨ decomposable, modulo ω3?

7.4.16.2 In a space form of constant curvature ε, the Weingarten equation
AK+2BH+C = 0 is hyperbolic if and only ifB2−A(C+εA) < 0.
For example, the system for flat surfaces in S3 is equivalent to
the wave equation.

7.4.19 Hint: It’s easier to use the ansatz u = 2arctan(f(x+ y)).

7.4.23 The minimal surfaces produced in question 1 are a plane, En-
neper’s surface, the catenoid, and the helicoid, respectively. The
catenoid is also the mystery surface in question 3.

7.5.8 Let V ⊂ TB be the bundle of vertical vectors for π. Then
J ⊂ T ∗B defines a splitting T ∗B as the direct sum J ⊕ V ⊥

of vector bundles, with dual splitting TB = V ⊕H.
Let θi ∈ Γ(J) be a (local) basis for sections of J , with dual basis
ei ∈ Γ(V ). Then by definition

dθi ≡ Θi
j ∧ θj modπ∗I

for some forms Θi
j on B. Thinking of H as a kind of connection,

we define the torsion of J as

Θ = Θi
j ⊗ (θi ⊗ ej) ∈ Γ((T ∗B/(J ⊕ π∗I1))⊗ End(V )).

Then (B, J) splits locally if there exists a subbundle W ⊂ V
preserved by Θ.

7.5.13.2 Condition (7.37a) implies that decomposable 2-forms in one sys-
tem are congruent to decomposables for the other, modulo the
contact forms ω3, ω̄3. The asymptotic lines are dual to the factors
of these decomposables.

7.5.13.5 Although the Cole-Hopf transformation can be described in
terms of a double fibration, with the heat equation on one side
and Burger’s equation on the other, the pullback of the heat
equation system doesn’t include the 2-forms for Burger’s equa-
tion. Equivalently, given a solution of the heat equation, there
is no Frobenius system available for us to produce multiple solu-
tions of Burger’s equation.
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7.5.13.6 The point is to show that Bäcklund-equivalence is transitive:
given (M1, I1) linked to (M2, I2) by a double fibration carry-
ing a Bäcklund transformation, and (M2, I2) similarly linked to
(M3, I3), use this data to construct a Bäcklund transformation
linking (M1, I1) and (M3, I3).

Chapter 8

8.1.5 Consider the bundle map i : TΣ→ T ∗Σ given by v �→ v (ω1∧ω2),
which is well-defined up to multiple. Then the singular points of
V2(I) are those 2-planes to which this map restricts to be zero.

8.1.7.3 If ψ ∈ Ii for k ≤ n, then v ψ|E 	= 0 implies that there exists
ψ ∧ α ∈ In+1 such that v ψ|E 	= 0.

8.2.1.1 Express the right-hand side of (8.6) in terms of the Ωi and solve
for the Ωi in terms of the dωi ∧ ωi’s.

8.2.1.3 Consider the intersection of a hyperboloid and an ellipsoid in a
system of confocal quadrics.

8.5.2 Let q = κeiθ and differentiate N = e2 sin θ + e3 cos θ.

8.5.9.1 In fact, d(x+(1/k0)e3)∧ω1 = 0, so each line of curvature in the
e2-direction lies on a sphere of radius 1/k0. The surface is the
envelope of these spheres, and the two functions may be taken
to be the curvature and torsion of the curve traced out by the
centers of the spheres.

8.5.9.2 These surfaces may also be characterized as those for which both
of the focal surfaces are degenerate. One such surface is the torus
swept out by revolving a circle about an axis. The EDS for these
surfaces becomes Frobenius after two prolongations, and the so-
lutions are the cyclides of Dupin. These are the surfaces that
are obtained by acting on circular tori of revolution by the group
O(4, 1) of conformal transformations of E3. See [104] for more
information, including an interesting application of conformal
moving frames.

8.5.9.4 Add the 3-form ω4
1 ∧ω2 ∧ω3+ω4

2 ∧ω3 ∧ω1+ω4
3 ∧ω1 ∧ω3 to the

ideal.

