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Preface

The goal of this book is to explain, at the graduate student level, connec-
tions between tropical geometry and optimization. Tropical geometry is the
geometry over the semiring (R,min,+). Its key objects, tropical hypersur-
faces and more general tropical varieties, admit polyhedral descriptions, i.e.,
in terms of finitely many ordinary linear inequalities and equations. This
allows us to approach tropical geometry through geometric combinatorics,
and this is what we call tropical combinatorics.

Building bridges between optimization and tropical geometry is fruitful
in two ways. Through tropical geometry, optimization algorithms become
applicable to questions in algebraic geometry. Conversely, looking at topics
in optimization through the tropical geometry lens adds an additional layer
of structure to known optimization problems. The main prerequisite for
the reader is a working knowledge in polytope theory as contained in the
first few chapters in the books by Grünbaum [Grü03] or Ziegler [Zie95].
For convenience, a terse summary is given in Appendix A. Due to the
tremendous growth of tropical geometry it is impossible to cover all aspects.
The strategy chosen here is to stay close to polyhedral geometry; this entails
that some proofs of algebraic results are replaced by references.

Despite its rather young age, tropical geometry already has a rich his-
tory, as it unifies techniques from several directions. Early contributions,
which established tropical geometry as a field, include work of Einsiedler,
Kapranov, and Lind [EKL06] on non-Archimedean amoebas and Mikhal-
kin’s enumerative results on plane algebraic curves [Mik05]. A main source
of inspiration for this book, however, is the approach to algebraic geometry
via polyhedral geometry as expressed in the books by Gel′fand, Kapranov,

xiii



xiv Preface

and Zelevinsky [GKZ08] and Sturmfels [Stu96]. The first reference to trop-
ical geometry from this perspective is Sturmfels [Stu02, Chapter 9], quickly
followed by the landmark paper of Speyer and Sturmfels on tropical Grass-
mannians [SS04]. Popular introductions to the subject include the book
by Itenberg, Mikhalkin, and Shustin [IMS09] and the survey by Richter-
Gebert, Sturmfels, and Theobald [RGST05], which access the subject from
two different angles. The monograph by Maclagan and Sturmfels [MS15]
is now a standard reference.

Specializing tropical geometry to the tropicalization of linear algebra
leads to the subject of max-plus linear algebra. This field, rooted in opti-
mization, is much older than tropical geometry. It is linked with signal pro-
cessing, functional analysis, and other areas. A text containing the early his-
tory is the monograph by Baccelli, Cohen, Olsder, and Quadrat [BCOQ92].
Further influential contributions in this line of research include work of Litvi-
nov, Maslov, and Shpiz [LMS01], Cohen, Gaubert, and Quadrat [CGQ04],
and Butkovič [But10]. For a recent survey see Akian, Bapat, and Gaubert
[ABG14].

As its inhabitants know well, the world of tropical geometry is divided
between the “min” and “max” conventions. Here we follow a somewhat
mixed approach, which needs a word of justification. First of all, some-
times it is beneficial to look into “min” and “max” together. Perhaps the
most prominent example is that min-tropical convexity is most naturally
described in terms of an arrangement of max-tropical hyperplanes, or con-
versely. But the reader will also find other examples in this book. An-
other aspect is that the various roots of tropical geometry naturally lead
to opposite conventions: For tropical algebraic geometry non-Archimedean
valuations on fields play a key role, with Puiseux series as the prime ex-
ample. In their classical form Puiseux series depend on a formal parameter
which may be seen as an infinitesimal, and this leads to the min-convention.
Yet this has the drawback that the ordering gets reversed when we look at
the ordered field of real Puiseux series. This is one reason why many con-
nections between tropical geometry and optimization are naturally studied
via the max-convention. I chose to be guided by the paradigm of tropical
convexity, which relates (min,+)-tropical polytopes with (max,+)-tropical
hyperplane arrangements. Consequently, in this book tropical point config-
urations, tropical polynomials, tropical hypersurfaces, and such are usually
studied via “min”. When it comes to describing tropical hyperplane arrange-
ments and tropical linear optimization we switch to “max” as the default.

Using this book for teaching. This book grew out of courses given at
TU Berlin and elsewhere. The chapters are organized into sections which
are meant to be read sequentially. Yet some material may also be skipped
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on first reading or in a course which is too short to cover everything. For
instance, a course of two hours a week for 15 weeks, with a focus on the
relationship to optimization, could follow the path: Chapter 1 (omitting
Section 1.6), Sections 2.1 and 2.2, Chapter 3, Chapter 5, Sections 6.1 through
6.3, Chapter 7, and Chapter 8.

