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PREFACE

The present volume has five chapters. The first chapter deals with the funda-
mental properties of analytic functions in the space of several complex variables,
and the second chapter with the properties of analytic functions in covering re-
gions over a suitable space. These two chapters may be considered as a textbook
for readers who are looking for basic information, in as elementary a form as pos-
sible, about the theory of functions of several complex variables.

The next three chapters deal respectively with complex spaces, integral rep-
resentations of functions of several complex variables, and functions meromorphic

1) 4f one another in content but each of

in the whole space. They are independent
them makes a great deal of use of the material of the first two chapters, In con-
tradistinction to the first two chapters, the last three are to a great extent in the
nature of a survey, These chapters may serve as an introduction to the current

technical literature on the various branches of the theory of functions.

The actual exposition itself is preceded by an introductory essay giving the
most frequently used information from closely related mathematical disciplines.
It is recommended that the reader refer to this essay whenever he finds it neces-
sary.

The present book constitutes the first part of a second edition, considerably
revised and enlarged, of the author’s book Theory of analytic functions of several
complex variables published in 1948. The second part, which is to appear soon

after the first, will discuss a number of special chapters in the theory of functions.

1) One exception is § 20 of Chapter IV, in which essential use is made of subsec-
tion 1, §14 of Chapter III.
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At the request of the author the first draft of the text of subsections 1-3,
§23, dealing with integral representations in n-circular regions, was written by
L. A. Aizenberg, subsections 46, §23, dealing with integral representations in
tubular regions, by S. G. Gindikin, and section 26, dealing with methods of charac-
terizing the growth of entire functions, by L. I. Ronkin. These sections contain a
number of new results, which are due to the above mentioned persons and are in-

troduced here, as a rule, without reference to the original articles.

An exposition of a number of original results referring to integral representa-
tions was kindly placed at my disposal by A. A. Temljakov.

I am also indebted to L. A. Aizenberg and D. B. Fuks, who looked over the
entire text while it was being prepared for the press and gave me valuable advice.

To all the above persons I wish to express my profound gratitude.

Many sections of this book were first presented to the seminar on the theory
of analytic functions at the University of Moscow. I wish to take this opportunity
of thanking the members of the seminar, and several other mathematicians, who

looked over various parts of the book and sent me their suggestions.

B. Fuks
March 1961

Translators’ note: The present translation was prepared with the active assistance
of the original author, Professor B. A. Fuks, to whom we wish to express our gratitude.
The extensive subject-index was very kindly contributed by Raymond H. Roper.
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Analytic angle between vectors, 77

Analytic c-covering 216

Analytic continuation (= Analytic ex-

tension) 90, 254

—— along a curve 91-92

—— by means of Green’s formula 277

——, immediate 91

—— of a function 90, 130, 223, 237

— holomosphic functional element 91

Analytic convexity (see convexity)

Analytic covering(s) (= Complex analy-

tic covering(s)) 205

——, b-sheeted 207

——, connected 206

——, critical set of an 206

——, equivalent 206

~——, extension of an 208

-, number of sheets uf an 207
——, space of an 206

—, trivial 206

Analytic element of a hypersurface 180

Analytic extension: See Analytic continu-

ation

Analytic function 94, 132

——, complete(ly) 94, 132, 254

Analytic hypersurface 180

——, element of an 180

Analytic plane(s) 72

——, sheaf of 79

——, tangent 72

Analytic point(s) 119

——, elementary neighborhood of an, in a re-
gion 122

——, geometric point fundamental with re-
spect to 119

——, identical 119

——, projection of a 119

Analytic polyhedron 288

Analytic set (see also set) 64, 95, 133, 204,
223, 227

——, complete 95

——, complex codimension of an, at a point
67

——, complex codimension of an, 67

——, complex dimension of an, 66

——, continuation of an, to an open set 95

——, germ of an, at a point 68

——, homogeneous 67

—— irreducible 68

——, locally indecomposable: See Analytic
set, locally irreducible

—— locally irreducible at a point 68

—— normal 235

——, normalization of an 209

—— normally imbedded in a manifold 235

--—, purely-dimensional 67

—— reducible in an open set 67

369
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Analytic surface 71

——, complete 95

—, irreducible 95

Analytically locally, regular imbed-
ding 205

Analytically locally, regularly imbed-
ded complex submanifold 205

Analytically regular imbedding 205

Analytically regularly imbedded com-
plex submanifold 205

Angles, analytic, between vectors:
first and second 77

Associated function of an entire func-
tion 349

Associated radii of convergence of a
power series 46

Atlas of charts 3

Atlas, a- 222

Automorphism of

—— a holomorphy hull 196

—— a region 45, 196-201

b-sheeted analytic covering 207

Ball 3

Base of a tubular region 200

Basis of an ideal in a ring of integrity
of holomorphic functional germs 64

Behnke-Sommer, Theorem of 170

Belong to a germ of an analytic set 68

Bergman-Weil, integral of, for analytic
polyhedra 292

Beta: See f, second section after
that for W

Bicircular region 45, 195

Bicylinder (See also Polycylinder) 19

——, circular 19, 31

—, closed 25

~——, unit (circular) 31

Bicylindrical region 31

——, ordinary 32

Biharmonic function 38

Biholomorphic mapping 104, 147, 205,
216, 227

——, generalized 154, 156

Biholomorphism (= Biholomorphic mapping)
Bimeromorphic mapping (in the narrow sense)

