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Preface

Algebraic statistics is a relatively young field based on the observation that
many questions in statistics are fundamentally problems of algebraic geom-
etry. This observation is now at least twenty years old and the time seems
ripe for a comprehensive book that could be used as a graduate textbook
on this topic.

Algebraic statistics represents an unusual intersection of mathematical
disciplines, and it is rare that a mathematician or statistician would come
to work in this area already knowing both the relevant algebraic geometry
and statistics. I have tried to provide sufficient background in both alge-
braic geometry and statistics so that a newcomer to either area would be
able to benefit from using the book to learn algebraic statistics. Of course
both statistics and algebraic geometry are huge subjects and the book only
scratches the surface on either of these disciplines.

I made the conscious decision to introduce algebraic concepts along-
side statistical concepts where they can be applied, rather than having long
introductory chapters on algebraic geometry, statistics, combinatorial opti-
mization, etc. that must be waded through first, or flipped back to over and
over again, before all the pieces are put together. Besides the three intro-
ductory chapters on probability, algebra, and statistics (Chapters 2 B and
[ respectively), this perspective is followed throughout the text. While this
choice might make the book less useful as a reference book on algebraic sta-
tistics, I hope that it will make the book more useful as an actual textbook
that students and faculty plan to learn from.

Here is a breakdown of material that appears in each chapter in the
book.

1X



% Preface

Chapter [dlis an introductory chapter that shows how ideas from alge-
bra begin to arise when considering elementary problems in statistics. These
ideas are illustrated with the simple example of a Markov chain. As sta-
tistical and algebraic concepts are introduced the chapter makes forward
reference to other sections and chapters in the book where those ideas are
highlighted in more depth.

Chapter [2] provides necessary background information in probability
theory which is useful throughout the book. This starts from the axioms of
probability, works through familiar and important examples of discrete and
continuous random variables, and includes limit theorems that are useful for
asymptotic results in statistics.

Chapter [3] provides necessary background information in algebra and
algebraic geometry, with an emphasis on computational aspects. This starts
from definitions of polynomial rings, their ideals, and the associated vari-
eties. Examples are typically drawn from probability theory to begin to
show how tools from algebraic geometry can be applied to study families
of probability distributions. Some computational examples using computer
software packages are given.

Chapter dlis an in-depth treatment of conditional independence, an im-
portant property in probability theory that is essential for the construction of
multivariate statistical models. To study implications between conditional
independence models, we introduce primary decomposition, an algebraic
tool for decomposing solutions of polynomial equations into constituent ir-
reducible pieces.

Chapter [B] provides some necessary background information in statis-
tics. It includes some examples of basic statistical models and hypothesis
tests that can be performed in reference to those statistical models. This
chapter has significantly fewer theorems than other chapters and is primarily
concerned with introducing the philosophy behind various statistical ideas.

Chapter [6] provides a detailed introduction to exponential families, an
important general class of statistical models. Exponential families are re-
lated to familiar objects in algebraic geometry like toric varieties. Nearly
all models that we study in this book arise by taking semialgebraic subsets
of the natural parameter space of some exponential family, making these
models extremely important for everything that follows. Such models are
called algebraic exponential families.

Chapter [T gives an in-depth treatment of maximum likelihood estima-
tion from an algebraic perspective. For many algebraic exponential families
maximum likelihood estimation amounts to solving a system of polynomial
equations. For a fixed model and generic data, the number of critical points
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of this system is fixed and gives an intrinsic measure of the complexity of
calculating maximum likelihood estimates.

Chapter [8] concerns the geometry of the cone of sufficient statistics of
an exponential family. This geometry is important for maximum likelihood
estimation: maximum likelihood estimates exist in an exponential family if
and only if the data lies in the interior of the cone of sufficient statistics.
This chapter also introduces techniques from polyhedral and general convex
geometry which are useful in subsequent chapters.

Chapter [9] describes Fisher’s exact test, a hypothesis test used for
discrete exponential families. A fundamental computational problem that
arises is that of generating random lattice points from inside of convex poly-
topes. Various methods are explored including methods that connect the
problem to the study of toric ideals. This chapter also introduces the hier-
archical models, a special class of discrete exponential family.

