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Preface

This book was built on material from the courses on ordinary differential
equations we offered at IMPA (Instituto de Matemática Pura e Aplicada)
in the years from 2011 to 2018. Differential equations is a main theme in
IMPA’s masters program, where it has been taught since the very inception
of graduate studies in the 1960s.

Ever since the work of Henri Poincaré revolutionized this field, a lit-
tle over a century ago, the theory of differential equations has not stopped
growing, branching, and acquiring new tools and innumerable applications.
It seemed to us that the time was ripe to rethink the discipline as a whole, re-
flect on its indispensable core ideas and on the additional topics more suited
for the training of a young mathematician of our times, “pure” and “applied”
alike.

The countless applications of differential equations rely both on the
mathematical theory and on the numerical calculation of solutions. A key
principle in our train of thought was that both aspects—theoretical and
numerical—must be contemplated in our presentation, in an organic and
integrated fashion. The goal is not to write a textbook on the numerical
analysis of differential equations, a rich and very active research field which
already has some excellent bibliographic references, but rather to provide
enough tools for the reader to explore numerically the various models pre-
sented within the text, and to present interesting opportunities for using
such tools.

Structure of this text. Curiously, but perhaps not surprisingly, this line of
reasoning led us back to the original vision of Poincaré who, more than hun-
dred years ago, advocated that differential equations should be approached

ix



x Preface

through a combination of qualitative analysis and numerical calculation of
the solutions. This vision is explained and illustrated in Chapter 1, where
we also introduce some basic notions of the theory, starting from the very
definition of a differential equation. From there on, the text is organized into
six cycles of ideas.

The first cycle, comprising Chapters 2 and 3, deals with foundations,
that is, the basic questions about existence and uniqueness of solutions, and
their dependence on the questions: Does every ordinary differential equation
have a solution? If so, how many? How do the solutions change when we
modify the differential equation itself? Are they defined on the whole real
line? Otherwise, why not?

The second cycle, consisting of Chapters 4 and 5, introduces several ba-
sic tools, both theoretical and practical, so that, already at an early stage of
the text, the reader becomes capable of analyzing and solving concrete cases.
These tools fall under two categories: numerical methods for solving differ-
ential equations, together with techniques for estimating the corresponding
calculation errors; and the theoretical formalism of the qualitative theory,
including concepts of flow, the Poincaré map, equivalence and conjugacy.
Using this opportunity, we shall also prove the Poincaré recurrence theorem,
a striking illustration of the power of the qualitative approach.

The third cycle, developed in Chapters 6 and 7, introduces the linear
theory of differential equations, first in the autonomous case and then in
the general linear setting. The notion of exponentiation of a matrix, the
Liouville–Ostrogradskĭı formula, and Floquet’s theorem enter the picture at
this stage. The study of linear equations provides important insight for the
general case and lies at the heart of many more sophisticated developments.

The fourth cycle consists of Chapter 8 and is dedicated to Lyapunov sta-
bility theory. This is a classical subject, contemporary to Poincaré himself,
and a beautiful illustration of qualitative analysis. It is also technically acces-
sible, has many practical and theoretical applications, and historically paved
the way for important recent progress, including the theory of Lyapunov
exponents.

The fifth cycle, in Chapters 9 and 10, deals with local theory, that
is, the study of the differential equation in the vicinity of certain special
trajectories, such as the stationary or the periodic ones. We state and prove
two major results, the Grobman–Hartman theorem and the stable manifold
theorem, in which the notion of hyperbolicity plays a key role. The proofs use
ideas that can be generalized to many other contexts in differential equations
and dynamical systems.

The sixth and last cycle, formed by Chapters 11 and 12, introduces the
reader to the global theory of differential equations, that is, to results about
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the behavior of the flow as a whole, in connection with the properties of the
ambient space. At this point, in order to take full advantage of the theory,
it is practically obligatory to expand its scope to differential equations on
manifolds. We shall discuss some results which are specific for surfaces, such
as the theorems of Poincaré–Bendixson and Mayer, and then finish with the
beautiful Poincaré–Hopf theorem.

Computational applications, exercises and notes. A distinctive fea-
ture of this book is that every chapter proposes a problem for the reader to
analyze by computational methods. For each of these proposed numerical
experiments, after an explanation of the problem, its context, and related
ideas, we list a few objectives that also hint at possible approaches to the
problem.

Each chapter also contains exercises related to its respective contents,
including several computational ones. But the numerical experiments are
something very different: their objectives are stated in a loose, sometimes
outright vague way (“find interesting solutions”,...), all the more to stress the
exploratory nature of the tasks we propose. In our experience, giving the
students freedom in interpreting and performing those tasks often leads to
surprisingly innovative approaches and solutions.

We end every chapter with a section of Notes, which has multiple pur-
poses. To begin with, most of the bibliographical references have been pushed
to those sections, in order to retain the fluidity of the text. Also, we often
discuss in the Notes related topics that are left out of the preceding sections.
Finally, the Notes contain brief biographical comments about the personali-
ties behind the results, including chronological information which may help
the reader in forming a clearer impression of the ways those ideas unfolded.

Prerequisites. The last two chapters require some familiarity with notions
from the theory of differentiable manifolds, such as tangent spaces, differen-
tial forms, Riemannian metrics and curvature. For the reader’s convenience,
these and other related notions are recalled in the Appendix. We also cover
in the Appendix some basic ideas from the theory of metric spaces, such
as compactness, completeness, and the Ascoli–Arzelà theorem, which are
used in the text. Additionally, knowledge of a few fundamental concepts of
linear algebra (eigenvalue, eigenvector, determinant) and analysis (implicit
function theorem, inverse function theorem) has been assumed.

