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PREFACE T O TH E FIRS T EDITIO N 

The present book has the goal of setting forth the basic aspects of the alge-
braic theor y o f semigroups . A  semigrou p (o r i n othe r word s a n associativ e 
system) is a set considered with respect to a binary associative operation defined 
in it. Th e concept of a semigroup is so simple and natural that it is hard t o say 
when it first appeared. As Klein1 points out, there were doubts, even in the period 
when the theory of groups was formulated as a separate mathematical discipline, 
as to whethe r tha t whic h w e call a  semigrou p should b e taken a s the funda -
mental concept . However , the problem s facing mathematic s a t tha t stag e o f 
its development mad e i t necessar y t o choos e a  mor e restrictive concept , tha t 
of a group. 

One o f th e mos t importan t reason s tha t th e theor y o f group s playe d s o 
large a role in the ensuing development of mathematics was that the algebraic 
theory o f groups by its very nature was the abstract study o f invertible trans-
formations. Th e nee d fo r considerin g suc h mapping s occur s i n suc h divers e 
fields o f mathematics, that one encounters the concept and properties of groups 
in very many mathematical (and not only mathematical) disciplines. 

In spit e o f th e importanc e an d fruitfulnes s o f th e genera l concep t o f a n 
invertible transformation , th e necessit y o f studyin g the genera l concep t o f a 
transformation becam e clea r wit h th e furthe r developmen t o f mathematics . 
To create a  corresponding algebrai c theory i t was necessary to form a  corre -
sponding concept , namel y the concept o f a  semigroup . Th e basic role o f the 
algebraic theory o f semigroups in mathematics evidently rests on the fact tha t 
this theory is the abstract study of general transformations . 

In orde r t o establis h a  basi c mathematica l discipline , naturalnes s an d 
importance o f th e origina l concep t ar e no t sufficient . Th e experienc e o f th e 
theory o f group s showe d tha t th e succes s o f it s development , grante d th e 
importance o f the original ideas, is explained by the fact tha t the axioms per-
mitted th e constructio n o f a n extremel y dee p an d comple x theory . I n thi s 
connection, th e poore r axiom s o f th e theor y o f semigroup s raise d a  natura l 
doubt at the first stages of its development: ca n it serve as the foundation fo r 
a sufficiently wid e construction of an independent theory? A t the present time, 
these doubts have already passed into oblivion. 

After th e first, frequently fragmentary , studie s o f semigroups , carried ou t 
in the 1920's and 1930's , the last IS years have seen the appearance of hundreds 

1 F. Klein, Lectures on the development of mathematics in the 19th century, Par t I, Ch . VIII 
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VI PREFACE 

of different works on the theory of semigroups, which have completely proved 
the possibility of a sufficiently profus e and deep independent theory. 

The expositio n o f th e principa l result s o f thes e work s i n th e for m o f a 
connected systematic theory is the aim of the present book. O f course there is 
no need (or possibility, for that matter) of setting forth all of the results obtained 
up to th e presen t time . Bu t the basic aspect s o f th e contemporar y abstrac t 
algebraic theory of semigroups are set forth here with sufficient completeness . 
Concrete semigroups, which are met in the most diverse fields of mathematics 
(in particular , whereve r on e mus t study on e o r another transformation) , ar e 
completely impossibl e t o surve y completely . Th e materia l i s to o profuse . 
Nevertheless, a mathematician versed in the general theory of semigroups could 
apply this theory in a given concrete problem. 

The presen t boo k i s designe d t o offe r thi s possibilit y t o mathematician s 
working in different fields of pure and applied mathematics . T o this end the 
material is set forth fairly completely and in considerable detail. 

The theory as given here depends only on well-known branches of mathe-
matics (the few places where this is not th e case may be omitted). Onl y the 
simplest, universall y familia r concepts and properties from the theory of sets 
will be used extensively. 

However, we should mention here that we denote the elements of a set by 
including them in curly brackets , in contrast t o th e common practice in the 
theory of groups of using curly brackets in another special way. W e make no 
distinction between a single element A of a certain set and the subset of this set 
consisting of the single element {A}. 

We call the union of disjoint sets a union without intersection , o r a non-
intersecting union. Th e empty set is denoted by the symbol 0 . A t times we 
shall us e th e concep t o f th e empt y symbol . A  formul a containin g empt y 
symbols should be read as if they were not present. 

Throughout we shall constantly meet pairs of statements that are symmetric 
with respect to "left" and "right" (cancellation on the left, cancellation on the 
right, left ideal, right ideal, and so on). I n such cases we shall usually give only 
one of the two assertions, counting on the reader to supply the other assertion 
and to see that it is correct. 

The tex t o f th e boo k i s divide d int o separat e sections , numbere d o n the 
decimal principle. Fo r example, a reference to II, 4.11 refer s the reader to the 
second chapter , fourt h section , 11t h subsection . Reference s withi n a  give n 
chapter omit the number of the chapter. 

The literature on the abstract theory of semigroups is listed (with reasonable 
completeness) a t the en d o f th e book . O f course i t doe s not contain works 
devoted completely or partially to the study of one or another concrete semi-
group. A s alread y remarked , ther e ar e simpl y to o man y suc h works . Th e 
bibliography also contains certain works on topological semigroups , although 
the theor y o f topologica l semigroups , whic h ha s alread y consolidate d itsel f 
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into a  specia l branc h o f topologica l algebra , i s no t touche d o n i n th e boo k 
itself. Reference s t o variou s othe r works no t part o f the general bibliograph y 
of the theory o f semigroups are given in footnotes . 

I remar k wit h gratitud e tha t i n th e final  redactio n o f th e manuscrip t I 
frequently mad e use of the valuable advice and observations of L. M. Gluskin . 