Chapter concerns the computation of upper and lower bounds on
cell entries in contingency tables given some lower-dimensional marginal
totals. One motivation for the problem comes from the sampling problem of
Chapter[@ fast methods for computing bounds on cell entries can be used in
sequential importance sampling, an alternate strategy for generating random
lattice points in polytopes. A second motivation comes from certain data
privacy problems associated with contingency tables. The chapter connects
these optimization problems to algebraic methods for integer programming,.

Chapter [I1ldescribes the exponential random graph models, a family of
statistical models used in the analysis of social networks. While these models
fit in the framework of the exponential families introduced in Chapter[@, they
present a particular challenge for various statistical analyses because they
have a large number of parameters and the underlying sample size is small.
They also present a novel area of study for application of Fisher’s exact test
and studying the existence of maximum likelihood estimates.

Chapter concerns the use of algebraic methods for the design of
experiments. Specific algebraic tools that are developed include the Grobner
fan of an ideal. Consideration of designs that arise in reliability theory lead
to connections with multigraded Hilbert series.

Chapter [13] introduces the graphical statistical models. In graphical
models, complex interactions between large collections of random variables
are constructed using graphs to specify interactions between subsets of the
random variables. A key feature of these models is that they can be speci-
fied either by parametric descriptions or via conditional independence con-
structions. This chapter compares these two perspectives via the primary
decompositions from Chapter [l
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Chapter [14] provides a general introduction to statistical models with
hidden variables. Graphical models with hidden variables are widely used in
statistics, but the presence of hidden variables complicates their use. This
chapter starts with some basic examples of these constructions, including
mixture models. Mixture models are connected to secant varieties in alge-
braic geometry.

Chapter concerns the study of phylogenetic models, certain hidden
variable statistical models used in computational biology. The chapter high-
lights various algebraic issues involved with studying these models and their
equations. The equations that define a phylogenetic model are known as
phylogenetic invariants in the literature.

Chapter concerns the identifiability problem for parametric statis-
tical models. Identifiability of model parameters is an important structural
feature of a statistical model. Identifiability is studied for graphical models
with hidden variables and structural equation models. Tools are also devel-
oped for addressing identifiability problems for dynamical systems models.

Chapter 17 concerns the topic of model selection. This is a well-
developed topic in statistics and machine learning, but becomes complicated
in the presence of model singularities that arise when working with models
with hidden variables. The mathematical tools to develop corrections come
from studying the asymptotics of Bayesian integrals. The issue of nonstan-
dard asymptotics arises precisely at the points of parameter space where the
model parameters are not identifiable.

Chapter [I8] concerns the geometry of mazimum a posteriori (MAP)
estimation of the hidden states in a model. This involves performing com-
putations in the tropical semiring. The related parametric inference prob-
lem studies how the MAP estimate changes as underlying model parameters
change, and is related to problems in convex and tropical geometry.

Chapter is a study of the geometry of finite metric spaces. Of
special interest are the set of tree metrics and ultrametrics which play an
important role in phylogenetics. More generally, the set of cut metrics are
closely related to hierarchical models studied earlier in the book.

There are a number of other books that address topics in algebraic sta-
tistics. The first book on algebraic statistics was Pistone, Riccomagno,
and Wynn’s text [PRWO1] which is focused on applications of compu-
tational commutative algebra to the design of experiments. Pachter and
Sturmfels’ book [PS05] is focused on applications of algebraic statistics to
computational biology, specifically phylogenetics and sequence alignment.
Studeny’s book [Stu05] is specifically focused on the combinatorics of con-
ditional independence structures. Aoki, Hara, and Takemura [AHT12] give
a detailed study of Markov bases which we discuss in Chapter @ Zwiernik
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[Zwil6] gives an introductory treatment of tree models from the perspec-
tive of real algebraic geometry. Drton, Sturmfels, and I wrote a short book
[DSS09] based on a week-long short course we gave at the Mathematis-
ches Forschungsinstitut Oberwolfach (MFO). While there are many books
in algebraic statistics touching on a variety of topics, this is the first one
that gives a broad treatment. I have tried to add sufficient background and
provide many examples and exercises so that algebraic statistics might be
picked up by a nonexpert.