How to use. Depending on the time available, it may be difficult to cover
the entire book in a single course. The idea is that a suitable curriculum can
be constructed out of the text by making some choices and possibly leaving
others topics to be presented by the students during seminars.
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For a 40h lecture time course, we recommend the following curriculum,
which is consistent with our experience teaching these matters.1

Chapter 1: Introduction to the theory (Sections 1.1 to 1.3). [1.5h]

Chapter 2: Theorems of Picard and Peano (Sections 2.1, 2.2, and 2.5.1). Statement and discussion
of the continuous and differentiable dependence theorems (Sections 2.3 and 2.4). [3.0h]

Chapter 3: Maximal solutions (Sections 3.1 and 3.2) and Gronwall lemma (Section 3.3). Statement
and discussion of the global dependence theorems (Theorems 3.11, 3.13, and 3.14). [3.0h]

Chapter 4: One-step methods (Sections 4.1 and 4.2) and their error estimates (Section 4.3). [3.0h]

Chapter 5: Flows (Section 5.1), tubular flow theorem (Section 5.2) and Poincaré maps (Sec-
tion 5.3). [3.0h]

Chapter 6: Exponential of a matrix (Sections 6.1 to 6.3). [3.0h]

Chapter 7: Linear homogeneous equations, fundamental solution (Sections 7.1 and 7.2). Liouville–
Ostrogradskĭı formula (Section 7.3). Nonhomogeneous linear equations (Section 7.4). [4.5h]

Chapter 8: Linear stability (Section 8.1). Lyapunov functions, Lyapunov theorem and invariant
set theorem (Section 8.2). [3.0h]

Chapter 9: Hyperbolicity, Grobman–Hartman theorem (Sections 9.1 to 9.3), statement and sketch
of proof. Statement of the theorem for diffeomorphisms (Theorem 9.16). [4.5h]

Chapter 10: Stable manifold theorem (Sections 10.1 to 10.3), statement and sketch of proof.
Statement of the theorem for periodic orbits (Theorem 10.15). [4.5h]

Chapter 11: Limit sets, Poincaré–Bendixson theorem (Sections 11.1 and 11.2). [3.0h]

Chapter 12: Index and Euler characteristic (Sections 12.1 and 12.2). Flows on manifolds. Poin-
caré–Hopf theorem (Sections 12.3 and 12.4), statement and sketch of proof. [3.0h]

Among the themes best suited for students’ presentations, we count the
following.
Partial differential equations (Section 2.5.2). [1.5h]

Proofs of the dependence theorems (Sections 2.3 and 2.4). [3.0h]

Proofs of the global dependence theorems (Sections 3.4 and 3.5). [3.0h]

Adams methods (Section 4.4) and their error estimates (Section 4.5). [3.0h]

Equivalence and conjugacy (Section 5.4). [1.5h]

Classification of linear hyperbolic flows (Sections 6.4 and 6.5). [1.5h]

Stiff problems (Section 4.6). [1.5h]

Floquet theorem (Section 7.5). [1.5h]

Lyapunov functions of nonautonomous differential equations (Section 8.3). [1.5h]

Lyapunov exponents (Section 8.4). [1.5h]

Differentiable conjugacy, statement of Sternberg’s theorem (Section 9.5). [1.5h]

Remarks about limit sets of flows on surfaces (Section 11.3). [1.5h]

Euler characteristic (Section 12.2 and Section A.8), preceding Mayer and Poincaré–Hopf
theorems. [1.5h]

Mayer’s theorem (Section 11.4). [3.0h]

1Graduate courses at IMPA comprise 32 lectures of 1.5h each, adding to 48h total lecture
time. However, most institutions seem to run shorter academic terms.
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Problem sessions and computational platform. Problem sessions ded-
icated to computational aspects of the course (1.5h per week) are recom-
mended as a supplement to the theoretical classes; they can also complement
the theoretical discussion about numerical integration and error estimates.
Our suggestion is to dedicate one or two initial sessions to introducing the
computational ambient to be used in the course, and then one session to
each of the experiments presented in the book.

There are many choices for the computational platform, some more suited
than others. For our courses at IMPA we opted for MATLAB, which is one
of the most popular solutions worldwide, but there are many others which
cater perfectly to the needs of the course. Various manuals, classes, tutorials
and discussion forums on such computational platforms are freely accessible
on the internet.

Additional references. Several excellent textbooks on differential equa-
tions are available that the reader can use to complement the material pre-
sented here, as well as to obtain alternative viewpoints on the topics we
cover. The short list that follows is very significant, but far from complete.

Among the classic works whose influence on our own text is most evi-
dent, we include the books of V. Arnold [10], P. Hartman [160], M. Hirsch,
S. Smale [170] (see also M. Hirsch, S. Smale, R. Devaney [171]) and J.
Sotomayor [375]. Another classic reference still much used is Coddington,
Levinson [91]. Among more recent publications, let us mention Barreira,
Valls [19] and Teschl [393], whose approaches are substantially distinct from
ours.

The numerical aspects of ordinary differential equations are covered by
Burden, Faires [59], Butcher [65], Hairer, Nørsett, Wanner [156], LeVeque
[238], and Morton [287], among others. Hubbard, West [177] is one of
relatively few texts which, like ours, try to bridge the gap between theory
and numerics. Trefethen, Birkisson, Driscoll [397] proposes an interesting
approach, built on the exploration of specific examples, and is accompanied
by the computational package Chebfun.

Other more specific references are given within the text, especially in
the Notes section of each chapter. That includes several references to the
original works that built this area of mathematics. Whenever possible, we
consulted the primary sources to try and minimize the imprecisions one so
often finds in historical surveys of this kind. Fortunately, nowadays there
exist several online repositories that make access to the classic works much
easier. Nevertheless, the task remains difficult and delicate: despite all our
efforts, errors surely remain, for which we take full responsibility.
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dual

basis, 481
frame, 488

Duffing
equation, 302
oscillator, 302

Duffing, George (1861–1944), 313
Duhamel principle, 256
Duhamel, Jean-Marie Constant

(1797–1872), 257, 258

ecliptic, 374
edge, 445
effect of Perron, 299
effective damping, 221
eigenspace, 199
eigenvalue, 199
elasticity, 221

coefficient, 4, 221, 228, 302
matrix, 221

elementary function, 6
embedding

differentiable, 354
in a flow, 246
topological, 353

energy, 272
kinetic, 272
potential, 272

envelope of a family of curves, 84
equicontinuity, 43, 475, 490
equicontinuous set, 475
equilibrium, 261
equivalent flows, 161, 176

Cr, 177
differentiably, 177, 403
topologically, 177, 215, 219

error
estimate, 124, 133
global, 111, 114, 124, 134
local, 114, 126, 135
rounding, 116
truncation, 114, 126, 135