Chapter 9

9.1.3 All are equivalent.

9.1.12.5
1

2

∂2

∂x∂y
(log

Hx

Hy
)dx ∧ dy.
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9.1.12.6
FFxy − FxFy

F 2
dx ∧ dy.

9.7.1 Show that the components of θ span a codimension-one Pfaffian
system on α∗FG.

9.7.2 Use the equivariance of θ.

9.8.10 Consider H2 as half of a two-sheeted hyperboloid in Lorentz
space.

Chapter 10

10.2.6 Given α ∈ Γ(V̂ ), let α = α1 + α0 where α1 ∈ Γ(V̌ ) and α0 ∈
Γ(V̂ (∞)). Conclude that α1 is a section of V̂ ∩ V̌ = I. Thus,

V̂ = {σ̂, η̂, θ, η̌}, and then use T ∗M = V̂ + V̌ (∞).

10.2.9 To show, e.g., that V̂ is a differential ideal, note that modulo the
1-forms in V̂ , the Ω̌ are spanned by the derivatives of θ and η̌.

10.2.11 If α ∈ V̂�V̌ and β is any k-form, consider evaluating α∧β on the
direct sum of an integral element of V̂ and an integral element
of V̌ . (Take a basis for each.)

10.3.2 Show that η̂m([Ŝa, Ŝb]) = −F̂m
ab . More generally, derive a recur-

sive formula for η̂m([ŜA, Ŝb]) and conclude (using the last state-

ment of Proposition 10.2.7) that η̂m(ŜA) is always a first integral

of V̂ (∞).

10.3.7 It is straightforward algebra to show that ω̂i = Λi
jω̌

j . By evaluat-

ing dθiX(Xj, Yk) two different ways, show that Xj(Q
i
k) = Ci

j�Q
�
k.

Use this and the 4-adapted structure equations to compute dQi
j .

Then, letting ψ̂j = Ŝj
aπ̂a and ψ̌j = Šj

απ̌α, compare the 4-adapted
and 5-adapted structure equations to compute dR̂, dŘ, dψ̂j and
dψ̌j . Finally, using all of this, compute dω̂i and dω̌i.

10.5.7 By Proposition 10.2.10, the span of the Ω̌1 coincides with the
pullbacks of dη̌ and Bσ̌∧ σ̌ to M1, and these in turn are deriva-
tives of 1-forms in W1.

10.5.11.8 When the system is encoded in the usual way on manifold Σ ⊂
J2(R3,R), there is a decomposition T ∗Σ = I ⊕ J1⊕ J2⊕ J3 such
that any generator 2-form belongs to Λ2Ji for some i. Then one
can take V̂ to be the sum of I and any two of the Ji, while V̌ is
the sum of I and the remaining term in the decomposition.
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Chapter 11

11.1.6 Under a change of metric

Θ̂i
j = [ε+ σ−2(

∑
k

σ2
k)]η

i ∧ ηj + σ−1(sjmηi ∧ ηm − simηj ∧ ηm).

In order that this is zero we see sij = 0 if i 	= j and sjj =
1
2s is

independent of j, where

(4.5) s = −σε− σ−1(
∑
k

σ2
k).

Set up an EDS on F (1)
CO(V ) × R × Rn where the last two factors

have coordinates (σ, σi) given by

I = {θ = dσ − σiω
i, θi = dσi − σjθ

j
i − μωi}.

Show the system is Frobenius, keeping in mind that the expres-
sion for ds is obtained by differentiating (4.5).

11.1.8 Since there is only one relation, the characters of the tableau
(ignoring the dθ and dλ terms) are s1 = . . . = sn−1 = n, sn =
n − 1. Any tableau with these characters cannot have torsion
and is involutive.

