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AUTHOR'S FOREWORD TO THE TRANSLATION 

The initiativ e fo r writin g thi s boo k cam e fro m Edmun d Landau , wh o suggeste d 

it t o m e i n Gottinge n i n 1928 . Th e boo k wa s begu n i n collaboratio n wit h th e Norwe-

gian mathematicia n Nagell , bu t w e soo n realize d tha t i t woul d b e muc h mor e con -

venient fo r m e t o hav e a  coautho r livin g i n Leningrad , wher e I  reside d a t tha t 

time, i n th e perso n o f m y pupil , a  ver y gifte d algebraist , Dimitri i Konstantinovi c 

Faddeev. Th e whol e boo k wa s conceive d b y me , i n a  sense , a s a  framewor k fo r 

my investigation s int o indeterminat e equation s o f th e thir d degree , a s develope d 

in Chapte r VI . 

After th e work s o f Lagrang e an d Gaus s i n th e theor y o f indeterminat e equa -

tions o f th e secon d degre e i n tw o unknowns , whic h use d t o occup y a n importan t 

part o f an y cours e i n th e theor y o f numbers , ther e appeare d o n th e on e han d th e 

works o f Dirichlet , an d o n th e othe r thos e o f Hermite . Dirichle t generalize d th e 

work o f Lagrang e an d Gaus s t o equation s o f th e for m $  =  m,  wher e 0  i s a  for m o f 

the nt h degre e i n n  variables , decomposabl e int o irrationa l linea r factors , an d m 

i s a  give n number , whil e Hermit e considere d th e equatio n * P = m,  wher e ?  i s a 

quadratic for m i n n  variables . A n interestin g resul t concernin g suc h equation s 

was als o obtaine d b y Dickson , A s t o indeterminat e equation s o f th e thir d an d 

higher degre e i n tw o unknowns , onl y th e remarkabl e metho d o f Thu e wa s applica -

ble. Thi s metho d wa s brough t t o it s ultimat e conclusio n b y Rot h withou t introduc -

ing anythin g ne w i n principle . However , fo r th e effectiv e solutio n o f suc h equa -

tions on e mus t apparentl y loo k fo r new an d deepe r methods . 

Around 192 0 ther e appeare d tw o serie s o f paper s o n th e indeterminat e equa -

tions o f th e thir d degre e i n tw o unknowns : m y papers , whic h ar e give n her e i n 

Chapter VI , havin g t o d o wit h intege r solutions , an d thos e o f Mordel l o n a  finit e 

basis fo r rationa l solutions , whic h for m th e culminatio n o f a n ide a o f Poincare . 

At th e presen t tim e th e followin g tw o problem s i n th e theor y o f indeterminat e 

equations ar e unquestionabl y th e one s t o whic h attentio n shoul d no w b e turned : 

1) T o tes t th e effectivenes s o f th e metho d fo r findin g intege r solution s o f binar y 

equations, possibl y b y developin g furthe r m y algorith m o f ascen t an d a t th e sam e 

time probabl y solvin g th e proble m o f incomplet e quotients . 2 ) T o obtai n effec -

tively th e Poincar e basi s fo r rationa l solutions . Th e secon d proble m i s bein g 

i n 
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studied b y som e well-know n moder n mathematicians , suc h a s Serr e i n Pari s an d 

Safarevic i n Moscow , bu t nobod y ha s give n an y seriou s attentio n t o th e develop -

ment o f m y metho d sinc e I  abandoned i t i n th e 1930*8 . I t shoul d b e pointe d ou t 

that ther e i s n o algebrai c irrationa l o f degre e highe r tha n th e secon d fo r whic h w e 

know whethe r th e partia l quotient s i n it s expansio n i n a  continue d fractio n ar e 

bounded o r not . However , a n effectiv e solutio n eve n o f th e equatio n ax  +  y  =  a, 

with give n integer s a  an d a,  woul d apparentl y lea d t o th e solutio n o f thi s prob -

lem fo r \fa . 

I hop e tha t th e publicatio n o f thi s boo k i n th e Unite d State s wil l serv e a s a 

stimulus t o other s t o develo p furthe r th e method s presente d i n Chapte r VI . 

B. Delon e 

Moscow, 

July 30 , 196 2 

Translators9 note.  Th e translator s ar e deepl y gratefu l t o Professor Delon e fo r hi s 
valuable assistanc e wit h certai n detail s o f th e text  an d for his suggestion s regardin g th e 
inclusion o f recen t o r supplementar y material . 
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INTRODUCTION 

A larg e par t o f th e moder n theor y o f algebrai c number s i s concerne d wit h prob -

lems whos e simples t nontrivia l example s ca n b e foun d i n th e theor y o f quadrati c 

irrationalities give n b y Gaus s i n hi s Disquisitiones  arithmeticae.  T o thi s belon g 

the theor y o f units , theor y o f ideals , law s o f reciprocit y an d therefore , t o a  cer -

tain extent , c las s fiel d theory . 

A simila r stud y o f th e theor y o f cubi c irrationalitie s i s interestin g no t onl y 

as th e nex t cas e i n complexit y afte r th e quadrati c case , i n whic h i t i s stil l possi -

ble t o giv e solution s i n term s o f convenien t algorithms , bu t primaril y becaus e i t 

poses furthe r problem s tha t wer e s o trivia l i n th e quadrati c cas e a s t o escap e no -

tice. T o thi s belon g i n th e firs t plac e th e proble m o f classificatio n o f cubi c irra -

tionalities, th e so-calle d invers e proble m o f th e Galoi s theor y fo r thes e irration -

alit ies , an d th e proble m o f approximatio n o f irrationa l number s o f highe r degre e b y 

rationals, whic h i s a s ye t no t completel y solve d an d whic h i s closel y connecte d 

with th e proble m o f representin g number s b y incomplet e reducibl e form s ( i . e . , 

forms i n whic h th e numbe r o f variable s i s l e s s tha n th e degree) . Thes e tw o funda -

mental problem s firs t appeare d i n a  nontrivia l wa y i n th e theor y o f cubi c irration -

alities, bu t the y exis t fo r irrationalitie s o f an y degree . 

Until no w ther e ha s appeare d n o monograp h i n th e mathematica l literatur e o n 

the theor y o f cubi c irrationalities . Ou r book fill s thi s gap . 

It i s natura l tha t thi s boo k shoul d b e publishe d b y th e Academ y o f Science s 

(U.S.S.R.), sinc e man y o f th e investigation s i n th e theor y o f cubi c irrationalitie s 

are du e t o mathematician s wh o ar e i n on e wa y o r anothe r connecte d wit h th e Acad -

emy* The y are : E . Zolotarev , A . Markov , CVoronoi , myself , V . A . Tartakovskii , 

D. K . Faddeev , E . A . Venkov , an d O . K . Zitomirskii . Th e mos t importan t contribu -

tions o f foreig n mathematician s t o thi s subjec t ar e du e t o Eisenstein , Thue , 

Mordell, Nagell , A . Wei l an d C . L . Siegel , a s wel l a s t o Dedekin d an d Hasse . Th e 

investigations o f th e las t tw o mathematician s ar e no t include d i n thi s monograph , 

since thei r method s ar e mor e i n th e natur e o f applicatio n o f genera l c las s fiel d 

theory t o th e specia l cas e o f cubi c fields . 

One ma y hop e tha t consideration s simila r t o th e one s discusse d i n Chapter s 

I an d II I may lea d t o th e constructio n o f a  theory , clos e t o clas s fiel d theory , bu t 

XI 



X l l INTRODUCTION 

which wil l giv e solution s t o problem s no w solve d b y clas s fiel d theor y withou t 

the us e o f th e analytica l theor y o f numbers . 

D. K . Faddee v an d I  are equa l coauthor s o f thi s book , an d abou t hal f o f th e 

material containe d i n i t belong s t o D . K . Faddeev . Usually , th e pla n fo r eac h sec -

tion wa s discusse d b y u s jointl y i n advance , an d subsequentl y eac h o f u s looke d 

over th e section s writte n b y th e other . Thu s § § 7 - 9 , 12 , 19 , 22 -25 , 34 , 35 , 4 2 -

59, 64,  70 , 72 -74 , 79-8 2 wer e writte n b y D . K . Faddeev , whil e § § 1 - 6 , 10 , 11 , 

13-18 , 20 , 21 , 26 -33 , 36 -41 , 60 -63 , 65 -68 , 71 , 75 -7 8 wer e writte n b y me . W e 

are indebte d t o V . A . Tartakovski i fo r §69 . 

The pla n an d th e ide a o f th e boo k ar e mine , bu t a s a  resul t o f th e invaluabl e 

cooperation o f D . K . Faddeev , wh o gav e al l hi s enthusias m t o thi s work , i t be -

came possibl e t o realiz e a  muc h wide r progra m tha n wa s firs t envisaged , whe n I 

began t o writ e thi s boo k wit h Nagell . Faddee v an d I  have develope d especiall y 

for thi s boo k man y o f th e result s i n th e theor y o f cubi c irrationalitie s whic h wer e 

not availabl e amon g th e know n results . Thi s i s particularl y tru e o f much  o f th e 

material i n Chapter s I  an d III . 

I shal l giv e a  brie f accoun t o f th e content s o f th e variou s chapters . 

Chapter I  contain s th e mos t complet e step-by-ste p geometri c developmen t o f 

the theor y o f algebrai c irrationalitie s o f an y degree , considered , o n m y sugges -

tion, a s a  theor y o f multiplicativ e lattice s i n rc-dimensional  comple x spac e K  . 

It serve s a s a n introductio n t o th e whol e book . Suc h lattice s ar e somewha t mor e 

general tha n algebrai c field s an d ar e connecte d wit h thei r direc t sums . The y ar e 

needed i n Chapte r II I fo r th e solutio n o f th e invers e proble m o f Galoi s theor y fo r 

fields o f th e thir d an d fourt h degree . Th e geometrica l characte r o f th e expositio n 

in Chapte r I  wa s adopte d becaus e i t wa s necessar y i n Chapte r II I and , eve n mor e 

so i n Chapte r IV . I n th e beginnin g o f Chapte r I  (§2 ) wil l b e foun d m y propose d 

proof o f th e theore m abou t th e existenc e o f infinitel y man y independen t irreduci -

ble algebrai c irrationalitie s o f a  give n dimensio n an d signature . Th e ide a o f con -

sidering a n affin e dilatio n wit h coefficient s r , r  ,  • • • , r n alon g th e axe s i n calcu -

lating th e volum e Q*(r)  i s du e t o a  studen t o f th e Mosco w Stat e University , E . 

Vegeman, Further , i n §3 , w e giv e th e geometr y o f Galoi s theor y whic h wa s devel -

oped b y m e [19] , 1) § 4 contain s a  purel y geometrica l interpretatio n o f Dirichle t 

1) Number s i n squar e bracket s afte r a n author' s nam e refe r t o th e bibliography . I f 
there i s n o suc h reference , the n th e resul t appear s fo r th e firs t tim e i n thi s book . 
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units, § 5 contain s th e researche s o f Minkowsk i fro m Diophantische  Approxima-

tionen o f th e geometr y o f th e theor y o f ideal s (thi s i s th e onl y mentio n o f th e pro -

posed geometrica l theor y o f algebrai c number s whic h ha s s o fa r appeare d i n th e 

literature). Theore m I  o f § 5 i s du e t o Faddeev . § 6 i s devote d t o th e developmen t 

of th e theor y o f ^-dimensiona l auxiliar y lattice s propose d b y Klein , whic h i s some -

what deepe r tha n idea l theory . Th e specia l cas e n  = 2  wa s considere d b y Klei n 

[27] i n hi s famou s lecture s o n th e theor y o f numbers , whil e th e cas e n  = 3  wa s 

the subjec t o f a  Ph . D . dissertatio n b y Furtwangle r [63] . Bot h th e theor y o f unit s 

and th e theor y o f ideal s ar e develope d i n Chapte r I  for a  mos t genera l rc-dimen-

sional maxima l lattice , whic h ma y b e reducible . § § 7 , 8 , an d 9  contai n th e theor y 

of variou s form s connecte d wit h th e lattice s i n K  %  The suggestio n o f consider -

ing th e generalize d Bezoutiant s aros e i n connectio n wit h m y pla n t o tabulate , i n 

common wit h I . Sominski i an d K . Billevic , th e field s o f th e fourt h degre e [ l g ] 

(see §40 ) b y makin g us e o f th e projectio n o f a  fiel d paralle l t o a  subfield . D . K . 

Faddeev [60 ] suggeste d th e consideratio n o f th e lattic e invers e t o a  give n lattic e 

and correspondingl y th e for m pola r t o a  give n reducibl e form . Thi s for m present s 

a ver y usefu l algorithmi c tool , a s i s eviden t i n §64 . 

Chapter I  may b e usefu l t o anyon e wishin g t o stud y th e theor y o f algebrai c 

numbers, a s i t contain s a  sufficientl y complet e step-by-ste p expositio n o f th e fun -

damental fact s o f th e theory . 

Chapter I I contain s th e element s o f algebrai c field s o f th e thir d degree . It s 

exposition, i n contras t t o Chapte r I , i s purel y algebrai c an d i t ca n b e rea d inde -

pendently o f Chapte r I . I n Chapte r I I we giv e everywher e th e mos t usefu l arithme -

tical algorithm s whic h w e kno w fo r actuall y carryin g ou t th e calculation s involve d 

and sometime s w e eve n giv e numerica l examples . I n §1 1 w e giv e a  formul a fo r 

raising a  cubi c numbe r t o an y power . Th e metho d o f extractin g root s wa s sug -

gested b y Faddeev . I t i s usefu l fo r checkin g whethe r a  give n uni t i s fundamenta l 

or no t an d i s use d i n §4 9 t o solv e th e proble m invers e t o th e Tschirnhause n prob -

lem fo r two equation s o f th e fourt h degree . I n §1 3 I  giv e m y solutio n [15 ] o f th e 

problem fo r tw o equation s o f th e thir d degree . §1 5 contain s th e theor y develope d 

by F . Lev i [28 ] an d b y m e [15] , §1 6 contain s m y metho d [15 ] fo r solvin g th e prob -

lem o f equivalenc e o f tw o binar y cubi c form s withou t th e reductio n theor y o f forms . 

§17 contain s a n expositio n o f th e wel l know n metho d o f Vorono i [8 ] fo r calculat -

ing a  basi s o f a  cubi c field , a  metho d whic h wa s th e mai n resul t o f hi s Master' s 

dissertation. §1 8 contain s th e algorith m fo r th e decompositio n o f a  prim e int o 

prime ideal s i n a  fiel d o f th e nth  degree , an d i n particula r fo r cubi c f ie ld s 



X I V INTRODUCTION 

according t o Zolotare v [26] # 

Chapter III . §§26—3 0 an d §§37—4 1 giv e a n independen t tabulatio n o f multi -

plicative lattice s an d therefor e als o o f field s o f th e thir d an d fourt h degre e fo r al l 

signatures. Thes e section s clos e b y givin g table s o f thes e lattices * Th e tabula -

tion o f ring s o f th e thir d degre e wit h positiv e discriminant s wa s firs t achieve d b y 

Arndt [1 -4 ] i n 1852 , usin g Eisenstein' s ide a [21] , a s a  tabulatio n o f clase s o f bi -

nary cubi c forms . A n analogou s tabulatio n fo r negativ e discriminant s wa s mad e b y 

Mathews an d Berwic k [30 , 31 ] an d i n a  differen t manne r b y m e [15] , Th e tabulatio n 

of ring s o f th e fourt h degre e wit h signatur e r  =  0  (numbe r o f pair s o f comple x 

roots) wa s mad e b y I . Sominski i an d K . Billevi c [18 ] an d myself , whil e fo r r  = 1 

the tabl e wa s calculate d b y C.  Poplavskii . §§32—3 5 contai n th e geometr y o f bi -

nary cubi c forms . Th e reductio n theor y wa s develope d b y Mathew s [30 , 31 ] an d my -

self. Th e consideratio n o f binar y cubi c form s a s norm s i s du e t o Faddeev , Th e 

theorem i n §3 6 wa s prove d b y Tartakovski i i n 191 9 a s a  resul t o f ou r conjecture , 

which aros e fro m th e stud y o f a  larg e tabl e o f discriminant s o f cubi c unit s calcu -

lated fo r m e i n 191 8 b y student s o f th e Universit y o f Kiev , usin g des k computers . 