Euclidean
distance, 470
norm, 470
space, 469, 472, 476

Euler
characteristic

manifold, 488
polyhedron, 436, 446, 486

surface, 450, 456
method, 16, 110, 139

arbitrary dimension, 122
implicit, 132, 144
perturbed, 117

theorem for polyhedra, 449
Euler, Leonhard Paul (1707–1783), 24,

25, 73, 76, 104, 110, 111, 153, 255,
258, 449, 465

Euler–Lagrange equation, 25
Euler–Poincaré formula, 457
event localization, 423
exact

differential equation, 18, 73
differential form, 482

example
Hahn, 305
Müller, 68, 75
Perron, 297

existence and uniqueness theorem, 29,
75, 398

for any order, 55
existence theorem, 39

for any order, 55
explicit numerical method, 138
exponent

characteristic, 347
Lyapunov, 296, 297

exponential
map, 485
of a linear map, 195, 197
stability, 262, 263

exponentially stable solution, 262, 263
globally, 276, 284
uniformly, 280, 284

extension of domain, 95
exterior derivative, 481

face, 445, 486, 487
factors vector, 15
Faraday law, 182
Faraday, Michael (1791–1867), 182
Fehlberg, Erwin (1911–1990), 194
Fenchel, Moritz Werner (1905–1988),

467
fibre contraction, 361
finite differences method, 110
first

integral, 21, 305, 372
return

map, 172
time, 172
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fixed point, 318, 474
continuation, 318, 343
hyperbolic, 319, 323
simple, 318
theorem

Brouwer, 232, 377
for contractions, 31, 38
for fibre contractions, 362

fixed step size method, 98
Floquet theorem, 234, 244, 259, 347
Floquet, Achille Marie Gaston

(1847–1920), 243, 244, 259, 347
flow, 160, 161, 190

complete, 160, 161, 398
component, 386
conservative, 161, 177, 239
embedding, 246
geodesic, 485
gradient-like, 418, 429
heat, 349
linear, 195

hyperbolic, 196, 212, 316, 318
minimal, 428
on a manifold, 398
structurally stable, 196
tubular, 167, 168

long, 186
volume-preserving, 161, 177, 239

flows
conjugate, 161, 174
Cr-conjugate, 175
Cr-equivalent, 177
differentiably conjugate, 175, 211, 216
differentiably equivalent, 177, 403
equivalent, 161, 176
linearly conjugate, 211, 216
that commute, 427
topologically conjugate, 175, 216,

219, 320
topologically equivalent, 177, 215, 219

flutter, 220, 221
flux, 251
focus

stable, 211
unstable, 211

forcing, 248
periodic, 253

form
alternate, 480
differential, 481
multilinear, 480

formula
Abel, 257
Euler–Poincaré, 456, 457
Liouville–Ostrogradskĭı, 237, 257
Newton interpolation, 130

Fourier law, 349
Fourier, Jean-Baptiste Joseph

(1768–1830), 258, 349
Fröbenius, Ferdinand Georg

(1849–1917), 310
frame, 488

dual, 488
Fredholm, Erik Ivar (1866–1927), 107
frequency

characteristic, 228
natural, 220, 221
resonance, 247

friction, 272, 274, 342
coefficient, 377

Friedrichs, Kurt Otto (1901–1982), 156
frozen Jacobian, 143
Fuchs, Lazarus Immanuel (1833–1902),

193, 256
function

Airy, 108, 346
bounded, 470
current, 420
deviation, 340
dominated, 282
elementary, 6
Hölder, 74, 475
harmonic, 251
Hölder continuous, 334
Lipschitz, 28, 74, 87, 475
locally Lipschitz, 28, 45
Lyapunov, 272, 282, 312

strict, 272, 282
Lyapunov exponent, 296, 300
negative definite, 272, 282

matrix-valued, 292
nonnegative, 272, 282
nonpositive, 272, 282

matrix-valued, 292
positive definite, 272, 282
semicontinuous, 92

fundamental
domain, 330
solution, 234, 236, 256, 289

normal form, 244
theorem

multistep methods, 136, 156
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one-step methods, 128
Riemannian geometry, 488

Galle, Johann Gottfried (1812–1910),
108, 154

Galois, Évariste (1811–1832), 257
Gama, Lélio (1892–1981), 432
Gauss

curvature, 436, 488, 490, 491
normal map, 490, 491
Teorema Egregium, 491

Gauss, Johann Carl Friedrich
(1777–1855), 105, 257, 436, 456,
466, 467, 491

Gauss–Bonnet theorem, 435, 436, 456
Gauss–Ostrogradskĭı divergent theorem,

257
general solution, 83, 104, 229
generalized saddle, 401, 403

index, 440
multiplicity, 403

genus of a surface, 452, 456
geodesic

curve, 485
flow, 485

geometric multiplicity of an eigenvalue,
199

global
error, 111, 114, 124, 134
theory of differential equations, 385

globally
asymptotically stable solution, 275,

284
attractive solution, 284
exponentially stable solution, 276,

284
stable solution, 267, 284

gradient, 147
gradient-like

flow, 418, 429
vector field, 418, 429

graph transform, 357, 358, 378
Grassmannian manifold, 476
gravitation

constant, 372
law, 372

grid, 109
size, 109

Grobman, David Matveevich (b. 1922),
320, 332, 348

Grobman–Hartman theorem
for diffeomorphisms, 332

for flows, 320
Gronwall lemma, 87
Gronwall, Thomas Hakon (1877–1932),

87, 107
group

homomorphism, 165
linear (GL(d,R)), 483
one-parameter, 165
special linear (SL(d,R)), 483

Gutiérrez, Carlos (1944–2008), 432

Hölder
function, 475
map, 475

Hadamard
lemma, 50, 75
method, 378

Hadamard, Jacques Salomon
(1865–1963), 50, 75, 232, 378

Hahn example, 305
half-life, 3
Hamilton, William Rowan (1805–1865),

231
Hamiltonian

differential equation, 308, 322
vector field, 308, 322

handle, 451
harmonic

function, 251
oscillator, 4

with periodic forcing, 248, 254
pendulum, 5, 11, 239, 271

double, 308
Hartman, Philip (1915–2015), 320, 332,

348, 349
Haupvermutung, 493
Hausdorff, Felix (1868–1942), 108
heat

equation, 346, 349
flow equation, 349
problem, 346, 349

Hermite equation, 20, 193
Hermite, Charles (1822–1901), 20, 106,

192, 193, 257
heteroclinic connection, 401
Heun method, 118, 119
Heun, Karl (1859–1929), 155
Hilbert, David (1862–1943), 190
Hill equation, 253, 259
Hill, George William (1838–1914), 259
Hölder

constant, 334
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function, 74, 334
Hölder, Otto Ludwig (1859–1937), 74,