Organization of the book. Each chapter ends with two special sections
containing problems and remarks. The problems come in three flavors. The
first type is comprised of standard exercises intended to help the reader get
acquainted with the subject. The second type comes with hints in Appen-
dix D; these problems are marked with “◦”. They are selected because often
they are related to proofs of lemmas or particularly relevant examples that
are used later in the text. The third kind, marked with “•”, are research
problems and open questions. References to the literature or historical ex-
planations are usually collected as remarks at the very end of each chapter.
Occasionally, we skip a proof of a result which we consider outside the scope
of this book, despite its relevance for tropical geometry. In those cases, a
textbook reference is given instantly; an example is the Newton–Puiseux
Theorem, Theorem 2.1. Some specific examples are copied from the litera-
ture, always with an exact reference, usually in the remarks following each
chapter. This is meant to ease further reading of the original texts, which
often study additional aspects beyond the scope of this book. For instance,
Example 4.34 originates from an article of Tran and Yu [TY19, Example 3].

There are four appendices. The first two, A on “Geometric Combina-
torics” and B for “Computational Complexity”, collect material that is more
or less taken for granted throughout the book. While they cannot replace
textbooks on their respective subjects, some readers may find the reminders
convenient. Appendix C is very different. It comprises explicit computations
with the software system polymake [GJ00,HJ17], covering large portions
of the book. Looking it up frequently and experimenting with the software
may be an additional help. The final appendix, Appendix D, contains hints
to the problems marked “◦”.

Acknowledgements. I am very grateful to the many readers of early drafts
of this book, in its various stages, for their comments, suggestions, and
corrections. This includes, in particular, Xavier Allamigeon, Benjamin As-
sarf, Matthias Beck, Pascal Benchimol, Paul Breiding, Taylor Brysiewicz,
Andrei Comăneci, Francisco Criado, Jules Depersin, Maria Dostert, Hol-
ger Eble, Stéphane Gaubert, Kevin Guo, Louis Hainaut, Girtrude Hamm,
Martin Henk, Katrin Herr, Johannes Hofscheier, Aryaman Jal, Katharina
Jochemko, Florian Kohl, Anton Leykin, Niels Lindner, Georg Loho, Ina
Mette, Sybille Meyer, Henryk Nagel, Daniel Oberländer, Jorge Alberto
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Francisco Santos, Moritz Schmitt, Benjamin Schröter, Sylvain Spitz, Bernd
Sturmfels, Paul Vater, André Wagner, and five anonymous referees. Spe-
cial thanks to Robert Löwe, who helped me to get this book done, finally.
In addition to commenting on the text, his support involved copyediting,
discussing notation, and contributions to several illustrations.
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Notation

The symbols are organized by topic.

Sets.

#M cardinality of the set M

[n] set of first n positive integers 1, 2, . . . , n

M +N disjoint union of the sets M and N

M −N set difference of M and N where N is a subset of M

M �N symmetric difference of sets(M
k

)
set of all k-element subsets of the set M

2M power set, i.e., set of all subsets of M

Tropical Arithmetic.

T the set R ∪ {∞} which underlies the tropical semiring (with
respect to min)

⊕ tropical addition, usually: min

� tropical multiplication of scalars, always: +

� also: tropical matrix multiplication; if it is necessary to explicitly
name the relevant tropical addition, we use �min and �max

Rd/R1 tropical (d− 1)-torus Rd/R1

TPd−1 tropical projective (d− 1)-space

Vectors and Matrices.

ei ith standard basis vector of Rd

eσ sum of standard basis vectors
∑

i∈σ ei

xvii



xviii Notation

etropi ith tropical standard basis vector of TPd−1

ζ(p) canonical coordinates of a point p ∈ TPd−1

Mi ith row of matrix M

MI submatrix of m×n-matrix M formed from rows indexed by
I ⊆ [m]

M−i short for submatrix M[m]−i of M obtained by deleting ith row

M (k) kth column of M

M (−k) submatrix of M obtained by deleting the kth column

A� transpose of the matrix A

A# residuated operator defined by matrix A

Valued Fields.