154
Bimorphic mapping 225, 227
Bochner, integral representations of, in radial
homogeneous domains 319
Bochner-Martinelli, integral of 286
——, theorem of 285
Boundary, bounded perfect part of a 174
——, natural, of a holomorphy region of a func-
tion 134
—— of a covering region 127
—— of a region in the sense of Silov 34, 292
—— of a Riemann domain 253
—— of a simplex 9
Boundary point(s) of a (covering) region 126
——, accessible 126
——, canonical system of 128
—, finite 128
——, identical 127
——, infinite 128
——, neighborhood of a 127
——, neighborhood of a, extended 128
Boundary point(s) of a Riemann domain 253
——, accessible 254
Bounded carrier of a (continuous) form 14
—— function 18
—— perfect part of a boundary 174
—— region 120
Bounding for monomials 314
Branch point(s), complex-uniformizable 155,
214
——, essential singularity of 136
——, non-uniformizable 156, 212
—— of an analytic covering 128, 155, 208
—— of a continuous mapping 152
—— of a holomorphic function 136
—— of a region 128
Bremermann, theorem of 171
Bundle of straight lines 175
c-covering, analytic 216

C (space of one complex variable) 5
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Gl (class of covectors and forms) 12

@l (class of l-smooth manifolds) 3

ct (class of [-smooth mappings) 5

C" (space of n complex variables) 5

Ce (class of mappings) 6

C> (class of manifolds) 4

C= (class of mappings) 6

Canonical covering of a covering re-

gion 125
—— orientation of a homeomorphism 9
—— system of boundary points of a
(covering) region 128

Carrier, compact 261

—— of a continuous form 14

Cartan, H., analytic convexity in the
sense of 191, 255

Cartan-Thullen, theorem of, on K-
convex regions 165

Cartesian product of curves 31

Cauchy inequalities 49

Cauchy, integral (formula) of, for poly-
cylindrical regions 32

Cauchy type, integral of 34

Cauchy-Poincaré, fundamental theorem
of 264

Cauchy-Riemann conditions 20

Center of a bicylinder 19

—— polycylinder 19

—— region 117

Chain 9

Chart(s) 3

——, atlas of 3

——, collections of 7

——, collections of, maximal set of 8

—— consistent with degree [ with all
other charts of an atlas 4

——, family of 3

—, maximal set of collections of 8
—_—, a~ 221

—, B- 229

— B,- 240

Chordal distance 81, 84

—— metric 165

Circular bicylinder 19, 31

——, unit 31

Circular polycylinder 19

—, unit 31

Class(es), function of 157

—— cohomologies 12

—— cohomologies, collections of 13

—— compact cohomologies 12

—— equivalent points as a point 244

——— holomorphic functions 157

—— meromorphic functions 157

Class-residue on a complex manifold 271

——, compound 272

——, computation of by the Gel'fand-Silov

construction 273

Closed bicylinder 25

Closed (exterior differential) form 12

Closed polycylinder 99

Closed region 129

Closed system of roots of a pseudopolyno-
mial 101

Codimension, complex 5, 67

——, topological 5

Coefficient of linear distortion 112

Cohomologous (forms) 12

——, compactly 12

Cohomology class 12

—ring 13

Collection(s) of charts 7

——, maximal set of 8

Collection(s) of classes of cohomologies 13

Compact, locally 3
Compact carrier 261
Compact cohomologies, class of 12
Compactly cohomologous 12
Complete analytic

— function 94, 132, 254
— set 95

—— surface 95

Complete

~—atlas of charts 3
—disk 45

371
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—— family of charts 3
—— family of functions 157
—— -circular region 45
Completely analytic function 94, 132,
254
Complex analytic covering: See Analy-
tic covering
—— manifold: See Complex manifold
Complex codimension 5
——, minimal, of an analytic set 67
Complex dimension 5
—, maximal, of an analytic set 66
Complex equation 36
Complex homogeneous plane 82
—— projective space 80
Complex manifold (= Complex analytic
manifold; and see Manifold)
203, 247
——, class-residue on a 271
—— properly imbedded in another 251
Complex (n-dimensional) projective
plane 83
—— space 83
Complex non-uniformizable branch
point 203
Complex space: See (Complex a-,
a.-, B, ’Bi" B,-space) Normal
space of H. Cartan
——, K-complete 249
Complex submanifold, analytically
—— locally regularly imbedded 205
—— regularly imbedded 205
Complex uniformizing branch point 203
Complex a-space 222
Complex @ -space 227
Complex pS-space 227
——, exceptional point of a 231
—— irreducible 233
—— locally pure-dimensional at a point
230
—— normal at a point 235
——, normalization of a 232
——, number of simple germs of a 232

——, ordinary point of a 230

Complex ﬂi-space 234

Complex ﬁn-space 235

Complex(ly)-uniformizable

—— boundary point 155

—— branch point 155

Compound class-residue 272

Conditions for solvability of the Dirichlet
problem 277

Cone, asymptotic, of a tubular domain 316

Cone, conjugate 317

——, nappe of a 316

——, non-degenerate 316

Conformal mapping 79, 112

Conjugate radii of convergence of a series
349

Connected 2

—, linearly 2

—, locally 2

—, locally linearly 2

Connected analytic covering 206

Connected component of a manifold 4

Continuation, analytic

——, meromorphic 137

—— of an analytic covering 208

—— of an analytic set to an open set 95

——, simultaneous, for a class of functions

158

Continuous, uniformly 18

Continuous form 12

~——, carrier of a 14

Continuous function 2

—— of n complex variables 17

Continuous mapping 2

Contour 78

Convergence, associated radii of 46

——, uniform 18

Convexity, analytic, in the sense of H. Cartan

191, 255

—— Hartogs 172, 254

——VLevi 174

—— Togari 255
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Convexity

—, F- 161

——, holomorphic 162, 249, 254

—, K- 161

—, logarithmic 198

—— relative to the class K of func-
tion 161

——, strong holomorphic 161

—, strong K- 161

—, I~ 255

Coordinate(s), complex locally uni-

formizing 149, 203

Coordinate hyperplanes 309

Cousin, first theorem of 328

——, second theorem of 334

Covector 10, 11

——, even (p-) 10

—, 0dd (p-) 11

— of class 12

—, p- 10, 11

Covering, algebroidal 216

——, analytic (see analytic)

——, analytic ¢- 216

-

——, canonical 125

——, complex analytic (see analytic)