This theore m remaine d unpublishe d u p t o now . A s t o th e classificatio n o f cubi c 

regions i n term s o f quadrati c region s an d o f quarti c region s i n term s o f cubi c re -

gions th e followin g remark s ar e i n order . Eisenstei n [21 ] gave , i n 1841 , a n inter -

esting classificatio n o f binar y cubi c form s i n term s o f thei r quadrati c covariants , 

which wa s late r perfecte d b y Arnd t [1~4] # I n m y seminar s a t Leningra d Universit y 

I ofte n pointe d ou t tha t Eisenstein' s theor y ca n b e considere d i n th e firs t plac e a s 

a classificatio n o f cubi c ring s i n term s o f quadrati c regions , i n th e secon d plac e 

it ca n b e geometrized , an d i n th e thir d place , i t ca n b e generalize d t o region s o f 

higher degree . Subsequentl y B . A . Venko v [6 ] translate d Eisenstein' s classifica -

tion int o th e languag e o f algebrai c numbe r theory , whil e O . K . Zitomirski i [24 ] 

completed it s geometrizatio n b y showin g ho w t o selec t th e axe s i n th e projectio n 

space. Late r I  wa s abl e t o discove r th e generalizatio n o f thi s theor y t o region s o f 

the fourt h degree . Th e detaile d wor k o n thi s generalizatio n t o th e fourt h degre e 

was don e b y D . K . Faddee v [59] # A t th e presen t tim e Faddee v an d I  ar e construct -

ing thi s theory , i n [62] ? fo r field s o f an y degree . I f b y th e direc t proble m o f Galoi s 

theory w e mea n th e proble m o f findin g al l th e algebrai c propertie s o f a  give n fiel d 

in term s o f it s Galoi s grou p an d i f b y th e invers e proble m w e mea n tha t o f findin g 

all field s havin g a  certai n Galoi s group , the n th e theor y develope d i n §§42—5 3 

could b e though t o f a s th e solutio n o f th e invers e proble m o f Galoi s theor y fo r 

fields o f th e thir d an d fourt h degree . W e here giv e thi s theor y (i n a  ver y carefu l 
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and detaile d accoun t o f Faddeev ) als o fo r field s o f th e fourt h degree , sinc e thei r 

classification i s base d o n th e consideratio n o f th e field s o f th e thir d degre e an d 

also, curiousl y enough , o n th e consideratio n o f genera l three-dimensiona l multi -

plicative lattice s ( i .e . , als o reducibl e lattices ) an d thei r auxiliar y latt ices . 

Chapter I V i s devote d t o Voronoi' s algorith m fo r th e calculatio n o f multipli -

cative automorphism s o f field s o f th e thir d degree . A t firs t w e considere d givin g 

all th e algorithm s existin g fo r thi s purpose , suc h a s thos e o f Zolotare v [25] ? 

Minkowski [33] ? Charv e [6"7] , Vorono i [9] , Berwic k [5 ] an d Uspensk y [55] ? bu t fi -

nally w e decide d t o giv e onl y VoronoP s algorithm , a s bein g th e mos t convenien t 

one. Th e cas e D  > 0  wa s writte n u p b y D . K . Faddeev , whil e th e cas e D  <  0 

was don e b y m e (se e als o m y not e [*6]) . l n §6 4 w e giv e a  refinemen t o f Voronoi' s 

algorithm fo r D  > 0  whic h wa s suggeste d b y m e a t th e Kharko v congres s an d per -

fected b y D . K . Faddee v i n suc h a  wa y a s t o reduc e th e calculation s t o rationa l 

integers. I  must ad d tha t Faddee v ha s ver y elegantl y perfecte d m y calculation s b y 

noting tha t i t i s bes t t o transfor m i n paralle l th e give n reducibl e ternar y cubi c 

form an d it s pola r form . H e als o introduce d th e symboli c triangula r notatio n fo r 

reducible ternar y cubi c forms . 

Chapter V  contain s th e expositio n o f Thue' s theorem . Th e mai n idea s i n thi s 

exposition, give n i n § § 6 5 , 66,  68 , ar e du e t o V . A . Tartakovski i [*?] , wh o is  re -

sponsible fo r th e ter m "boundar y series. ' ' Th e resul t give n i n §6 9 i s als o du e t o 

V. A . Tartakovskii . Thi s result , whic h materiall y supplement s Thue' s result , re -

mained unpublishe d u p t o now . 

In §7 0 Siegel' s resul t [46] 5 whic h wa s obtaine d b y hi m fro m consideration s 

similar t o thos e o f Thue , i s give n i n a  mor e geometrica l an d therefor e mor e ele -

mentary form , develope d b y Faddee v withou t th e us e o f hypergeometri c expansion s 

and thei r estimates . A  mor e carefu l estimat e enable d u s t o giv e a  stronge r result , 

namely fiftee n solution s instea d o f eighteen . Thi s resul t i s a  generalizatio n o f m y 

theorem i n §7 5 t o th e cas e o f pos i t iv e discriminant . On e mus t suppos e tha t 

Siegel's limi t o f eightee n a s wel l a s Faddeev' s limi t o f fiftee n solution s i s no t 

exact (m y limi t o f fiv e fo r th e cas e o f negativ e discriminan t i s exact) . 

Chapter V I contain s i n it s firs t part , § § 7 1 , 75 , an d 76 , m y investigation s 

[11-14] concernin g th e representatio n o f number s b y binar y cubi c form s o f nega -

tive discriminant , an d secondl y (a t th e en d o f §75 ) th e additio n o f Nagel l [42 ] t o 

my pape r [ I 2 ] . I n § § 7 2 , 73 , 7 4 w e giv e th e continuatio n o f m y investigatio n [ H ] 

by D . K . Faddee v [57 , 6 l ] # Nagell' s theore m [40 ] i s containe d a s a  specia l cas e 

of thes e investigations . Th e secon d par t o f Chapte r V I contain s a  proo f o f th e 
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fundamental theore m o f Mordel l give n b y Andr e Wei l [ 7] an d th e investigation s o f 

D. K . Faddee v o n th e equatio n x  •  + y*  =  Az*. 

By th e wor d *  Afield*' w e mea n throughou t a  finit e algebrai c extensio n o f th e 

field o f rationals . Fro m th e poin t o f vie w o f multiplicativ e lattice s considere d i n 

Chapter I  th e fiel d consist s o f th e totalit y o f th e coordinate s o f al l th e point s o f 

an irreducibl e multiplicativ e lattice , togethe r wit h al l th e quotient s o f thes e coordi -

nates obtaine d b y dividin g on e poin t b y another . Th e analogou s totalit y o f coor -

dinates fo r a  reducibl e multiplicativ e lattic e wil l b e calle d a  '  'region*'' 

B. Delone , 

Moscow, 

1940. 



SUPPLEMENT I 

INTRODUCTION TO DIRICHLErS LECTURE S ON THE THEORY OF NUMBERS: 

THE GEOMETR Y O F BINAR Y QUADRATI C FORM S 1 } 

B. N . DELONE 

§ 1 . DEFINITION S AN D SOM E GENERA L THEOREM S ABOU T LATTICE S 

1. DEFINITION . A  unifor m sequenc e o f point s o n a  straigh t lin e i n whic h 

the distanc e betwee n tw o neighborin g point s i s equa l t o a  wil l b e calle d a  se-

quence of  points  wit h paramete r a  o r a  one-dimensional  lattice , an d wil l b e de -

noted b y E+. 

Let OP  an d OQ  b e tw o vector s o f a  give n lengt h formin g a  give n angl e 

POQ. Th e figur e OPQ  wil l b e calle d a  vector-pair,  th e poin t P  bein g calle d th e 

end of  the  first  vector,  an d th e poin t Q  th e end  of  the  second  vector.  Th e collec -

tion o f point s o f th e plan e OPQ  whos e coordinate s ar e rationa l integer s with 

respect to  the  vector-pair  OPQ,  i .e . , wit h respec t t o th e oblique-angle d coordinat e 

system wit h origi n a t th e poin t 0,  wit h axe s OP  an d OQ,  an d wit h scala r unit s 

on thes e axe s equa l t o OP  an d OQ,  wil l b e calle d a  two-dimensional  lattice  an d 

will b e denote d b y Z^ . Th e vector-pai r OPQ  wil l b e sai d t o b e a  basic  vector-

pair an d th e parallelogra m constructe d o n i t wil l b e calle d a  basic  parallelogram 

of th e lattic e £ 2« 

In th e sam e way , thre e give n vector s OP,  OQ,  an d OR  formin g a  give n 

angle i n spac e wil l als o b e calle d a  vector-triple.  Th e collectio n o f point s o f 

space whos e coordinate s ar e integers with  respect  to  the  vector-triple  OPQR,  i.e. , with* 

respect t o th e oblique-angle d coordinat e syste m wit h origi n a t th e poin t 0,  wit h 

axes OP,  0Q 9 an d OR,  an d wit h scala r unit s o n thes e axe s equa l t o OP,  OQ, 

and OR,  wil l b e calle d a  three-dimensional  lattice,  an d wil l b e denote d b y E^. 

l)This sectio n i s take n fro m the Introductio n b y B . N . Delon e t o th e Russia n trans-
lation o f P . G . L . Dirichlet , Vorlesungen  uber  Zahlentheorie, herausgegebe n vo n R . Dede -
kind (4 Auflage , Braunschweig , Vieweg , 1894) . 

453 
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The vector-tripl e OPQR  wil l b e sai d t o b e a  basic  vector-triple  an d th e parallele -

piped constructe d o n i t wil l b e calle d a  basic  parallelepiped  o f th e lattic e E^. 

If w e ar e give n a n arbitrar y syste m o f points , the n b y a  parallelogram  of  the 

system an d b y a  parallelepiped  of  the  system  w e wil l mea n a  parallelogra m o r 

parallelepiped al l o f whos e vertice s ar e point s o f th e system . A  parallelogra m o r 

parallelepiped o f th e syste m wil l b e sai d t o b e empty  i f i t contain s n o point s o f 

the syste m othe r tha n it s vertices . 

These definition s ma y b e extende d t o lattice s o f an y dimension . 

2. THEORE M I . A  lattice  contains  no  pair  of  points  situated  closer  together 

than some  given  distance  r.  If  D,  E,  and  F  are  three  arbitrary  points  of  a  lattice, 

and the  segment  FG  is  equal  and  parallel  to  the  segment  DE,  then  G  is  also  a 

point of  the  lattice. 

The las t propert y i s calle d th e property  of  parallel  translation  an d follow s 

easily fro m th e definitions . 

We will cal l tw o figure s o r tw o system s o f point s homologous  wit h respec t t o 

a give n lattic e i f on e o f the m ma y b e obtaine d fro m th e othe r b y a  paralle l transla -

tion o f th e lattice . 

3. THEORE M II . A  parallelogram  of  some  lattice  E^  or  a  parallelepiped  of 

some lattice  E^  is  a  basic  parallelogram  of  £ 2
 or  a  Das ^c parallelepiped  of  E* 

if and  only  if  it  is  empty. 

PROOF. Tha t a  basi c parallelogra m o f a  lattic e i? 2 *
s empt y follow s directl y 

from it s definition . If , conversely , a  parallelogra m o f th e lattic e Z? 2 i s empty , 

then i n vie w o f th e propert y o f paralle l translatio n i n E~  th e lattic e # 2 contain s 

the lattic e £ 2 constructe d o n thi s parallelogram . Bu t Z? 2 canno t contai n an y 

other points ; fo r otherwise , agai n b y th e propert y o f paralle l translation , th e give n 

lattice woul d hav e t o contai n point s o f th e lattic e Z? 2 othe r tha n it s vertices . Bu t 

this i s impossibl e sinc e th e parallelogra m wa s assume d t o b e empty . Henc e th e 

lattice Z? 2
 ls  identica l wit h E 2 an d th e give n empt y parallelogra m i s a  basi c par -

allelogram o f th e lattic e £ 2 • 

The proo f i s analogou s fo r th e cas e o f a  three-dimensiona l parallelepiped . 

4. REMARK . A  triangle  o f a  lattic e E 2 wil l b e a  fundamental  triangle  o f 

this lattic e ( a triangl e constructe d o n th e basi c vector-pai r o f th e lattic e # 2 ) i f 

and onl y i f i t i s empty , fo r the n th e parallelegra m constructe d o n i t wil l als o b e 

empty. However , a  tetrahedron  o f th e lattic e E^  ma y b e empty , whil e th e parallele -

piped o f thi s lattic e constructe d o n i t ma y tur n ou t t o b e no t empty , i .e . , i t wil l 
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not b e a  basi c parallelepipe d fo r th e lattice . 

5. THEORE M III . If  in  an  arbitrary  system  of  points  1 ) there  is  at  least  one 

point such  that  the  distance  between  the  given  point  and  any  other  point  of  the 

system is  not  less  than  some  given  value  r  and  2)  the  system  possesses  the  prop-

erty of  parallel  translation,  then  the  system  is  a  lattice. 

This fundamenta l theore m i s , s o t o speak , a  convers e o f Theore m I . 

PROOF. Le t 0  b e th e poin t o f th e give n syste m tha t i s suc h tha t n o othe r 

point o f th e syste m i s situate d a t a  distanc e les s tha n r  fro m it . The n b y th e prop -

erty o f paralle l translatio n n o tw o point s o f th e syste m ca n b e close r tha n th e dis -

tance r  t o eac h other . Hence , n o bounde d regio n ca n contai n a n unbounde d col -

lection o f point s o f th e system . 

If th e syste m doe s no t consis t o f onl y th e on e poin t 0  ( a cas e which , strictl y 

speaking, doe s no t contradic t th e theorem) , the n le t P  b e som e poin t o f th e syste m 

other tha n 0 . O n th e segmen t OP  ther e i s onl y a  finit e numbe r o f point s o f th e 

system, an d thu s ther e i s a  poin t closes t t o 0 . Le t thi s b e th e poin t P . I f th e 

segment OP  contain s n o point s o f th e system , the n thi s poin t P  wil l b e th e poin t 

P. Th e straigh t lin e OP  contains , i n vie w o f th e propert y o f paralle l translation , 

all th e point s o f th e poin t sequenc e OP  (i f w e tak e fo r th e point s D,  E,  an d F 

the point s 0,  P 9 an d P , an d s o on) , an d it contain s n o othe r point s o f th e system ; 

for i n th e contrar y case , agai n b y th e propert y o f paralle l translation , suc h point s 

would the n belon g als o t o th e segmen t OP , whic h woul d contradic t th e assump -

tion tha t P  i s th e poin t c loses t t o 0  o n th e segmen t OP.  Hence , i f th e give n 

system i s one-dimensional , i t i s identica l wit h th e sequenc e o f point s OP  an d is 

thus a  one-dimensiona l lattice . 

If th e syste m i s no t one-dimensional , i .e . , i t posses se s point s tha t d o no t li e 

on th e straigh t lin e OP,  the n i n vie w o f th e propert y o f paralle l translatio n ther e 

emanates fro m eac h o f thes e point s a  sequenc e o f point s equa l an d paralle l t o th e 

sequence OP,  th e so-calle d sequenc e o f point s homologou s t o th e sequenc e OP. 

Let Q  b e som e poin t o f th e syste m tha t doe s no t li e o n the straigh t lin e OF,  an d le t 

QQ' b e th e sequenc e o f point s passin g throug h Q  tha t i s homologou s t o th e se -

quence OP.  I f i n th e plan e OPQ  ther e i s a  sequenc e o f point s QQ*  o f th e give n 

system tha t i s homologou s t o th e sequenc e o f point s OP,  an d whos e straigh t lin e 

QQ1 passe s betwee n th e line s OP  an d QQ',  the n th e straigh t lin e QQ'  ha s a 

segment i n commo n wit h th e parallelogra m OPQ  tha t i s equa l i n magnitud e an d 

direction t o th e segmen t QQ'-  Thus , th e sequenc e o f point s QQ 1 undoubtedl y 
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contains a  poin t belongin g t o thi s parallelogra m (lyin g eithe r withi n i t o r o n it s 

boundary). Hence , ther e ca n b e onl y a  finit e numbe r o f suc h intervenin g sequence s 

(if the y exis t a t all) . Thi s mean s tha t ther e i s som e sequenc e QQ'  tha t i s closes t 

to th e sequenc e OP  wit h n o sequenc e paralle l t o i t passin g betwee n th e straigh t 

lines OP  an d QQ'.  The n i n th e plan e OPQ,  b y th e propert y o f paralle l transla -

tion o f th e give n system , ther e exist s a  two-dimensional lattic e wit h th e basi c para -

llelogram OPQ*  N o point s o f th e give n syste m othe r tha n th e point s o f thi s lat -

tice ca n li e i n thi s plan e fo r otherwise , agai n becaus e o f th e propert y o f paralle l 

translation, th e parallelogra m OPQ  woul d contai n point s o f th e syste m othe r tha n 

its vertices . Bu t thi s woul d contradic t th e assumptio n tha t P  i s th e poin t o f th e 

straight lin e OP  tha t i s c loses t t o 0,  whil e QQ'  i s th e paralle l sequenc e o f 

points o f th e plan e OPQ  tha t i s closes t t o OP. 

