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Preface

This book is an introductory course in algebraic geometry, proving most of
the fundamental classical results of algebraic geometry.

Algebraic geometry combines the intuition of geometry with the preci-
sion of algebra. Starting with geometric concepts, we introduce machinery
as necessary to model important ideas from algebraic geometry and to prove
fundamental results. Emphasis is put on developing facility with connect-
ing geometric and algebraic concepts. Examples are constructed or cited
illustrating the scope of these results. The theory in this book is developed
in increasing sophistication, giving (and refining) definitions as required to
accommodate new geometric ideas.

We work as much as possible with quasi-projective varieties over an
algebraically closed field of arbitrary characteristic. This allows us to inter-
pret varieties through their function fields. This approach and the use of
methods of algebraic number theory in algebraic geometry have been cen-
tral to algebraic geometry at least since the time of Dedekind and Weber
(Theorie der algebraischen Functionen einer Veränderlichen [46], translated
in [47]). By interpreting the geometric concept of varieties through their
regular functions, we are able to use the techniques of commutative algebra.

Differences between the theory in characteristic 0 and positive charac-
teristic are emphasized in this book. We extend our view to schemes, al-
lowing rings with nilpotents, to study fibers of regular maps and to develop
intersection theory. We discuss the cases of nonclosed ground fields and
nonseparated schemes and some of the extra considerations which appear in
these situations. A list of exercises is given at the end of many sections and
chapters.

xi



xii Preface

The classic textbooks Basic Algebraic Geometry [136] by Shafarevich,
Introduction to Algebraic Geometry [116] by Mumford, and Algebraic
Geometry [73] by Hartshorne, as well as the works of Zariski, Abhyankar,
Serre, and Grothendieck, have been major influences on this book.

The necessary commutative algebra is introduced and reviewed, begin-
ning with Chapter 1, “A Crash Course in Commutative Algebra”. We state
definitions and theorems, explain concepts, and give examples from com-
mutative algebra for everything that we will need, proving some results and
giving a few examples, but mostly giving references to books on commuta-
tive algebra for proofs. As such, this book is intended to be self-contained,
although a reader may be curious about the proofs for some cited results
in commutative algebra and will want to either derive them or look up the
references. We give references to several books, mostly depending on which
book has the exact statement we require.

A reader should be familiar with the material through Section 1.6 on
primary decomposition before beginning Chapter 2 on affine varieties. De-
pending on the background of students, the material in Chapter 1 can be
skipped, quickly reviewed at the beginning of a course, or be used as an
outline of a semester-long course in commutative algebra before beginning
the study of geometry in Chapter 2.

Chapters 2–10 give a one-semester introduction to algebraic geometry,
through affine and projective varieties. The sections on integral extensions,
dimension, depth, and normal and regular local rings in Chapter 1 can be
referred to as necessary as these concepts are encountered within a geometric
context. Chapters 11–20 provide a second-semester course, which includes
sheaves, schemes, cohomology, divisors, intersection theory, and the appli-
cation of these concepts to curves and surfaces.

Chapter 21 (on ramification and étale maps) and Chapter 22 (on
Bertini’s theorems and general fibers of maps) could be the subject of a
topics course for a third-semester course. The distinctions between char-
acteristic 0 and positive characteristic are especially explored in these last
chapters. These two chapters could be read any time after the completion
of Chapter 14.

I thank the students of my classes, especially Razieh Ahmadian,
Navaneeth Chenicheri Chathath, Suprajo Das, Arpan Dutta, Melissa Emory,
Kyle Maddox, Smita Praharaj, Thomas Polstra, Soumya Sanyal, Pham An
Vinh, and particularly Roberto Núñez, for their feedback and helpful com-
ments on preliminary versions of this book. I thank Maya Cutkosky for help
with the figures.
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I.H.E.S. 20 (1964), 24 (1965), 28 (1966), 32 (1967).
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[99] R. Lazarsfeld and M. Mustaţă, Convex bodies associated to linear series (English, with

English and French summaries), Ann. Sci. Éc. Norm. Supér. (4) 42 (2009), no. 5, 783–835,

DOI 10.24033/asens.2109. MR2571958

[100] J. Lipman, Rational singularities, with applications to algebraic surfaces and unique factor-

ization, Inst. Hautes Études Sci. Publ. Math. 36 (1969), 195–279. MR0276239

[101] J. Lipman, Desingularization of two-dimensional schemes, Ann. Math. (2) 107 (1978), no. 1,
151–207. MR0491722

[102] S. 	Lojasiewicz, Introduction to complex analytic geometry, translated from the Polish by
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[108] A. Micali, Sur les algèbres universelles (French), Ann. Inst. Fourier (Grenoble) 14 (1964),
no. fasc. 2, 33–87. MR0177009

[109] J. S. Milne, Étale cohomology, Princeton Mathematical Series, vol. 33, Princeton University
Press, Princeton, N.J., 1980. MR559531