My first attempt at a book on algebraic statistics was in 2007 with
Mathias Drton. That project eventually led to the set of lecture notes
[DSS09]. As part of Mathias’s and my first attempt at writing, we produced
two background chapters on probability and algebra which were not used in
[DSS09] and which Mathias has graciously allowed me to use here.

I am grateful to a number of readers who provided feedback on early
drafts of the book. These include Elizabeth Allman, Carlos Améndola
Cero6n, Daniel Bernstein, Jane Coons, Mathias Drton, Eliana Duarte, Eliz-
abeth Gross, Serkan Hosten, David Kahle, Thomas Kahle, Kaie Kubjas,
Christian Lehn, Colby Long, Frantisek Matus, Nicolette Meshkat, John
Rhodes, Elina Robeva, Anna Seigal, Rainer Sinn, Milan Studeny, Ruriko
Yoshida, as well as four anonymous reviewers. Tim Romer at the University
Osnabriick also organized a reading course on the material that provided
extensive feedback. David Kahle provided extensive help in preparing ex-
amples of statistical analyses using R. My research during the writing of this
book has been generously supported by the David and Lucille Packard Foun-
dation and the US National Science Foundation under grants DMS 0954865
and DMS 1615660.
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Je, V-polyhedron,
K(K[z1,...,zm]/M;z), 283 Vi Voo x Vi, BI0
Klp], A2 Var[X],

L' embeddable, @41] V(S), 22

Lv, Vieg, 141
LP(A,b,c), Viing, 41

L? embeddable, X2 (u),

Ma, X (A, D),

My e, [0 XalXp | Xe,[A
M(A,c), X-tree, 337
Met(G), binary, 337
min(7), T30 phylogenetic, B37]
Mixt* (M) , BI4

mlt(L), =,

NA, <e,

nd(v),

NFg(f) acyclic, 291
Nom (1 E7) adjacent minors, 220

affine semigroup,
Op(l)ljm]m affinely isomorphic, [I71]
" 1\?0 ke ’ b . Akaike information criterion (AIC), [01]
P(Air V o algebra?c exponential family, [17]
P(A| B) algebra}c tangent cone,
pa(v) m| algebraic torus, [50]
PD( é) algebraically closed field,
. aliasing,

(& .
gDm’ alignment, [340]
My, & dular. B3 Allman-Rhodes-Draisma-Kuttler
w-lsupermok ular, 318 theorem, 322 365
T | e | T 7@
almost sure convergence, [33]
s, B43

almost surely,

p-value, [L10) alternative hypothesis, [10

mg%g\’, ancestors,
g J0 Andrews’ theorem, [434]
QK2}D aperiodic, [344]
) argmax,
Quad(V1, 5, Vz), 2111 arrangement complement, [[54]
&, [0 ascending chain, [54]
rank.(A), BT7 associated prime, B0
RLCT(f; ¢), E1TI
S-polynomial, balanced minimum evolution,
Sec” ), basic closed semialgebraic set,
¥(T), B60 basic semialgebraic set,
3(T), 338 Bayes’ rule,
o-algebra, [[4] Bayesian information criterion (BIC),
VI, E0T] [E07]
SRr, singular (sBIC),
tu(QG), Bayesian networks,
tu(G), Bayesian statistics,
TCy,(0), 120 Bernoulli random variable, [20],
Tx, Bertini,

Uy, [453] beta function, [[15]
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beta model, three,

Betti numbers, two, 3911

bidirected edge, compatible splits,

bidirected subdivision, pairwise,

binary graph model, [T76] [T36] complete fan,

binomial ideal, 83} complete independence, [T, 20,
primary decomposition, and cdf, 2T

binomial random variable, [[§, 44] 46, and density, 2]