——, complex analytic, of a complex
manifold 205

~—— of a covering region over a space
119

——, universal 125

Covering region(s) 119

——, accessible boundary point of a
126

———, boundary of a 127

——, boundary point(s) of a (see bound-
ary point)

——, bounded 120

——, canonical 125

——, canonical covering of a 125

——, covering of a 119

—, finite 120

—, finite-sheeted 120

——, fundamental region for a 119

—, identical 121

——, infinite 120

——, infinitely-sheeted 120

—, p-sheeted 120

—_— po-sheeted 120

—, plane 119

——, product of 120

——, region lying inside a 121

——, region lying strictly inside a 122

——, single-sheeted 120

——, subregion of a 121

——, universal covering of a 125

Critical set of an analytic covering 206

Curvature of an analytic surface 78

Curve(s), analytic continuation along a 91-92

——, Cartesian product of 31

Curvilinear integral 94

—— simplex 7

Cycle(s) 10

——, homologous 10

Decomposition of a holomorphic function into

irreducible factors 60, 204, 221

Degree of

—— analytic convexity 180

—— an exterior differential form 76

—— smootihness of a complete atlas (family)
of charts 3

—— smoothness of a manifold 4

Density 281

Derivative

——- formal 20

~——— of higher order 35

Determinant of Levi 176

Determinate 316

Deviation of a vector 112

Dieudonné’s partition 261

Differential of

—— an exterior differential form 12

—— a funcdon 35

—— a pseudoconformal mapping 112

Dilation factor 114

dim 5
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Dim 4

Dimension

—— complex (see also complex) 5

——, complex, of a complex a-space
222

—— of an analytic set, complex 66

—— of an analytic set, topological 66

—— of a complex S-space 230

Dimension of a connected component
of a complex manifold

——, complex 203

——, topological 203

Dimension, topological 4

*.dimensional

—— edges 289

—— surfaces 289

Discriminant set of a pseudopolyno-

mial 62

Disk, complete 45

Distance between finite points 158

Distance, chordal 81, 84

—— of a point, limiting 42

Distinguished

—— family of analytic sets 190

—— pseudopolynomial 59

Divisor of unity in a ring of germs of

holomorphic functions 58

Domain(s) (= Region(s)) 2

—— analytically convex (in the sense
of Hartogs) at a boundary point

172
—— analytically convex in the sense
of Levi 174

——, bicircular 45

——, bicylindrical 31

——, bicylindrical,“ordinary 32
——, complete (m, p)-circular 199
——, complete n-circular 45, 197
—, disk 199

—, disk, complete 199

——, disk-shaped 196

——, holomorphically convex 162
——, homogeneous 319

——, inhomogeneous 319

——, interiorly(-)branching 156
——, K-convex 161

—, (m, p)-circular 199

——, (m, p)-circular, complete 199
——, n-circular 45, 196

——, n-circular, complete 45, 197
—— of class (T) 308, 309

—— of convergence 43, 44, 189
—— of holomorphy 132, 254

—— of meromorphy 138

—— of normality 189

—, (p 1" Pp)circular, over the space c"

198

——, plane covering, over the space P" 119

——, polycylindrical 31

~——, polycylindrical, ordinary 32
——, Riemann 252

——, semidisk 199

——, semidisk, complete 199
Domain, tubular 200, 316

——, base of a 200

——, complete 200, 317

——, octant-shaped 200, 317

——, of class (B) 316

——, of holomorphy 201

—, radial 317

——, W-shaped 317

Domain, W-shaped (tubular) 317
—, Weil 299

Double power series 41

Double Taylor series 41

Edges of an analytic polyhedron 289
——, analytic, of a hypersurface 180

Element(s), holomorphic functional 19, 254

——, adjacent 91

——, at a point 19

——, joined 91

—— of an analytic hypersurface 180
—— of a complete analytic set 95
—— of a space 3

Elementary neighborhood of
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—— an analytic point in a region 122
—— a point for a series 42
—— a point in a region 42
Ensemble (= Collection, Set)
Entire function 338
——, D-type of an 339
——, function associated to an 349
——, growth indicator of an 348
—, of exponential type 349
—, of finite degree 349
——, order of an 349
——, P-indicator of an 353
Equation, complex 36
Equivalence of continuity and analy-
tic continuation 102
Equivalent
—— analytic coverings 206
—— multpliers 60
Essentially singular point of a holo-
morphic function 136
Even p-covector 10
Extended neighborhood of a boundary
point 128
Extension (See also Continuation)
—— of an analytic covering 208
—— of a set of collections of charts of
a manifold 8
—— of the space of n complex vari-
ables 83, 87
Exterior differential form (even or odd)
of degree 11
——, closed 12
—— of class 12
Exterior multiplication 11
F (class of complex B-spaces) 236
F (class of spaces with a ring struc-
ture) 226
F-convex hull of a set 249
Factorization of a holomorphic func-
tion into irreducible factors 60,
204, 221
Family, complete, of charts 3
——, complete, of holomorphic func-
tions 157

Family of charts, 3

Family of functions, complete 157

——, normal, of the first kind 190

——, normal, of the second kind 190

Family of one-complex-dimensional analytic

— sets, distinguished 190

—— surfaces, regular, in a neighborhood 145

Fiber 247

Field(s) of germs of meromorphic functions

135, 224

——, sheaf of 224

Filter of regions 127, 253

Finite

—— boundary points of a (covering) region 128

— form 14

—— function 14

—— portion of a space 326

—— 2)-module 220

First analytic angle between vectors 77

First kind, normal family of functions of the
190

Form (See also Exterior differential form)

—, closed 12

——, cohomologous 12

——, continuous odd, of class (I") 318

——, holomorphic 30

——, restriction of a 28, 75

——, trace of a 28, 75

Form-residue on a complex (polar) manifold
264, 268

Formal derivative 20

Formula(s) of

—— Gauss-Ostrogradskii 263

—— Green 263, 280

—— Newton-Leibnitz 263

—— Stokes 263

Fuks, theorem of, on distortions in holomor-
phic mappings 114, 115

Function(s) 2

——, analytic 94, 132

——, analytic, complete(ly) 94, 132, 254

——, analytic continuation of a 90, 130, 223,

237
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—— associated to an entire function
349