11.2.1 Since the map δ : so(V )⊗V ∗ → V⊗Λ2V ∗ is an isomorphism, the
map co(V )⊗V ∗ → V⊗Λ2V ∗, whose kernel is co(V )(1), must have
an n-dimensional kernel. Write an element of V ∗ as t = tkv

k.
Map this to (δijtk − δjkti + δiktj)(vi⊗vj)⊗vk, and observe this is

a co(V )-module map. Note that this lies in co(V )⊗V ∗ and in

V⊗S2V ∗ and thus in co(V )(1). Then to show co(V )(2) = 0, show
that this space tensored with each vm maps injectively under
δ : co(V )(1)⊗V ∗ → V ⊗V ∗⊗Λ2V ∗.
We remark that the first part can be solved without calculation:
This map is a co(V )-module map, in particular an so(V )-module
map. As an so(V )-module map, its kernel is isomorphic to V �
V ∗. As a co(V )-module map, its kernel is therefore of the form
V ⊗Rμ, where the first factor is the so(V )-module V , and the
second tells how λ Id acts, namely by λ Id �→ λμ Id. The case
μ = 1 corresponds to the co(V )-module V and the case μ = −1
corresponds to the co(V )-module V ∗. But on the whole space
V⊗V ∗⊗V ∗, the action of λ Id is with μ = −1, and so we conclude.

11.2.2 See Equation (11.6).

11.4.2 Sections of R+ correspond to sections of R[2].

11.4.4 Since it is semi-basic, it is sufficient to prove its exterior deriva-
tive is semi-basic.
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11.5.5 Use (11.27) and (11.3), keeping in mind that s = 1
2(n−1)P.

Chapter 12

12.1.8.1 Use equation (12.5).

12.1.8.3 Consider a cubic form in two variables and differentiate.

12.2.1 Use the prolongation property.

12.2.2.3 TEGω(k,W ) � E∗⊗ (E⊥/E) ⊕ S2E∗. Here E⊥ = {w ∈ W |
ω(v, w) = 0 ∀v ∈ E}.

12.2.5 Note that Mr is a join.

12.4.3 The cases (a), (b), (e) are always hypersurfaces, (c), (d) are hy-
persurfaces respectively when a = b and m is even. The smooth
quadric surface in P3, v2(P1), G(2, 5) and P1 × Pn are all self-
dual. The self-duality can be proven directly; or, once one knows
the dimension is correct, since the dual variety of a homogeneous
variety inherits a group action and they are the dimension of the
minimal orbit, they must be the minimal orbit.

12.4.14.1 Given A ∈Mp×q, consider(
0 A
tA 0

)
.

12.4.14.2 Any nonzero 3× 3 skew-symmetric matrix has rank two.

12.4.14.3 Answer: |IISeg(P1×Pn)|.

12.5.5 Since we are working with eμmod{T̂ , ÎIv(T )}, adapt frames
further such that {eξ} � IIv(T ) and {eφ} gives a comple-
ment. You will need to show that if w ∈ Singloc(Ann(v)), then
IIw(T ) ⊆ IIv(T ).

12.5.6.1 Note that III can be recovered from III(v, v, v) for all v ∈ T .

12.6.12.1 Note that II(w1 ∧ w2, u1 ∧ u2) = w1 ∧ w2 ∧ u1 ∧ u2.

12.8.9 Adapt frames so that II = ωiωj⊗eij and calculate F4, F5. The
calculation is a little involved; see [127] for the details.

12.9.5 Use the calculation (12.14).

12.11.4 Use Corollary 12.11.2. What is ker II?

12.13.2 If x ∈ X is a general point and IIIX,x = 0, then a hyperplane
osculating to order two at x contains X.

Appendix A

A.1.6.3 Use the preceding exercise.
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A.1.8.2 ΛkV is the span of the wedge products (A.3).

A.1.8.4 ei1 ∧ · · · ∧ eik with 1 ≤ i1 < i2 < · · · < ik < n is a basis of ΛkV .

A.1.11 When dimV > n, there are vectors rjk = rkj in V such that
Rj = rjk ∧ vk.

A.2.2.1 Consider the kernel of f .

A.2.2.2 Consider the map ψ : V ⊗S2V → Λ2V ⊗V given by w⊗v⊗v �→
vww⊗v, and show that the image of ψ is KΛ(V ).

A.3.1.1 Consider the characteristic polynomial of J .

A.5.2 If you have trouble doing this invariantly, use the answer to Ex-
ercise A.5.3.4.

A.5.3.4 φ = dx123+ dx345+ dx156 + dx246− dx147− dx367+ dx257, where
we have written dxijk for dxi ∧ dxj ∧ dxk.