[, maal complete intersection,
implicitization, completeness of global Markov
maximum likelihood estimate, [[07] property, 290,
method of moments, concave function,

Bonferroni bound, 247 concentration graph model,
Borel o-algebra, [[4] concentration matrix,
bounded in probability, @07 conditional and marginal independence,
bounds, 73
2-way table, conditional density,
3-way table, conditional distribution,

decomposable marginals, 247]
bow-free graph, [382
branch length, [342] E50

conditional expectation,
conditional independence,

’ conditional independence axioms,
Buchberger’s algorithm, 4] conditional independence ideal,

Buchberger’s crlterlon, Eﬂ conditional independence inference
Buchburger-Méller algorithm, 272 rules

canonical sufficient statistic, [T8 conditional independence model, [
caterpillar, 308, AT conditional inference, [I89] 192

Cavender-Farris-Neyman model, (3, conditional Poisson distribution, 258

368 conditional probability,

cdf, cone generated by V,
censored exponentials, [[40, cone of sufficient statistics,
censored Gaussians, and existence of MLE,
centered Gaussian model, conformal decomposition,
central limit theorem, conjugate prior,
CFN model, 343, consistent estimator, [[04]
character constructible sets,

group theory, continuous random variable,
characteristic class, contraction axiom, [73]
Chebyshev’s inequality, control variables,
Chern-Schwartz-Macpherson class, convergence in distribution,
cherry, convergence in probability,
chi-square distribution, B2] converging arborescence,
chordal graph, [I8T] convex function,
claw tree, B21] convex hull, T34

Gaussian, convex set, [[52]
clique, [I8T] convolution,
clique condition, coordinate ring, 237
collider, corner cut ideal,
colon ideal, [B2] correlation,
combinatorially equivalent, [[71] correlation cone,
compartment model of simplicial complex,

linear, [393 correlation polytope, 71,
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correlation vector,
coset, 237
covariance,
covariance mapping,
covariance matrix,
critical equations,
cumulants,
cumulative distribution function,
curved exponential families, [TT7]
cuspidal cubic, [T43]
cut cone,
of a graph, @44l
cut ideal,
cut polytope, 77 E40,
of a graph, d44]
cut semimetric,
cycle,
cyclic split,
cyclic split system,

d-connected,
d-separates,
DAG,
DAG model selection polytope, [405]
De Finetti’s theorem, B8] 103} 319
decomposable graph, [I&]]
decomposable marginals,
decomposable model
Markov basis,
urn scheme,
decomposable simplicial complex, 208]
decomposable tensor,
decomposition axiom,
defining ideal,
degree
of a vertex,
degree sequence,
density function,
descendants,
design,
design matrix,
deterministic Laplace integral,
Diaconis-Efron test, [194]
differential algebra,
differential privacy,
dimension,
directed acyclic graph, 2911
maximum likelihood estimate, [Z04]
model selection,
phylogenetic tree, B37]
directed cycle,

Dirichlet distribution,

disclosure limitation, 231]

discrete conditional independence
model,

discrete linear model,

discrete random variable,

dissimilarity map,

distance-based methods,

distinguishability,

distraction,

distribution, [I8]

distributive law, 28] 437

division algorithm,

dual group,

edge,
edge-triangle model, 253H255] 263]
elimination ideal, 57 B77
elimination order, 57,
EM algorithm
discrete,
EM algorithm, [329]
embedded prime,
emission matrix,
empirical moment,
entropy,
equidistant tree metric,
equivalent functions,
equivariant phylogenetic model,
Erdés-Gallai theorem,
Erddés-Rényi random graphs, 252
estimable,
estimable polynomial regression,
estimator, [T04]
Euclidean distance degree,
Euler characteristic,
event,
exact test, [[10]
exchangeable, [T03]
exchangeable polytope,
expectation,
expected value,
experimental design,
exponential distribution,
exponential family, [[T8]
discrete random variables, 119 T21]
extended, [T21]
Gaussian random variables, [[19]
likelihood function, 057
exponential random graph model,
exponential random variable,
extreme rays,
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face, 70,
facet, 711
factor analysis,
identifiability,
pentad,
factorize,
fan,
Felsenstein model, [344]
few inference function theorem,
fiber,
Fisher information matrix, [[65]
Fisher’s exact test, [§, [193] 228
flattening,
four-point condition, @41
Fourier transform
discrete, [348]
fast, [350]
fractional factorial design,
free resolution,
frequentist statistics, [[13]
full factorial design,
fundamental theorem of Markov bases,
1196