——, biharmonic 38

——, bounded 18

——, complete(ly) analytic 94, 132,
254

——, complete family of 157

——, composite 278

Function(s), continuous 2

——, of complex variables 17

——, uniformly 18

Function(s), double-harmonic 276

——, entire (see also entire) 338

—— equivalent to one another in a
ring 58

—, finite 14

——, holomorphic 19, 129, 214, 223,
227

Function(s) holomorphic

—— at an analytic point 129

—— at a finite point 85

—— at a point 19

—— at a point at infinity 85, 87

—— in a covering region 129

——in a region 19

—— on an open set relative to an analy-

tic covering 214

——on an open subset of a complex
a-space 223

Function(s), implicit 38

——, invertible 58

—— irreducible in a ring 59

——, meromorphic (see also meromor-
phic) 134, 217, 224, 227

Function(s) meromorphic

—— at a point 134

—— in a covering region 134

—— in an open set 224

—— relative to an analytic covering
217

Function(s), morphic 225, 227

Function(s) of complex variables 17

Function(s), pluriharmonic 37

——, polyharmonic 37
—— reducible in a ring 59
—— regular at a point 19, 58
——, restriction of a 17
——, rhomorphic 225, 227
—— rhomorphic at a point 225
—— rhomorphic in an open set 225
——, saltus of a 278
——, support 345
——, trace of a 17
——, uniformly continuous 18
Function class 157
Functional
—— dependence 46
—— element, holomorphic (see also holomor
phic)
—— germ, holomorphic 19
Fundamental geometric point of a point 119
—— point of a point 206, 252
—— theorem of Hartogs 21
Gamma: See I, third section after W
Gauss-Ostrogradskiy, formula of 263
Gel 'fand-Silov construction, computation of
class-residue by 273
Generalized biholomorphic mapping 154, 156
Generalized Szego kemel for a domain 319
Geometric point fundamental with respect to
an analytic point 119
Germ(s) of (an) analytic set(s) at (a) point(s)
68, 204
——, sheaf of 68
——, locally irreducible prime (simple) 69,
204
——, prime (= simple) 68, 204
Germ(s) of a complex S-space, simple 232
—— continuous function 15
—— holomorphic function 19, 63, 219, 223
—— meromorphic function 224
—— morphic function 225
—— rhomorphic function 225
Gindikin, integral representation of, for tubu-
lar domains 319
——, theorem of 322
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Gol'dberg, theorem of 339
Grauert-Remmert, theorem of 217
Green’s formula(s) 263, 280

——, analytic continuation by means

of 277
Gronwall, theorem of 336

Group of automorphisms of an n-circular

region 45
Group of compact homologies 10

Growth indicator of an entire function
of order p in one variable 348

Hartogs, analytic convexity in the
sense of 172, 254

Hartogs’

—— fundamental theorem 21

~— lemma 21

—— principal theorem 21

—— theorem on analytic continuation
95-97

—— theorem on continuous distribu-
tion of singular points 137

Hausdorff space 2

Hefer, theorem of 291

Holder condition 34

Holomorphic branch 94

—— extension of a function 254

~—— form 30

Holomorphic function(s) (see func-
tion)

~——, class of 157

-, removable singular point of a
130

Holomorphic functional element(s) 19,
254

——, adjacent 91

——, analytic continuation of a 91

——, joined 91

Holomorphic

— germ 19

—— mapping 103, 147, 205, 216, 227

—— mapping, surjective 103

—— separability 162

—— separability of a holomorphy region 132

Holomorphically compatible a-charts 221
Holomorphically complete complex

—— manifold 249

—— space 249

Holomorphically

—— convex complex space 249

—— convex region 162

~—— convex Riemann domain 254

separable complex space 249
Holomorphicity (= the quality of being holo-
morphic)

Holomorphism (= Holomorphic mapping)

Holomorphy, domain of 132

Holomorphy hull, automorphism of a 196

—— of the product of regions 202

—— of a region 192

—— of a Riemann domain 254

Homeomorphic mapping (= Homeomorphism)

Homeomorphism 2

——, canonical orientation of a 9

——, local 14

Homogeneous analytic set 67

Homologous cycles 10

Homology, compact 10

Homology

——class 10

—— group 10

—ring 271

Hull, F-convex 161, 249

——, holomorphically convex 161, 248

~—, holomorphy

Hurwitz: See Weierstrass-Hurwitz

Hyperball 191, 195

Hypercone 313

Hyperdisk 138, 165

Hypersphere 165

Hypersurface 7

——, analytic 180

—— of conjugate orders of an entire func-
tion 342

—— of conjugate types of order (pl, oo, pn)

of an entire function 343
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i-point of a complex B-space 234
Ideal(s) in a ring of integrity of holo-
morphic functional germs, basis of

an 64

Ideal(s) of holomorphic functional

germs vanishing in analytic sets,
sheaf of 66

Ideal(s), primary 70

——, prime 69

——, proper, of an analytic set G4

Identical analytic points 119

Identical boundary points of a
(covering) region 127

Image of a region in an octant 45

Imbedding, analytically locally reg-
ular 205

——, locally regular 6, 205

——, proper, of a complex manifold in
another 251

——, regular 6, 205
Immediate analytic continuation 91
Inclusion 28

Indicator, growth, of an entire function
of order p 348

Induced ring structure over a subspace
226

Infinite boundary point of a (covering)
region 128

Infinite covering region 120
Infinitely-sheeted covering region 120
Integral (formula, representation) of
—— Aizenberg for n-circular domains 300