F�t� power series with coefficients in F and indeterminate t

F((t)) Laurent series

F{{t}} standard Puiseux series

F{{t}}∗ dual standard Puiseux series

F{t} Puiseux fractions

F{{tR}} generalized Puiseux series

F{{tR}}∗ dual generalized Puiseux series

ord(γ) valuation of a Puiseux series

sord(γ) signed valuation of a real Puiseux series

V (I) algebraic variety of the ideal I, affine or projective

Pm(F) m-dimensional projective space over F

Tropical Polynomials and Polyhedral Geometry.

pos(M) cone generated by a set M

conv(M) convex hull of a set M

T (F ) tropical hypersurface defined by tropical polynomial F

D(F ) dome of the tropical polynomial F

NC(F ) normal complex of the tropical polynomial F

supp(F ) support of tropical polynomial F

localsuppF (p) local support of point p with respect to tropical
polynomial F

ctF (p) coarse type of a point p with respect to F

ftF,G(p) fine type of a point p with respect to F and G

[p, q] ordinary line segment conv{p, q}



Notation xix

Δd−1 ordinary (d− 1)-simplex conv{e1, e2, . . . , ed}
Δ(d, n) hypersimplex conv{eσ | σ ∈

([n]
d

)
}

U(A,ω) unbounded polyhedron defined by the point configuration
A and the height function ω

Σ(A,ω) regular subdivision of A induced by ω

N (f) Newton polytope of (tropical or ordinary) polynomial f

Ñ (f) extended Newton polyhedron of polynomial f

S(f) regular subdivision of N (f) dual to T (F )

F(P ) face poset of a not necessarily bounded polyhedron P

Pd polytope algebra in Rd

C(A,B) Cayley embedding of the point configurations A and B

R(G) root polytope of the bipartite graph G ⊆ Km,n

S(L) mixed subdivision dual to tropical hyperplane
arrangement defined by the matrix L

C(L) Cayley embedding corresponding to tropical hyperplane
arrangement defined by L

C(L) tropical Cramer vector

LP(A, b, c) linear program: minimize 〈c, x〉 subject to Ax+ b ≥ 0

P(A, b) feasible set of an ordinary or tropical linear program

faceP (w) face of the polyhedron P maximizing the linear function w

vol(P ) Euclidean volume of a polytope P

Graphs, Partially Ordered Sets, and Polytopes Derived.

tdetM tropical determinant of the matrix M

δin(v) (multi)set of in-arcs of the node v in a directed graph

δout(v) (multi)set of out-arcs of the node v in a directed graph

B(A) bipartite graph recording the finite entries of the matrix A

Q(W ) weighted digraph polyhedron associated with the square
matrix W

P(Γ) partially ordered set arising from the digraph Γ

Ord(P) order polytope of the poset P

Tropical Convexity.

tpos(M) tropical cone generated by M

tconv(M) tropical convex hull, in Rd/R1 or TPd−1

tconv(V ) tropical convex hull of the columns of V ∈ Td×n



xx Notation

tvol(V ) tropical volume of tconv(V ), where V ∈ Td×d

[p, q]trop tropical line segment tconv{p, q}
E(V ) envelope of the (columns of) the matrix V

Sk closed sector of the tropical hyperplane with apex 0

S◦k open sector of the tropical hyperplane with apex 0

CovDec(V ) covector decomposition induced by (the columns of) V

CovGraph(C) covector graph of the cell C

extK set of extreme points of the tropically convex set K

pri projection Rd → Rd−1 by omitting the ith coordinate

Spσ closed tropical half-space (in Rd/R1) with apex p and
closed sectors σ ⊂ [d]

T± signed tropical numbers T+ ∪ T−

�a negative tropical numbers, where a ∈ T

stdetM signed tropical determinant of the matrix M

H(a′, a′′) signed tropical hyperplane defined by a′ � x = a′′ � x

TLP(A, b, c) tropical linear program, usually with respect to ⊕ = max

Games.

Γ∞(A,B) mean payoff game for a pair of matrices

Γ◦(A,B, s0) finite game, starting at s0; ends if a node is revisited

Γ′(A,B, s0; z) finite game, starting at s0; restarting at z

G(A,B) digraph on which the games above are played

Gβ(A,B) reduced digraph for (positional) strategy β

Matroids and Tropical Linear Spaces.

Ud,n uniform matroid of rank d on n elements

P (M) matroid polytope of the matroid M

Lπ tropical linear space defined by tropical Plücker vector π

Gr(d, n) ordinary Grassmannian of d-planes in n-space

TGr(d, n) tropical Grassmannian

Dr(d, n) Dressian

Mx initial matroid defined by weight vector w

B̃(M) Bergman fan of the matroid M

B(M) Bergman complex of the matroid M
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[AGG12] Marianne Akian, Stéphane Gaubert, and Alexander Guterman, Tropical polyhedra
are equivalent to mean payoff games, Internat. J. Algebra Comput. 22 (2012), no. 1,
1250001, 43, DOI 10.1142/S0218196711006674. MR2900854 ↑279

