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Preface

The main goal of this book is to introduce beginning graduate students
to analytic number theory. In addition, large parts of it are suitable for
advanced undergraduate students with a good grasp of analytic techniques.

Throughout, the emphasis has been put on exposing the main ideas
rather than providing the most general results known. Any student wishing
to do serious research in analytic number theory should broaden and deepen
their knowledge by consulting some of the several excellent research-level
books on the subject. Examples include: the books of Davenport [31] and
of Montgomery-Vaughan [146] for classical multiplicative number theory;
Tenenbaum’s book [172] for probabilistic number theory and the saddle-
point method; the book by Iwaniec-Kowalski [114] for the general theory of
L-functions, of modular forms and of exponential sums; Montgomery’s book
[144] for the harmonic analytic aspects of analytic number theory; and the
book of Friedlander-Iwaniec [59] for sieve methods.

Using the book

The book borrows the structure of Davenport’s masterpiece Multiplicative
Number Theory with several short- to medium-length chapters. Each chap-
ter is accompanied by various exercises. Some of them aim to exemplify
the concepts discussed, while others are used to guide the students to self-
discover certain more advanced topics. A star next to an exercise indicates
that its solution requires total mastery of the material.

The contents of the book are naturally divided into six parts as indicated
in the table of contents. The first two parts study elementary and classical
complex-analytic methods. They could thus serve as the manual for an
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viii Preface

introductory graduate course to analytic number theory. The last three
parts of the book are devoted to the theory of sieves: Part 4 presents the
basic elements of the theory of the small sieve, whereas Part 5 explores the
method of bilinear sums and develops the large sieve. These techniques
are then combined in Part 6 to study the spacing distribution of prime
numbers and prove some of the recent spectacular results about small and
large gaps between primes. Finally, Part 3 studies multiplicative functions
and the anatomy of integers, and serves as a bridge between the complex-
analytic techniques and the more elementary theory of sieves. Topics from
it could be presented either in the end of an introductory course to analytic
number theory (Chapter 13 most appropriately), or in the beginning of a
more advanced course on sieves (the most relevant material is contained in
Chapters 14 and 15, as well as in Theorem 16.1).

Certain portions of the book can be used as a reference for an under-
graduate course. More precisely, Chapters 1–8 can serve as the core of such
a course, followed by a selection of topics from Chapters 14, 15, 17 and 21.

A short guide to the main theorems of the book. Below is a list of
the main results proven and of their prerequisites.

Chebyshev’s and Mertens’ estimates are presented in Chapters 2 and 3,
respectively. Their proofs rest on the material contained in Part 1.

The landmark Prime Number Theorem is proven in Chapter 8. Under-
standing it requires a good grasp of all preceding chapters.

The Siegel-Walfisz theorem, which is a uniform version of the Prime
Number Theorem for arithmetic progressions, is presented in Chapter 12.
Its proof builds on all of the material preceding it.

The Landau-Selberg-Delange method is a key tool in the study of mul-
tiplicative functions. It is presented in Chapter 13. Appreciating its proof
requires a firm understanding of Chapters 1–8 for the main analytic tools,
as well as of Chapter 12 for dealing with uniformity issues.

The foundations of probabilistic number theory are explained in Chapters
15 and 16, where the Erdős-Kac theorem and the Sathe-Selberg theorem are
proven. The main prerequisites can be found in Part 1 and in Chapter 14.
In addition, Chapter 13 is needed for the Sathe-Selberg theorem.

The Fundamental Lemma of Sieve Theory is proven in Chapter 19. Its
proof uses ideas and techniques from Part 1 and Chapters 14–17.

Vinogradov’s method, one of the foundations of modern analytic number
theory, is presented in Chapter 23. It builds on the material of Chapters
1–12 and 19.
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The Hardy-Littlewood circle method is presented in Chapter 24. It is
used to detect additive patterns among the primes and, more specifically, to
count ternary arithmetic progressions all of whose members are primes.