—— Bergman-Weil for analytic poly-
hedra 292

—— Bochner for radial tubular domains
319

—— Bochner-Martinelli 285

—— Cauchy for polycylindrical regions
32

—— Cauchy type 34

—— a differential form, first type of 27

—— a differential form, second type of
27
—— Gindikin for tubular domains 319

—— a holomorphic form 28, 76, 264

—— Temljakov (for n-circular domains) of the
first and second kinds 305

—— Temljakov type, of the first and second
kinds 310

—— Weil for analytic polyhedra 292

Integral domain (Domain of integrity): See
Ring of integrity

Integrally closed ring 220

Interior

—— branch point of a covering region 156

—— critical point of a covering region 156

Interiorly-branching covering region 156

Intersection of regions of a covering rela-
tive to

—— analytic points 126

—— a region lying inside all of them 126

Invertible function 58

Irreducible analytic

— set 68

— surface 95

Irreducible complex B-space 233

Irreducible component of a complex B-space
233

Irreducible function (pseudopolynomial) in a
ring 59

Ivanov-Stavskii, theorem of, on entire func-
tions 351

Jacobian of a mapping 104, 148, 149

——, geometric interpretation of 115

Julia hypothesis 190

K-complete complex space 249

K-convex hull 195

K-convexity 161

—, strong 161

K-separability 162

Kernel, Cauchy 311

——, generalized Szego, of a tubular domain
319

——, Poisson 311

Kernel, Szego,

—— of an n-circular domain 305

——, of a tubular domain 311
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—, generalized, of a tubular domain
319

l-smooth k-dimensional

—— hypersurface 7

—— surface 7

—— surface element 7

l-smooth mapping 5

Li.m. 352

Laplace operator 179

Laurent

- expansion 89

—— series 88

Lelong, theotem of 347

Lemma,

——, Harrogs’ 23

—, Osgood’s 25

Levi, analytic convexity in the sense
of 174

Levi's determinant 177

Levi’s theorem on continuous distri-
bution of essentially singular
points 142

Lies above 119

Limit in mean 352

Limiting distance

—— of a point for a series 42

~—— of a point in a region 42, 122

——, minimal, of one set in another 123

Line element 2

Linearly connected 2

Liouville, thearem of 57, R7

Local

—— cootdinates 4

~— homeomorphism 14

Locally

~— compact 3

- complex coordinates 264

—— complex uniformizing parameters 155

—— indecomposable analytic set 68

—— inhomogeneous coordinates 245

- irreducible analytic set 68

— linearly connected 2

379

— pure~dimensional space 230

~— regular imbedding 6

Logarithmically convex 200

——, strictly 306

Manifold 3

—, complex 203, 247

-—, complex, holomorphically complete
249, 251

——, complex, on which all holomorphic func-
tions are constants 245

~—, complex, without a countable basis of
open sets 243

——, complex(-)analytic: See Manifold, com-
plex

——, degree of smoothness of a 3

~——, homogeneous 5

——, l-smooth 4

~—, oriented 7, 8

——, pierewise [=smooth 4

——, polar 265

~—, Prufer-Radd 243

-——, purely dimensional 5

~—, real analytic 4

Mapping(s) 2

——, biholomorphic 104, 147, 205, 216, 227

~—, biholomorphic, generalized 154, 156

———, bimeromorphic, in the narrow sense 154

—~——, bimorphic 225, 227

—~——, conformal 79, 112

~——, continuous 2

-, degenerate 153

—, exceptional 152

~—, fractional linear 115

~—, generalized biholomorphic 154, 156

~—, holomorphic 103, 147, 205, 216, 227

~——, homeomorphic 2

~——, infinitely smooth 5

~—~—, [-smooth S

—— meromorphic (in the narrow sense) at a
point 153

——, morphic 225

——, nowhere exceptional 2
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— of arbitrary scope 116

- of bounded scope 115

— of class C! 5

—of class C¥ ¢

—of class = ¢

—— of a covering region onto another
120

~—, otiented 8

—, parabolic 114

——, proper 2

-—, pseudoconformal 104, 112, 147,
205, 216, 227

——, testriction of a 103

——, singular 152

~——, superposition of 3

——, surjective holomorphic 103, 147

Martinelli: See Bochner-Martinelli

Maximal

~—— complex dimension of an analytic

set 66

—— radii of convergence of a series 46

—— set of collections of charts of a
manifold 8

—— structural sheaf 228

—— fB-structure 228

Maximum principle 51, 75, 229

Meromorphic function 134, 217, 224, 227

—, polar setof a 134

—~—, pole of a 134

Meromorphically continuable 137

Metric, chordal 165

Minimal

—— complex codimension of an analytic
set 67

~— limiting distance 165

Moment problem 303

Morera, generalized theorem of 274

n-parameter group 196

n-point 235

Natural boundary of a holomorphy re-

gion of a function 134
Natural complex structure of an analy-
tic set 240

Neighborhood (of a point) 2

Neighborhood, elementary (see elementary)

Neighborhood,

—— extended, of a boundary point 128

—— of a boundary point of a (covering) re-
gion 127

——of a germ 16

— of a point at infinity 87, 89

——, “tubular’’ 270

Noether(ian) ring 65

~— of integrity 220

Non-compact complex manifold 245

Non-compact Riemann surface 248

Nonremovable singular point of a holomorphic

function 133

Normal

—— analytic set 235

— family (of the first kind) of functions 190

-~ family (of the second kind) of functions
190

—— point of a complex B-space 235

—— space of H. Cartan 235

—— system of coordinates 186

Normalizable 232

Normalization

—— of an analytic set 209

~— of a complex B-space 232, 239

Normalization space of an analytic set 210

Normally imbedded analytic set 235

Nowhere exceptional mapping 249

Number of

—— sheets of an analytic covering 207

—— simple germs of a complex S-space 232

Octant, absolute 45

0Odd p-covector 11

Oka, theorem of, on

-—— holomorphic separability 162

~— monodromy 93

— normalization of analytic sets 239

——regions convex in the sense of Hartogs
191

Open curvilinear simplex 4

Open proper simplex 7
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——set 1