Gale-Ryser theorem,

gamma random variable,

Gaussian conditional independence

ideal, [78]

Gaussian marginal independence
ML-degree,

Gaussian random variables
marginal likelihood,
maximum likelihood, [I08],

Gaussian random vector, [31]

Gaussoid axiom,

general Markov model, [341]

general time reversible model, [345] [347]

generalized hypergeometric distribution,

1195

generators of an ideal, [45]

generic, 139
weight order,

generic completion rank,

generic group-based model, B51]

Grobner basis, €91 B11
integer programming, [234]
to check identifiability, 377

Grobner cone,

Grobner fan, 274

Grobner region,

graph
of a polynomial map,

of a rational map, [59]
graph statistic,
graphical model,
directed,
Gaussian,
undirected,
with hidden variables, [327] [388
Grassmannian,
Graver basis, [I89]
ground set,
group, [347]
group-based phylogenetic models, [346]
347

half-space,
half-trek,
criterion,
Hammersley-Clifford theorem,
Hardy-Weinberg equilibrium,
Markov basis,
Hasegawa-Kishino-Yano model, [344]
B47
hidden Markov model, [308]
pair,
hidden variable,
hierarchical model, [[59] 204]
sufficient statistics,
hierarchical set of monomials,
hierarchy, 451], [454]
Hilbert basis theorem,
Hilbert series,
holes,
holonomic gradient method,
homogeneous polynomial,
homogenization,
of parametrization,
Horn uniformization,
hypercube,
hypergeometric distribution, 193] 221
hypersurface,
hypothesis test, 109 D61
asymptotic,

iid., B0
ideal,
ideal membership problem, 9]
ideal-variety correspondence,
identifiability
of phylogenetic models, [379]
practical,
structural,
identifiable, [T00]
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discrete parameters,
generically,
globally,
locally,
parameter, [374]
rationally,
image of a rational map,
implicitization problem, 48]
importance sampling,
importance weights,
independence model, [76], [T0T]
as exponential family,
as hierarchical model,
Euler characteristic, 51
Graver basis,
identifiability,
Markov basis, 199
independent and identically distributed
(i.i.d.), B0
independent events, [I7]
indeterminates,
indicator random variable,
induced subgraph,
inference functions, 434
information criterion, Q1]
initial ideal, [51]
initial monomial, [51]
initial term, [51]
input/output equation,
instrumental variable, [324]
as mixed graph, [328]
identifiability, 374,
integer program,
integer programming gap, 242
intersection axiom, [4] [87}
intersection of ideals,
interval of integers,
inverse linear space,
irreducible decomposition
of a variety,
of an ideal,
of monomial ideal,
irreducible ideal,
irreducible Markov chain, [344]
irreducible variety,
Ising model, [I76]
isometric embedding,
iterative proportional fitting,

Jacobian, [T47]
augmented, [I48§]
JC69,

join variety,

joint distribution,

Jukes-Cantor model, [343]
linear invariants, [358]

K-polynomial,

K2P model, [344]

K3P model, B44]

kernel,

Kimura models, B43]

Kruskal rank,

Kruskal’s theorem,
Kullback-Leibler divergence, E12] E14]