[AGG13] Xavier Allamigeon, Stéphane Gaubert, and Éric Goubault, Computing the vertices
of tropical polyhedra using directed hypergraphs, Discrete Comput. Geom. 49 (2013),
no. 2, 247–279, DOI 10.1007/s00454-012-9469-6. MR3017909 ↑213
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[AGK11b] Xavier Allamigeon, Stéphane Gaubert, and Ricardo D. Katz, Tropical polar cones,
hypergraph transversals, and mean payoff games, Linear Algebra Appl. 435 (2011),
no. 7, 1549–1574, DOI 10.1016/j.laa.2011.02.004. MR2810655 ↑157
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Lorenzo Venturello, Wasserstein distance to independence models, J. Symbolic Com-
put. 104 (2021), 855–873, DOI 10.1016/j.jsc.2020.10.005. MR4180150 ↑190

[CJS19] Francisco Criado, Michael Joswig, and Francisco Santos, Tropical bisectors and
Voronoi diagrams, 2019, Preprint arXiv:1906.10950. 190

[CLO05] David A. Cox, John Little, and Donal O’Shea, Using algebraic geometry, 2nd ed.,
Graduate Texts in Mathematics, vol. 185, Springer, New York, 2005. MR2122859
↑104

[CLS11] David A. Cox, John B. Little, and Henry K. Schenck, Toric varieties, Graduate Studies
in Mathematics, vol. 124, American Mathematical Society, Providence, RI, 2011, DOI
10.1090/gsm/124. MR2810322 ↑333

[CLY20] Marcel Celaya, Georg Loho, and Chi Ho Yuen, Oriented matroids from triangulations
of products of simplices, 2020, Preprint arXiv:2005.01787. 332

[CM03] Nathalie Caspard and Bernard Monjardet, The lattices of closure systems, closure
operators, and implicational systems on a finite set: a survey, The 1998 Conference
on Ordinal and Symbolic Data Analysis (OSDA ’98) (Amherst, MA), Discrete Appl.
Math. 127 (2003), no. 2, 241–269, DOI 10.1016/S0166-218X(02)00209-3. MR1984087
↑308

https://www.ams.org/mathscinet-getitem?mr=327923
https://www.ams.org/mathscinet-getitem?mr=1327771
https://www.ams.org/mathscinet-getitem?mr=2681232
https://www.ams.org/mathscinet-getitem?mr=2245783
https://arxiv.org/abs/1908.04320
https://arxiv.org/abs/2003.07958
https://www.ams.org/mathscinet-getitem?mr=3982543
https://www.ams.org/mathscinet-getitem?mr=580321
https://www.ams.org/mathscinet-getitem?mr=2039751
https://www.ams.org/mathscinet-getitem?mr=2149000
https://www.ams.org/mathscinet-getitem?mr=1414961
https://www.ams.org/mathscinet-getitem?mr=4180150
https://arxiv.org/abs/1906.10950
https://www.ams.org/mathscinet-getitem?mr=2122859
https://www.ams.org/mathscinet-getitem?mr=2810322
https://arxiv.org/abs/2005.01787
https://www.ams.org/mathscinet-getitem?mr=1984087


378 Bibliography

[Coh89] P. M. Cohn, Algebra. Vol. 2, 2nd ed., John Wiley & Sons, Ltd., Chichester, 1989.
MR1006872 ↑55

[Col75] George E. Collins, Quantifier elimination for real closed fields by cylindrical alge-
braic decomposition, Automata theory and formal languages (Second GI Conf., Kaiser-
slautern, 1975), Lecture Notes in Comput. Sci., Vol. 33, Springer, Berlin, 1975, pp. 134–
183. MR0403962 ↑57

[Con92] Anne Condon, The complexity of stochastic games, Inform. and Comput. 96 (1992),
no. 2, 203–224, DOI 10.1016/0890-5401(92)90048-K. MR1147987 ↑279

[Cos09] Arnaud Costinot, An elementary theory of comparative advantage, Econometrica 77
(2009), no. 4, 1165–1192, DOI 10.3982/ECTA7636. MR2547072 ↑274

[Cro19] Robert Alexander Crowell, The tropical division problem and the minkowski factor-
ization of generalized permutahedra, 2019, Preprint arXiv:1908.00241. 124

[Dev05] Mike Develin, The moduli space of n tropically collinear points in Rd, Collect. Math.
56 (2005), no. 1, 1–19. MR2131129 ↑331
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[GLS93] Martin Grötschel, László Lovász, and Alexander Schrijver, Geometric algorithms and
combinatorial optimization, 2nd ed., Algorithms and Combinatorics, vol. 2, Springer-
Verlag, Berlin, 1993, DOI 10.1007/978-3-642-78240-4. MR1261419 ↑212, 218, 246, 253,
279, 341, 345, 346

[GM07] Andreas Gathmann and Hannah Markwig, The Caporaso-Harris formula and plane
relative Gromov-Witten invariants in tropical geometry, Math. Ann. 338 (2007), no. 4,
845–868, DOI 10.1007/s00208-007-0092-4. MR2317753 ↑21, 25