—— simplex 7

Order of a

—— branch point 128

- an entire function 338

—— point of an analytic covering 207

—— polar manifold 265

Ordinary

—— bicylindrical region 32

-~ point of an analytic set 71

—— point of a complex B-space 230

—— polycylindrical region 32

Orientation

——, coherent 10

~——, induced 10

—— of a manifold 8

—— of a system of local coordinates 7

Oriented manifold 7, 8

——, negatively 8

——, positively 8

Oriented mapping 8

Osgood’s lemma 25

Osgood’s theorem on a system of equa-
tions 105

Ostrogradskil: See Gauss-Ostrogradskﬁ)

p-covector, even 10

—,0dd 11

p-sheeted covering region 120

pg-sheeted covering region 120

P-indicator of an entire function 353

Paley-Wiener theorem 352

Parameter of an analytic plane 77

Partition of unity 261, 269

*‘Pasting’’ process 335

Path 2

Plancherel-Pdlya, theorem of, on en-
tire functions 353

Plane, analytic (see also analytic) 72

Plane, complex homogeneous 82

——, complex (-dimensional) projec-

tive 83
Plane cover(s) 118

——, system of 119

Plane

—— covering region 118, 119

—— element 118

—— region 119

Pluriharmonic function(s) 37

——, associated 37

Point(s), accessible 94

——, accessible boundary: See Point(s), boundary

——, ambiguous, of a meromorphic function
134

——, analytic (see analytic)

—— at infinity 83, 119

——, boundary (boundary)

—~—, branch (branch)

——, complex non-uniformizing branch 203

——, complex uniformizing branch 203

——, complex-uniformizable 222

——, essentially singular, of a holomorphic

function 136

~——, exceptional, for a holomorphic mapping
152

———, exceptional, of an analytic set 71

——, exceptional, of a complex B-space 231

——, finite 83, 119

-—, finite boundary, of a covering region
128

~——, fundamental 119, 206, 252

—, i-, of a complex B-space 234

——, infinite boundary, of a covering region
128

———, interior branch 156

——, interior critical 156

~—— lying above a fundamental point 119

—, meromorphic (= Point of meromorphy) of
a holomorphic function 136, 138

—, n+, of a complex B-space 235

——, noncritical 157

——, non-uniformizable singular 156

——, normal, of a complex B-space 235

— of irreducibility of a complex B-space
234
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—— of meromorphy of a holomorphic
function 138

—— of one-sheetedness 207

—— of order & 207

—— of univalence 207

——, ordinary, of an analytic set 71

——, ordinary, of a complex B-space
230

——, removable singular 130

——, selfintersection, of a complete
analytic surface 95

——, singular, essentially 136

Point(s), singular,

——, for a holomorphic mapping 152

——, non-uniformizable 156

——, of a complete analytic set 95

——, of a complete analytic surface 95

——, removable 130

——, uniformizable 156

Point(s), torsion, of an analytic
covering 212

——, uniformizable 222

——, uniformizable singular 156

——, uniformized 4

Polar manifold 265

Polar set of a meromorphic function 134

Pole of a meromorphic function 134

Pdlya: See Plancherel-Pdlya

Polycylinder, center of a 19

——, circular 19, 31

——, closed 99

——, unit (circular) 31

Polycylindrical region 31

——, ordinary 32

Polyhammonic function 37

Polyhedron, analytic 288

—, Weil 299

——, Weil polynomial 300

Polynomial polyhedron, Weil 300

Potential, double-layer 281

——, one-layer 281

——, single-layer 281

—, two-layer 281

Primary ideal 70

Prime germ of an analytic set 68

——, locally irreducible 69

Prime ideal 69

Principal theorem of Hartogs 22

Project(s) surjectively 230

Projection, natural 211

—— of an analytic point 119

—— of a sheaf space onto the underlying
topological space 14

—— of a normalization 209-210

—— of a space of an analytic covering onto
the manifold of the covering 206

——, stereographic 78-83

Projective mapping 85

Projective transformation 79

Proper ideal of an analytic set at a point 64

Proper imbedding of one complex manifold in

another 251

Prufer-Rado

—— example 243

—— manifold 243

P seudocommutativity 12

Pseudoconformal mapping 104, 112, 147,
205, 216, 227

—— of arbitrary scope 116

—— of bounded scope 115

Pseudopolynomial 59

——, center of a 59

——, closed system of roots of a 101

——, distinguished 59

——, normalized 59

Purely(-)dimensional

—— analytic set 67

—— manifold 5

Quarter-space, absolute 45

R s

RN 5

Radii of convergence of a series, associated
46

——, maximal 46

Radius of

—— a covering region 118
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—— a polycylinder 31

Rational function 157

Realization of a complex space 253

Reducible

—— analytic set 67

—— function in a ring 59

—— pseudopolynomial in a ring 59

Refinement of a structural sheaf 228

Region(s) (see also Covering region(s)
and Domain(s)) 2

—— analytically convex, (in the sense

of Hartogs) at a boundary point
172

—— in the sense of Levi 174

Region(s), automorphism of a 45, 196—
201

——, bicircular 45, 195

——, bicylindrical 31

——, bicylindrical, ordinary 32

——, boundary of a, in the sense of
Silov 34, 292

——, bounded 120

——, center of a 117

-

-

-

——, circular: See Region(s), (m, p)-
circular, n-circular, (p PP
circular

——, closed 129

——, complete (m, p)-circular 199

-

——, complete n-circular 45, 197

-

——, covering (see covering)
——, cylindrical 200

—, disk 199

—--, disk, complecte 199
——, disk-shaped 196

——, existence (= Region of existence)

-

—, finite 84

——, finite-sheeted 120

Region(s), holomorphically convex 162
——, holomorphically separable 162
——, holomorphy 132