The Bombieri-Vinogradov theorem, often called the “Generalized Rie-
mann Hypothesis on average”, is established in Chapter 26. Understanding
its proof requires mastery of Vinogradov’s method (Chapter 23) and of the
large sieve (Chapter 25).

Linnik’s theorem provides a very strong bound on the least prime in an
arithmetic progression. It is proven in Chapter 27 and its prerequisites are
Chapters 1–12, 17–20, 22–23 and 25.

The breakthrough of Zhang-Maynard-Tao about the existence of infin-
itely many bounded gaps between primes is presented in Chapter 28. Its
proof requires a firm understanding of the Fundamental Lemma of Sieve
Theory (Chapter 19), of Selberg’s sieve (Chapter 21) and of the Bombieri-
Vinogradov theorem (Chapter 26).

The recent developments about large gaps between primes of Ford-Green-
Konyagin-Tao and Maynard are presented in Chapter 29. Understanding
them necessitates knowledge of the same concepts as the proof of the exis-
tence of bounded gaps between primes, with the addition of the results on
smooth numbers presented in Chapters 14 and 16.

Maier discovered in 1985 that the distribution of prime numbers has
certain unexpected irregularities. His results are presented in Chapter 30
and they assume knowledge of Linnik’s theorem (and of its prerequisites), as
well as of Buchstab’s function (see Chapter 14 and, more precisely, Theorem
14.4).
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Notation

Throughout the book, we make use of some standard and some less
standard notation. We list here the most important conventions.

The symbols N, Z, Q, R and C denote the sets of natural numbers (we
do not include zero in N), integers, rational numbers, real numbers and
complex numbers, respectively. Furthermore, given an integer n � 1, we
write Z/nZ for the set of residues mod n, as well as (Z/nZ)∗ for the set of
reduced residues mod n.

We write P to indicate a probability measure, and E[X] and V[X] for
the expectation and the variance, respectively, of a random variable X.

Given a set of real numbers A and a parameter y, we write A�y for the
set of numbers a ∈ A that are � y; similarly for A>y, A�y, A<y. We also
write |A| or #A for the cardinality of A, whichever is more convenient.

The letter p always denotes a prime, and the letter n always denotes an
integer (usually, a natural number). We write d|n to mean that d divides n,
and that pk‖n to mean that pk is the exact power of p dividing n. Lastly,
d|n∞ means that all prime factors of d appear in the factorization of n too.

When we write (a, b), we might mean the open interval with endpoints
a and b, the pair of a and b, or the greatest common divisor of the integers
a and b. The meaning will always be clear from the context. Similarly, the
symbol [a, b] will sometimes denote the closed interval with endpoints a and
b, and some other times the least common multiple of the integers a and b.

We write P+(n) and P−(n) to denote the largest and smallest prime
factors of n, respectively, with the convention that P+(1) = 1 and P−(1) =
∞. Given a parameter y and an integer n � 1, we say that n is y-smooth
if all its prime factors are � y (i.e., if P+(n) � y). The set of y-smooth
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xii Notation

numbers is denoted by S(y). Lastly, we say that n is y-rough if all its prime
factors are > y (i.e., if P−(n) > y). Equivalently, (n, P (y)) = 1, where
P (y) :=

∏
p�y p.

The symbol log denotes the natural logarithm (base e). We also let
li(x) =

∫ x
2 dt/ log t denote the logarithmic integral .

Given x ∈ R, we write �x� for its integer part (defined to equal maxZ�x,
and also called the “floor” of x), �x	 for the “ceiling” of x (defined to equal
minZ�x) and {x} for the fractional part of x (defined to equal x− �x�).

Given α ∈ R, we write ‖α‖ to denote its distance from the nearest
integer. On the other hand, if ψ is a bilinear form, then ‖ψ‖ denotes its
norm (see Chapter 25). Finally, if �v ∈ Cn or f : N → C is an arithmetic
function, we write ‖�v‖2 and ‖f‖2 for their �2-norm.