A.6.3 Take a basis of Cd+1 consisting of points that project to be on
Cd.

A.6.4 First consider the case where all the eigenvalues are distinct and
let v be an eigenvector of A1. Compute A1A2v = A2A1v to see
that A2v is also an eigenvector of A1 with the same eigenvalue
as v.

A.6.5 Schur’s Lemma A.2.1 holds for Lie algebras, and the span of an
eigenvector gives a subrepresentation.

A.7.9.3 Calculate

A.7.10.4 Use Exercise A.7.10.2; the algebra of m×m matrices cannot act
nontrivially on a vector space of dimension less than m.

Appendix B

B.1.3.2 [X,Y ] = ai
∂bj

∂xi
∂

∂xj
− bi

∂aj

∂xi
∂

∂xj
.

B.2.1 Let yj be a second set of coordinates and similarly let α =
(1/k!)

∑
J bJdy

j1 ∧ . . . ∧ dyjk . Using the chain rule, show that
dα is the same computed in either coordinate system.

Appendix C

C.1.10(b) Recall from Chapter 4 that the forms ωk
i for 3 ≤ k ≤ n and

i = 1, 2 are semi-basic for the projection from GL(V ) to G. Show
that the system spanned by the forms ωk

1 − iωk
2 is Frobenius, and

drops to G and forms a basis for T ∗(1,0).
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curvature

Gauss, 42
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geometric interpretation of, 51
in coordinates, 4

mean, 42
geometric interpretation of, 63
in coordinates, 4

of G-structure, 252
of curve in E2, 15
of curve in E3, 27
Ricci, 79, 235
scalar, 79, 235, 239
sectional, 79

curvature-line coordinates, 160
curve

arclength parameter, 15
Bertrand, 28
regular, 14
speed of, 15

curve in E2

curvature, 15
osculating circle, 16

curve in E3

curvature, 27
differential invariants, 26–28
torsion, 27

cylinder, 48

Darboux
method of, 190–195

Darboux frame, 46
Darboux semi-integrable, 194, 197
Darboux’s Theorem, 36
Darboux-integrable, 190, 212

decomposable EDS, 289
Goursat-Vessiot classification, 194,

286
de Rham Splitting Theorem, 265
decomposable EDS, 287
decomposable tensor, 382
derived flag, 188
derived system, 188
determinant

of linear endomorphism, 385
developable surface, 44
differential form, 406

basic, semi-basic, 409
closed, 408
homogeneous, 10
left-invariant, 18
vector-valued, 408

differential ideal, 10
differential invariant

Euclidean, 3

dual basis, 381
dual variety, 107, 341

defect of, 342
reflexivity, 342

dual vector space, 381
Dupin

cyclides of, 431
theorem of, 225

Einstein
almost, 328

Einstein manifold, 82
Einstein metric

in conformal class, 310
embedded tangent space, 96
Engel structure, 189
equivalent

G-structures, 248
webs, 242

Euclidean group, 25
Euler characteristic, 58
exceptional group

E6, 351
E7, 353
F4, 351

exterior algebra, 401
exterior derivative, 407–408
exterior differential system, 34

decomposable, 287
hyperbolic, 187–188, 286
linear Pfaffian, 136
Pfaffian, 11
symmetries, 176–177
with independence condition, 31

face of calibration, 171
first Bianchi identity, 77
first fundamental form (Riemannian),

50
first-order adapted frames (Euclidean),

49
flag

A-generic, 127
complete, 105
partial, 105

flag variety, 105
flat

G-structure, 248
3-web, 242
path geometry, 272
Riemannian manifold, 69

isometric immersions of, 166
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surface, 45
flow of a vector field, 6
flowbox coordinates, 6
flowchart for Cartan’s algorithm, 150
focal hypersurface, 109
focal surface, 210, 239
frame

Darboux, 46
frame bundle

general, 65
orthonormal, 66

Frenet equations, 27
Frobenius ideal, 11, 13
Frobenius system

tableau of, 118
Frobenius Theorem, 11–13, 34

proof, 34
Fubini cubic form, 332
Fubini forms, 332, 356
Fulton-Hansen Theorem, 349
fundamental form

k-th, 335
effective calculation of, 335
prolongation property of, 334
via spectral sequences, 336

fundamental lemma
for general frames, 73

Gauss curvature
geometric interpretation of, 51
in coordinates, 4
via frames, 40–42