[110] J. S. Milne, Abelian varieties, Arithmetic geometry (Storrs, Conn., 1984), Springer, New
York, 1986, pp. 103–150. MR861974

[111] J. S. Milne, Jacobian varieties, Arithmetic geometry (Storrs, Conn., 1984), Springer, New
York, 1986, pp. 167–212. MR861976

[112] S. Mori, Projective manifolds with ample tangent bundles, Ann. of Math. (2) 110 (1979),

no. 3, 593–606, DOI 10.2307/1971241. MR554387

[113] S. Mori, Threefolds whose canonical bundles are not numerically effective, Ann. of Math.
(2) 116 (1982), no. 1, 133–176, DOI 10.2307/2007050. MR662120

[114] S. Mori, Flip theorem and the existence of minimal models for 3-folds, J. Amer. Math. Soc.
1 (1988), no. 1, 117–253, DOI 10.2307/1990969. MR924704

[115] D. Mumford, Algebraic geometry. I. Complex projective varieties; Grundlehren der Mathe-
matischen Wissenschaften, No. 221, Springer-Verlag, Berlin-New York, 1976. MR0453732

[116] D. Mumford, The red book of varieties and schemes, Springer-Verlag, 1980.

[117] D. Mumford, The topology of normal singularities of an algebraic surface and a criterion

for simplicity, Inst. Hautes Études Sci. Publ. Math. 9 (1961), 5–22. MR0153682

[118] D. Mumford, Lectures on curves on an algebraic surface, With a section by G. M. Bergman.
Annals of Mathematics Studies, No. 59, Princeton University Press, Princeton, N.J., 1966.
MR0209285

http://www.ams.org/mathscinet-getitem?mr=0102520
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2571958
http://www.ams.org/mathscinet-getitem?mr=0276239
http://www.ams.org/mathscinet-getitem?mr=0491722
http://www.ams.org/mathscinet-getitem?mr=1131081
http://www.ams.org/mathscinet-getitem?mr=0211390
http://www.ams.org/mathscinet-getitem?mr=0041483
http://www.ams.org/mathscinet-getitem?mr=0137709
http://www.ams.org/mathscinet-getitem?mr=879273
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=0177009
http://www.ams.org/mathscinet-getitem?mr=559531
http://www.ams.org/mathscinet-getitem?mr=861974
http://www.ams.org/mathscinet-getitem?mr=861976
http://www.ams.org/mathscinet-getitem?mr=554387
http://www.ams.org/mathscinet-getitem?mr=662120
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=0453732
http://www.ams.org/mathscinet-getitem?mr=0153682
http://www.ams.org/mathscinet-getitem?mr=0209285


Bibliography 475

[119] D. Mumford, Abelian varieties, Tata Institute of Fundamental Research Studies in Mathe-
matics, No. 5, Published for the Tata Institute of Fundamental Research, Bombay; Oxford
University Press, London, 1970. MR0282985

[120] J. R. Munkres, Topology: A first course, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1975.
MR0464128

[121] M. Nagata, Local rings, Interscience Tracts in Pure and Applied Mathematics, No. 13, In-
terscience Publishers a division of John Wiley & Sons New York-London, 1962. MR0155856

[122] M. Nagata, Lectures on the fourteenth problem of Hilbert, Tata Institute of Fundamental
Research, Bombay, 1965. MR0215828

[123] T. Oda, Torus embeddings and applications, based on joint work with Katsuya Miyake,
Tata Institute of Fundamental Research Lectures on Mathematics and Physics, vol. 57,
Tata Institute of Fundamental Research, Bombay; by Springer-Verlag, Berlin-New York,
1978. MR546291
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Divisor of a section of an invertible

sheaf, 273
Divisor of poles of a function, 242
Divisor of zeros of a function, 241
Divisor, local equation, 245
Divisor, of a form, 249
Divisor, of a rational differential

n-form, 286
Divisor, support, 240
Divisorial valuation, 229
Dominant map, of affine algebraic sets,

37



Index 481

Dominant rational map, of affine
varieties, 59

Dominant rational map, of
quasi-projective varieties, 94

Dominant regular map, of a
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Ideal transform, 56
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Normalization, in a finite extension, 135
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Numerical polynomial, 300

Oda, 235
Open embedding, of quasi-affine

varieties, 55

Open subscheme, 289

Picard group, 270
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Projective subscheme, 289
Projective variety, 69
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Shafarevich, xii, 168
Shannon, 232
Sheaf, 186
Sheaf cohomology, 308
Sheaf, axioms, 186
Sheaf, global section, 186
Sheaf, homomorphism, 187
Sheaf, isomorphism, 187
Sheaf, support, 203
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Short exact sequence of sheaves, 194
Simis, 116
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116
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Surjective sheaf homomorphism, 194
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Transcendence degree, 6
Transition functions on an invertible

sheaf, 271
Trivialization, of an invertible sheaf, 292
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