Hence i f th e syste m i s two-dimensional , i t i s identica l wit h thi s two-dimen -

sional lattice . 

Finally, i f th e syste m i s three-dimensional , the n i t posses se s point s tha t 

do no t li e i n th e plan e OPQ.  Le t R  b e on e o f thes e points . B y th e propert y o f 

parallel translation , ther e passe s throug h thi s poin t a  lattic e equa l an d paralle l 

to th e two-dimensiona l lattic e OPQ,  namely , th e so-calle d lattic e homologou s t o 

OPQ. Le t RR 1 R" b e thi s two-dimensiona l lattice . I f ther e exist s i n th e syste m a 

lattice RR'R"  homologou s t o OPQ  whos e plan e passe s betwee n th e plane s OPQ 

and RR'R",  the n th e plan e RR'R"  ha s a  parallelogra m i n commo n wit h th e paral -

lelepiped OPQR,  an d thi s parallelogra m i s equa l i n magnitud e an d directio n t o 

the parallelogra m RR'R".  Thus , ther e i s undoubtedl y a  poin t o f thi s parallelogra m 

in th e lattic e RR'R",  an d henc e als o i n th e parallelepipe d OPQR.  I n any case , 

there ma y b e onl y a  finit e numbe r o f suc h intervenin g lattice s (i f the y exis t a t 

all). Thi s mean s tha t ther e i s som e two-dimensiona l lattic e RR'R"  o f ou r syste m 

that i s homologou s t o th e lattic e OPQ  an d whic h i s c loses t t o OPQ,  s o tha t 

there i s n o two-dimensiona l lattic e o f ou r syste m paralle l t o i t betwee n th e plane s 

OPQ an d RR'R".  Thu s th e give n syste m o f point s belong s t o th e three-dimen -

sional lattic e wit h basi c vector-tripl e OPQR.  Moreover , ther e canno t b e an y othe r 

points i n th e lattic e unde r consideration , fo r otherwise , agai n b y th e propert y o f 

parallel translation , th e parallelepipe d OPQR  woul d als o hav e t o contai n point s 

of th e syste m othe r tha n it s vertices , whic h woul d contradic t th e assumptio n tha t 

no othe r point s o f th e syste m i n th e plan e OPQ  belon g t o th e parallelogra m OPQ 

and tha t RR'R"  i s th e c loses t homologou s lattic e o f ou r syste m t o th e lattic e 
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OPQ. Thu s th e give n syste m i s identica l wit h th e three-dimensiona l lattic e OPQR 

and th e theore m i s proved . 

6. Theore m II I show s that , conversely, a  lattic e ma y b e define d a s a  syste m 

of point s possessin g th e propertie s o f discreteness  ( i .e . , th e distanc e betwee n 

any tw o point s i s no t les s tha n som e determine d finit e numbe r r ) and paralle l 

translation. Give n th e propert y o f paralle l translation , w e ca n weake n th e firs t 

condition, requirin g onl y th e existenc e o f on e poin t o f th e syste m suc h tha t a 

sphere o r circl e wit h cente r a t thi s poin t an d a  positiv e radiu s r  contain s n o 

other poin t o f th e system . Fro m thi s poin t o f vie w a  lattic e ma y b e characterize d 

differently: i t i s a  syste m o f al l th e point s int o whic h a  poin t o f a  plan e (o r o f a 

space) ma y g o unde r som e discret e grou p o f paralle l translations . 

A grou p o f paralle l translation s o f a  space , i f i t i s no t merel y th e identity , 

is clearl y infinit e an d abelian , bu t i n genera l i t ma y b e eithe r discret e o r no t dis -

crete. I n othe r words , i t ma y o r ma y no t contai n infinitel y smal l translations . 

Clearly th e se t o f al l paralle l translation s o f a  lattic e form s a  discret e grou p o f 

parallel translations . Theore m II I shows , conversely , tha t th e se t o f al l point s 

homologous t o a  give n poin t o f a  spac e wit h respec t t o a  give n discret e grou p o f 

parallel translations , i .e . , obtaine d fro m thi s poin t b y al l th e translation s o f thi s 

group, i s a  lattice . A n ^-dimensiona l lattic e i s a  mode l o f th e mos t genera l in -

finite Abelia n grou p wit h n  independen t generators , al l th e element s o f which , 

other tha n zero , ar e o f infinit e order . 

7. On e ma y mak e th e followin g remar k abou t th e freedo m o f choic e o f a 

basic vector-pai r i n th e lattic e E~  o r i n th e lattic e Ey 

The concep t o f a  lattice  include s onl y a  syste m o f points , an d doe s not  in -

clude th e straigh t line s o n whic h thes e point s l ie . Th e sam e lattic e E~  o r E-i 

may b e give n b y mean s o f ver y differen t basi c vector-pair s o r vector-triples . 

From th e proo f o f th e precedin g theore m i t is  eas y t o se e tha t necessar y an d 

sufficient condition s fo r the vector-pair OPQ  t o be a basic vector-pai r i n a give n lat -

tice Z? 2
 a r e a s follows : 1 ) 0  i s a n arbitrar y poin t o f th e lattic e E 2; 2 ) P  i s 

another poin t o f Ej  satisfyin g th e on e conditio n tha t ther e i s n o poin t o f th e lat -

tice Ej  withi n th e segmen t OP;  3 ) Q  i s a n arbitrar y poin t o f on e o f th e tw o 

sequences o f point s o f th e lattic e E 2 tha t ar e homologou s t o th e sequenc e o f 

points OP  an d tha t ar e closes t t o it . Necessar y an d sufficien t condition s fo r a 

vector-triple OPQR  t o b e a  basi c vector-tripl e o f som e give n lattic e E^  ar e a s 

follows: 1 ) 0  i s a n arbitrar y poin t o f £* ; 2 ) P  i s anothe r poin t o f E^  satisfyin g 
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determinant 

the on e conditio n tha t th e segmen t OP  i s empty ; 3 ) Q  i s a  poin t o f E^  belong -

ing i n th e plan e OPQ  t o on e o f th e tw o sequence s o f point s o f th e lattic e E^ 

that li e i n thi s plane , ar e homologou s t o th e sequenc e o f point s OP y an d ar e 

closest t o it ; 4 ) R  i s a n arbitrar y poin t o f on e o f th e tw o two-dimensiona l lattice s 

of th e lattic e E  tha t ar e homologou s t o th e two-dimensiona l lattic e OPQ  an d 

are closes t t o it . 

8. THEORE M IV . All  the  basic  parallelograms  of  the  same  lattice  Ey  have 

the same  area  and  all  the  basic  parallelepipeds  of  the  same  lattice  E^  have  the 

same volume. 

PROOF. Sinc e th e metho d o f proo f use d fo r th e lattic e Z? 2
 1S  t n e sam e a s 

for th e lattic e E*,  w e wil l prov e thi s theore m onl y fo r th e lattic e Ey 

Let OPQR  an d OPQR  b e tw o differen t basi c vector-triple s o f th e sam e lat -
tice £"-, , an d le t v  an d v~  be th e volume s o f basi c parallelogram s constructe d o n 
them. I t i s eas y t o calculat e tha t i T = Av,  wher e A  i s th e absolut e valu e o f th e 

pf q  T  I  . 

p' q'  r ' I , whos e row s (p , q,  r) , (p' , q\  r')  an d (p" , q",  r" ) ar e 
p" q"  r "\ 

the coordinate s o f th e point s P , Q  an d R  wit h respec t t o th e vector-tripl e OPQR. 

But thes e coordinate s ar e integers.  Thu s A  i s a  nonzer o integer . Sinc e OPQR 

is i n it s tur n a  basi c vector-triple , th e coordinate s o f th e point s P,  Q  an d R  wit h 

respect t o th e vector-tripl e OPQR  are  a ls o integers , an d thi s mean s tha t w e hav e 

analogously v  =  AtT , wher e A  i s agai n a  rationa l intege r differen t fro m zero . 

Hence w e hav e 
v =  Ai r =  AAv, 

from whic h i t follow s tha t A A =  1 , i .e . , A  =  1 , an d thu s v  -  v~. 

Another proo f o f th e sam e theorem . Le t u s tak e a  larg e spher e o f radiu s R, 

and le t i t includ e N  point s o f ou r lattic e E~.  Le t A  an d B  b e tw o differen t 

basic parallelepiped s o f th e lattic e E^,  i .e . , suc h tha t B  canno t b e obtaine d 

from A  b y a  paralle l translation . T o eac h o f th e N  give n point s w e assig n a 

parallelepiped A y fo r instanc e tha t parallelepipe d fo r whic h th e give n poin t i s th e 

lower lef t fron t vertex . Al l thes e parallelepiped s ar e containe d i n a  spher e o f 

radius R  withou t bein g on e insid e th e other . Moreover , som e o f the m protrud e 

outside th e sphere , whil e a  portio n o f th e spher e nea r it s surfac e i s no t completel y 

filled. I f th e volum e o f suc h a  parallelepipe d i s V  *9 the n th e volum e o f th e 

sphere V R i s approximatel y equa l t o NV^*  VR  ^NV^ 7 i .e . , V A £  VR/N.  Ana -

logously, w e fin d tha t V^  ~  V R /N. Increasin g th e radiu s o f th e spher e R 
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unboundedly 

Figure 1 

and takin g th e limit , w e fin d tha t V^  =  Vg. 

REMARK. Al l th e definitions , theorem s an d proof s give n i n thi s sectio n ar e 

also tru e fo r lattice s o f an y dimensio n considere d i n rc-dimensional  Euclidea n 

space. 

§2. FURTHER THEOREMS ABOUT LATTICES IN A PLANE 

9- THEORE M V . If  the  area  of  a  basic  parallelogram  of  the  lattice  E-  is 

equal to  s 9 then  the  distance  between  the  point  0  of  the  lattice  E 2 and  the 

closest point  to  it  of  the  same  lattice  does  not  exceed  the  value  yj  2s/\ /"T . 

PROOF. Le t P  b e th e poin t o f th e lattic e E 2 c loses t t o th e poin t 0  (Fig -

ure 1) . I n othe r words , withi n th e circl e o f radiu s a  =  OP  describe d abou t th e 

point 0,  ther e i s n o othe r poin t o f th e lattic e E 2. Th e sam e i s tru e fo r simila r 

circles describe d aroun d al l th e remainin g point s o f th e sequenc e OP.  I f throug h 

the point s o f intersectio n o f thes e circle s w e no w dra w th e straigh t line s MN  an d 

M'N', the n withi n th e ban d MN,  M'N'  ther e li e n o point s o f th e lattic e E 2 othe r 

than point s o f th e sequenc e OP,  sinc e eac h interio r poin t o f thi s ban d lie s withi n 

at leas t on e o f ou r circles . Th e sequenc e homologou s an d closes t t o th e sequenc e 

OP consequentl y lie s a t leas t a t a  distanc e o f h  = ayj~3  / 2. Hence , th e are a s 

of a  basi c parallelogra m o f th e lattic e E 2 ca n no t b e les s tha n a 2 y/~3  / 2 , fro m 

which w e ge t tha t a  <  yJls/JJ. Clearly , equalit y wil l hol d i f an d onl y i f th e 

points o f th e homologou s sequenc e c loses t to'OP  coincid e wit h th e point s Q, 

Q\ •  • «, i .e. , whe n th e fundamenta l triangl e OPQ  i s equilateral . Tha t i s , th e 

exact limi t i s obtaine d i n thi s cas e only . 

10. I f w e describ e aroun d eac h poin t o f th e lattic e E 2 a  circl e o f radiu s a/2 , 

where a  i s th e leas t distanc e betwee n tw o point s o f th e lattic e 2? 2, the n thes e 

circles wil l no t intersect , sinc e n o tw o point s o f th e lattic e E 2 ar e withi n a  dis -

tance les s tha n a  o f eac h other . Thus , th e lattic e jus t foun d wit h basi c vector -

pair OPQ  give s th e closest  packing  of  equal  circles  o f diamete r a , wher e n o tw o 

circles intersec t an d wher e th e center s o f th e circle s for m a  lattice . 

11. THEORE M VI . In  each  lattice  E 2 there  is  in  general  one  and  only  one 
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acute-angled fundamental  triangle  (if  we  do  not  count  the  triangle  symmetric  to  it). 

PROOF. Le t P  b e on e o f th e point s o f th e lattic e E~  tha t ar e c loses t t o 0. 

If ther e ar e constructe d throug h th e point s 0  an d P  perpendicular s t o th e seg -

ment OP,  A  and (l  (Figur e 2) , the n eithe r ther e i s on e poin t o f eac h o f th e tw o 

>° O 

Figure 2 

homologous sequence s closes t t o th e sequenc e OP  withi n th e ban d forme d b y 

these perpendiculars , o r ther e ar e i n eac h o f thes e sequence s tw o point s lyin g o n 

the perpendicular s A  and / x themselves . Le t Q  b e on e o f thes e points . Th e tri -

angle OPQ  wil l the n b e empt y an d thu s wil l b e a  fundamenta l triangl e o f th e lat -

tice £ 2 - Thi s triangl e ha s n o obtus e angles . I n fact , th e angl e Q  i s i n an y cas e 

acute, fo r th e sid e OP  o f th e triangl e OPQ  i s th e shortes t segmen t i n th e lattic e 

#2> a n ^ thu s ca n certainl y b e n o longe r tha n th e othe r side s o f thi s triangle . Th e 

angles 0  an d P  ar e no t obtus e becaus e th e poin t Q  l ie s eithe r betwee n th e per -

pendiculars A  an d [i  o r o n on e o f thes e perpendiculars . Th e triangl e PQQ'  i s 

also a  fundamental triangle withou t obtus e angles , bu t i t i s symmetri c t o th e tri -

angle OPQ. 

12. W e mus t stil l decid e th e questio n o f whethe r ther e ar e an y othe r suc h 

nonobtuse fundamenta l triangle s i n th e lattic e E~. 

That par t o f th e plan e o f th e lattic e E^  i n whic h eac h poin t l ie s a s c los e t o 

the poin t 0  a s t o an y othe r poin t o f th e lattic e i s calle d th e Dirichlet  region  o f 

the poin t 0  i n th e lattic e E 2* Le t OPQ  b e a n acut e fundamenta l triangl e o f th e 

lattice E 2. W e conside r th e si x triangle s 0PQ 9 0QR 9 ORP',  0P'Q\  OQ'R',  an d 

OR'P (Figur e 3) . Thre e o f thes e triangle s ar e equa l an d th e remainin g thre e ar e 

symmetric t o them . I f w e construc t insid e an y on e o f thes e triangle s perpendicu -

lars a t th e midpoint s o f it s s ides , the n the y wil l intersec t withi n th e triangl e 

since i t i s acute , an d the y wil l divid e th e triangl e int o thre e quadrangles . W e 

construct suc h triangle s fo r al l th e point s o f th e lattic e £2 ? f° r whic h w e nee d 

only divid e int o tw o equa l part s al l th e basi c parallelogram s o f th e lattic e E 2 

homologous t o th e basi c parallelogra m OPQR,  usin g diagonal s homologou s t o th e 
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diagonal OQ.  W e divide al l thes e triangle s int o th e smal l quadrangle s show n i n 

the figure . Eac h poin t o f th e lattic e E 2 wil l the n b e surrounde d b y si x suc h 

Figure 3  Figur e 4 

quadrangles, formin g togethe r a  hexago n homologou s t o the hexago n abca  b  c  . 

These hexagon s thu s cove r th e whol e plan e withou t overlappin g eac h other . Th e 

Dirichlet regio n o f th e poin t 0  l ie s i n an y cas e withi n th e hexago n abca'b  c  , 

since eac h o f it s point s i s closer , fo r example , t o 0  tha n P,  i .e . , l ie s o n th e 
Minterior s ide " o f th e straigh t lin e ac\  an d further , i s close r t o 0  tha n t o Q, 

i .e . , lie s o n th e "interio r s ide " o f th e straigh t lin e ab,  an d s o on . Th e Dirichle t 

regions o f othe r point s o f th e lattic e E~  hav e a  simila r positio n insid e thei r cor -

responding hexagons . Bu t b y definition , th e Dirichle t region s cove r th e whol e 

plane, sinc e fo r eac h poin t o f th e plan e ther e i s a  poin t o f th e lattic e E~  tha t th e 

given poin t i s a s clos e t o a s i t i s t o an y other . Henc e a  Dirichle t regio n canno t 

fill onl y a  par t o f a  hexagon ; i t mus t identicall y coincid e wit h th e hexagon . Thu s 

the hexago n abca  be  i s th e Dirichle t regio n o f th e poin t 0  i n th e lattic e E~. 