The symbol Ck(X), where X ⊆ R and k ∈ Z�0 ∪ {∞}, denotes the set
of functions f : X → C whose first k derivatives exist and are continuous.

We write 1E to denote the indicator function of a set or of an event E.
For example, 1[0,1] denotes the indicator function of the interval [0, 1] and
1(n,10)=1 denotes the indicator function of the event that n is coprime to 10.
In particular, 1P will denote the indicator function of the set of primes.

The letter s will usually denote a complex number, in which case we
denote its real part by σ and its imaginary part by t following Riemann’s
original notation that has now become standard. In addition, non-trivial
zeroes of the Riemann zeta function and of Dirichlet L-functions will be
denoted by ρ = β + iγ. Notice that we also use the letter γ for the Euler-
Mascheroni constant, whereas ρ(u) will also refer to the Dickman-de Bruijn
function. The precise meaning of each letter will be clear from the context.

We employ frequently the usual asymptotic notation f = O(g), f  g,
f � g, f ∼ g and f = o(g), whose precise definition is given in Chapter 1.

Finally, we list below some other symbols and the page of their definition:

1P (n) xii
B(u) 150
e(x) 102
G(χ) 103
li(x) 1
L(s, χ) 97
P (y) xii
P±(n) xi
S(A,P) 182
S(y) xii
Γ(s) 17

ζ(s) 2
θ(x) 13
Λ(n) 37
Λ�(n) 237

Λ�(n) 237

Λ�
sieve(n) 239

Λ�
sieve(n) 239

μ(n) 35
π(x) 1
π(x; q, a) 4
ρ(u) 152

τ(n) 33
τk(n) (k ∈ N) 33
τκ(n) (κ ∈ C) 131
ϕ(n) 4
χ0(n) 97, 100
χ(n) 96, 100
ψ(x) 22
ψ(x; q, a) 98
ψ(x, χ) 98
Ψ(x, y) 152
ω(n), Ω(n) 29
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[10] E. Bombieri, Le grand crible dans la théorie analytique des nombres (French, with English
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[79] B. Green and T. Tao, The Möbius function is strongly orthogonal to nilsequences, Ann. of
Math. (2) 175 (2012), no. 2, 541–566, DOI 10.4007/annals.2012.175.2.3. MR2877066

[80] B. Green, T. Tao, and T. Ziegler, An inverse theorem for the Gowers Us+1[N ]-norm, Ann.

of Math. (2) 176 (2012), no. 2, 1231–1372, DOI 10.4007/annals.2012.176.2.11. MR2950773

[81] J. Hadamard, Étude sur les propriétés des fonctions entières et en particulier d’une fonction
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[86] H. Halberstam and H.-E. Richert, Sieve methods, London Mathematical Society Mono-
graphs, vol. 4, Academic Press [A subsidiary of Harcourt Brace Jovanovich, Publishers],
London-New York, 1974. MR0424730

[87] G. H. Hardy and J. E. Littlewood, A new solution to Waring’s problem, Q. J. Math. 48

(1919), 272–293.

[88] G. H. Hardy and J. E. Littlewood, Some problems of “partitio numerorum”: I. A new
solution to Waring’s problem, Göttingen Nachrichten, 1920, 33–54.

[89] G. H. Hardy and J. E. Littlewood, Some problems of “partitio numerorum”: II. Proof that
every large number is the sum of at most 21 biquadrates, Math. Z. 9 (1921), no. 1-2, 14–27,
DOI 10.1007/BF01378332. MR1544448

[90] G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio numerorum’; III: On the
expression of a number as a sum of primes, Acta Math. 44 (1923), no. 1, 1–70, DOI
10.1007/BF02403921. MR1555183

[91] G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio Numerorum’: IV. The sin-
gular series in Waring’s Problem and the value of the number G(k), Math. Z. 12 (1922),
no. 1, 161–188, DOI 10.1007/BF01482074. MR1544511

[92] G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio numerorum’: V. A further
contribution to the study of Goldbach’s problem, Proc. London Math. Soc. (2) 22 (1924),
46–56.