334
homeomorphism

piecewise affine, 449
piecewise differentiable, 487

homoclinic
connection, 401
point, 343, 380
trajectory, 343, 380

homogeneous equation, 18
linear, 19, 229, 233, 240

Hooke law, 3
Hooke, Robert (1635–1703), 3
Hopf, Heinz (1894–1971), 190, 436, 466,

467
horseshoe, 433
Hurwitz, Adolf (1859–1919), 435
Huygens, Christiaan (1629–1695), 23
hyperbolic

attractor, 216
fixed point, 319, 323
linear

flow, 196, 212, 316, 318
map, 319
vector field, 196, 212, 316, 318

matrix, 60
periodic trajectory, 352, 370
repeller, 216
stationary point, 316, 318, 323

immersed submanifold, 481
immersion

differentiable, 351, 354
topological, 351, 353

implicit
Adams method, 133
Euler method, 132, 144
numerical method, 143
Runge–Kutta method, 146, 156

independent variable, 56
index

of a generalized saddle, 440
of a stationary point, 435, 439, 441,

444, 445
inertia, 221
initial

condition, 29
value problem, 109

inside of a closed curve, 385, 399
instability, 266, 286
integrating factor, 18, 19, 73, 255

integration
by quadratures, 7
constant, 22
numerical, 110
of a differential form, 481

interaction matrix, 15
interior of a set, 471
invariance of domain theorem, 215, 232
invariant

measure, 161, 177
set, 276, 387

theorem, 276, 277, 285, 311
isochrone problem, 23
isomorphism

affine, 487
piecewise affine, 487
problem, 160, 174

isoperimetric problem, 25
iterates of Picard, 39, 63

Jacobi, Carl Gustav Jakob (1804–1851),
106, 257

Jordan
canonical form theorem, 201, 204
closed curve theorem, 231, 385, 399

Jordan, Marie Ennemond Camille
(1838–1922), 201, 204, 231, 232,
385

Kapitza pendulum, 254
Kaps equation, 143
Keplerian approximation, 255, 379
kernel of a linear map, 199
Kirchhoff law, 182
Kirchhoff, Gustav Robert (1824–1887),

182
Klein bottle (K2), 399
Kneser theorem, 69, 75, 400
Kneser, Hellmuth (1898–1973), 69, 75,

400, 430
Kolmogorov, Andrei Nikolaevich

(1903–1987), 348, 380
Kowalevski, Sophie (1850–1891), 62, 75,

193
Krasovskĭı, Nikolay Nikolayevich

(1924–2012), 277, 311
Krasovskĭı–LaSalle theorem, 276, 277,

285
Kronecker δ-function, 488
Kronecker, Leopold, 488
Kuratowski, Kazimierz (1896–1980),

108
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Kutta method, 121
Kutta, Martin Wilhelm (1867–1944),

120, 155

Lagrange multipliers method, 256
Lagrange, Joseph-Louis (1736–1813),

25, 104, 255, 256, 259
Laguerre, Edmond Nicolas (1834–1886),

106, 230, 231
λ-lemma of Palis, 382
Langevin equation, 377, 382
Langevin, Paul (1872–1946), 377, 382
Laplace equation, 105
Laplace, Pierre-Simon de (1749–1827),

105
LaSalle, Joseph Pierre (1916–1983),

107, 277, 311
Laskar, Jacques (b. 1955), 382
law

Coulomb, 182
Faraday, 182
Fourier, 349
gravitation, 372
Hooke, 3
Kirchhoff, 182
Newton, 4, 5
Ohm, 182

Lax equivalence theorem, 156
Lax, Peter David (b. 1926), 156
Lax–Richtmyer theorem, 156
Le Verrier, Urbain Jean Joseph

(1811–1877), 108, 154
Lebesgue, Henri Léon (1875–1941), 75
Lefschetz, Solomon (1884–1972), 431
Legendre

equation, 103, 105
polynomial, 103, 105

Legendre, Adrien-Marie (1752–1833),
103, 105, 106, 465

Leibniz, Gottfried Wilhelm
(1646–1716), 22–25, 465

lemma
Barbălat, 277, 285
closing, 432
Gronwall, 87
Hadamard, 50, 75
Massera, 312
recurrence, 412
stability, 410
Zorn, 81, 107

length of a curve, 484
level curve, 146

Levi-Civita theorem, 488
Levi-Civita, Tullio (1873–1941), 492
Levinson, Norman (1912–1975), 433
Lewy, Hans (1904–1988), 74, 156
L’Hôpital, Guillaume François Antoine

(1661–1704), 24, 25
Liénard

equation, 182, 392
theorem, 392, 431

Liénard, Alfred-Marie (1869–1958), 194,
392

limit
cycle, 279, 377
of a sequence, 472
set, 385

Lindelöf, Ernst Leonard (1870–1946), 75
Lindstedt series, 380
Lindstedt, Anders (1854–1939), 379,