By its  definition  the  Dirichlet  region  is  uniquely  determined  by  the  lattice 

E~. A s w e saw , however , th e acut e fundamenta l triangle s ar e uniquel y associate d 

with thes e "Dirichle t hexagons" : th e vertice s o f th e triangl e ar e th e center s o f 

those thre e Dirichle t region s tha t hav e a  commo n verte x insid e th e triangle . Thu s 

an acut e fundamenta l triangl e i s uniquel y determine d b y th e lattic e E~. 

13- I n th e limitin g case , whe n th e triangl e OPQ  i s right-angled , th e Dirichle t 

region i s als o degenerate : i t i s no t a  hexagon , bu t a  quadrangl e (Figur e 4) . Tw o 

of th e side s o f th e hexagon , be  an d b'c  ,  becom e equa l t o zero . I n thi s case , 

besides th e previou s si x nonobtus e fundamenta l triangles , si x othe r triangle s als o 

meet a t th e poin t 0;  namely , OPQ,  OKQ,  OQP\  OP'K\  OK'Q\  OQ'P. 

14. THEORE M VII . The  sides  of  an  acute  fundamental  triangle  are  the  three 

shortest parameters  of  the  lattice  E~. 
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Parameters of  a  lattice  ar e segment s connectin g tw o point s o f th e lattic e bu t 
not containin g an y othe r point s o f th e lattice . 

PROOF. Le t OPQ  b e a n acut e fundamenta l triangl e o f th e lattic e £ - wher e 

PQ <0P  <  OQ  an d OD  i s a  perpendicula r droppe d fro m th e poin t 0  ont o th e 

straight sequenc e o f point s I I (Figur e 5) . The n th e angl e PQO  i s greate r tha n 

45°. I n fact , th e angl e POQ  i s l e s s tha n o r equa l t o th e angl e PQO  an d i f th e 

angle PQO  wer e les s tha n 45° , the n th e angl e OPQ  woul d hav e t o b e greate r 

than 90° ; bu t th e triangl e OPQ  ha s n o obtus e angles . I t follow s fro m thi s tha t 

the angl e OQD  i s greate r tha n 90° , i .e . , tha t OD  >  OQ. 

% i  j  %  i  • 

ftp 

o 
F igure 5  Figur e 6 

It i s understoo d tha t OP  an d OQ  ar e th e tw o smalles t parameter s goin g fro m 

the poin t 0  t o th e point s o f th e sequenc e I . Al l th e parameter s ,goin g t o th e 

points o f th e sequence s II , III , an d s o on , ar e large r tha n OD,  an d thu s large r 

than OQ.  Thu s PQ,  OP,  an d OQ  ar e th e thre e leas t parameter s o f th e lattic e E r 

15. I n th e futur e w e wil l cal l a  certai n directio n o f rotatio n i n th e plan e o f 

the lattic e E 2 right  i n contradistinctio n t o rotatio n i n th e opposit e direction , 

which wil l b e sai d t o b e left.  Correspondin g t o this , w e wil l spea k o f right  an d 

left vector-pairs,  meanin g b y th e angle  of  a  vector-pair  tha t angl e betwee n it s 

vectors whic h i s les s tha n 180° , alway s considerin g th e directio n o f rotatio n o f 

the angl e o f th e vector-pai r a s bein g fro m it s firs t vecto r t o it s second . 

16. W e will sa y tha t a  vector-pai r i s reduced  i f 1 ) it s firs t vecto r i s th e 

smallest an d th e secon d th e nex t smalles t paramete r o f th e lattic e an d 2 ) th e 

vector-pair i s a  righ t vector-pair . Th e thre e leas t parameter s A  < p  <  v  ma y b e 

situated i n tw o differen t way s wit h respec t t o th e establishe d positiv e directio n 

of rotation : eithe r i n th e orde r A , p.,  v  o r i n th e orde r A , v,  p.  I n th e firs t cas e 

the reduce d vector-pai r wil l b e acute , whil e i n th e secon d i t wil l b e obtus e 

(Figure 6) . 

If th e vector-pai r OPQ  i s reduced , then , i n genera l i t follow s directl y fro m 

Theorems V I and VI I tha t onl y th e reflecte d vector-pai r OP'Q'  wil l a ls o b e 
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reduced (Figur e 8) . 

17. Th e onl y exception s ar e th e followin g thre e ca se s : 1 ) whe n A  = /x <  v; 

2) whe n A  < /u. = v;  3 ) whe n \  =  ji =  u. I n thes e ca se s ther e ar e respect ivel y 4 , 

4, an d 1 2 reduce d vector-pairs , whic h ar e pairwis e reflection s o f eac h othe r 

(Figure 7) . • 

Figure 7 Figure 8 

The cas e o f a  right-angle d o r squar e Dirichle t regio n i s no t a n exceptio n i n 

this s ens e . 

18. THEORE M VIII . A  basic  vector-pair  OPQ  will  be  reduced  if  and  only  if 

1) the  projection  of  its  second  side  OQ  onto  the  straight  line  of  its  first  side  OP 

is in  absolute  value  less  than  or  equal  to  half  of  its  first  side;  2)  its  first  side 

OP is  less  than  or  equal  to  its  second  side  OQ;  3 ) it  is  a  right  vector-pair. 

PROOF. I n fact , i f thes e condition s ar e satisfie d an d th e angl e o f th e vector -

pair i s no t obtuse , the n i n th e fundamenta l triangl e PQ  >  OQ >  OP (Figur e 8) . 

This mean s tha t it s larges t angl e i s locate d a t th e 

point 0 , i .e . , th e triangl e i s no t obtuse , fro m whic h 

it follow s b y Theore m VI I tha t th e vector-pai r OPQ 

is reduced . I f th e angl e o f th e vector-pai r i s obtuse , 

then th e triangl e OQP  ha s th e indicate d properties , 

from whic h i t i s agai n clea r tha t th e vector-pai r OPQ  i s 

reduced. 

19. Algorith m o f reduction . Le t ther e b e give n 

a vector-pai r OPQ.  I f th e poin t Q  i s symmetri c t o 

the poin t Q  wit h respec t t o 0  an d i f J ? i s a n arbi -

trary poin t o f th e sequenc e passin g throug h P  paral - r igur e ) 

lei t o th e sequenc e OQ,  the n w e wil l sa y tha t th e vector-pai r OQ'R  i s adjacen t 

on th e righ t t o th e vector-pai r OPQ.  Thi s vector-pai r ha s th e sam e directio n o f 

rotation a s th e vector-pai r OPQ. 

The transitio n fro m a n arbitrar y basi c vector-pai r o f th e lat t ic e (th e directio n 

of rotatio n o f whic h i s take n t o b e positive ) t o a  reduce d vector-pai r ma y b e mad e 

(following Gauss ) i n th e followin g manne r (se e Figur e 9) » 

*, 
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We construct th e vector-pai r OP  ^Q^ adjacen t o n th e righ t t o th e give n vector -

pair OPQ  s o tha t th e projectio n o f it s secon d vecto r OQ.  ont o th e firs t vecto r 

OPi i s l e s s tha n o r equa l t o th e firs t vecto r i n absolut e value , i .e . , s o tha t th e 

point Q^  l ie s betwee n th e perpendicular s n  an d K . Ther e i s alway s on e suc h 

point, o r tw o (i f the y li e o n th e perpendicular s n  an d K  themselves) . Further , w e 

again construc t a  vector-pai r #^ 2*?2 a c M a c e n t o n t n e r *gn t t o th e vector-pai r 

OP^Qi, possessin g th e sam e property , i .e. , i t i s suc h tha t th e poin t Q2  lie s be -

tween th e perpendicular s n^  an d KJ , an d s o on . 

For eac h suc h vector-pai r conditio n 1 ) o f Theore m VI I i s satisfied , an d i t 

cannot happe n tha t conditio n 2 ) i s neve r satisfied . I n fact , i t woul d the n b e tru e 

that OQi  >  OQ2  >  OQ*  >  •  < < .  Bu t onl y a  finit e numbe r o f point s o f th e lattic e 

are situate d i n th e circl e o f radiu s 0Q l wit h cente r a t 0.  Consequently , condi -

tion 2 ) mus t b e satisfie d afte r a  finit e numbe r o f suc h transformations . The n th e 

vector-pair wil l b e reduced . 

20. Th e Pel l angl e o f a  lattice . Ever y lattic e coincide s wit h itsel f afte r 

rotation b y 180 ° around it s poin t 0 . Bu t i t ma y occu r tha t a  lattic e wil l coincid e 

with itsel f unde r rotatio n b y a  smalle r angle . Sinc e th e Dirichle t regio n i s a 

rectangle o r a  hexago n wit h cente r o f symmetr y a t th e poin t Q,  thi s ma y occu r 

only whe n th e Dirichle t regio n i s a  squar e o r a  regula r hexagon , an d the n thi s 

angle i s 90 ° o r 60° . W e will cal l thi s leas t angl e o f repetitio n th e Pell  angle  o f 

the lattice . 

21. Th e vector-pai r correspondin g t o a  give n paramete r o f a  lattice . Ever y 

parameter OM  o f th e lattic e ma y b e take n fo r th e firs t sid e o f som e basi c vector -

pair o f th e lattice . Tha t on e o f thes e vector-pair s whic h ha s a  righ t directio n o f 

rotation an d whic h satisfie s conditio n 1 ) o f Theore m VII I wil l b e calle d th e 

vector-pair corresponding  to  the  parameter  OM,  an d th e vector-pai r itsel f wil l b e 

said t o b e s  emir educed. 

In th e genera l cas e ther e ar e i n al l tw o distinc t semireduce d vector-pairs , 

while i n th e cas e whe n th e Pel l angl e i s 90 ° or 60° , ther e ar e alway s fou r o r si x 

such distinc t vector-pair s respectively , bu t ther e ca n no t b e mor e sinc e i f ther e 

were a  vector-pai r equa l t o th e give n one , i .e . , obtaine d fro m i t b y mean s o f a 

rotation aroun d th e poin t 0 , the n th e lattic e woul d coincid e wit h itsel f unde r 

this rotation , sinc e th e give n vector-pai r i s a  basi c one . 
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§ 3 . THEOR Y O F TH E DISTRIBUTIO N O F TH E POINT S O F A  LATTIC E 

WITH RESPEC T T O GIVE N ASYMPTOTE S 

We tur n no w t o lattic e theorem s o f a  slightl y differen t character , namel y re -

lating t o th e distributio n o f point s o f th e lattic e E~  wit h respec t t o som e infinit e 

straight line . 

22. DEFINITION . Le t ther e b e give n i n the plan e o f som e give n lattic e £ 2 

two straigh t line s 0£  an d Orj  passin g throug h th e poin t 0  o f th e lattic e an d 

irrational wit h respec t t o th e lattic e £ 2 , i .e . , meetin g n o othe r point s o f th e lat -

tice. W e wil l cal l thes e line s axes  o r asymptotes. 

Let P  b e a n arbitrar y poin t o f th e lattic e E~.  I n the futur e a  coordinate  par-

allelogram of  a  point  P  wil l b e take n t o mea n a  parallelogra m whic h ha s it s cen -

ter a t th e poin t 0 , on e o f it s vertice s a t th e poin t P , an d side s paralle l t o th e 

axes 0£  an d Orj.  Sinc e th e axe s ar e irrational , n o sid e o f th e coordinat e paral -

lelogram ca n contai n tw o point s o f th e lattic e E 2> sinc e otherwis e ther e woul d 

be a  poin t o f th e lattic e othe r tha n th e poin t 0  lyin g o n th e correspondin g axis . 

Hence i f P  i s a  poin t o f th e lattic e E^,  the n ther e l ie s o n th e boundar y o f it s 

coordinate parallelogra m onl y on e mor e poin t P*  of th e lattice , symmetri c t o P 

with respec t t o th e poin t 0 , an d locate d a t th e opposit e verte x o f th e parallelo -

gram. 

A poin t P  o f th e lattic e Z? 2 whos e coordinat e parallelogra m contain s withi n 

itself n o point s o f th e syste m othe r tha n th e poin t 0  i s calle d a  relative  minimum 

of th e lattic e E^  wit h respec t t o th e asymptote s 0£  an d Or}. 

23. THEORE M IX . The  given  lattice  E-  has  infinitely  many  relative  minima 

with respect  to  the  given  asymptotes  0£ , Orj. 

Figure 1 0 

PROOF. I t i s firs t necessar y t o sho w tha t ther e exist s a t leas t on e suc h 

relative minimum.  Thi s i s clear ; fo r example , i f th e poin t Q  o f th e lattic e E~  i s 

not a  relativ e minimum , i .e . , i f ther e ar e othe r point s o f th e lattic e withi n it s 

coordinate parallelogram , the n i t i s possibl e t o appl y th e argumen t t o on e o f thes e 
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points, an d s o on . I n the en d w e ar e le d i n thi s manne r t o a  relativ e minimum , 

since ther e ar e onl y a  finit e numbe r o f point s o f th e lattic e E 2 i „ th e coordinat e 

parallelogram o f th e poin t Q. 

24. No w le t P  b e a  relativ e minimum , wit h a  positiv e absciss a £  fo r example, 

(Figure 10) . I f w e exten d indefinitel y th e side s o t th e coordinat e parallelogra m 

of th e poin t P  paralle l t o th e axi s £  w e wil l obtai n a  ban d containin g th e axi s 

£ Th e righ t sid e o f th e coordinat e parallelogra m o f th e poin t P  paralle l t o th e 

axis j , i s no w allowe d t o slid e insid e thi s band , remainin g constantl y paralle l t o 

itself, i n th e directio n o f increasin g abscissa . Eventually , i t wil l necessaril y 

cross som e poin t o f th e lattic e E 2, sinc e ever y sequenc e o f point s o f th e lattic e 

E2 paralle l t o th e sequenc e o f point s OP  ha s tw o point s withi n th e band . I n fac t 

the segmen t o f th e straigh t lin e o f suc h a  sequenc e o f point s lyin g withi n th e ban d 

has lengt h PP'  =  2 0P, an d ther e ar e n o point s o f th e lattic e E 2 othe r tha n 0  o n 

the axi s f . 

Let P j b e th e firs t poin t throug h whic h thi s slidin g sid e passes . The n onl y 

this poin t l ie s o n it , sinc e th e axi s r,  als o contain s n o point s o f th e lattic e othe r 

than th e poin t 0.  Thu s P j i s clearl y a  relativ e minimum . W e may no w repea t 

this step , startin g wit h th e poin t P,,  an d s o on . W e thus obtai n a n infinit e se t o f 

relative minim a P j , P 2 , p^  . , , i y i n g a l o n g t h e p o s i t i y e s e m i . a x i s £ 

25. Th e point s P %t P 2'( p^ y . , , S y m m e t r i c t o thes e minim a wit h respec t t o 

the poin t 0  ar e als o relativ e minima , bu t the y li e alon g th e negativ e semi-axi s £ 

9 

Figure 1 1 
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If, remainin g i n th e half-plan e £  >  0, w e appl y thi s method , startin g fro m th e 

same poin t P  an d i n th e directio n o f th e axi s 77 , w e obtai n a  chai n o f relativ e 

minima P  , , P_ 2> ^ - v '  * ' whic h approac h th e axi s 77 . Ther e ar e a l s o relativ e 

minima P l j , P'-j*  ^'-V  '  *  *  symmetri c t o the m wit h respec t t o th e poin t 0 

(Figure 11) . 

26. THEORE M X . The  method  of  Theorem  IX  yields  all  of  the  relative  minima 

of the  lattice  Ej. 

PROOF. I n fact , ever y relativ e minimu m tha t ha s a n absc i s s a large r tha n 

that o f P  mus t hav e a n ordinat e large r i n absolut e valu e tha n th e ordinat e o f th e 

point P;  i n th e contrar y cas e P  woul d li e i n it s coordinat e parallelogram . Hence , 

each suc h relativ e minimu m mus t li e i n th e ban d considere d i n Theore m IX . 

But P l wa s th e firs t poin t o f th e latt ic e E 2 tha t ha d a n absc i s s a large r tha n 

that o f th e poin t P.  Th e sam e i s tru e fo r P 2 wit h respec t t o P j an d s o on . 