[GM08] Michel Gondran and Michel Minoux, Graphs, dioids and semirings, New models and
algorithms, Operations Research/Computer Science Interfaces Series, vol. 41, Springer,
New York, 2008. MR2389137 ↑94

https://www.ams.org/mathscinet-getitem?mr=1649473
https://www.ams.org/mathscinet-getitem?mr=877789
https://www.ams.org/mathscinet-getitem?mr=1429893
https://www.ams.org/mathscinet-getitem?mr=3702027
https://www.ams.org/mathscinet-getitem?mr=519066
https://www.ams.org/mathscinet-getitem?mr=1785292
https://www.ams.org/mathscinet-getitem?mr=2772536
https://www.ams.org/mathscinet-getitem?mr=967535
https://www.ams.org/mathscinet-getitem?mr=2480499
https://www.ams.org/mathscinet-getitem?mr=2929038
https://www.ams.org/mathscinet-getitem?mr=2394437
https://www.ams.org/mathscinet-getitem?mr=1832732
https://www.ams.org/mathscinet-getitem?mr=1261419
https://www.ams.org/mathscinet-getitem?mr=2317753
https://www.ams.org/mathscinet-getitem?mr=2389137


Bibliography 381
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[JS20] Michael Joswig and Benjamin Schröter, Parametric shortest-path algorithms via trop-
ical geometry, 2020, Preprint arXiv:1904.01082v3. 95

https://www.ams.org/mathscinet-getitem?mr=182949
https://www.ams.org/mathscinet-getitem?mr=1413249
https://www.ams.org/mathscinet-getitem?mr=1009787
https://arxiv.org/abs/1205.4162
https://www.ams.org/mathscinet-getitem?mr=3663204
http://home.imf.au.dk/jensen/software/gfan/gfan.html
http://home.imf.au.dk/jensen/software/gfan/gfan.html
https://www.ams.org/mathscinet-getitem?mr=3829292
http://www.polymake.org/mptopcom
http://www.polymake.org/mptopcom
https://www.ams.org/mathscinet-getitem?mr=2629819
https://www.ams.org/mathscinet-getitem?mr=2414994
https://www.ams.org/mathscinet-getitem?mr=3485070
https://www.ams.org/mathscinet-getitem?mr=4101364
https://www.ams.org/mathscinet-getitem?mr=3517052
https://www.ams.org/mathscinet-getitem?mr=2178330
https://www.ams.org/mathscinet-getitem?mr=3751882
https://www.ams.org/mathscinet-getitem?mr=3663497
https://arxiv.org/abs/1904.01082v3


384 Bibliography

[JSY07] Michael Joswig, Bernd Sturmfels, and Josephine Yu, Affine buildings and tropical
convexity, Albanian J. Math. 1 (2007), no. 4, 187–211. MR2367213 ↑156, 326, 332

[JSY18] Philipp Jell, Claus Scheiderer, and Josephine Yu, Real tropicalization and analytifica-
tion of semialgebraic sets, 2018, Preprint arXiv:1810.05132. 57

[JT13] Michael Joswig and Thorsten Theobald, Polyhedral and algebraic methods in com-
putational geometry, revised and updated translation of the 2008 German original,
Universitext, Springer, London, 2013, DOI 10.1007/978-1-4471-4817-3. MR2905853
↑24, 56, 218, 309, 333, 336, 341, 369

[JT21] Michael Joswig and Ayush Kumar Tewari, Forbidden patterns in tropical plane curves,
Beitr. Algebra Geom. 62 (2021), no. 1, 65–81, DOI 10.1007/s13366-020-00523-6.
MR4249854 ↑25

[Kap93] M. M. Kapranov, Chow quotients of Grassmannians. I, I. M. Gel′fand Seminar,
Adv. Soviet Math., vol. 16, Amer. Math. Soc., Providence, RI, 1993, pp. 29–110.
MR1237834 ↑124, 331, 332

[Kar78] Richard M. Karp, A characterization of the minimum cycle mean in a digraph,
Discrete Math. 23 (1978), no. 3, 309–311, DOI 10.1016/0012-365X(78)90011-0.
MR523080 ↑84, 94

[Kar84] Narendra K. Karmarkar, A new polynomial-time algorithm for linear programming,
Combinatorica 4 (1984), no. 4, 373–395, DOI 10.1007/BF02579150. MR779900 ↑246

[Kha79] Leonid G. Khachiyan, A polynomial algorithm in linear programming, Dokl. Akad.
Nauk SSSR 244 (1979), no. 5, 1093–1096. MR522052 246, 346