[93] G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio numerorum’ (VI): Further
researches in Waring’s Problem, Math. Z. 23 (1925), no. 1, 1–37, DOI 10.1007/BF01506218.
MR1544728

[94] G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio Numerorum’ (VIII): The
number Gamma(k) in Waring’s Problem, Proc. London Math. Soc. (2) 28 (1928), no. 7,
518–542, DOI 10.1112/plms/s2-28.1.518. MR1575871

[95] G. H. Hardy and S. Ramanujan, Proof that almost all numbers n are composed of about
log logn prime factors [Proc. London Math. Soc. (2) 16 (1917), Records for 14 Dec.
1916], Collected papers of Srinivasa Ramanujan, AMS Chelsea Publ., Providence, RI, 2000,
pp. 242–243. MR2280875

[96] G. Harman, Prime-detecting sieves, London Mathematical Society Monographs Series,
vol. 33, Princeton University Press, Princeton, NJ, 2007. MR2331072

[97] D. R. Heath-Brown, Prime numbers in short intervals and a generalized Vaughan identity,
Canad. J. Math. 34 (1982), no. 6, 1365–1377, DOI 10.4153/CJM-1982-095-9. MR678676

[98] D. R. Heath-Brown, Primes represented by x3 + 2y3, Acta Math. 186 (2001), no. 1, 1–84,
DOI 10.1007/BF02392715. MR1828372

https://www.ams.org/mathscinet-getitem?mr=2877066
https://www.ams.org/mathscinet-getitem?mr=2950773
https://www.ams.org/mathscinet-getitem?mr=1504264
https://www.ams.org/mathscinet-getitem?mr=1504264
https://www.ams.org/mathscinet-getitem?mr=0319930
https://www.ams.org/mathscinet-getitem?mr=0421941
https://www.ams.org/mathscinet-getitem?mr=0424730
https://www.ams.org/mathscinet-getitem?mr=1544448
https://www.ams.org/mathscinet-getitem?mr=1555183
https://www.ams.org/mathscinet-getitem?mr=1544511
https://www.ams.org/mathscinet-getitem?mr=1544728
https://www.ams.org/mathscinet-getitem?mr=1575871
https://www.ams.org/mathscinet-getitem?mr=2280875
https://www.ams.org/mathscinet-getitem?mr=2331072
https://www.ams.org/mathscinet-getitem?mr=678676
https://www.ams.org/mathscinet-getitem?mr=1828372


Bibliography 349

[99] D. R. Heath-Brown and X. Li, Prime values of a2 + p4, Invent. Math. 208 (2017), no. 2,
441–499, DOI 10.1007/s00222-016-0694-0. MR3639597

[100] D. R. Heath-Brown and B. Z. Moroz, Primes represented by binary cubic forms, Proc.
London Math. Soc. (3) 84 (2002), no. 2, 257–288, DOI 10.1112/plms/84.2.257. MR1881392

[101] D. R. Heath-Brown and B. Z. Moroz, On the representation of primes by cubic poly-
nomials in two variables, Proc. London Math. Soc. (3) 88 (2004), no. 2, 289–312, DOI
10.1112/S0024611503014497. MR2032509

[102] A. Hildebrand, Integers free of large prime factors and the Riemann hypothesis, Mathe-
matika 31 (1984), no. 2, 258–271 (1985), DOI 10.1112/S0025579300012481. MR804201

[103] A. Hildebrand and G. Tenenbaum, On integers free of large prime factors, Trans. Amer.
Math. Soc. 296 (1986), no. 1, 265–290, DOI 10.2307/2000573. MR837811

[104] A. Hildebrand and G. Tenenbaum, Integers without large prime factors, J. Théor. Nombres
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Pólya-Vinogradov inequality. Preprint (2017), 34 pages, arXiv:1701.01042.
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