Two relativ e minim a situate d wit h respec t t o eac h othe r i n th e sam e wa y a s 

the point s P  an d P j wil l b e sai d t o b e successive  an d P j wil l b e sai d t o b e th e 

first successor  wit h respec t t o th e minimu m P  alon g th e semi-axi s +  £.  Thu s fo r 

example, P L 2
 a n ( J ^ 1 * a r e success iv e relativ e minim a an d P _ ^ i s th e firs t 

successor wit h respec t t o th e minimu m P[_ 2 alon g th e semi-axi s -  £. 

27. THEORE M X L A  vector-pair  constructed  on  two  successive  relative 

minima is  a  basic  vector-pair  of  the  lattice  E~. 

PROOF. Th e triangl e 0PP l (Figur e 12 ) l ie s i n th e parallelogra m abed,  an d 

this parallelogra m i s empt y excep t fo r th e poin t 0.  Th e triangl e OPP j is  thu s 

empty, an d henc e a  fundamenta l triangle . Thi s mean s tha t th e vector-pai r OPP\ 

is a  basi c vector-pai r o f th e lattic e £ 2 . 

It follow s fro m thi s theore m tha t P j l ie s i n th e paralle l sequenc e o f point s 

of th e lat t ic e Ej  tha t i s c loses t t o th e sequenc e 

o p - • » 

28. THEORE M XII . Successive  minima  lie  6  J  P  q 

on different  sides  of  the  corresponding  axis.  :  L  f  jrfffmk  / 
PROOF. I n fact , th e tw o point s o f th e se - /  /  Of^^uluI^J  *  > 

quence paralle l t o th e sequenc e OP  tha t ar e in - i  I l l j  ' 
C /  d 

eluded withi n th e ban d o f Theore m I X li e o n dif -

ferent side s o f th e axi s £ , an d bot h ar e si tuate d Figur e 1 2 

to th e righ t o f th e righ t sid e o f th e coordinat e 
parallelogram o f th e poin t P  sinc e i t i s empty . 
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Under th e applicatio n o f th e metho d use d i n th e proo f o f Theore m IX , thi s sid e 

clearly firs t meet s tha t on e o f th e tw o point s tha t l ie s o n th e othe r sid e o f th e 

axis £  wit h respec t t o th e poin t P. 

29. DEFINITION . B y th e angle  of  a  vector-pair  w e wil l agai n mea n th e angl e 

formed b y th e vector s tha t i s les s tha n 180° . 

We wil l sa y tha t a  vector-pai r includes  a  give n axi s o r asymptote (thes e term s 

are synonymous ) paralle l t o on e o f th e tw o chose n axe s i f thi s asymptot e passe s 

within th e angl e o f th e vector-pair . I t i s clea r tha t ther e ca n b e onl y thre e possi -

bilit ies: th e vector-pai r ma y includ e one , two , o r n o asymptotes . 

Which o f th e end s o f th e vector-pai r w e wil l cal l first  an d whic h second  i s 

arbitrary; bu t i n th e symbo l fo r th e vector-pai r w e wil l alway s plac e th e lette r 

denoting th e en d o f it s firs t vecto r immediatel y afte r th e 0  tha t designate s it s 

vertex. 

A segmen t draw n fro m th e en d o f th e first  vecto r o f th e vector-pai r i n a  direc -

tion paralle l t o it s secon d vecto r wil l b e calle d th e beak  o f th e vector-pair . Thu s 

the bea k alway s proceed s fro m th e firs t sid e o f th e vector-pair . It s lengt h ma y b e 

measured b y takin g th e secon d sid e fo r uni t length . I f i t i s positive , i t i s directe d 

inside th e angl e o f th e vector-pair , whil e i f i t i s negative , i t goe s outsid e thi s 

angle. W e wil l sa y tha t w e extend  th e bea k onl y whe n w e dra w i t insid e th e frame . 

A basi c vector-pai r o f th e lattic e E~  W *H D e sai d t o b e reduced  wit h respec t 

to som e asymptot e i f th e end s o f it s vector s ar e success iv e minim a suc h tha t th e 

second i s th e successo r wit h respec t t o th e firs t alon g thi s asymptote . 

THEOREM XIII . A  basic  vector-pair  of  the  lattice  E^  is  reduced  if  and  only 

if 1) - it  includes  one  and  only  one  asymptote  and  2)  the  end  of  its  second  vector 

lies further  along  this  asymptote,  but  closer  to  it,  than  the  end  of  its  first  vector. 

PROOF. Th e necessit y o f thes e condition s follow s fro m th e construction s 

of Theore m I X an d Theore m XI . However , the y ar e als o sufficient . 

In fact , w e continu e al l fou r o f th e 

sides o f th e parallelogra m OPP^Q  (Fig -

ure 13) . The n w e obtai n tw o empt y inter -

secting bands , sinc e 0PP*Q  i s a  basi c 

parallelogram. A s i s eas y t o s e e , thes e 

two band s cove r th e parallelogra m abc  d  , 

which mean s tha t the y a ls o cove r abed, 

since th e latte r contain s onl y th e point s 
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0 , P,  an d P j o f th e lattic e £ 2 . Thu s P  an d P^  are  success iv e minim a an d th e 

second i s th e successo r wit h respec t t o th e first . Thu s condition s 1 ) an d 2 ) ar e 

also sufficient . 

31. Le t OPPi  b e a  reduce d frame , an d le t f* 2> ^ v ^4 » "  '  * D e a  sequenc e 

of relativ e minim a followin g on e anothe r afte r th e minimu m P*  alon g th e axi s 

included i n th e vector-pair . The n al l th e vector-pair s OP i^2, ^ 2 ^ 3 > ^ 3 ^ 4 > *  * * 

are als o reduce d basi c vector-pairs . W e cal l the m successors  wit h respec t t o th e 

reduced vector-pai r OPP  j . Th e collectio n o f al l thes e vector-pair s wil l b e calle d 

a chain  o f th e reduce d vector-pai r OPP^.  Startin g wit h th e firs t frame , thi s chai n 

may als o procee d i n th e opposit e directio n alon g th e sam e semi-axis , wher e th e 

vector-pairs 0P_.P 9 O f ^ ^ - i * OP-iP-2 9 "* " a r e P r e ^ e c e s s o r s o f th e vector -

pair 0PP l (se e Figur e 11) . 

The fundamenta l proble m i s th e following : give n a n arbitrar y basi c vector -

pair o f th e lattic e £ 2 , t o ^ in^ a  metho d o f goin g fro m i t t o som e reduce d vector -

pair (i t i s immateria l t o u s alon g whic h axi s i t wil l b e reduced) , an d furthe r t o g o 

step b y ste p t o al l th e successiv e vector-pair s i n it s chain . 

32. Preliminar y transformatio n o f th e give n vector-pair . I f th e give n vector -

pair OPPi  contain s n o asymptotes , the n w e g o fro m i t t o th e vector-pai r OPP* 

containing tw o asymptote s (Figur e 14) . I f i t i s necessar y a t all , thi s preliminar y 

transformation wil l b e mad e onl y once , a t th e ver y begin- , 

ning o f th e propose d algorithm . Thu s w e ma y confin e our -

selves i n th e futur e t o th e consideratio n o f vector-pair s 

including a t leas t on e asymptote . Fo r simplicity , w e 

will sa y tha t suc h vector-pair s ar e prepared . 

33 • Transformatio n o f a n arbitrar y prepare d vector -

pair int o a  chai n o f reduce d vector-pairs , an d progres s p . ,  , 

along thi s chain . Assum e tha t w e ar e give n th e vector -

pair OPPi  o f th e lattic e £ 2 alread y prepared , i .e . , 

such tha t i t include s a t leas t on e asymptote . The n th e reductio n algorith m con -

s i s ts o f th e following . 

We extend th e bea k o f th e vector-pai r OPP,  t o th e las t poin t P 2 f° r w h i c n 

the vector-pai r OP^P 2 stil l include s a t leas t on e asymptote . W e the n exten d th e 

beak o f th e basi c vector-pai r OP^P '2 thu s obtaine d t o th e las t poin t P*  fo r whic h 

the vector-pai r OP^P\  sti l l include s a t leas t on e asymptote , an d s o on . 

We will no w sho w tha t b y thi s proces s w e alway s g o fro m th e give n vector-pai r 
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to som e reduce d one , an d the n ste p b y ste p t o al l it s successor s i n it s chain . 

34. CAS E I . Th e prepare d vector-pai r i s alread y reduced , i .e . , i t Include s 

one an d onl y on e axis , an d th e en d o f it s secon d sid e l ie s furthe r alon g thi s axis , 

but close r t o it , tha n th e en d o f it s firs t sid e (Figur e 15) . 

Since th e poin t P  i s furthe r fro m th e asymptot e tha n P j , th e lengt h o f th e 

beak t o th e poin t o f it s intersectio n wit h th e include d asymptot e i s greate r tha n 

unity. Thi s mean s tha t th e las t poin t P ^ o n th e bea k whic h stil l l ie s o n th e sam e 

side a s th e poin t P , an d henc e form s anothe r vector-pai r OP  ^2 whic h include s 

the asymptote , i s differen t fro m P . Th e positiv e intege r 8  showin g ho w man y 

times i t i s necessar y t o la y off  th e segmen t OP^  fro m th e poin t P  t o th e poin t 

P 2 , i .e . , th e length  o f th e bea k PP 2, i s equa l t o 3  i n ou r drawing . Th e vector -

pair OP.P2  i s onc e mor e reduced , sinc e agai n 1 ) i t include s th e asymptot e 0< f 

and 2 ) th e en d o f it s secon d sid e lie s furthe r alon g thi s asymptote , bu t close r t o 

it, tha n th e en d o f it s firs t s ide . 

We no w conside r th e vector-pai r OP,Pj  an d exten d it s bea k i n th e sam e wa y 

as w e di d th e bea k o f th e vector-pai r OPP\.  Thi s secon d bea k P1P 3 ha s lengt h 

2 i n ou r drawing . W e continu e thi s operatio n wit h th e vector-pai r OPjP-iy  an d s o 

on. Thu s extendin g th e beak s alternately , firs t o n on e side , an d the n o n th e othe r 

side o f th e asymptote , w e wil l obtain , on e afte r th e other , success iv e vector-pair s 

of th e chai n o f th e vector-pai r OPP^. 

35. CAS E II . Th e prepare d vector-pair , althoug h includin g onl y on e asymptote , 

is no t reduced . Her e ther e ma y b e thre e possibil it ies ; show n respectivel y i n th e 

drawings a) , /3 ) an d y ) o f Figur e 16 . 

a) Th e en d o f th e firs t s ide , bu t no t o f th e second , lie s furthe r alon g th e in -

cluded asymptote , bu t close r t o it . Th e beak , proceedin g a s alway s fro m th e en d 

of th e firs t side , i .e . , fro m th e poin t P  t o th e poin t o f it s intersectio n wit h th e 

included asymptote , i s shorte r tha n th e secon d sid e OP  * o f th e vector-pair . Th e 

point P2  i s th e poin t P , an d 8=0.  Th e firs t ste p i n th e algorith m consist s 
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simply i n goin g fro m th e vector-pai r OPP±  t o th e vector-pai r OP\Pj  ~  ^P^P,  i .e. , 

in th e permutatio n o f successiv e side s o f th e vector-pair . Th e vector-pai r OP*Pj 

will alread y b e reduced . 

Figure 1 6 

jS) Th e en d o f th e secon d sid e lie s withi n th e coordinat e parallelogra m o f th e 

end o f th e firs t side . Th e bea k continue d t o th e poin t o f intersectio n fro m th e in -

cluded asymptot e i s longe r tha n OP 1# Henc e S  i s a t leas t equa l t o unit y an d th e 

point Pj  i s distinc t fro m th e poin t P.  Th e vector-pai r OP\P ^ i s alread y reduced . 

y) Th e en d o f th e firs t sid e lie s withi n th e coordinat e parallelogra m o f th e 

end o f th e secon d side . Th e poin t P 2 , a s i n cas e a) , i s th e poin t P.  Th e firs t 

step o f th e algorith m give s 8=0  an d lead s onl y t o changin g th e place s o f th e 

sides o f th e vector-pair . The n w e obtai n ste p /3 , an d consequentl y onl y on e mor e 

step o f th e algorith m i s neede d t o giv e a  reduce d vector-pair . 

Thus w e se e tha t i n Cas e I I the algorith m i s applie d withou t change , an d one , 

or at mos t two , step s mak e th e vector-pai r reduced . I f w e continu e t o repea t thes e 

steps w e wil l obtai n on e afte r anothe r successiv e vector-pair s whic h follo w thi s 

reduced vector-pai r an d ar e member s o f it s chain , sinc e w e fin d ourselve s alread y 

in th e positio n o f Cas e I . 

36. CAS E III . Th e prepare d vector-pai r include s tw o asymptotes . Her e agai n 

there ma y b e thre e distinc t possibilities . 

a) Th e point s P  an d P ' li e o n opposit e side s o f th e firs t asymptot e (Figur e 

17). O f th e tw o asymptote s covere d b y th e vector-pair , 

we wil l tak e a s th e firs t on e tha t whic h firs t intersect s 

the positiv e beak , extende d a s alway s fro m th e en d o f 

the firs t sid e o f th e vector-pai r unde r consideration . 

In cas e a ) th e vector-pai r O P , P 2 alread y include s 

only on e asymptote . Thu s afte r th e firs t ste p o f ou r al -

gorithm w e wil l obtai n Cas e I  o r II . Figur e 1 7 

v 

K 
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/3) Th e poin t P 2 doe s no t coincid e wit h th e poin t P  althoug h i t l ie s i n 

front o f th e firs t asymptote . Thi s occur s whe n ther e ar e point s o f th e lattic e £" 2 

on th e positiv e bea k betwee n P  an d th e firs t asymptote , bu t ther e ar e n o point s 

of th e lattic e o n th e segmen t o f th e bea k betwee n bot h asymptote s (Figur e 18) . 

In thi s cas e th e poin t P 2 l ie s insid e th e parallelogra m OaPb.  I f th e follow -

ing ste p o f ou r algorith m yield s th e sam e result , th e poin t P\  l ie s withi n th e 

parallelogram OcP^d.  I f th e nex t ste p o f th e algorith m agai n lead s t o th e sam e 

situation, the n th e poin t P  * lie s insid e th e analogou s parallelogra m o f th e poin t 

P>2, an d thu s withi n th e parallelogra m OaPb,  an d s o on . 

But sinc e th e parallelogram s OaPb  an d OcP,d  contai n onl y a  finit e numbe r 

of point s o f th e lattic e £" 2, i t wil l eventuall y tur n ou t tha t on e o f th e successiv e 

points wil l li e between  th e asymptotes , an d w e wil l arriv e a t on e o f th e case s 

that hav e alread y bee n considered . 

y) Th e poin t P 2 i s th e poin t P,  i .e . , th e firs t poin t Q  o f th e lattic e E 2 o n 

the positiv e bea k lie s alread y o n tha t sid e o f th e secon d asymptot e (Figur e 19) . 

Figure 1 8 

In ou r algorithm w e agai n obtai n 8  =  0  an d th e firs t ste p lead s simpl y t o a n 

interchange o f th e vector s o f th e vector-pair , i .e . , t o th e transitio n fro m th e 

vector-pair OPP^  t o th e vector-pai r OPiP 2 =  OP-^P.  A t th e nex t ste p th e bea k 

will n o longe r b e equa l t o zero , i.e.,  8^  0 , sinc e th e firs t poin t Q  o n thi s bea k 

which i s extende d no w fro m th e poin t P^  sti l l l ie s i n fron t o f th e firs t asymptote . 

Thus afte r th e secon d ste p w e retur n t o on e o f th e case s tha t hav e bee n considered . 

Thus, b y mean s o f ou r algorith m w e ca n finall y arriv e fro m a n arbitrar y pre -

pared vector-pai r t o a  vector-pai r coverin g onl y on e asymptote . An d then , repeat -

ing th e algorith m withou t an y change , w e obtai n a  reduce d vector-pai r an d subse -

quently, on e afte r another , th e successiv e vector-pair s o f th e chai n followin g it . 

37. REMARK . Al l th e definition s an d theorem s concernin g th e propertie s o f 

lattices wit h respec t t o asymptote s ar e invariant  wit h respec t t o an y affin e trans -
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formation. Fo r example , a  relativ e minimu m remain s a  relativ e minimum , an d soon . 