[KK92] Gil Kalai and Daniel J. Kleitman, A quasi-polynomial bound for the diameter of

graphs of polyhedra, Bull. Amer. Math. Soc. (N.S.) 26 (1992), no. 2, 315–316, DOI
10.1090/S0273-0979-1992-00285-9. MR1130448 ↑247

[KL93] Alexander V. Karzanov and Vasilij N. Lebedev, Cyclical games with prohibitions,
Math. Programming 60 (1993), no. 3, Ser. A, 277–293, DOI 10.1007/BF01580616.
MR1234877 ↑279

[KM40] M. Krein and D. Milman, On extreme points of regular convex sets (English, with
Ukrainian summary), Studia Math. 9 (1940), 133–138, DOI 10.4064/sm-9-1-133-138.
MR4990 ↑157

[KM72] Victor Klee and George J. Minty, How good is the simplex algorithm?, Inequalities,
III (Proc. Third Sympos., Univ. California, Los Angeles, Calif., 1969; dedicated to
the memory of Theodore S. Motzkin), Academic Press, New York, 1972, pp. 159–175.
MR0332165 ↑245, 247

[Kna06] Anthony W. Knapp, Basic algebra, along with a companion volume Advanced algebra,
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19 au 22 décembre 1956, Centre Belge de Recherches Mathématiques, Établissements
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acyclic reduction, 90

adjacency matrix, weighted, 68, 82, 199

admissible sequences of exponents, 43

alcoved polytope, 187, 190

all-pairs shortest paths, 68, 95

apartment, 190, 324
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arithmetic model of computation, 247,
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arrangement

of tropical half-spaces, 201

of tropical hyperplanes, 108

asymptotic analysis, 342

augmenting

cycle, 65

path, 64

balancing condition, 24

basic point, tropical, 228

basis

of a linear program, 216

of a matroid, 282

basis exchange axiom, 282, 284

Bellman–Ford algorithm, 70

Bergman complex, 315

Bergman fan, 315

Bergman vector, 313

Bernstein’s Theorem, 104

Bézout’s Theorem, 104

bidegree, 232

bipartite, 63

bit cost, see also Turing machine

Blue Rule, 322

boundary plane, 193

boundary stratum, 179

bounded subcomplex, 309, 312, 313, 320

braid arrangement, 88

braid cone, 87

breakpoint, 136, 232
Bruhat–Tits building, 190, 324

canonical coordinates, 134

canonical projection, 129
Carathéodory’s Theorem, 153, 155

caterpillar tree, 318, 327

Cayley cell, 98

Cayley embedding, 98

Cayley trick, 99, 172

cell, 6

chambers, 325

characteristic set, 329

circuit

of a matroid, 286

of a tropical Plücker vector, 297

closed cell, 167
closure

operator, 307

system, 307

coarsening, 12

cocircuit

of a linear subspace, 293, 294

of a tropical Plücker vector, 297, 322

coding length, 265, 341

coherent, 99

column matroid, 282
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column-normalized, 293
compact sector, 191
compatible, 303
competitive equilibrium, 120
cone, 7, 131, 334

pointed, 132
polyhedral, 132
tropical, 132, 144

conic, tropical, 15, 23
connected, 286
contractible, 141, 312
contraction, 283
contraction facet, 290
convex, 333

bi-tropically, 146
geodesically, 140, 147
tropically, 134

convex body, 189
convex hull problem, 339
coordinate projection, 151
covector, 170
covector decomposition, 170, 313
covector graph, 170
Cramer vector, tropical, 117, 231
Cramer’s rule, 117
cubic, tropical plane, 17
cycle, 62
cycle mean, 82
cyclic polytope, tropical, 138, 142, 188
cycling, 218

decision problem, 343
degree, 20

of a node, 61
of a polynomial, 4

Delaunay subdivision, 8
deletion, 283
deletion facet, 290
demand type, 122
dependent, 286
determinant, tropical, 60
diameter, 187
difference body, 189
digraph, see also graph, directed
Dijkstra’s algorithm, 71, 77
dilated simplex, 15, 16, 39, 315, 367
dimension

of a tropical polyhedron, 197
of a tropical polytope, 171, 178, 183,

189, 190
direct product

of tropical polynomials, 105

directed distance, 73
discrete valuation, 42
dissimilarity map, 302, 320
distance, tropical, 139
distributive polyhedra, 95, 156
dome, 4, 16, 167, 312
dominant term, 11
double description, 334

tropical, 204, 212
double factorial numbers, 304
Dressian, 300
dual graph, 337
dual linear program, 217
dual matroid, 288
dual solution, 217
dual subdivision, 10
duality of polytopes, 336
duality relation, 12, 47