Lagrange multipliers,

Laplace approximation, @07

latent variable,

lattice basis ideal,

lattice ideal, B3]

law of total probability,

Lawrence lifting,

leading term, [51]

learning coefficient,

least-squares phylogeny, [454]

lexicographic order, B0, 236

Lie Markov model,

likelihood correspondence,

likelihood function, [B]

likelihood geometry, [146]

likelihood ratio statistic, [I61]

likelihood ratio test
asymptotic,

linear invariants, B57

linear model,

linear program,

linear programming relaxation, 233}

log-affine model,

log-likelihood function, [07]

log-linear model,
ML-degree,

log-odds ratios,

logistic regression,

long tables, 2141

Macaulay2,
MAP, 114
marginal
as sufficient statistics,
marginal density, [9
marginal independence, [73, [76]
marginal likelihood, [14]
Markov basis, IR [[94] 215 234]
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and toric ideal,
minimal,
Markov chain, [3] 03]
homogeneous, 308]
Markov chain Monte Carlo,
Markov equivalent,
Markov property,
directed global,
directed local,
directed pairwise, 292
global,
local,
pairwise,
Markov subbasis,
matrix exponential,
matrix Lie algebra,
matrix product variety,
maximum a posteriori estimation, [T14]
@23
maximum likelihood,
maximum likelihood degree,
maximum likelihood estimate, [6] [106]
137
existence, [[73),
maximum likelihood threshold,
mean,
measurable sets, [I4]
method of moments, 105, 157
metric,
metric cone,
of graph,
metric space,
L?,
Metropolis-Hastings algorithm, [[94]
for uniform distribution,
minimal Grébner basis,
minimal prime,
minimal sufficient statistic,
Minkowski sum, 072
Minkowski-Weyl theorem,
mixed graph,
simple,
mixing time,
mixture model, 47 BT4] B16]
mixture of binomial random variable,
2}
mixture of complete independence, [3T5]
317 322 B33]
identifiability, B%6],
mixture of independence model, B15]
553!

EM algorithm, [332] [334]
identifiability,
nonnegative rank, 317
mixture of known distributions, [[54]
ML-degree, 1317
ML-degree 1, 1511
MLE,
model selection,
consistency of, 0Tl
molecular clock,
moment,
moment polytope, [[77]
monomial,
Monte Carlo algorithm,
moralization,
most recent common ancestor,
moves, [[94]
multigraded Hilbert series,
multiplicity,
multivariate normal distribution,
mutual independence, [’

natural parameter space,
neighbor joining, [454]
neighbors,
network connectivity, 280 282]
Newton polyhedron,
Newton polytope, 276], [426]
no-3-way interaction, 159} 205]
Markov basis,
Markov basis, 214
nodal cubic, 30, 144 164
Noetherian ring, [69]
nondescendants,
nonidentifiable,
generically,
nonnegative rank, 317
nonparametric statistical model,
nonsingular point, 147
normal distribution,
normal fan, 276]
normal form,
normal semigroup, [I76}
normalized subgraph count statistic,
nuisance parameter, [Q
null hypothesis,
Nullstellensatz,

occasionally dishonest casino, (427, [437]
@37
output variables, [391]
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pairwise marginal independence,
parameter, [104] [374]
parametric directed graphical model,
parametric inference, [423]
parametric sets,
parametric statistical model,
parametrized undirected graphical
model,
parents,
partition lattice, [454]
path,
Pearson’s X? statistic,
penalty function, E0T]
pentad,
perfect elimination ordering,
permutation test,
Perron-Frobenius theorem, [344]
phylogenetic invariants,
phylogenetic model,
identifiability,
model selection,
phylogenetics
and metrics, [447]
planar graph,
plug-in estimator, [104]
pointed cone,
pointwise convergence,
polyhedral cell complex,
polyhedral cone, I71]
polyhedron, [128]
polynomial,
polynomial regression models,
polytope,
polytope algebra,
polytope of subgraph statistics,
polytope propagation, E37]
positive definite, [{8
positive semidefinite,
posterior distribution, [[14]
posterior probability,
potential function, 205],
power set,
precision matrix,
primary decomposition,
and graphical models,
application to random walks,
primary ideal,
prime ideal,
prior distribution, [[14]
probability measure, [[2] 14]

probability simplex, 44}
as semialgebraic set,
probability space, [14]
projective space,
projective variety,
pure difference binomial ideal,