Gauss equation, 52
Gauss image, 97

characterization of, 371
Gauss map

algebraic, 75
Euclidean, 50
projective, 97
varieties with degenerate, 109

Gauss’ theorema egregium, 53
Gauss-Bonnet formula, 60
Gauss-Bonnet Theorem, 58

for compact hypersurfaces, 74
local, 56

Gauss-Bonnet-Chern Theorem, 74
general point, 102
generalized Monge system, 377
generic point, 102
geodesic, 54

of affine connection, 260
geodesic curvature, 54

geodesic disk, 56
geodesic torsion, 56
Goursat-Vessiot classification, 194, 286
Grassmann bundle, 149

canonical system on, 149
Grassmannian, 28

isotropic, 104
tangent space of, 29

half-spin representation, 356
Hartshorne’s conjecture, 378
heat equation, 420
helicoid, 43
Hermitian form, 389
Hermitian inner product, 389
hexagonality, 245
higher associated hypersurface, 366
holomorphic map, 413
holonomy, 262–271
holonomy bundle, 263
holonomy group, 263
homogeneous Riemannian manifold, 90
homogeneous space, 16
Hopf conjecture, 80
Hopf differential, 203
Hopf fibration, 91
horizontal curve, 262
horizontal lift, 262
hyperbolic EDS, 187–188, 286
hyperbolic space, 80

isometric immersions of, 169
hyperplane section of a variety, 108
hypersurfaces in EN

fundamental theorem for, 76

ideal
algebraic, 10
differential, 10
Frobenius, 11, 13

incidence correspondence, 108
independence condition, 31
index of a vector field, 57
index of relative nullity, 100
induced representation, 392
induced vector bundle, 257
initial data, 419
initial value problem, 419
integrable extension, 204–208, 286, 290

via conservation law, 206
integral

intermediate/general, 191
integral curve, 5
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integral element, 31
Kähler-ordinary, 217
Kähler-regular, 221
ordinary, 229

integral manifold, 31, 34
interior product, 385
inversion in sphere, 320
involutive

integral element, 229
linear Pfaffian system, 149
tableau, 127

isometric embedding, 141–145
isothermal coordinates, 93

existence of, 157
isotropic Grassmannian, 104
isotropy representation, 17

Jacobi identity, 390
jets, 32
join of varieties, 106

Kähler manifold, 171
KdV equation, 207, 209

prolongation algebra, 208
Killing form, 393
Killing vector field, 86
Kulkarni-Nomizu product, 85

Laplace system
tableau for, 129

Laplace’s equation, 196
Laplacian, 92

conformal, 324
Lawson conjecture, 82
left action, 16
left-invariant

differential form, 18
vector field, 18, 391

level, 127
Lie algebra, 390

of a Lie group, 18
semi-simple, 397
simple, 397

Lie bracket, 406
Lie derivative, 408
Lie group, 386

action, 299–300
exponential map, 299
linear representation of, 386
matrix, 19, 386–388

lift, 8, 17
first-order adapted, 40

line congruence, 210
line of curvature, 56, 225

isothermal coordinates along, 160
linear map, 381

transpose/adjoint of, 382
linear normality

Zak’s theorem on, 346
linear Pfaffian systems, 136

Cartan’s algorithm for, 150
involutive, 149

linear projection of variety, 108
linear syzygy, 359
Liouville’s equation, 190–191, 210, 305
locally ruled variety, 109
locally symmetric manifold, 267

majorants, 122
manifold

contact, 38
locally symmetric, 267
restraining, 228
symplectic, 36

matrix Lie groups, 386–388
Maurer-Cartan equation, 20
Maurer-Cartan form, 18

of a matrix Lie group, 19
maximal torus, 398
mean curvature

geometric interpretation of, 63
in coordinates, 4
via frames, 40–42

mean curvature vector, 64
metric

conformally flat, 93
minimal hypersurfaces, 239
minimal submanifold, 169
minimal surface, 63, 201–202