38. Hyperboli c rotation . Le t p  b e a n arbitrar y positiv e number . Th e transi -

tion fro m point s (£ , rj)  t o point s (p£,  p"  rj)  is  a n affine transformatio n whic h take s 

the asymptote s int o themselves . W e wil l cal l thi s transformatio n a  hyperbolic  ro-

tation an d th e magnitud e p,  th e parameter  o f th e rotation . Unde r suc h a  rotatio n 

each poin t slide s alon g th e hyperbol a 

(with asymptote s 0£,  Orj)  o n whic h i t 

l i e s . 

39. THEORE M XIV. The  area  of  the 

coordinate parallelogram  of  a  relative 

minimum is  less  than  4s,  where  s  is 

the area  of  a  basic  parallelogram  of  the 

Figure 2 0 lattice  under  consideration. 

PROOF. I n fact , i f th e poin t P  i s a  relativ e minimum , the n th e parallelogra m 

OPAB mus t b e empt y (Figur e 20) . Bu t thi s ma y occu r onl y i f it s area , whic h i s 

equal t o th e are a o f th e parallelogra m OBPC,  i s l e s s tha n s . 

40. THEORE M XV . If  all  the  relative  minima  lie  on  a  finite  number  of  hyper-

bolas, then  the  lattice  periodically  coincides  with  itself  under  a  hyperbolic  rota-

tion. 

PROOF. I n fact , b y a  suitabl e hyperboli c transformation , th e en d o f th e firs t 

side o f th e reduce d vector-pai r ma y 

once an d fo r al l b e take n o n a  fixe d 

straight lin e rj Q paralle l t o th e axi s 

77 (Figur e 21) . Bu t thi s straigh t lin e 

has onl y a  finit e numbe r o f point s o f 

intersection wit h th e possibl e hyper -

bolas. Thu s ther e ar e onl y a  finit e 

number o f possibl e position s fo r th e 

end o f thi s side . Bu t sinc e s  i s 

given an d doe s no t chang e unde r hy -

perbolic rotation , fo r eac h suc h posi -

tion o f th e en d o f th e firs t vecto r o f 

the reduce d vector-pair , th e end o f th e secon d vecto r mus t li e o n som e fixe d 

straight lin e 8  paralle l t o th e firs t vecto r o f th e vector-pair . Thi s straigh t lin e 

has onl y a  finit e numbe r o f point s o f intersectio n wit h th e finit e numbe r o f possibl e 

- 4 

Figure 2 1 
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hyperbolas o n whic h th e en d o f th e secon d vecto r mus t l ie . 

Thus i n thi s cas e ther e i s onl y a  finit e se t o f suc h distinc t normed  reduce d 

basic vector-pairs . Bu t sinc e ther e i s a n infinit e se t o f reduce d basi c vector -

pairs i n a  lattice , ther e i s undoubtedl y a n infinit e se t o f suc h reduce d vector-pair s 

that giv e th e sam e norme d vector-pair . I n othe r words , ther e exist s a  hyperboli c 

rotation a s a  resul t o f whic h th e lattic e coincide s wit h itself . Unde r furthe r rota -

tions b y th e sam e "angle " th e lattic e periodicall y coincide s wit h itself . 

41. Th e Pel l angl e o f a  lattic e wit h respec t t o give n asymptotes . W e wil l 

call th e leas t o f th e indicate d angle s th e Pell  angle.  I n th e sam e wa y tha t a n 

arbitrary lattic e coincide s wit h itsel f unde r a  usua l rotatio n aroun d it s poin t 0  b y 

each 180° , her e th e lattic e coincide s wit h itsel f afte r a  hyperboli c rotatio n b y it s 

Pell angle . 

=*• 9 

Figure 2 2 

Each angl e betwee n asymptote s ca n b e divide d int o a n infinit e numbe r o f suc h 

angles, wher e thi s divisio n ma y begi n wit h a n arbitrar y ra y (Figur e 22) . Moreover , 

that par t o f th e lattic e whic h lie s i n on e o f thes e angle s i s identica l u p t o a  hyper -

bolic rotatio n b y a  correspondin g multipl e o f thi s Pel l angle , t o th e par t o f th e 

lattice lyin g i n eac h othe r suc h angle . 

42. REMARK . I t follow s fro m th e las t tw o theorem s tha t i f a  lattic e doe s no t 

periodically coincid e wit h itsel f unde r hyperboli c rotation , the n amon g th e hyper -

bolas whos e coordinat e parallelogram s hav e a n are a les s tha n 4s , ther e i s a t 

least on e limitin g hyperbol a whic h i s a  positio n o f condensatio n fo r th e hyperbola s 

on whic h th e point s o f th e lattic e l ie . 
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43. THEORE M XVI . Conversely,  if  a  lattice  periodically  coincides  with  it~ 

self under  a  hyperbolic  rotation,  then  its  points,  being  situated  under  a  definite 

hyperbola, lie  on  only  a  finite  number  of  hyperbolas,  where  each  hyperbola  that 

contains at  least  one  point  contains  an  infinite  number  of  points  of  the  lattice. 

PROOF. Thi s follow s fro m th e fac t tha t a  par t o f th e plane lyin g unde r a 

given hyperbol a i n on e o f th e Pel l angle s ha s a  finit e diameter . Consequently , 

there ar e i n i t onl y a  finit e numbe r o f point s o f th e lattice , whic h ar e therefor e 

situated o n a  finit e numbe r o f hyperbolas . Bu t becaus e o f th e periodicit y unde r 

hyperbolic rotation , th e point s o f th e lattic e li e o n th e sam e hyperbola s i n th e 

other Pel l angles . 

Below w e wil l se e tha t i n fac t bot h thes e cases , whic h ar e s o differen t fro m 

one another , d o actuall y occur : ther e exis t lattice s whic h repea t infinitel y unde r 

hyperbolic rotatio n wit h respec t t o a  give n asymptote , an d ther e exis t lattice s 

without thi s property . 

44. Th e vector-pai r correspondin g t o a  give n paramete r o f a  lattic e i n th e 

hyperbolic case . Eac h paramete r OM  o f a  lattic e ma y b e take n fo r th e firs t vec -

tor o f som e basi c vector-pair . I n subsectio n 2 1 w e define d a  M vector-pair corre -

sponding t o a  give n paramete r OM 97 of a  lattice , o r a  "semireduce d vector-pair, " 

for th e usua l cas e whe n th e Pel l angl e i s equa l t o 180° . W e may furthe r sa y th e 

following: a  vector-pai r wil l b e sai d t o correspon d t o th e paramete r OM  whe n 

1) i t i s a  righ t vector-pair , 2 ) OM  i s it s firs t vector , an d 3 ) th e orthogona l pro -

jection o f it s secon d vecto r ont o th e firs t vecto r ha s th e leas t possibl e absolut e 

value. 

We will cal l tw o direction s hyperbolic  ally  orthogonal  i f the y ar e paralle l t o 

two diameter s conjugat e wit h respec t t o th e give n asymptotes . The n w e wil l 

again sa y tha t a  vector-pai r corresponds  to  a  given  parameter  OM  i n th e hyper -

bolic cas e whe n 1 ) i t i s a  righ t vector-pair , 2 ) OM  i s it s firs t vector , an d 3 ) th e 

orthogonal projectio n (i n th e hyperboli c sense ) o f it s secon d vecto r ont o th e firs t 

vector ha s th e leas t possibl e absolut e value , i .e . , th e en d o f th e secon d vecto r 

of th e vector-pai r i s chose n fro m th e on e o f th e tw o closes t paralle l sequence s 

to th e sequenc e OM  tha t give s a  righ t vector-pair , an d i t i s chose n i n thi s se -

quence s o tha t it s projectio n ont o th e straigh t lin e OM  paralle l t o th e directio n 

conjugate wit h OM  l ie s a t a  minima l distanc e fro m th e poin t 0. 

45. Ther e canno t exis t tw o distinc t point s M  fo r whic h th e correspondin g 

vector-pairs ar e identical , u p t o a  hyperboli c rotatio n b y a n angl e l es s tha n th e 
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Pell angle , fo r i t i s clea r tha t th e hyperboli c angl e o f tw o suc h vector-pair s 

would als o b e a n angl e o f periodicit y o f th e lattic e (Figur e 23) . 

§ 4 . TH E THEOR Y O F POSITIV E BINAR Y QUADRATI C FORM S 

We turn no w t o method s tha t wil l enabl e u s t o introduc e calculation s int o th e 

theory o f lattices . 

46. Th e positiv e binar y quadrati c for m correspondin g t o a  give n vector-pair . 

A particula r lattic e E 2 ca n b e define d b y th e lengt h o f th e side s o f it s basi c 

vector-pair OPQ  an d th e magnitud e o f th e angl e forme d b y them . However , anothe r 

method i s mor e convenient . W e are give n th e square s A  an d C  o f th e magnitud e 

of th e vector s o f th e basi c vector-pai r an d th e produc t B  o f thes e magnitude s b y 

the cosin e o f th e angl e cf>  betwee n th e vectors . B y th e well-know n formul a fo r 

the squar e o f th e sid e o f a n obliqu e triangle , w e 

find tha t th e squar e o f th e distanc e fro m th e 

point 0  t o a  poin t o f th e lattic e E~  tha t ha s 

coordinates x  an d y  wit h respec t t o th e basi c 

vector-pair i s 

Ax2 +  2Bxy+  Cy 2. 

This connectio n betwee n th e quadrati c 

form an d th e vector-pai r OPQ  ma y b e repre -

sented i n a  differen t way . Le t £  an d rj  b e 

arbitrarily chose n rectangula r coordinate s an d le t th e vector-pai r OPQ  li e i n 

their plan e s o tha t th e poin t 0  coincide s wit h th e origi n o f coordinates . The n i f 

the point s P  an d Q  hav e th e coordinate s ( ^ , 7^ ) an d (£ 2» ^2)  c l e a r l y €\%2 + 

77̂ 772 = OP  •  OQ co s <f)  ( i .e . , i s equa l t o th e scala r produc t o f th e vector s 

OP an d OQ  ). Thu s w e hav e 

(*£x +  y<f2)
2 +  ^1 +  mj} 2 

= (f f +  rj 2)x2 +  2 ( ^ 2 +  wjxy  +  (£ 2 +  77 2)y2 =  Ax 2 +  iBxy  +  Cy 2. 

Among othe r thing s i t follow s fro m thi s tha t th e for m Ax  +  2Bxy  +  Cy 2 , whic h 

we wil l als o abbreviat e t o {A,  B 9 C) , i s positive . 

From th e poin t o f vie w o f vector s th e for m (A,  B,  C)  i s simpl y th e scala r 

square o f th e linea r vecto r expressio n px  +  qy,  i .e . , Ax  +  2Bxy  +  Cy  = 

{px +  qy)  ,  wher e p  an d q  ar e th e vector s OP  an d OQ ; i n fac t 

Figure 2 3 



GEOMETRY OF BINAR Y QUADRATI C FORMS 477 

^ = 3 +  iJ? = p2, B  =  tA +  rllrl2 = (pq), C  = £ +  £ =  <?. 

47. I t i s no t difficul t t o se e tha t i f th e for m {A,  B,  C)  undergoe s a  permuta -

tion I  '  ^  ,  i .e . , x  an d y  ar e interchange d i n th e expression s ax  +  /3y an d 
y , 

yx +  §y , wher e a , /3 , y , an d 8  ar e rea l numbers , w e obtai n th e for m {A,  B,  C), 

whose vector-pai r OPQ  ha s th e end s o f it s vector s P  an d Q  a t th e point s wit h 

coordinates (a , y ) an d (/3 , 8)  wit h respec t t o th e vector-pai r OPQ.  I f a , /3 , y , 

and §  ar e rationa l integer s an d a8  -  /3 y =  ± 1 , the n th e vector-pai r OPQ  i s agai n 

a basi c vector-pai r o f th e lattic e E 2. 1 ° fact , th e point s P  an d ( ) ar e the n point s 

of thi s lattic e an d th e are a o f th e parallelogra m OPQ  i s equa l t o th e are a o f th e 

parallelogram OPQ.  I n thi s cas e th e form s (A,  B,  C)  an d {A,  B,  C)  ar e sai d t o 

be equivalent;  the y ar e properly  equivalent  i f a S -  /3 y =  1 , an d improperly  equiv-

alent i f a8  -  /3 y =  -  1 . Properl y equivalen t form s correspon d t o basi c vector -

pairs wit h th e sam e directio n o f rotation , whil e improperl y equivalen t form s corre -

spond t o vector-pair s wit h opposit e direction s o f rotation . 

Thus lattice s E^  an d c lasse s o f properl y equivalen t binar y positiv e quadrati c 

forms correspon d t o eac h othe r i n th e sens e tha t t o eac h suc h c las s ther e corre -

sponds a  definit e lattic e E 2, an d t o eac h lattic e E 2 ther e correspon d i n genera l 

two suc h c la s se s , dependin g o n whic h o f th e tw o direction s o f rotatio n i s con -

sidered positive . Th e determinan t o f th e for m D  =  B z -  AC  i s equa l t o 

~~ ^1^2 ~  ^2^1 ' '  whic h i s equa l t o -  s  ,  wher e s  i s th e are a o f a  basi c paral -

lelogram o f th e give n lattic e E~. 

48. Th e for m (A,  B 9 C)  i s sai d t o b e reduced  (followin g Gauss ) i f it s vector -

pair i s reduce d i n th e sens e o f § 2 , subsectio n 16 . Th e condition s indicate d i n 

Theorem VII I yield th e followin g conditions  of  reduction  expresse d i n term s o f th e 

quantities A 9 B,  an d C: 

C>A>2\B\. 

49. Th e reduction  algorithm  (followin g Gauss ) presente d i n § 2 , subsectio n 

19 i s translate d int o th e languag e o f calculatio n i n th e followin g way . Th e for m 

{A\ B',  A")  i s found , whic h i s adjacen t o n th e righ t t o th e give n for m (A,  B 9 A  ): 

(A', B' f A")  =  {A 9 B 9 A*)  '  ,  wher e th e numbe r 8  i s chose n s o tha t 

B'= -  B  +  A'8  i s betwee n -  A'/2  an d A'/2.  The n th e for m (A",  B\  A")  adjacen t 

on th e righ t t o th e for m {A*,  B',  A")  i s foun d i n exactl y th e sam e way , an d s o o n 

until finall y on e o f th e forms , fo r exampl e th e for m (A^ n\ B^ n\ A^ n + l^), doe s no t 

satisfy th e condition s o f reduction . 
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50. I f th e for m (A,  B,  C)  i s reduce d an d B  >  0 , the n it s vector-pai r deter -

mines a  nonobliqu e triangle ; bu t i f B  <  0 , the n suc h a  triangl e i s give n b y th e 

form (A,  B,  C)  f 0, "  I  =  (C,  -  B,  A).  I f th e for m (A,  B,  C)  determine s a n acut e 

triangle, the n th e transformatio n fo r goin g fro m thi s vector-pai r t o itsel f an d t o th e 

other vector-pair s correspondin g t o th e fiv e remainin g acut e triangle s surroundin g 

the poin t 0  ar e th e following : 

lo, i j 
ro,-n f-i,-i* | r - i , o ] r  o , n 
[i, i j ' [  l , oj ' [  0,-iJ * l - i , - i j ' 

1 , 1 ] 
- 1 , O j 

The followin g form s correspon d t o them : 

U , B , C) , (C , -  B  +  C,  A  -  IB  +  C) , U  -  IB  +  C , , 4 -  B , 4) ; 

( 4 , B , C) , (C , -  B  + C , 4  -  2 B +  C) , U  -  2 B +  C , / ! -  B , X) . 

51. Tabulatio n o f positiv e binar y quadrati c form s wit h intege r coefficients . 

The discussio n o f positiv e form s (A,  B , C)  ha s u p t o no w referre d t o th e cas e o f 

completely arbitrar y rea l coefficient s A,  B,  C.  However , on e ofte n consider s 

forms whos e coefficient s A,  B,  C  ar e ordinar y rationa l integers . Fo r form s wit h 

rational intege r coefficient s th e followin g fundamenta l theore m holds : The  number 

of classes  of  such  forms  with  the  same  discriminant  D  is  finite. 

