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Preface

This book grew from my lecture notes for a short course I gave at the
Arizona Winter School in March 2010. My aim has been to present an
exposition accessible to students in their second or third year of graduate
school, while also providing a one-stop reference for active researchers in
arithmetic and non-archimedean dynamics. In particular, I do not assume
the reader has any prior familiarity with the basics of dynamics, with non-
archimedean analysis, or with Berkovich spaces. I do assume the reader has
already seen some non-archimedean fields, usually the p-adic numbers and
hopefully the complete, algebraically closed p-adic field C,, but even those
topics are reviewed briefly in Chapter 21

The theory of p-adic dynamics, and more generally, non-archimedean
dynamics, is modeled on the theory of complex dynamics. Naturally, a
student of complex dynamics is expected to have already completed a full
course on complex analysis. For the sake of argument, though, one could
probably learn quite a bit of complex dynamics with minimal prior complex
analysis coursework if one were willing to accept certain analytic facts on
faith. It would of course be unwise to try to approach complex dynamics
that way, but my point is that it could be done.

The same is true of non-archimedean dynamics: mastery of the subject
requires fluency in non-archimedean analysis, but getting started requires far
less background. In practice, after all, most students of non-archimedean dy-
namics learn non-archimedean analysis along the way, not as a prerequisite.
Or at least, that was how [ learned it.

Thus, this book interleaves the basics of non-archimedean analysis and
of elementary dynamics with the main topics of non-archimedean dynam-
ics. For example, the more advanced theory relies heavily on the Berkovich

xvii



xviii Preface

projective line, discussed in Chapter [l However, a lot can be done with less
background, and therefore the fundamentals of non-archimedean dynamics
appear earlier, in Chapter [

In addition, even in the exposition of non-archimedean analysis (Chap-
ter B) and Berkovich’s theory (Chapters [l and [7), I defer the more involved
proofs to later chapters (specifically, Chapters[T4HI6). My aim is to acquaint
the reader with the requisite analysis as quickly as possible before returning
to our primary topic of dynamics. At the same time, a reader who wishes
to see those proofs can easily find them by flipping to the back of the book.

As is the case for any project, there are many people who helped make
this book possible. T would therefore like to thank the University of Arizona
and the organizers of the 2010 Arizona Winter School: Matt Papaniko-
las, Rachel Pries, Fernando Rodriguez-Villegas, David Savitt, and Dinesh
Thakur, as well as the staff of the University of Arizona. I am similarly grate-
ful to Ina Mette, Marcia Almeida, and the rest of the publishing staff at the
American Mathematical Society, especially Jennifer Wright Sharp for her
careful reading of the manuscript. Many thanks also to Matt Baker, Xan-
der Faber, Charles Favre, and Juan Rivera-Letelier, whose expert input was
enormously valuable for organizing the material, improving certain proofs,
and presenting important results and concepts clearly. Further thanks are
due to Ryan Alvarado, John Benedetto, Amalia Culiuc, Jeff Diller, Fan
Shilei, and the anonymous referees who provided mathematical expertise,
found errors in early drafts, or otherwise made helpful suggestions. I am
particularly grateful to Joe Silverman, who read a draft of the manuscript
very closely and taught a course out of it; his countless excellent suggestions
improved the presentation substantially. In addition, I gratefully acknowl-
edge the support of NSF grants DMS-1201341 and DMS-1501766. Above
all, I thank my wonderful wife Danielle for her constant love and support.
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The theory of complex dynamics in one variable, initiated by Fatou
and Julia in the early twentieth century, concerns the iteration of a
rational function acting on the Riemann sphere. Building on founda-
tional investigations of p-adic dynamics in the late twentieth century,
dynamics in one non-archimedean variable is the analogous theory
over non-archimedean fields rather than over the complex numbers.
It is also an essential component of the number-theoretic study of
arithmetic dynamics.

This textbook presents the fundamentals of non-archimedean

dynamics, including a unified exposition of Rivera-Letelier’s classification theorem,
as well as results on wandering domains, repelling periodic points, and equilibrium
measures. The Berkovich projective line, which is the appropriate setting for the asso-
ciated Fatou and Julia sets, is developed from the ground up, as are relevant results
in non-archimedean analysis. The presentation is accessible to graduate students
with only first-year courses in algebra and analysis under their belts, although some
previous exposure to non-archimedean fields, such as the p-adic numbers, is recom-
mended. The book should also be a useful reference for more advanced students and
researchers in arithmetic and non-archimedean dynamics.
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