Riemannian metric of, 158
minimizing submanifold, 169
Minkowski space, 80
modified KdV equation, 207
Monge’s method, 197
Monge-Ampère

equation, 195
system, 196

Monge-integrable, 197, 286
moving frame, 4

adapted, 13
multilinear, 382
multiplicity of intersection, 103
musical isomorphism, 69
Myers’ Theorem, 79
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Newlander-Nirenberg Theorem, 413
Nijenhuis tensor, 414
noncharacteristic initial data, 129
nondegenerate quadratic form, 392
normal bundle, 50, 61
normal curvature, 56
normal space, of submanifold in PN , 96

octonions, 395–396
orthogonal Grassmannian, 89
orthogonal group, 387
orthogonal involutive Lie algebra, 268
osculating circle, 16
osculating hypersurface, 358, 360
osculating quadric hypersurface, 358

parabolic group, 312
parabolic subgroup, 103, 353
parallel surfaces, 198
parallel transport, 262
path geometry, 271–284

definition of, 272, 274
dual, 273
flat, 272

Pfaff rank, 37
Pfaff’s Theorem, 37
Pfaffian, 392
Pfaffian system, 11

linear, 136
Picard’s Theorem, 5, 10
Pieri rule, 84
Poincaré-Hopf Theorem, 58
point transformation, 271
polar spaces, 218–220
principal curvatures, 42
principal framing, 46
principal symbol, 117
projective differential invariants

in coordinates, 357
projective second fundamental form, 97

coordinate description of, 101
frame definition of, 99

projective structure, 260
prolongation, 119, 149, 187, 193

of a G-structure, 254
prolongation property, 334

strict, 354
prolongation structures, 206
pseudospherical surfaces, 199–201

Bäcklund transformation, 210
of revolution, 200

pullback, 406

pushforward, 407

rank
of a Lie algebra, 398
of a Pfaffian system, 11
of a tensor, 383

rational homogeneous variety, 103
reduction

of frame bundle, 248
reductive

Lie group/Lie algebra, 397
refined third fundamental form, 348
regular curve, 14
regular second-order PDE, 146
relative tangent star, 350
representation

induced, 392
isotropy, 17
of Lie algebra, 390
of Lie group, 386

restraining manifold, 228
retracting space, 182
Ricci curvature, 79, 235
Riemann curvature tensor, 68–69
Riemann invariant, 190
Riemann surface, 414
Riemannian geometry, 246

fundamental lemma, 67–68
Riemannian manifold, 52

flat, 69
homogeneous, 90

Riemannian metric, 50, 52
right G-bundle, 247
right action, 16
root, 399
root system, 399
ruled surface, 45
ruled variety, 339

scalar curvature, 79, 235, 239
Schouten tensor, 85
Schur’s Lemma, 387
Schwarzian derivative, 23
secant defect, 348
secant variety, 106
second Bianchi identity, 80

for a G-structure, 268
second fundamental form

base locus of, 100
Euclidean, 50
projective, 97
singular locus of, 100
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second-order PDE
characteristic variety, 154
classical notation, 146
tableau, 147

section
of vector bundle, 405

sectional curvature, 79
Segre product of varieties, 104

fundamental forms of, 339
Segre variety, 104, 131

fundamental forms of, 338
semi-basic form, 409
semi-Riemannian manifold, 247
semi-simple Lie algebra, 397
Severi variety, 350, 352

fundamental form of, 352
Zak’s theorem on, 346

signature
of quadratic form, 392

simple Lie algebra, 397
sine-Gordon equation, 196, 199, 208

singular solutions, 163
space form, 80

isometric immersions of, 166
special Lagrangian submanifolds, 172,

237
special linear group, 387
special orthogonal group, 387
special unitary group, 389
Spencer cohomology, 152
spin representation, 354, 356
spinor variety, 104, 354

stabilizer type, 253
submanifold

associative, 238
Lagrangian, 157, 237
special Lagrangian, 172, 237

superposition formula, 285, 300–305
surface

Bonnet, 48
catenoid, 47
cone, 48
constant mean curvature, 202–204
cylinder, 48
developable, 44
flat, 45
focal, 210, 239
helicoid, 43
isothermal coordinates on, 93
linear Weingarten, 155, 197, 234
minimal, 63, 201

of revolution, 45, 200
parallel, 198
pseudospherical, 199
ruled, 45
warp of, 4
with degenerate Gauss image, 112

symbol mapping, 129
symbol relations, 117, 146
symmetric connection, 259
symmetric space, 266, 267
symplectic form, 36, 157, 171, 184, 237,