——, infinite 84

——, infinitely-sheeted 120

——, interiorly-branching 156

——, k-convex 161

——, k-separable 162

——, lying strictly inside another 122
—, (m, p)-circular 199

—, (m, p)-circular, complete 199
——, mapping of one onto another 120

——, meromorphy 138
——, n-circular 45, 196
——, necircular, complete 45, 197

-

-

——, nommality, of the first kind 189

-

——, normality, of the second kind 189
—— of class (T) 308, 309
—— of convergence 43, 44, 189

383

—— of existence of an analytic function 132

—— of uniform convergence (of a series) 44

—— of uniform convergence of the first kind

189

—— of uniform convergence of the second kind

189
——, ordinary bicylindrical 32

-

——, ordinary polycylindrical 32

— (py -
198

. n
, pn)-cucular, over the space C

——, plane covering, over the space P" 119

——, polycylindrical 31

——, polycylindrical, ordinary 32,
——, radial 317

——, radius of a 117, 118
—, regularity 132

——, Riemann 117, 252

—, rigid 196

——, semidisk 199

——, semidisk, complete 199
——, spiral-shaped 201
——, star-shaped 43

——, tube-shaped 200
Region(s) tubular 200, 316
——, base of a 200

——, complete 200, 317
——, octant-shaped 200, 317
—, of class (B) 316

——, radial 317

-
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——, W-shaped 317
Region(s), tubular holomorphy 201
——, W-shaped (tubular) 317
—, Weil 299
Regular family of one-complex-
dimensional analytic surfaces 145
Regular function 19, 58
Regular imbedding 6
Regularity hull (= Holomorphy hull)
—region 132
Relative cohomologies 13
Remmert: See Grauert-Remmert
Residue: See Class-residue, Form-
residue
Restriction of a
—— form on a manifold 28
—— function on a set 17
—— holomorphic form on an analy-
tic set 75
—— mapping 103, 147
Riemann: See also Cauchy-Riemann
conditions
Riemann domain (= Riemann region)
117, 252
—— equivalent to another 253
——, locally one-sheeted 252
——, non-ramified 252
Riemann sphere 79
Riemann, theorems of (see theorem)
Ring integrally closed in its quotient
field 135
Ring of cohomology of closed forms 13
Ring of functions holomorphic
—— in a covering region 133
—— in a region of the space C", P"
63, 87
—— on a complex manifold 204
—— in an open set 63, 87, 133
Ring of germs of holomorphic func-
tions at a point, Noetherian 65,
220, 229
—— of a complex manifold 204
—— of a complex a-space 223

—— of a complex [B-space 229, 234, 235

—— of a covering region 133

—— of a space C*, P" 58, 87

Ring of germs of holomorphic functions, inte-

grally closed 220, 235

—— which is a domain of integrity 220, 235

Ring of integrity 16, 58

Ring structure 224

——, induced, over a subspace 226

Ronkin, theorems of 347, 348

Saltus of a function 278

Scalar(s) of even kind 11

—— odd kind 11

Second analytic angle between vectors 77

Second kind, integral of Temljakov type of
the 310

——, normal family of functions of the 190

——, normality region of the 189

——, region of uniform convergence of the
189

——, Temljakov integral of the 307, 308

Second theorem of Cousin 334

—— type of integral of a differential form 27

Section of a sheaf 15, 94, 224, 225

Selfintersection point of a complete analytic

surface 95

Semidisked 201

Separability, holomorphic 132, 162, 249

—— with respect to a class of k-functions
162

Sequence of analytic points, convergence of
120

—, limit of 120

Series, double 41

——, -multiple 38

Set(s), almost sparse 67, 133, 204, 216

——, analytic (see analytic)

—— analytic at a point 64

—— analytic in an open set 64

—— bounding for monomials 314

——, sheaf of 15

——, compact 124

—— compact-in-itself 124
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——, critical, of an analytic covering
206
——, discriminant, of a pseudopolyno-
mial 62
—— for which the maximum principle
holds 75
—— of collections of charts of a mani-
fold 8
——, polar, of a meromorphic function
134
——, sparse 67, 133, 204, 216
——, U-, in a space with ring structure
226, 227
Sheaf of 14
—— abelian groups over a topological
space 14
—— analytic planes 79
—— fields of germs of meromorphic
functions 224
— germs of analytic sets 68
—— ideals of homomosphic functional
germs 66
—rings 15
—— rings of germs of continuous func-
tions 15
Sheaf of rings of germs of holomorphic
functions, in the spaces C", G,
P" in a region 63, 87
——, in B-space 227, 234, 235
——, in f-space, maximal 228
—, in B-space, refined 228
——, on an open set 63, 87, 133
——, over the space P", in aregion 133

——, a-structural in a-space 223
Sheaf of rings of germs of

—— morphic functions 225

—— rhomorphic functions 225
Sheaf of rings of integrity 15
Sheaf of sets 15

Sheaf space 14

Simple germ 204

——, locally irreducible 204
Simplex, boundary of a 9

——, curvilinear 7

Singular point (see singular)

Skeleton of

—— an analytic polyhedron 291

—— the boundary of a polycylindrical region
32

Smooth manifold 4

Smooth, [- 3

Smoothness, degree of 3

Sommer: See Behnke-Sommer

Space(s), sheaf 14

Space(s), complex: Generic term covering
Complex a-, Complex (-, Complex ,Bi-
and Complex ,Bn-spaces

——, holomorphically complete 248, 249

Space(s), complex homogeneous projective 8

Space(s), complex, a- (of Behnke-Stein) 221

—— p- (of Serre) 227

— B, of class F 236

—— B, of class F 238

— ﬁi- 234

B ﬁn- 235

Space(s), function-theoretic (= Space of the
theory of functions, G") 88

——, normal, of H. Cartan 235

—— of an analytic covering 206

—— of complex variables, C* 5

—— of simple germs of analytic sets in a
complex manifold 208

—— of the theory of functions, G* 88

——, projectively extended, 83

—— with a ring structure 224

—— with a ring structure, of class F 226

Sparse set 67, 133, 204, 216

—, almost 67, 133, 204, 216

Spatial Lebesgue measure 348

Spherical coordinates 351

Split a space 2

Star-shaped region 43

Stavskil: See Ivanov-Stavskii

Stein manifold 249

Stereographic projection 78

——, n-complex-dimensional 83
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Stokes’ theorem 263