For th e proo f o f thi s theore m w e not e that , fro m th e condition s o f reductio n 

for a  reduce d for m ther e follo w th e inequalitie s A 2 <  AC,  4 B <  / 4 , fro m whic h 

we hav e 4B 2 <  AC,  o r 3 # 2 <  AC  -  B 2 =  \D  \,  i .e . , \B  \  <  y/\D\/3  .  Thu s i f th e 

discriminant o f a  positiv e for m wit h intege r coefficient s i s equa l t o D,  the n B 

may tak e o n onl y th e value s 0 , ±  1 , ±  2 , •  * • , ±  A , wher e A  i s th e greates t intege r 

[ y | D | / 3 ] , i n y  \D  \/\  I f B  i s no w give n on e o f thes e values , the n AC  =  B 2 + 

\D | . Thu s i t i s necessar y t o facto r th e numbe r B  +  \D  \ i n al l possibl e way s int o 

two positiv e factor s (i n th e cas e o f a  positiv e for m A  an d C  ar e bot h alway s posi -

tive) an d tak e eac h tim e fo r A  tha t facto r whic h doe s no t excee d th e other , whic h 

will b e take n fo r C . I f i t turn s ou t tha t A  >  2  |B | , the n th e for m thu s obtaine d i s 

reduced an d i s t o b e recorded ; i n th e contrar y cas e i t i s omitted . B y thi s metho d 

we necessaril y obtai n al l th e reduce d forms . 

By subsectio n 1 6 o f § 2 w e ma y decid e whethe r ther e ar e equivalen t form s 

among them . Subsection s 1 6 an d 1 7 o f § 2 sho w tha t th e onl y case s whe n tw o non -

identical reduce d form s ar e properl y equivalen t ar e th e case s 1 ) A  = // . an d 2 ) A  < 

fi = v  (th e cas e A  = \L  - v  i s no t a n exceptio n wit h respec t t o forms , fo r i t als o 

gives onl y tw o distinc t reduce d forms) . I n cas e 1 ) on e o f th e reduce d form s i s th e 
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form (A,  B,  A)  an d th e othe r i s th e for m (A,  -  B,  A)  obtaine d fro m th e firs t b y 

the transformatio n '  ;  i n cas e 2 ) th e form s ar e {A,  j  A,  C)  an d 

(A, -j  A,  C) , wher e th e firs t goe s int o th e secon d unde r th e transformatio n 

In §6 7 w e presen t thre e example s o f th e determinatio n o f al l nonequivalen t 

reduced form s fo r a  give n negativ e determinan t D  = -  A . 

52. Th e resolutio n o f th e questio n o f whethe r tw o give n positiv e binar y 

quadratic form s wit h intege r coefficient s ar e properl y equivalent . I f th e determin -

ants ar e no t equa l th e form s ar e no t equivalent . I f the y ar e equal , w e fin d tw o 

reduced form s o f whic h th e firs t i s properl y equivalen t t o th e firs t o f th e give n 

forms an d th e secon d t o th e second . I t i s clea r tha t th e give n form s ar e properl y 

equivalent i f an d onl y i f thes e reduce d form s ar e identica l o r i f on e o f th e excep -

tional case s jus t indicate d take s place . Le t S  an d T  b e th e transformation s b y 

means o f whic h th e tw o form s ar e transforme d int o identica l reduce d forms . The n 

the firs t for m goe s int o th e secon d b y mean s o f th e transformatio n ST"  . 

53- Th e representatio n o f number s b y mean s o f positiv e binar y form s wit h 

integer coefficients . Le t m  b e a  give n positiv e rationa l integer , an d le t A,  B, 

C a ls o b e rationa l integers . I t i s require d t o solv e th e equatio n Ax*  +  2Bxy  + 

Cy2 =  77 1 in rationa l integer s x,  y.  Eac h suc h solutio n x,  y  i s sai d t o b e a  repre-

sentation o f th e numbe r m  i n term s o f th e for m (A,  B,  C)  .  Th e determinatio n o f 

all thes e representation s i s th e determinatio n o f al l th e point s U  o f th e lattic e 

corresponding t o th e form s tha t li e o n th e circl e o f radiu s y m wit h cente r a t the 

point 0. 

It i s sufficien t t o giv e a  metho d fo r th e determinatio n o f al l th e representa -

tions i n whic h x  an d y  are  relativel y prime . I n fact , i f thei r greates t commo n 

divisor wer e /x , fo r example , the n th e numbe r m  woul d b e divisibl e b y \r , an d 

the determinatio n o f al l suc h representation s reduce s t o th e determinatio n o f th e 

representation o f th e numbe r m/fi  i n term s o f number s x,  y  tha t hav e n o commo n 

divisor. 

In orde r t o fin d al l th e representation s wit h relativel y prim e x  an d y  i t i s 

only necessar y t o l ist , a s i n subsection s 2 0 an d 2 1 o f §2 , al l th e form s (771 , N9 L) 

with N 2 -  mL  =  D  an d m  > 2  \N  | (ther e wil l b e a s man y suc h form s a s ther e ar e 

solutions N  o f th e congruenc e D  = N 2 (mo d m) fo r whic h -  m/2  <  N <  m/2), 

since suc h form s correspon d t o al l th e vector-pair s wit h paramete r OM  (wher e 
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OAf 2 =  77i) . Thu s fo r eac h vector-pai r correspondin g t o eac h liste d for m i t i s nec -

essary t o decid e whethe r i t i s locate d i n th e lattic e o f th e give n form . I n othe r 

words, fo r eac h o f th e liste d form s i t i s necessar y t o decid e whethe r i t i s properl y 

equivalent t o th e give n for m (sinc e b y definitio n o f th e correspondin g vector-pai r 

we alway s conside r i t t o b e right , i .e . , wit h th e sam e directio n o f rotatio n a s th e 

given form) . I f -

then x^ y y^  i s a  representatio n o f th e numbe r m. 

In vie w o f wha t wa s sai d i n subsectio n 2 0 o f § 2 , th e representatio n thu s ob -

tained, togethe r wit h th e associate d representation s -  x, , -  y , giv e i n th e gen -

eral cas e al l th e relativel y prim e representation s o f th e numbe r m.  I f th e Pel l 

angle i s 90° , the n ther e ar e th e furthe r representation s 
x^B +  y^C  x lA +  y^B 

and th e one s associate d wit h them , an d i n th e cas e whe n i t i s equa l t o 60 ° th e 

representations 
I x xB +  yi C i  Xl A +  yi B 
2*1 ; — ' 2 ^ i +  — ; — ; 

1 x xB +  y xC i  x xA +y YB 
2 r ^xi +  " — > ?ri 

and th e representation s associate d wit h them ; her e a  designate s th e greates t 

common diviso r o f th e number s A,  2B  an d C . 

We do no t deriv e thes e formula s here , fo r the y ar e easil y obtaine d o n the basi s 

of wha t wa s sai d i n subsectio n 2 1 o f § 2 . 

§ 5 . TH E THEOR Y O F INDEFINIT E BINAR Y QUADRATI C FORM S 

54o Th e indefinit e binar y quadrati c for m correspondin g t o a  give n vector-pair . 

A for m {A,  B,  C)  wit h positiv e determinan t D  i s sai d t o b e indefinite . Eac h suc h 

form ma y b e interprete d i n the followin g way . Le t 0£ , Orj  b e arbitraril y chose n 

asymptotes an d le t 

Ax2 +  2Bxy  +  Cy 2 =  (^x  +  g 2y) (rj^  +  rf 2y) 

(if D  =  B  -  AC  >  0 , the n ^ , £ 2> ^i * a n d ^ 2 a r e rea ^)i t ^ i en w e m a v P u t m  corre -

spondence t o thi s for m th e vector-pai r OPQ,  th e end s P  an d Q  o f whos e vector s 

have coordinate s ( ^ , 77 ^ an d (<f 2, rj^)  wit h respec t t o th e chose n asymptotes . 
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Thus t o a  give n vector-pai r ther e wil l correspon d a  uniqu e indefinit e form , an d t o 

the give n form , a  continuu m o f suc h vector-pair s dependin g o n on e parameter . I n 

fact, i f p  i s a n arbitrar y rea l number , 

then (p€xx +  p£ 2y) {rj^/p  +  rj 2y/p) 

will a ls o b e a  decompositio n o f th e 

same form , an d ther e wil l b e n o othe r 

decompositions. 

Such a  multiplicatio n b y p,  wher e 

p i s positive , i s a  hyperboli c rotation . 

Under thi s rotatio n th e en d P  o f th e ° 

first vecto r o f th e vector-pai r OPQ  o f th e for m wil l slid e alon g th e hyperbol a 

£rj = A,  an d th e en d Q  o f th e secon d vector , alon g th e hyperbol a £7 7 = C,  whil e 

the squar e o f th e are a o f th e parallelogra m constructe d o n thi s vector-pai r wil l 

remain equa l t o ( f ^ ~  ^2^V  =  ^ ( # 2 ~  AC)  =  4D.  Bu t i f p  i s negative , th e 

reflected vector-pai r wil l b e obtained . 

As wa s alread y mentioned , A  =  ^ j ^ , lB  =  ^77 2 +  ^ ^ l » ^  =  ^2^2'  ^  ^ e 

square roo t o f th e paramete r o f th e hyperbol a o n whic h th e poin t l ie s i s no w 

called th e hyperbolic  distance  fro m thi s poin t t o th e poin t 0 , the n A  an d C  wil l 

be th e square s o f th e hyperboli c length s o f th e vector s OP  an d OQ  o f th e vector -

pair. Th e geometri c meanin g o f B  i s th e following . Thi s B  i s th e produc t o f th e 

hyperbolic lengt h o f th e firs t vecto r OP  b y th e hyperboli c lengt h o f th e orthogona l 

projection (i n th e hyperboli c sense ) OR  o f the secon d vecto r ont o th e firs t vecto r 

(Figure 24) . Her e again , a s i n subsectio n 4 4 o f § 3 , th e straigh t lin e QR  i s sai d 

to b e hyperbolicall y orthogona l t o th e straigh t lin e OP  i f i t i s paralle l t o th e 

direction o f OP  conjugat e wit h th e directio n o f OP  wit h respec t t o th e asymp -

totes 0£,  Orj  (wher e OP  i s th e diamete r conjugat e wit h OP,  or , i n othe r words , 

LU =  MN y wher e LN  i s th e chor d paralle l t o OP).  I n fact , direc t calculatio n 

gives fo r th e coordinate s o f th e poin t R  th e value s &£ , kq*,  wher e 

^ ~  ^i 7?2 +  ^2^1^^1^1 ' ^ r o m t n * s t n e P r °d u c t ° f t n e hyperboli c length s o f OP 

and OR  i s equa l t o \J^rji  yk^kq^  =  k^rji  =  B. 

When translate d int o th e languag e o f vector s thi s mean s tha t th e indefinit e 

form Ax 2 +  iBxy  +  Cy  =  (px  +  qy)  ,  wher e th e expressio n (px  +  qy) 2 i s th e 

scalar squar e i n th e ordinar y sense , th e lengt h o f a  vecto r i s understoo d t o b e it s 

hyperbolic length , an d th e lengt h o f a n orthogona l projectio n o f on e vecto r ont o 

another i s understoo d t o b e th e hyperboli c lengt h o f th e hyperbolicall y orthogona l 
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projection. 

The poin t wit h coordinate s x,  y  wit h respec t t o th e fram e OPQ  ha s coordi -

nates £±x  + £ 27> li x +  ^jy  Wlt ^ r e s P e c t t o t ^ie asymptote s Of , Orj,  i .e . , i t l ie s 

on th e hyperbol a £rj  = Ax  +  2## y +  C y wit h respec t t o thes e asymptotes , o r o n 

the hyperbol a whos e paramete r i s equa l t o th e valu e o f 

the for m fo r th e pai r x,  y . Henc e thi s valu e i s equa l t o 

the squar e o f th e hyperboli c distanc e fro m th e poin t 

x, y  t o th e poin t 0 . 

55. If  we  want  to  obtain  a  form  corresponding  to 

the vector-pair  for  which  the  ends  of  the  sides  have  the 

coordinates a,  y  and  /3 , 8  with  respect  to  the  vector-

pair OPQ  of  a  given  indefinite  form  (A,  B,  C)  then  in 

exactly the  same  way  as  for  positive  forms  we  must  transform  this  form  by  the 

transformation '  v T .  I f a , )8 , y , an d 8  ar e integer s an d a 8 -  )8 y =  ± 1 , the n 

the secon d for m i s als o sai d t o b e equivalent  t o th e first , properly,  i f a S —  /3 y = 

1, an d improperly,  i f a8  -  f3y  =  — 1 . T o distinc t basi c vector-pair s o f th e sam e 

lattice E 2 wit h respec t t o th e sam e asymptote s ther e correspon d equivalen t 

forms, i .e . , ther e correspond s t o th e lattic e E~  wit h fixe d asymptote s an d a 

right directio n i n it s plan e a  clas s o f forms , whereb y a  c las s w e mea n a  collec -

tion o f properl y equivalen t forms . 

56. Reduce d indefinit e binar y quadrati c forms . W e will cal l suc h a  for m re -

duced i f it s vector-pai r i s reduce d wit h respec t t o on e o f th e asymptote s i n th e 

sense o f subsectio n 2 9 o f §3 , i .e. , b y Theore m XII I o f § 3 , i f i t cover s on e asymp -

tote an d th e en d o f it s secon d vecto r lie s furthe r alon g bu t close r t o i t tha n th e 

end o f th e firs t vector . I n orde r t o obtai n reductio n condition s an d method s o f 

calculation fo r th e cas e unde r consideratio n i t i s convenien t t o conside r th e geo -

metrical significanc e o f th e root s o f th e equatio n A  +  2Bt  +  Ct 2 =  0 , whic h w e 

will cal l th e roots  of  the  form  (A,  B,  C). 

If th e lengt h o f th e bea k i s t,  the n th e coordinate s o f it s en d wit h respec t t o 

the vector-pai r ar e ( l , t).  Th e paramete r o f th e hyperbol a o n whic h thi s poin t 

l ies i s equa l t o A  +  2Bt  +  Ct 2. Thu s th e root s t^  an d t 2 o f th e for m ar e number s 

showing ho w man y time s i t i s necessar y t o la y ou t th e secon d vecto r OQ  o f th e 

form o n th e beak , startin g fro m th e en d o f it s firs t sid e P,  i n orde r t o reac h th e 

asymptote (Figur e 25) . Fro m thi s w e se e directl y tha t th e vector-pai r o f th e for m 

will includ e two , one , o r n o asymptotes dependin g o n whethe r th e for m ha s two , 
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one o r n o positiv e roots . Th e vector-pai r include s on e an d onl y on e asymptot e i f 

its root s hav e opposit e signs , i .e . , i f AC  <  0 . I t i s eas y t o se e tha t th e for m wil l 

be reduce d i f an d onl y i f th e positiv e roo t t^  >  1 , whil e th e negativ e roo t t 2 i s 

in absolut e valu e l e s s tha n unity , \tj\  <  1 . Th e reduction  conditions  ar e conse -

quently th e following : 

0<B +  y/l)  <C<-B  +  y/l)  fo r C  > 0 , 

0<- B  +  yfD <\C\<B  +  y/~D tor  C  <  0 . 

The numbe r C  ca n no t b e equa l t o zero , fo r the n th e poin t Q  woul d li e o n th e 

asymptote, whil e th e asymptote s ar e assume d t o b e irrational . 

57• I n orde r t o pas s fro m a n arbitrar y indefinit e for m t o th e for m equivalen t 

to i t (properl y o r improperly ) an d the n t o carr y ou t th e calculatio n o f a  chai n o f 

reduced form s followin g it , w e nee d onl y t o translat e th e algorith m o f subsection s 

32 an d 3 3 o f § 3 int o th e languag e o f calculation . 

If th e for m cover s n o asymptote s s o tha t bot h it s root s ar e negative , i .e . , 

AC >  0  an d BC  >  0 , the n b y subsectio n 3 2 o f § 3 i t i s necessar y t o us e th e trans * 

formation '  t o pas s t o th e for m (A,  -  B,  C)  tha t alread y cover s tw o asymp -

totes. Thi s i s th e preparator y transformation . Th e furthe r transformation s o f th e 

algorithm o f subsectio n 3 3 o f § 3 clearl y consis t i n transformation s o f th e typ e 

I '  £  ,  wher e 8  i s th e greates t positiv e intege r whic h i s l e s s tha n th e greates t 

positive roo t o f th e form . Hence , i f C>  0 , the n 8  =  [ ( - B  +  y/l))/C],  an d fo r 

C <  0 , 8  =  t( S +  yfD)/\C\] , wher e [  ] , a s always , designate s th e greates t inte -

ger les s tha n o r equa l t o th e expressio n enclose d i n th e brackets . 