387
symplectic group, 387
symplectic manifold, 36

tableau, 117
determined, 131
of linear Pfaffian system, 146
of order p, 119

tangent
bundle, 405
space, 405

tangent star, 106
tangential defect, 347

critical, 374
tangential surface, 44
tangential variety, 106

dimension of, 347
tautological EDS

for torsion-free G-structures, 269
tautological form

for coframe bundle, 66
tensor algebra, 401
tensor product, 382
Terracini’s Lemma, 107
third fundamental form

projective, 333
Toda lattice (2-dimensional), 288
torsion

of G-structure, 250
of connection, 250
of curve in E3, 27
of linear Pfaffian system, 137, 147

torsion-free connection, 72
tractor bundle, 327
transformation

Bäcklund, 205, 209, 304
Cole-Hopf, 205, 212
fractional linear, 22
Lie, 204
Miura, 207

triangulation, 57
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triply orthogonal systems, 223–226

umbilic point, 42
uniruled variety, 339
unitary group, 389

variation of Hodge structure, 161
variety

algebraic, 102
dual, 107, 341
flag, 105
minuscule, 353
rational homogeneous, 103
ruled, 339
secant, 106
Segre, 104
spinor, 104, 354
tangential, 106
uniruled, 339
Veronese, 105

vector bundle
induced, 257

vector field, 405
flow of a, 6
left-invariant, 18

Veronese embedding, 105
Veronese re-embedding, 105, 358
Veronese variety, 105

fundamental forms of, 337
vertical tangent space, 67
vertical vector, 409
Vessiot algebra, 296
volume form, 50

Waring problems, 383
warp of a surface, 4
wave equation, 175, 419
wave maps, 288, 306
web, 242

hexagonality of, 245
wedge product, 384

matrix, 19
Weierstrass representation, 201–202
weight, 398

highest, 400
multiplicity of, 398

weight diagram for invariants, 281
weight lattice, 400
weight zero invariant, 277
Weingarten surface, 197

linear, 155, 197, 234
Wirtinger inequality, 172

Yamabe operator, 324
Yamabe problem, 82
Young symmetrizer, 83
Young tableau

without repetitions, 83

Zak’s theorem
on linear normality, 346
on Severi varieties, 346
on tangencies, 350
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Two central aspects of Cartan’s approach to differential geometry are the theory of 
exterior differential systems (EDS) and the method of moving frames. This book pres-
ents thorough and modern treatments of both subjects, including their applications 
to both classic and contemporary problems in geometry. It begins with the classical 
differential geometry of surfaces and basic Riemannian geometry in the language of 
moving frames, along with an elementary introduction to exterior differential systems. 
Key concepts are developed incrementally, with motivating examples leading to defi ni-
tions, theorems, and proofs.

Once the basics of the methods are established, the authors develop applications and 
advanced topics. One notable application is to complex algebraic geometry, where 
they expand and update important results from projective differential geometry. As 
well, the book features an introduction to G -structures and a treatment of the theory 
of connections. The techniques of EDS are also applied to obtain explicit solutions of 
PDEs via Darboux’s method, the method of characteristics, and Cartan’s method of 
equivalence.

This text is suitable for a one-year graduate course in differential geometry, and parts 
of it can be used for a one-semester course. It has numerous exercises and examples 
throughout. It will also be useful to experts in areas such as geometry of PDE systems 
and complex algebraic geometry who want to learn how moving frames and exterior 
differential systems apply to their fi elds.

The second edition features three new chapters: on Riemannian geometry, empha-
sizing the use of representation theory; on the latest developments in the study of 
Darboux-integrable systems; and on conformal geometry, written in a manner to 
introduce readers to the related parabolic geometry perspective.