quartet, 449
quotient ideal, 82
quotient ring, 237

radical ideal, [46]
random variable,
random vector,
rank one tensor,
Rasch model, 256],
rate matrix,
rational map,
real algebraic variety, 128
real log-canonical threshold, E11]
of monomial map,
real radical ideal,
recession cone,
recursive factorization theorem, 295
i
reduced Grobner basis,
reducible decomposition, [I8T]
reducible graph, [I8T]
reducible model
Markov basis,
reducible simplicial complex,
reducible variety, [[9 147
regression coefficients, 3]
regular exponential family,
regular point, [I47]
resolution of singularities,
reverse lexicographic order, B0}
ring,
ring of polynomials,
rooted tree, 3371

sample space,
saturated
conditional independence statement,
B9
lattice,
polynomial regression,
semigroup, [176l
saturation, [R2]
schizophrenic hospital patients, [[91],
score equations, 07
secant variety, [316} 339
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Segre variety, [319] B89 symmetric difference,
semialgebraic set, system inputs,
semimetric, system reliability,
semiring, B30}

separated, t-separates, 304l

separator, 208 tableau notation, 209
sequential importance sampling, 227} tangent cone, 129} 63

HES] tangent vector, [129
shuttle algorithm, 248] Tarski-Seidenberg theorem, [129]
siblings, 3341 tensor, [389)
simplex, [T70 tensor rank, [385]

simplicial complex, 204] 280} term order,

Singular (software), ; tie br(.eaker, 2:39)
singular, [T47] ime series, [I03]

. topological ordering, [300
lar 1 @Ia ;
Zﬁiuczrrn ng:;lt o3 toric fiber product, 213
P — toric ideal, B4l 123}
SIR model, BT toric model, [122
slim tables, 214l ’

toric variety, 122} [358
smooth, 129, (117 163 trace trick, [I08]

spatial statistics, [[03]

¢ transition
Spine, phylogenetics,
spht,m transition matrix,

Yahdv B37 transversion, [343]
splits equivalence theorem, tree
squarefree monomial ideal, 239] treeycumulants
standard deviation, tree metric, m
standard monomial, 237 [377] trek, B4,
standard normal distribution, trek rule,
Stanley-Reisner ideal, triangle inequality,
state polytope, tropical geometry,
state space model, tropical Grassmannian,
state variables, tropical semiring,
stationary distribution, 344 true model,
statistic, [0 twisted cubic, [44]
statistical model,
stochastic block model, 252] ultrametric,
strand symmetric model, UPGMA, 54
strictly concave function, upstream variables,
strong law of large numbers, [34] urn scheme, 221}

strong maximum, [318] [334]
strongly connected, 234} [395
strongly connected component, 2341
structura.l equ.atlor.l .modl, [325] [326] variety,
global identifiability, 380l vector of counts. MO0
. . 1. 0 )
identifiability, 379 vertex, [IT0

0!
structural zeros, 219] very affine variety, [0

Vandermonde’s identity, 2]
vanishing ideal,
variance,

subgraph count statistic, 26]] Vi . .

) iterbi algorithm, 28] [A29] E37], [437]
subgraph density, 261] &
sufficient statistic, 8 0T weak law of large numbers, [34]
supermodular, [3T§] weak union axiom,

suspension, [446 weight order, 50}, 235]
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weighted linear aberration, 279

Zariski closed, 4T
Zariski closure, 47|
zero set, 3]

zeta function, 411]



Algebraic statistics uses tools from algebraic geometry, commutative algebra, combi-
natorics, and their computational sides to address problems in statistics and its
applications. The starting point for this connection is the observation that many
statistical models are semialgebraic sets. The algebra/statistics connection is now over
twenty years old, and this book presents the first broad introductory treatment of the
subject. Along with background material in probability, algebra, and statistics, this book
covers a range of topics in algebraic statistics including algebraic exponential families,
likelihood inference, Fisher’s exact test, bounds on entries of contingency tables, design
of experiments, identifiability of hidden variable models, phylogenetic models, and
model selection. With numerous examples, references, and over 150 exercises, this
book is suitable for both classroom use and independent study.
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