of tropical cones, 144

efficient, 343
eigenvalue, tropical, 82, 86
eigenvector, tropical, 82
elementary statement, 50
ellipsoid method, 246
envelope, 160, 313
equality partition, 76
equidecomposable, 117
evaluation function, 4
exposed, 151, 173, 183
extended matrix, 220, 222
extreme, 150, 229

f -vector, 117, 178, 204, 328
face, 4
face figure, 88, 335
face vector, see also f -vector
facet, 4
fair, see also mean payoff game
fan transversal, 340
Fano matroid, 363
feasibility problem of tropical linear

programming, 253
feasible set, 216, 220
Fermat numbers, 23
finite tropical type, 93
flat, 287, 309
Floyd–Warshall algorithm, 70
forest, 62
Four-Point Condition, 305
Fundamental Theorem of Tropical

Geometry, 35, 44, 52
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game tree, 258
generators, 134, 153, 154
generic, 105
generic tree, 303, see also tree
generic tropical hyperplane, 15
generic, tropically, 108
genus, 19
geodesic

metric space, 140
path, 140

good characterization, 345
Gröbner basis, 338
Gröbner cone, 339
Gröbner fan, 339
graph, 61

directed, 62
graphic matroid, 289
Grassmannian, 295

tropical, 300

Hahn polynomial, 311
Hahn series, 56, 311
Hasse diagram, 88, 89, 308
head, 62
height function, 7, 8
Hirsch Conjecture, 251
homogenization, 220, 222, 288
Hungarian method, 64, 352
hyperfield, 55, 57
hyperplane, tropical, 14, 60
hypersimplex, 282, 365

proper, 290
hypersurface

projective, 38
tropical, 5, 311
very affine algebraic, 34

identity matrix, tropical, 69, 200, 316
in-arc, 62
independent, 286
infinitesimal, 50, 54
initial form, 52, 338
initial ideal, 52, 338
initial matroid, 313
integer linear program, 39
interior nodes, 303
isometry, 155

kernel, 316
Klee–Minty cube, 245
Kleene star, 70, 73, 83, 164, 183, 302,

353

lattice, 323
lattice length, 18
Laurent polynomial, 2
Laurent series, 29
leading coefficient, 30
leading monomial, 338
leading term, 30, 46
line segment, tropical, 134
linear assignment, 60, 63
linear form, tropical, 14
linear program, 39, 216
Lipschitz polytope, 190
local support, 105, 120
long and winding, 248, 250, 251
loop, 62, 286, 289, 309
loop-free, 286
lower face, 8

Mahler volume, 245
Maslov dequantization, 49
matching, 63, 207
matroid, 282

regular, 289, 290
uniform, 282, 366

matroid polytope, 282, 299
matroid subdivision, 299, 313
matroidal, 299
max-min operator, 269
mean payoff game, 254

fair, 264
winning position, 264

MEAN-PAYOFF, 264, 279
mean weight, 82, 256, 257
meet-semilattice, 202, 308
membrane, 324
minimum cycle mean, 83, 84
Minkowski addition, 32
Minkowski cell, 98
Minkowski difference, 189
Minkowski projection, 98, 108
Minkowski sum, 334
Minkowski–Weyl Theorem, tropical, 196
mixed subdivision, fine, 99
modulus, 210, 220
moment map, tropical, 93, 138, 249
monomial ideal, 155
monomial tropical cone, 155
multigraph, 62

nearest point map, 142
Newton polyhedron, extended, 7, 31
Newton polytope, 7, 31, 311, 338
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Newton–Puiseux Theorem, 29, 34, 35
node

column, 207
coordinate, 206
hyperplane, 206
row, 207

non-Archimedean, 41
nondegenerate linear program

dually, 216, 218
primally, 216

normal complex, 6, 148, 167, 170, 312
normal cone, 10, 335
normal fan, 16, 336

opposite, 193
order, 30
order polytope, 88
order topology, 50, 336
ordered field, 48
ordered semiring, 48
ordinary, 132
out-arc, 62

p-adic valuation, 42, 364
Pappus matroid, 370
parallel, 194
parallelotope, 146
part, 192
path, 61
perfect matching, see also matching
permanent, 60
Petersen graph, 306
phylogenomics, 319, 320
pivoting, 245

ordinary, 217
tropical, 236

Plücker relation, 295
Plücker vector, 294, 295
pointed, 88
pointed polyhedron, 309
polarity, 245, 335
polyhedral complex, 6, 336
polyhedral fan, 336
polynomial, tropical, 3
polytopal complex, 337
polytope algebra, 32
polytope, tropical, 134
potential, 72–74, 200
prevariety, tropical, 52, 103, 296
PRIMES, 345
primitive, 122
principal ideal, 51, 339