380
Lindstedt–Poincaré method, 380
linear

attractor, 319, 338
conjugacy, 211, 216
equation, 5, 19, 20

autonomous, 195, 229
homogeneous, 19, 229, 233, 240
nonautonomous, 233, 255
nonhomogeneous, 233, 241, 255
with asymptotically constant

coefficients, 293
with periodic coefficients, 234, 243,

294
flow, 195

hyperbolic, 196, 212, 316, 318
group (GL(d,R)), 483
group special (SL(d,R)), 483
map

almost diagonalizable, 202, 203
diagonalizable, 201
hyperbolic, 319
kernel, 199
nilpotent, 199, 205
spectrum, 199, 214

multistep method, 133
repeller, 319, 338
saddle, 319
vector field, 195

hyperbolic, 196, 212, 316, 318
linearization, 49, 233, 265, 294, 347

method, 264, 265, 289
problem, 347
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linearized differential equation, 49, 233,
265, 294, 347

linearly conjugate flows, 211, 216
Liouville, Joseph (1809–1882), 74, 75,

237, 257, 258
Liouville–Ostrogradskĭı formula, 237,

257
Lipschitz

constant, 28, 473
function, 28, 74, 87, 475
map, 473, 475

Lipschitz, Rudolf Otto Sigismund
(1832–1903), 28, 74, 193

Littlewood, John Edensor (1885–1977),
433

local
chart, 475, 476
coordinates, 475, 476
error, 114, 126, 135
Lyapunov exponent, 301
stable manifold, 353, 354
theory of differential equations, 315
unstable manifold, 353, 354

localization of events, 423
locally Lipschitz function, 28, 45
logarithm of a linear map, 244
logistic equation, 15
Lord Rayleigh (1842–1919), 419, 433
Lorenz

attractor, 304, 419, 421
equation, 304, 419

Lorenz, Edward Norton (1917–2008),
421, 433

Lotka, Alfred James (1880–1949), 26
Lotka–Volterra equation, 15, 26

competitive, 15
predator–prey, 15, 148

lower bound, 472
Lyapunov

converse theory, 288
direct method, 264, 273, 282
exponent, 296, 297

function, 296, 300
local, 301
multiplicity, 299

exponents method, 264, 296, 300
function, 272, 282, 312

strict, 272, 282
functions method, 264, 273, 282
matrix equation method, 291, 292
number, 301

regularity, 297, 299
stability, 262

theorem, 273, 282
theorem, 300

Lyapunov, Aleksandr Mikhailovich
(1857–1918), 262, 273, 282, 300,
310, 311, 378

Maclaurin, Colin (1698–1746), 105
manifold, 475

Cr, 476
Grassmannian, 476
local stable, 353, 354
local unstable, 353, 354
orientable, 479, 482
Riemannian, 484, 491
stable, 351, 354, 370, 380
unstable, 351, 354, 370, 380

map
affine, 487
bi-Lipschitz, 375
continuous, 473
Cr, 477
degree, 444
derivative, 479
differentiable, 477
exponential, 485
first return, 172
Gauss normal, 490, 491
Hölder, 475
hyperbolic linear, 319
Lipschitz, 473, 475
multilinear, 363
piecewise affine, 449, 487
Poincaré, 160, 169, 170, 190
return, 172
time-t, 160, 161

marginal stability, 262, 294
marginally stable solution, 262, 294
Markley, Nelson (1940-2019), 432
mass matrix, 221
Massera lemma, 312
Massera, José Luis (1915–2002), 312
Mather, John Norman (1942–2017), 494
Mathieu equation, 189, 243
Mathieu, Émile Léonard (1835–1890),

189, 243, 259
matrices space, 483
matrix, 230

damping, 221
elasticity, 221
function, 230
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hyperbolic, 60
interaction, 15
mass, 221
Wronskian, 240, 256

matrix-valued function
negative definite, 292
nonpositive, 292

maximal
invariant subset, 276
solution, 79–81, 84

maximum solution, 79
Mayer theorem, 401
Mayer, Artemiy Grigoryevich

(1905–1951), 401, 431
measure

area, 401, 482
invariant, 161, 177
transverse, 405
volume, 482

method
Adams

explicit, 130
implicit, 132

Adams–Bashforth, 130, 373
Adams–Moulton, 132, 459
adaptive step size, 98, 182, 194
backward differentiation, 145, 156,

459
BDF, 145, 156, 459
change of variables, 18
characteristics, 76
classical Runge–Kutta, 121
consistent, 111, 126, 135, 150

of order p, 126, 150
convergent, 111, 125, 134, 150

of order p, 125, 135, 150
Crank–Nicolson, 132, 308
domain extension, 95
Euler, 16, 110, 139

for arbitrary dimension, 122
implicit, 132, 144
perturbed, 117

explicit, 138
finite differences, 110
fixed step size, 98
graph transform, 378
Hadamard, 378
Heun, 118, 119, 133
implicit, 143
integrating factor, 18, 19, 73, 255
k-step, 129

Kutta of order 3, 121
Lagrange multipliers, 256
Lindstedt–Poincaré, 380
linearization, 264, 265, 289
Lyapunov (direct), 264, 273, 282
Lyapunov exponents, 265, 296, 300
Lyapunov functions, 264, 273, 282
Lyapunov matrix equation, 291, 292
multistep, 66, 110, 129, 133

linear, 133
numerical, 110
ODE23s, 464
of order p, 117, 121
one-step, 66, 110, 124, 129
order reduction, 11, 25, 72, 73
Perron, 378
Picard, 63
power series expansion, 22, 74
predictor–corrector, 119, 133
RKF45, 183, 194
Runge–Kutta, 110, 120

Butcher tableau, 120
classical, 121
coefficients, 120, 146
for arbitrary dimension, 122
implicit, 146, 156, 459
number of stages, 120, 146
of order 2, 118, 119
of order 3, 121
of order 4, 121

Runge–Kutta–Fehlberg (RKF45),
182, 194

separation of variables, 8, 17, 23, 24
series expansion, 20
shooting, 340
stable, 111, 127, 135
successive approximations, 75
upper bounds, 74
variable step size, 98, 182, 194
variation of the parameter, 19, 24,

234, 241, 255, 256
metric

Riemannian, 491
space, 469
subspace, 470

Milne artifice, 154
Milne, William Edmund (1890–1971),

154
Milnor, John Willard (n. 1931), 493
minimal

component, 386, 401, 412
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flow, 428
set, 400, 426

minimality, 426, 428
minimizing curve, 485
minimum period, 185
Mittag-Leffler, Magnus Gustaf (Gösta)

(1846–1927), 107, 191–193
modulus of continuity, 102
moment

aerodynamic, 221
inertia, 221

Monge, Gaspard (1746–1818), 76
monotone sequence, 472
Morse, Harold Calvin Marston

(1892–1977), 418
Morse–Smale vector field, 418, 432
Moser, Jürgen Kurt (1928–1999), 348,

380
Moulton, Forest Ray (1872–1952), 154
Muir, Thomas (1844–1934), 259
Müller example, 68, 75
Müller, David Eugene (1924–2008), 68,