Leningrad, 1958 . E. Ljapi n 
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PREFACE TO THE SECON D EDITIO N 

During th e tim e sinc e thi s boo k wa s written th e theor y o f semigroup s ha s 
continued t o develo p rapidly . Severa l hundre d article s hav e bee n publishe d 
on th e subjec t an d a  secon d boo k ha s appeared , specificall y devote d t o 
semigroups: A . H . Cliffor d an d G . B . Preston , The  algebraic  theory of  semi-
groups. Vol . I , Math . Surveys , no . 7 , Amer . Math . Soc. , Providence , R . I. , 
1961, (Vol . I I t o b e publishe d i n 1967) . Bu t th e foundations , th e genera l 
outlines and th e principal directions o f researc h hav e no t essentiall y changed . 
Consequently, i n thi s secon d edition , i t ha s bee n possibl e t o preserv e th e 
text o f th e first  editio n wit h onl y smal l changes , an d t o ad d a  supplemen t 
containing a  relativel y smal l numbe r o f ne w result s tha t ar e characteristi c 
and importan t fo r a n understandin g o f th e presen t stat e o f th e theory . 

It shoul d b e especiall y note d tha t i n recen t year s a  sharpl y increasin g 
number o f article s ha s bee n publishe d o n semigroup s o f transformations , 
partial transformations , an d binar y relations . 

Also remarkabl e i s th e increas e o f interes t i n semigroup s provide d wit h 
an additiona l structur e (e.g. , ordere d semigroups) . I t appear s tha t suc h 
investigations constitut e a  specia l directio n o f researc h i n algebra . Thi s 
remark, whic h wa s mad e som e tim e ag o fo r topologica l semigroups , ha s 
been full y justifie d b y th e furthe r developmen t o f tha t subject , althoug h th e 
theory o f topologica l semigroup s naturall y remain s closel y connecte d wit h 
the genera l theor y o f semigroups . 

For a  clea r understandin g o f th e plac e o f th e theor y o f semigroup s i n 
contemporary mathematic s an d o f it s probabl e developmen t i n th e futur e 
one mus t tak e int o accoun t th e developmen t o f th e followin g importan t 
theories, al l o f the m s o closel y relate d i n thei r essenc e t o th e theor y o f 
semigroups tha t the y coul d fro m a  certai n poin t o f vie w b e include d i n tha t 
theory; namely, th e theory of categories and th e abstrac t theor y o f automata . 
It i s also importan t t o kee p i n min d th e developmen t o f th e genera l theor y 
of binary relations . In thi s connection w e wis h t o mentio n th e extensiv e wor k 
of V. V. Vagner o n th e systematizatio n o f thi s theory : V . V . Vagner . Theory 
of relations  and  algebra  of  partial  transformations,  Theor y o f Semigroup s 
and It s Applications , no . 1 , Saratov Univ . Press , 1965 , pp . 3-178 . (Russian ) 

The bibliograph y o n semigroups , whic h i s reasonabl y complet e fo r 
articles appearin g u p t o 1958 , ha s bee n retaine d fo r th e presen t edition . 
A shor t supplementar y bibliography , consistin g o f late r work s cite d i n 
the ne w material , ha s bee n added ; i t doe s no t preten d t o b e complete . 

Leningrad, 1966 . E . S. Ljapi n 
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PREFACE T O TH E THIR D EDITIO N 

During th e pas t five  years , th e rat e o f developmen t o f th e theor y o f 
semigroups has continue d t o increase . Th e theor y ha s enjoye d a  substantia l 
enrichment throug h th e larg e numbe r o f ne w result s obtaine d i n it s variou s 
subdivisions. Nevertheless , jus t a s remarke d i n th e prefac e t o th e precedin g 
edition concernin g th e perio d fro m 195 8 t o 1966 , i t ca n b e sai d agai n tha t 
the genera l aspec t an d characte r o f th e theor y i s basicall y unaltered . A s 
a consequence , th e earlie r presentatio n ca n b e retained . 

However, thi s propositio n doe s requir e i n par t som e amendment , i n 
the followin g respects . 

The theor y o f transformation s (includin g partia l an d multivalue d 
transformations) play s a  critica l rol e i n th e theor y o f semigroups . I t ha s 
importance fo r th e connection s o f th e theor y o f semigroup s wit h othe r 
domains o f mathematics , an d th e progres s achieve d i n thi s directio n woul d 
appear t o meri t a  mor e extensiv e treatment . Bu t on e gain s th e impressio n 
that ther e i s i n proces s o f formatio n a  separat e theory , thoug h quit e closel y 
tied i n wit h th e genera l theor y o f semigroups . 

New problem s hav e appeare d a s a  resul t o f th e permeatio n int o th e 
theory o f semigroup s o f th e idea s an d method s o f mathematica l logic . 
There ha s bee n a n expansio n i n th e stud y o f algorithmi c questions . Bu t 
this i s agai n withou t questio n a  separat e lin e o f investigation . 

Within th e confine s o f th e theor y o f semigroup s proper , mos t significan t 
has bee n th e developmen t of , an d th e positio n take n by , th e lin e o f in -
vestigation dealin g wit h th e stud y o f identities . Sinc e i n th e precedin g 
edition thi s wa s lef t almos t entirel y untouched , i t ha s no w appeare d 
necessary t o enlarg e th e presentation . A  ne w chapte r ha s therefor e bee n 
added t o dea l wit h semigrou p identities . 

Also adde d i s on e mor e sectio n t o Chapte r XI , dealin g wit h result s 
relating t o approximatio n properties . 

These addition s hav e i n tur n mad e necessar y addition s t o th e Supple -
mentary Bibliography . 

Leningrad, 197 2 E.  S.  Ljapin 
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