prism, 111, 292
product of simplices, 114, 163
projective space, 38
projective space, tropical, 129, 179
pseudometric, 71, 302
pseudopolynomial, 266, 345
pseudovertices, 168
Puiseux fractions, 46, 240, 243

generalized, 47
Puiseux lift, 221
Puiseux series, 28

absolutely convergent, 56
dual, 46, 215
generalized, 44, 46
standard, 44

pure, 6, 205

quartet, 304

rank, 287
rank of a matroid, 282
ray, 133
real closed field, 49
realizable, 282
recession cone, 91, 334
recession fan, 336
Red Rule, 322, 328
refinement, 12, 99
region, 148
region (of linearity), 6
regular, tropically, 60, 108
residuated operator, 269
residue field, 42, 323
rhombic dodecahedron, 185, 190
Ricardian economy, 274
root polytope, 114, 163, 171
root system, 77, 114, 324
row matroid, 282
running time complexity, 342

secondary cone, 9, 337
secondary fan, 300, 337, 339
secondary polytope, 337
sector, 147, 148

compact, 180
semimodule, tropical, 3
semiring, tropical, 1
Shapley operator, 270, 274, 276
shortest path, 64, 68, 69
shortest path tree, 77
signed covector cell, 201
signed covector decomposition, 201
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signed valuation, 210, 221
simple polytope, 216
single source shortest path, 78
singular, tropically, 60, 108
skeleton

of a complex, 6, 309
of a tropical curve, 20

smooth, 18
space complexity, 342
spanning forest, 289
spanning subgraph, 62
split, 95, 303
split tree, 303
staircase triangulation, 124, 188
standard basis vector, tropical, 129
standard triangulation, 188
Stiefel tropical linear space, 331
straight-line homotopy, 141
Straszewicz’s Theorem, 156
strategy, 257

derived, 260
positional, 257

stratum, 128, 130
strong component, 62
strongly connected, 62, 83
strongly polynomial, 345
Structure Theorem of Tropical

Convexity, 171
subdivision, 8, 309, 337

mixed, 98, see also mixed subdivision
regular, 8, 13, 337

subeigenvector, 213
subgraph, 62
sublevel set, 223
subpolytope, 163, 335
SUBSET-SUM, 122, 343
sufficiently generic, 30
sums of squares, 1
support, 4, 31, 44, 72, 161, 293, 336

full, 16
symbols, table of, xvii
symmetric group, 60

tail, 62
tangent digraph, 207
tangent graph, 206
Tarski–Seidenberg Transfer Principle,

50, 57, 218, 333
term ordering, 338
Thomson cubic, 54
three-term Plücker relations, 295
tight span, 310, 332

torus
algebraic, 13, 34
projective tropical, 13

tree, 62, 302
tree metric, 304
triangle inequality, 139
triangulation, 8, 108, 337
trivial valuation, 42
tropical edge, 228
tropical half-space, 192
tropical line, 138, 302
tropical linear program, 220

standard, 236
tropical linear space, 297, 313

uniform, 297
tropical number

negative part, 210
positive part, 210
signed, 210

tropical Plücker vector, 296, 365
tropical plane curve, 11
tropical polyhedron, 197, 202, 220
tropical semifield, 24
tropical semiring, 24
tropical Stiefel map, 296, 316, 331
tropical unit ball, 184, 189, 190, 200
Tropical Upper Bound Theorem, 223,

250
tropical volume, 143, 187, 323
tropicalization, 27, 31
tropicalized linear space, 292
tropically generic, 205
tropically regular, 143
tropically sign generic, 211, 225
tropically sign regular, 208, 211
tropically sign singular, 208, 211, 212,

225
Tschirnhausen cubic, 53
Turing machine, 247, 341
type

coarse, 105
dual coarse, 111
dual fine, 111
fine, 106, 172

ultrametric, 45
unimodular, 18, 122
unimodularity theorem, 122
unit cost, see also arithmetic model of

computation
unit hyperplane, 133
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valuated matroid, 313, 331
valuation, 30, 41

dual, 46, 215
valuation (product-mix auction), 119,

123
valuation ring, 42, 323
value group, 42, 43
value iteration, 266
Vandermonde determinant, tropical, 93
vanishing, tropical, 5
variety

tropical, 51, 103
very affine algebraic, 34

vertex figure, 335
vertices

of a tropical polytope, 154
Voronoi diagram, 8

weakly connected, 90
weakly polynomial, 345
weight

of an edge, 62
weighted digraph, 62
weighted digraph polyhedron, 72, 82,

144, 164
weighted graph, 62
winning position, see also mean payoff

game

zonotope, 122, 146
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