75
multilinear

form, 480
map, 363

multiplicity
of a generalized saddle, 403
of a Lyapunov exponent, 299
of an eigenvalue

algebraic, 199
geometric, 199

multistep method, 66, 110, 129, 133
linear, 133
recursive formula, 129
starting procedure, 129

Nachbin, Leopoldo (1922–1993), 432
Napier, John (1550–1617), 24
Nash, John Forbes (1928–2015), 467
natural frequency, 220, 221
negative definite

function, 272, 282
matrix-valued function, 292

Newton
interpolation formulas, 130, 152
law, 4, 5

Newton, Isaac (1643–1727), 4, 5, 22, 25,
104, 105, 372, 379

Nicolson, Phyllis (1917–1968), 314
nilpotent linear map, 199, 205
node

stable, 206, 209, 210
unstable, 206, 209, 210

nonautonomous linear equation, 233,
255

nondecreasing sequence, 472
nondegenerate differential form, 482
nonhomogeneous linear equation, 233,

241, 255
nonincreasing sequence, 472
nonnegative function, 272, 282
nonpositive

function, 272, 282
matrix-valued function, 292

nonresonance condition, 340, 347
nonwandering

point, 418
set, 418

norm, 470
adapted, 227, 353, 357
Euclidean, 470
operator, 196, 323, 356, 360, 363
uniform, 323, 356, 470

normal form of fundamental solution,
244

number
Lyapunov, 301
winding, 437

numerical
analysis of differential equations, 12
integration, 110
method, 110

Nyström, Evert Johannes (1895–1960),
154, 155

ODE23s method, 464
Ohm law, 182
Ohm, George Simon (1789–1854), 182
ω-limit set, 278, 385, 386
one-parameter group, 165
one-step method, 66, 110, 124, 129
open

set, 471
trajectory, 163

operator
norm, 196, 323, 356, 360, 363
Picard, 33

order
of differential equation, 2
of numerical method, 117, 121
partial, 80
reduction, 11, 25, 72, 73
total, 80
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ordinary differential equation, 1
orientable

double cover, 456
manifold, 479

orientation
of a basis, 479, 482
of a manifold, 479, 482

oriented
basis, 479, 482
transverse section, 406

oscillator
Duffing, 302
harmonic, 4

with periodic forcing, 248, 254
Oseledets, Valery Iustinovich (b. 1940),

313
Osgood condition, 102
Osgood, William Fogg (1864–1943), 102
Ostrogradskĭı, Mikhail Vasilyevich

(1801–1862), 237, 257
outside of a closed curve, 385, 399
oxygen–ozone cycle, 458

Palis λ-lemma, 382
Palis, Jacob (b. 1940), 382, 418, 433
parameterized family

of differential equations, 45, 379
of vector fields, 317

partial differential equation, 2, 56
solution, 57

partial order, 80
Peano existence theorem, 39, 76

for any order, 55
Peano, Giuseppe (1858–1932), 39, 76,

230
Peixoto theorem, 419, 429
Peixoto, Maurício Matos (1921–2019),

419, 429, 432
pendulum

double, 308
harmonic, 5, 11, 239, 271
Kapitza, 254
with friction, 272, 274, 342

periodic
coefficients, 234, 243, 294, 347
component, 386, 401, 410
forcing, 253
point, 163
trajectory, 163

hyperbolic, 352, 370
Perron

effect, 299

example, 297
method, 378

Perron, Oskar (1880–1975), 297, 299,
310, 378

Perron–Fröbenius theorem, 310
perturbed Euler method, 117
phase space, 159
Phragmén, Edvard (1863–1937), 192,

381
Picard

existence and uniqueness theorem,
29, 75
for any order, 55

iterates, 39, 63
method, 63
operator, 33
theorem, 398

Picard, Charles Émile (1856–1941), 29,
75, 398

piecewise affine
homeomorphism, 449
isomorphism, 487
map, 449, 487

piecewise differentiable
homeomorphism, 487
triangulation, 487

Poincaré
map, 160, 169, 170, 190
recurrence theorem, 11, 178, 179

Poincaré, Jules Henri (1854–1912), 7,
189, 190, 347, 379–381, 388, 398,
430, 436, 465, 492, 493

Poincaré–Bendixson theorem
in the plane, 388
in the projective space, 427
in the sphere, 398

Poincaré–Hopf theorem, 435, 436
point

bi-asymptotic, 343, 380
fixed, 318

hyperbolic, 319, 323
simple, 318

homoclinic, 343, 380
nonwandering, 418
periodic, 163
recurrent, 178, 387

in the future, 387
in the past, 387

regular, 160, 163
nonperiodic, 163

stationary, 6, 163, 315
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hyperbolic, 316, 318, 323
simple, 316

pointwise bounded set, 475
polar coordinates, 173
polyhedron, 445, 486

convex, 449
dimension, 486
Euler characteristic, 436, 446, 486
subdivision, 446, 486

polynomial
characteristic, 199
Legendre, 103, 105

Pontryagin, Lev Semyonovich
(1908–1988), 431, 432

positive definite function, 272, 282
power series expansion, 22, 74
predictor–corrector method, 119, 133
prime number theorem, 378
problem

boundary value, 340
brachistochrone, 25
heat, 346, 349
initial value, 109
isochrone, 23
isomorphism, 160, 174
isoperimetric, 25
linearization, 347
quadrature of the hyperbola, 24
restricted 3-body, 192, 380
small denominators, 348, 380
stability of the Solar system, 379
Sturm–Liouville, 258
tangent inverse, 22

product space, 470
projective space

dimension 2 (P2), 399, 427
dimension d (Pd), 476

Pugh, Charles Chapman (b. 1940), 432

quadrature of the hyperbola, 24
quadratures, 7
qualitative theory, 8, 190
quasi-linear equation, 57, 265