Stratification 245, 270

Strictly logarithmically convex domain

306

—— holomorphically convex region 162

Strongly k-convex region 161

Structural a-atlas on a Hausdorff space
222

Structural sheaf, a- (see after W)

— a.- (see after W)

——, B- (see after W)

_ /Bi- (see after W)

—_ ,Bn- (see after W)

——, maximal 228

——, refinement of a 228

Structure, ring 224

——, topological 1

— % - (see after W)

——, B- (see after W)

_ ,5‘.- (see after W)

—_, ,Bn- (see after W)

Subdomain (= Subregion)

Submanifold 6

Subregion 121

—— adnerent to a boundary point 127

Subsheaf 15

“‘Superfluous’’ sheets 216

Superposition of mappings 3

Surface(s) 7

——, analytic (see analytic)

——, closed 7

—— converging to a surface 170

——, piecewise smooth 7

—, self-intersecting 7

——, twice continuously differentiable 185

—— with boundary 7

Surface element 7

System of conjugate

—— degrees of an entire function 349

—— orders of an entire function 342

Szego kemel

—— of an n-circular domain 305

-— of a wubular domain 311

——, generalized, of a tubular domain 319

Tangent analytic plane 72

Taylor coefficients 49, 308

Taylor series, double 41

Temljakov integral of the

—— first kind 308

—— second kind 308

Temljakov integral formula 307

Temljakov type, integral of, of the

— first kind 310

—— second kind 310

Theorem(s) (See also Lemma) 21

Theorem(s) fundamental, of Cauchy-Poincaré

264

——, of Hartogs 21

——, on holomorphy hulls 192

Theorem(s), monodromy 93

Theorem(s) of

—— Abel on power series 40

—— Behnke-Sommer 170

—— Bochner-Martinelli 285

—— Bremermann 171

—— Cartan-Thullen on K-convex regions 165

—— Cauchy-Poincaré, fundamental 264

—— Cousin, first 328

—— Cousin, second 334

—— Fuks on distortions in holomorphic map-
pings 114, 115

— Gindikin 322

—— Gol'dberg 339

— Grauert-Remmert 217

—— Gronwall 336

—— Hartogs, fundamental 21

—— Hartogs on analytic continuation 96

—— Hartogs on continuous distribution of
singular points 137

— Hartogs, principal 22

—— Hefer 291

—— Ivanov-Stavskii on entire functions 351

—— Lelong 347

—— Levi on continuous distribution of essen-

tially singular points of holomorphic
functions 142
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—— Liouville 52, 87
—— Morera, generalized 274
—— Oka on holomorphic separability 162
—— Oka on monodromy 93
—— Oka on normalization of analytic
sets 239
—— Oka on regions convex in the
sense of Hartogs 191
—— Osgood on a system of equa-
tions 105
—— Plancherel-Pélya on entire func-
tions 353
—— Riemann on continuation of holo-
morphic functions 100
—— Riemann on removable singulari-
ties of a holomorphic function
of one variable 96
—— Ronkin 347, 348
—— Stokes 263
—— Weierstrass on a series 38
—— Weierstrass, preparation 55
—— Weierstrass-Hurwitz 324
—— Weil on decomposition of holo-
morphic functions into poly-
nomials or rational functions 300
Theorem(s)
—— on extension of an analytic cover-
ing 208
—— on holomorphy hulls, fundamental
192
—— on simultaneous continuation of
functions of a class 158
——, preparation, of Weierstrass 55
——, principal, of Hartogs 22
——, uniqueness 52
Thin 2n-dimensional tube 138
Togari, analytic convexity in the
sense of 255
Topological
—— codimension 5
—— dimension 4
—— dimension of an analytic set at
a point 66
—— space 1
—— structure 1

—— subspace 1
Topology 1
——, induced 1
Trace of a
—— form on a manifold 28
—— function on a set 17
—— holomorphic form on an analytic set 75
Tube-shaped domain (region) 200
Tubular domain (= Tubular region) (see do-
main, region)
Tubular domain of holomorphy (= Tubular ho-
lomorphy region) 201
Twice continuously differentiable surface 18!
Uniformizable point 222
Uniformized point 4
Uniformizing parameter 4
Uniformly
—— continuous function 18
—— convergent series of functions 18
Uniqueness of decomposition into holomor-
phic factors . 60, 204, 221
Uniqueness property of a differential operator
282
Unit (circular)
—— bicylinder 31
—— polycylinder 31
Vectors, first and second analytic angles be-
tween 77
Weierstrass’
—— preparation theorem 55
—— theorem on a series 38
Weierstrass-Hurwitz theorem 324
Weil(’s)
—— decomposition 299
—— domain 299
—— integral formula (Bergman-Weil’s) for
analytic polyhedra 292
—— polyhedron 299
—— polynomial polyhedron 300
—— theorems on decomposition of holomor-
phic functions into polynomials or ra-
tional functions 300

a-atlas 222
——, complete 222
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——, structural 222

a-chart(s) 221

——, holomorphically compatible 221

a-holomorphic function 227

a-space, complex (See complex)

a-structural sheaf (of rings of germs
of holomorphic functions of a com-
plex a-space) 223, 228

ac-structural sheaf 224

@ -structure 241

B-chart 229

B-holomorphic function 227

B-space, complex (See complex)

B-structural sheaf on a complex 8-
space 227, 228

B-structure 228

——, maximal 228
,Bi-space (complex) 234
,Bi-structural sheaf 234
Ei-structure 234
,Bn-chart 240

5n-space (complex) 235
B,-structural sheaf 239

ﬂn-structure 235

I"-convex Riemann domain 256
A-set 226

~ 10

< 122
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