Rössler, Otto Eberhard (b. 1940), 382
radioactive decay, 2
rate

of contraction, 31
of reaction, 458

reaction rate, 458
rectangle rule, 65
recurrence, 11, 178, 387

lemma, 412
theorem, 178, 179

recurrent
point, 178, 387
solution, 11
trajectory, 178, 387

recursive formula, 129
reduction

of order, 11, 26, 72
to stationary case, 263

regular
point, 160, 163
solution, 83
solution in the sense of Lyapunov,

297, 299, 300
trajectory, 163
value, 483

relatively compact set, 276, 475
reparameterization, 176
repeller

hyperbolic, 216
linear, 319, 338

residual set, 478, 484
resonance, 220, 247

frequency, 247
restricted 3-body problem, 192, 380
return

map, 172
time, 172

Riccati equation, 71
Riccati, Jacopo Francesco (1676–1754),

71, 72
Richardson extrapolation, 128, 155
Richardson, Lewis Fry (1881–1953),

128, 155
Richtmyer, Robert Davis (1910–2003),

156
Riemann, Georg Friedrich Bernhard

(1826–1866), 75, 404, 435, 491
Riemannian

distance, 484
exponential map, 485
manifold, 484
metric, 484, 491
submanifold, 484
volume, 488

RKF45 method, 183, 194
Roch, Gustav (1839–1866), 435
root condition, 136
Rössler

attractor, 377
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equation, 377
rounding error, 116
rule

rectangle, 65
trapezium, 65

Runge, Carl David Tolmé (1856–1927),
120, 154, 155, 193

Runge–Kutta method, 110, 120
Butcher tableau, 120, 146
classical, 121
coefficients, 120, 146
for arbitrary dimension, 122
implicit, 146, 156, 459
number of stages, 120, 146
of order 2, 118, 119
of order 3, 121
of order 4, 121

Runge–Kutta–Fehlberg (RKF45)
method, 182, 194

saddle
connection, 401
generalized, 401, 403, 440
linear, 319
point, 207, 216

Saltzman, Barry (1931–2001), 420, 433,
434

Sard theorem, 484
Sard, Arthur (1909–1980), 484
Schwartz theorem, 400
Schwartz, Arthur (1900–1984), 400,

430, 431
semicontinuous function, 92
sensitivity to initial conditions, 421
separable differential equation, 17
separation of variables, 8, 17, 23, 24
separatrix, 401–403

stable, 401–403
unstable, 401–403

sequence, 471
bounded, 471
Cauchy, 472
convergent, 471
limit, 471, 472
monotone, 472
nondecreasing, 472
nonincreasing, 472

series
expansion, 20
Lindstedt, 380

set
α-limit, 385, 387

bounded, 471
closed, 471
compact, 474
connected, 471
convex, 49
equicontinuous, 475
invariant, 276, 387
limit, 385
minimal, 400, 426
nonwandering, 418
ω-limit, 278, 385, 386
open, 471
pointwise bounded, 475
relatively compact, 475
residual, 478, 484
totally ordered, 80

Severini, Carlo (1872–1951), 350
shear flow, 210
shooting method, 340
Siegel, Carl Ludwig (1896–1981), 347,

348
similar linear maps, 211
simple

fixed point, 318
stationary point, 316

simplex, 485, 487
Singer, Isadore (b. 1924), 435
singular solution, 84, 104
SIR equation, 151
size

grid, 109
step, 109

skew product, 361
Smale, Stephen (b. 1930), 382, 418,

431, 432
small denominators problem, 348, 380
solution

asymptotically stable, 262, 263
attractive, 263
complete, 104
exponentially stable, 262, 263
fundamental, 234, 236, 256, 289

normal form, 244
general, 83, 104, 229
globally

asymptotically stable, 275, 284
attractive, 284
exponentially stable, 276, 284
stable, 267

marginally stable, 262, 294
maximal, 79–81, 84
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maximum, 79
of a differential equation, 397
of a partial differential equation, 57
of differential equation, 2
recurrent, 11
regular, 83
regular in the sense of Lyapunov, 297,

299, 300
singular, 84, 104
stable, 262, 263
stationary, 261
that goes to infinity, 11
uniformly

asymptotically stable, 280, 284
attractive, 280, 284
exponentially stable, 280, 284
stable, 280, 284

unstable, 266, 286
weak, 76

space
Baire, 478, 484
compact, 474
complete, 472
completely metrizable, 478
connected, 471, 476
cotangent, 480
differentiably embedded, 354
differentiably immersed, 351, 354
Euclidean, 469, 472, 476
metric, 469
of diffeomorphisms, 478
of differentiable maps, 478
of linear maps, 360
of matrices, 483
of multilinear maps, 363
phase, 159
product, 470
tangent, 478
topologically embedded, 353
topologically immersed, 351, 353

special linear group (SL(d,R)), 483
spectral map theorem, 225, 231
spectrum of a linear map, 199, 214
sphere, 217

dimension 2 (S2), 398
dimension d (Sd), 476

stability, 222, 254, 263
asymptotic, 262, 263
exponential, 262, 263
global, 267, 284
lemma, 410

Lyapunov, 262
marginal, 262, 294
of numerical method, 127
of the Solar system, 379
structural, 196, 220, 227, 344, 386,

418
theorem of Lyapunov, 273, 282
uniform, 280, 284

stable
dimension, 219
focus, 211
manifold, 351, 354, 370, 380

local, 353, 354
method, 111, 127, 135
node, 206, 209, 210
separatrix, 401–403
solution, 262, 263

globally, 267
uniformly, 280, 284

subspace, 214, 319, 320, 371
stable manifold theorem

for fixed points, 355
for periodic trajectory, 371
for stationary points, 354

stages of Runge–Kutta method, 120,
146

starting procedure, 129
stationary

point, 6, 163, 315
continuation, 317, 318
hyperbolic, 316, 318, 323
index, 435, 439, 441, 444, 445
simple, 316

solution, 261
trajectory, 163, 261

steep accumulation, 141
Steiner, Jakob (1796–1863), 465
step size, 109
stereographic projection, 476
Sternberg theorem, 339
Sternberg, Shlomo Zvi (b. 1936), 339,

348
stiffness, 111, 139, 156

detection, 143, 157
ratio, 142, 143

stochastic differential equation, 377
Stokes theorem, 440, 453, 465, 482
Stokes, George Gabriel (1819–1903),

405, 440, 453, 465
Strebel, Kurt (1921–2013), 431
strict Lyapunov function, 272, 282
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structural
damping, 221
stability, 196, 220, 227, 344, 386, 418

structurally stable
differential equation, 196
flow, 196
vector field, 196, 386, 418

structure equations, 489
Strutt, John William (1842–1919), 419,

433
Sturm, Jacques Charles François

(1803–1855), 258
Sturm–Liouville

equation, 258
problem, 258

subdivision of a polyhedron, 446, 486
submanifold, 477

Cr, 477
immersed, 481
Riemannian, 484

subsequence, 474
subspace

metric, 470
stable, 214, 319, 320, 371
unstable, 214, 319, 320, 371

successive approximations, 75
surface, 475, 482

genus, 452, 456
surfaces classification theorem, 436, 452
Sylvester, James Joseph (1814–1897),

230
symplectic form, 482

tangent
bundle, 479
inverse problem, 22
space, 478

Taylor, Brook (1685–1731), 104, 258
tension, 5
term of a sequence, 471
theorem

Ascoli–Arzelà, 475
Carathéodory, 76
Cauchy–Kowalevski, 62, 74
Cayley–Hamilton, 225, 231
C̆etaev, 287
classification of surfaces, 436, 452
closed curve, 231
closed curve of Jordan, 385, 398
continuous dependence, 47, 92

on the parameter, 45, 90
Dahlquist, 156

Darboux, 483
Descartes, 465
differentiable dependence, 54, 93

on the parameter, 48
divergent, 257
Egregium of Gauss, 491
Euler for polyhedra, 449
existence, 39

Carathéodory, 76
for any order, 55
Peano, 76

existence and uniqueness, 29, 75, 398
for any order, 55

fixed point
Brouwer, 232, 377
for contractions, 31, 38, 474
for fiber contractions, 362

Floquet, 234, 244, 259, 347
fundamental

multistep methods, 136, 156
one-step methods, 128
Riemannian geometry, 488

Gauss–Bonnet, 435, 436, 456
Grobman–Hartman

for diffeomorphisms, 332
for flows, 320

invariance of domain, 215, 232
invariant set, 276, 277, 285, 311
Jordan canonical form, 201, 204
Kneser, 69, 75, 400
Krasovskĭı–LaSalle, 276, 277, 285
Lax equivalence, 156
Lax–Richtmyer, 156
Levi-Civita, 488
Liénard, 392, 431
Liouville–Ostrogradskĭı, 237
Lyapunov, 300
Lyapunov stability, 273, 282
Mayer, 401
Peano, 39, 76

for any order, 55
Peixoto, 419, 429
Perron–Fröbenius, 310
Picard, 29, 75, 398

for any order, 55
Poincaré recurrence, 11, 178, 179
Poincaré–Bendixson

in the plane, 388
in the projective space, 427
in the sphere, 398

Poincaré–Hopf, 435, 436
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prime number, 378
Sard, 484
Schwartz, 400
spectral map, 225, 231
stable manifold

for fixed points, 355
for periodic trajectory, 371
for stationary points, 354

Sternberg, 339
Stokes, 453, 465, 482
Taylor, 104
tubular flow, 167

long, 186
Whitney embedding, 484, 494

thermal convection, 419
Thom, René Frédéric (1923–2002), 431,

494
time

first return, 172
return, 172

time-t map, 160, 161
topological

conjugacy, 175, 216, 219, 320
embedding, 353
equivalence, 177, 215, 219
immersion, 351, 353

topologically
conjugate flows, 175, 216, 219, 320
embedded space, 353
equivalent flows, 177, 215, 219
immersed space, 351, 353

topology Cr, 417, 477
torus

dimension 2 (T2), 399
dimension d (Td), 476

total order, 80
totally ordered set, 80
trajectory, 161, 261

bi-asymptotic, 343, 380
closed, 163
constant, 163
homoclinic, 343, 380
open, 163
periodic, 163

hyperbolic, 352, 370
recurrent, 178, 387
regular, 163

nonperiodic, 163
stationary, 163, 261

transversality, 483
transverse

measure, 405
section, 168, 217, 402, 403, 405

oriented, 406
trapezium rule, 65
triangle, 445
triangulation, 487, 493

piecewise differentiable, 487
truncation error, 114, 126, 135
tubular flow

box, 168
long, 186
theorem, 167

uniform
distance, 470
norm, 323, 356, 470

uniformly
asymptotically stable solution, 280,

284
attractive solution, 280, 284
exponentially stable solution, 280,

284
stable solution, 280, 284

uniqueness of solutions, 81
unit tangent bundle, 485
unstable

dimension, 219
focus, 211
manifold, 351, 354, 370, 380

local, 353, 354
node, 206, 209, 210
separatrix, 401–403
solution, 266, 286
subspace, 214, 319, 320, 371

upper bound, 472
upper bounds method, 74

van der Pol equation, 182, 386, 392, 431
van der Pol, Balthasar (1889–1959),

386, 392, 431
variable

change, 18
dependent, 57
independent, 57
step size method, 98, 182, 194

variation of the parameter, 19, 24, 234,
241, 255, 256

Veblen, Oswald (1880–1960), 232
vector field, 159

conservative, 161, 177, 239
gradient-like, 418, 429
Hamiltonian, 308, 322
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linear, 195
hyperbolic, 196, 212, 316, 318

Morse–Smale, 418, 432
on a manifold, 396
parameterized family, 317
structurally stable, 196, 386, 418
volume-preserving, 161, 177, 239

vector of factors, 15
vertex, 445, 486
vibrating string equation, 76, 258
Volterra, Vito (1860–1940), 26, 75, 76
volume

differential form, 482, 488
measure, 482
Riemannian, 488
zero, 484

volume-preserving
flow, 161, 177, 239
vector field, 161, 177, 239

von Dick, Walther (1856–1934), 467
von Lindemann, Carl Louis Ferdinand

(1852–1939), 193
von Neumann, John (1903–1957), 156

wave equation, 70, 76
weak solution, 76
Weierstrass, Karl Wilhelm Theodor

(1815–1897), 192, 193
Whitehead, John Henry Constantine

(1904–1960), 493
Whitney embedding theorem, 484, 494
Whitney, Hassler (1907–1989), 493, 494
winding number, 437
Wroński, Józef Maria Hoene

(1776–1853), 259
Wronskian, 240, 259

matrix, 240, 256

zero volume set, 484
Zorn lemma, 81
Zorn, Max August (1906–1993), 81,

107, 108
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