These calculation s ar e mos t simpl y carrie d ou t i n th e followin g way . I f 

(A, B,  A')  i s th e prepare d for m an d (A\  B  ,  A")  i s th e transforme d form , the n 

B* = B  +  A'8,  wher e 8  ha s th e indicate d value . Thu s B'  satisfie s th e inequal -

ities y[D  -A'<B'<  y/1),  i f A'  >  0 , an d -  yfd  <  B'  <  - y/D  -  A'  fo r A 1 <  0 ; 

or assuming A  = [y/D  ] , w e obtai n fo r B'  th e inequalitie s 

A + l - 4 ' <B'  <A , i f A 1 > 0 , T 

- A < B ' < - A - l - 4 ' , i f A'  <  0. J 
(*) 

Consequently, i t i s necessar y t o loo k fo r a  B'  =  B  +  A 18 satisfyin g th e corre -

sponding on e o f th e inequalitie s (*) , bu t thi s ca n b e a t onc e determine d b y a 

glance a t th e form . Clearl y ther e i s alway s on e an d onl y on e suc h B  .  W e obtai n 

8 i n th e sam e way . T o obtai n A"  we not e tha t B' 2 -  A'A"  =  B  -  AA';  settin g 
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here B'=  B  +  A'8,  w e fin d 
A" =  A  +  {B +  B')8.  (** ) 

EXAMPLE. Le t {A,  B,  A')  =  <f> Q =  (3 , 1 , -  4) . Her e 4 C <  0 , i .e . , th e for m 

<£0 i s alread y prepared . We have D  =  B 2 -  4 C =  13 , A  = [> / 13 ]  =  3 . Sinc e X 1 = 

- 4  <  0 , i t i s necessar y t o us e th e secon d o f th e inequalitie s o f (  ) . W e obtai n 

~ 3 < £ ' < - 4 +  4  =  0 , an d B'  -  1  -  48,  fro m whic h i t follow s tha t 5 = 1 , B'  = 

- 3 ; thi s means , i n vie w o f formul a (  *) , tha t A"  = 3  +  ( l -  3)8  =  1 . Thu s th e 

transformed for m (A',  B',  A")  i s th e for m 0 , =  ( - 4 , -  3 , l ) . 

To obtai n th e nex t transforme d for m (A",  B  ,  A'")  = (£ 2> w e us e th e firs t o f th e 

inequalities o f (*) , sinc e A"  = 1  >  0 . W e obtain 4  -  1  <  B  " <  3  an d B"  = -  3  + 

1 • 5, fro m which i t follow s tha t 8  =  6  an d B"  = 3 . Consequently , o n th e basi s o f 

formula (**) , A'"  =  -  4  +  ( - 3  +  3) 6 =  -  4 , an d henc e <£ 2 =  ( l , 3 , -  4) . Furthe r 

calculations giv e th e form s <f>^  =  ( - 4 , - 1 , 3) , <£ 4 =  (3 , 2 , -  3) , <f> 5 =  ( - 3 , -  1,4) , 

<f>G =  (4 , 3 , -  1) , <f> 7 =  ( - 1 , -  3 , 4) , <£ 8 =  (4 , 1 , -  3) , <f> 9 =  ( - 3 , -  2 , 3 ) an d 

0 i o =  (3 , 1 , -  4) , i .e . , agai n 0 Q . 

58. Th e tabulatio n o f indefinit e binar y quadrati c form s wit h intege r coeffi -

cients. U p t o no w n o specia l assumption s hav e bee n mad e concernin g th e coeffi -

cients o f indefinit e forms . No w le t A,  B  an d C  b e ra -

tional integers , i .e . , w e ar e considerin g indefinit e form s 

with intege r coefficients . I t turn s ou t tha t th e followin g 

> $  fundamenta l theore m i s als o tru e fo r them : th e numbe r o f 

distinct c lasse s o f form s wit h th e sam e discriminan t D 

is finite . 

® Thi s quickl y follow s fro m th e fac t tha t eac h clas s 

contains reduce d forms . I n fact , i f on e o f th e reduce d 

forms i s improperl y equivalen t t o a  give n one , the n th e for m followin g i t wil l b e 

properly equivalen t t o th e give n for m sinc e tw o success iv e form s hav e opposit e 

directions o f rotation . I f th e for m i s reduced , the n it s coefficient s A  an d C  ar e 

of opposit e sign , i .e . , AC  <  0 . Bu t D  = B 2 -  AC  >  0 , i .e . , B 2 <  D,  an d conse -

quently ther e ar e onl y a  finit e numbe r o f possibl e value s tha t ma y b e take n o n b y 

the coefficien t B  i n th e reduce d for m wit h give n determinan t D ; an d fo r eac h 

such B  ther e ar e onl y a  finit e numbe r o f value s fo r A  an d C  s inc e \A  \  • \C\ 

must b e equa l t o D  - B 2. 

If (/I , B 9 C)  i s a  reduce d for m o f a  c las s an d OPQ  i s it s vector-pair , the n 

the vector-pai r OQ'P  i s als o reduce d an d ha s th e sam e directio n o f rotatio n a s 
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the vector-pai r OPQ  (Figur e 26) . Thi s mean s tha t th e for m (C , -  B,  A)  corre -

sponding t o i t wil l agai n b e a  reduce d for m o f th e sam e c lass . Thu s i n eac h c las s 

there wil l b e reduce d form s fo r whic h B  >  0 . B  canno t b e zero , fo r the n w e woul d 

obtain fro m th e reductio n inequalitie s tha t \]  D  =  C , an d th e asymptote s woul d 

not b e irrational . W e se e fro m th e reductio n inequalitie s tha t i f B  >  0  fo r th e re -

duced form , the n A  >  0  an d C  <  0 . Henc e fo r suc h a  reduce d for m w e hav e 

D -  B 2 (JD  +  B)  (y/D -  B) 

0 < 
- B JL < 1 an d 1  <  • 

Consequently, fo r suc h a  reduce d for m wit h B  >  0  w e hav e 

yf~D -B <A<yJ~D'+B  an d yfj)  -  B  <  \C\<y/l)+B. 

Thus, i n orde r t o obtai n al l possibl e form s wit h intege r coefficient s fo r a 

positive determinan t D  an d B  >  0 , fo r eac h valu e o f B  fro m th e sequenc e 1 , 2 , 

3, • • • , A , where A = [y/D  ] , i t i s necessar y t o facto r D  - B 2 i n al l possibl e way s 

into tw o positiv e factor s lyin g betwee n A  - B  +  1  an d A  + B  inclusive . The n on e 

of thes e factor s i s take n fo r A,  whil e th e other , take n wit h a  negativ e sign , i s 

set equa l t o C . 

3, 

4, 

EXAMPLE. 

0 = 1 3 , 

fi= 1 , 
D-B2= 12 , 

A.\C\= • 

\ (1 -12) , 

(2 -6) 

ED, 
(6 -2 ) , 

. ( 1 2 . 1 ) , 

A = [Vl3] = 3, 

2, 

9, 

(1 -9) , 

F51. 
(9-D, 

IL 
f2" 
14 

J. 
"21 

ii 

The factorization s enclose d i n bracket s d o no t satisf y th e inequalitie s fo r 

A an d \C\.  Thu s w e obtai n fo r D  = 1 3 si x reduce d form s wit h th e coefficien t 

B> 0 : 
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(3, 1 , -  4) , (4 , -  1 , 3) , (3 , 2 , -  3) , ( l , 3 , -  4) , (2 , 3 , -  2) , (4 , 3 , -  l ) . 

However, i t i s impossibl e t o conclud e fro m thi s tha t ther e ar e si x c lasse s o f 

forms wit h intege r coefficient s an d determinan t D  =  13 , sinc e i n th e cas e o f a n 

indefinite for m som e o f th e reduce d form s wit h B  >  0  ma y b e equivalen t t o on e 

another. 

59. Th e periodicit y o f a  chai n o f reduce d form s i n th e cas e o f a  for m wit h 

integer coefficients . Thi s periodicit y follow s directl y fro m Theorem s XI V an d X V 

(subsections 3 9 an d 4 0 o f §3) , sinc e a  for m wit h intege r coefficient s fo r intege r 

x an d y  i s itsel f a n integer . Thi s mean s tha t th e parameter s o f al l th e hyperbola s 

containing th e point s o f th e lattic e Ej  tha t correspon d t o th e for m ar e integers . 

Thus, b y Theore m XI V al l th e relativ e minim a li e o n a  finit e numbe r o f hyperbolas . 

This als o follow s fro m th e fac t jus t proven , tha t ther e ar e i n genera l onl y a 

finite numbe r o f reduce d form s wit h intege r coefficient s an d th e sam e determinan t 

D. 

If th e perio d consist s o f k  member s an d OP  P. i s a  reduce d vector-pair , the n 

under th e transformatio n '  tha t take s th e vector-pai r OPP\  int o th e 

vector-pair OP^P^^^  th e for m (A,  B,  C)  correspondin g t o th e vector-pai r 0PP l 

goes Int o itself . Al l th e remainin g transformation s whic h tak e th e for m int o itsel f 

[ ai fins 
' wit h positiv e an d negativ e intege r exponent s 

y i , S i J 
s. Thes e tranformation s ar e calle d automorphisms  o f th e form . 

60. Th e resolutio n o f th e questio n o f whethe r ther e ar e tw o properl y equiva -

lent indefinit e binar y quadrati c form s wit h intege r coefficients . I f th e determin -

ants o f th e form s unde r consideratio n ar e differen t th e form s wil l no t b e equivalent . 

If th e determinant s ar e equal , the n b y mean s o f th e reductio n algorith m w e fin d a 

reduced for m properl y equivalen t t o th e firs t o f th e give n forms . I t i s necessar y t o 

note tha t al l th e transformation s o f thi s algorithm , includin g th e preparator y on e 

if i t i s necessary , ar e imprope r transformations . Thu s i f w e pas s t o a  reduce d 

form b y mean s o f a n od d numbe r o f transformations , i t i s necessar y t o calculat e 

the nex t reduce d for m i n orde r t o obtai n a  reduce d for m properl y equivalen t t o th e 

given one . 

Then w e tur n t o th e secon d for m an d calculat e fo r i t th e whol e perio d o f re -

duced forms . I f th e reduce d for m (A>  B, C)  properl y equivalen t t o th e firs t form , 

or th e reduce d for m (C , -  B , A)  properl y equivalen t t o th e for m (A,  B,  C) 9 occur s 

in th e indicate d perio d an d i s therefor e obtaine d fro m th e secon d form  b y a n eve n 
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number o f transformations , the n th e tw o give n form s ar e properl y equivalent ; i n 

the contrar y cas e the y ar e improperl y equivalent . 

In fact , eac h for m possesse s reduce d form s equivalen t t o it , an d al l reduce d 

forms properl y equivalen t t o som e for m ar e locate d eithe r i n th e chai n o f it s re -

duced form s o r i n a  chai n alon g anothe r asymptote . Bu t th e for m o f th e secon d 

chain ca n b e obtaine d b y interchangin g th e outermos t coefficient s o f th e for m an d 

changing th e sig n o f th e middl e coefficient . 

61 . Th e representatio n o f number s b y a n indeterminat e binar y quadrati c for m 

with intege r coefficients . Le t m  b e a  give n rationa l intege r an d le t A,  8 , an d C 

also b e rationa l integers . I t i s require d t o fin d al l th e representation s o f th e num -

ber m  i n term s o f th e for m (A,  B,  C) . Th e determinatio n o f al l suc h representa -

tions i s exactl y th e sam e proble m a s th e determinatio n o f al l th e point s U  o f th e 

lattice correspondin g t o th e for m (A,  B,  C)  tha t li e o n th e hyperbol a £rj  = m.  A s 

in th e cas e o f positiv e form s i t i s sufficien t agai n t o indicat e th e metho d fo r th e 

determination o f al l representation s wit h relativel y prim e value s x 9 y. 

In view o f subsection s 4 4 an d 4 5 o f § 3 , w e wil l i n an y cas e fin d all  th e rela -

tively prim e representation s x,  y 9 th e point s U  o f whic h li e o n on e branc h o f th e 

hyperbola £rj  = m,  i f w e fin d al l th e distinc t vector-pair s correspondin g t o th e 

parameter OM  an d the n rotat e eac h o f thes e b y al l th e angle s whic h ar e multiple s 

of th e Pel l angl e o f th e give n form . Othe r tha n thes e representation s x,  y,  ther e 

exist onl y th e relativel y prim e representation s -  x,  -  y  correspondin g t o th e 

points symmetri c t o th e point s M  wit h respec t t o th e poin t 0  an d lyin g o n th e 

other branc h o f th e hyperbol a £q  -  m. 

The middl e coefficien t N  o f th e for m (m,  /Y , L ) correspondin g t o on e o f th e 

vector-pairs se t int o correspondenc e wit h th e paramete r OM  sat isf ies , i n vie w o f 

its geometri c interpretatio n an d o f th e propert y o f th e correspondin g vector-pair , 

the inequalit y -  m/2  <  N <  m/2  (i n general , ther e ar e a  finit e numbe r o f suc h 

forms wit h intege r coefficient s an d wit h determinan t D , namely , a s man y a s th e 

number o f root s N  o f th e congruenc e D  = -  N 2 (mo d m) satisfyin g th e conditio n 

- m/2  <  N  <  m/2). 

Thus i n orde r t o fin d all  th e representation s o f th e numbe r m  wit h relativel y 

prime value s o f x  an d y , i t i s necessar y t o writ e ou t al l suc h form s (m , N,  L) , 

and the n t o decid e fo r eac h o f thes e whethe r o r no t i t i s properl y equivalen t t o 

the five n for m {A,  B,  C).  Thos e o f the m fo r whic h thi s i s tru e giv e th e fundamen-

tal solution s o f th e equatio n {A,  B,  C)  =  m,  sinc e i f {A,  B,  C)  \  =  (m,N,L), 
l y i , 8J 
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then x^ 9 y^  i s a  solution , namel y tha t on e whic h correspond s t o th e en d o f th e 

first sid e o f th e for m (m,  N,  L).  I n orde r t o obtai n al l th e solut ions , i t i s neces -

sary t o fin d fo r eac h suc h solutio n th e solution s x s, y s "homologous " t o i t i n 

a l l th e remainin g Pel l angles . Fo r thi s i t i s necessar y t o transfor m th e solutio n 
xl9 y\  k y a ^ t n e automorphism s o f th e form s (A 9 B 9 C) , i .e . , b y a l l th e power s 

f a l> /3l ^ 
of th e basi c automorphism . 

l y i , S i J 
If =  Sf  \  9  t n e n a ^ thes e representation s obtaine d b y trans -

l y i , 8\J  l y s , 8 S J 

formation o f a  basi c representatio n x* f y,  hav e th e for m x  =  a  x,  +  / 3 y , , y  = 

y * , +  8  y,.  Beside s thes e representation s homologou s t o th e representatio n 
XV y\  wlt ^ ^ s p ^ 0 * t o t n e periodicit y o f th e hyperboli c rotation , ther e ar e associa te d 

with th e representatio n x^ 9 y^  th e furthe r representation s -  x  t  -  y  symmetri c 

with the m wit h respec t t o th e poin t 0 . 

62. Connectio n wit h th e Pe l l equation . Al l th e automorphi c transformation s 

s> HS \  a Q ( j a Y\ th e representation s x s, y s homologou s t o th e representatio n 
l y s . 8 S J 

x,f y,  ma y b e calculate d muc h mor e convenientl y i f w e tur n t o th e paramete r p 

of th e Pe l l angl e o f th e give n form . 

We conside r a n arbitrar y nonzer o poin t Q  o n th e asymptot e an d le t it s coor -

dinates wit h respec t t o th e vector-pai r OPP,  b e x,  y.  The n wit h respec t t o th e 

vector-pair OP^P^^^  (her e w e agai n assum e tha t th e perio d consis t s o f k  mem -

bers) i t ha s coordinate s x  =  x/p,  y'  =  y/p, wher e p  i s th e paramete r o f th e Pel l 

angle. Fro m thi s w e obtai n x/y  ={a^x  +  )81y)/(y1^+ 8,y)  o r y^x  +  (S j -  a^)  xy  -

jQ y 2 =  0 . Bu t s i n c e th e poin t Q  l i e s o n th e asymptot e w e hav e th e furthe r 

relation Ax 2 +  2Bxy  +  Cy 2 =  0 . Henc e A  :  lB :  C =  y x :  8X -  a x :  -  / 3 r 

Among othe r thing s w e her e obtai n th e convers e t o th e theore m abou t th e 

periodicity o f a  lattic e o f a  for m wit h intege r coefficients . 

THEOREM XVII . If  a  chain  of  reduced  forms  is  periodic,  then  the  coefficients 

A, B  and  C  of  the  form  are  proportional  to  rational  integers. 

In othe r words , i f a  lattic e periodicall y repeat s unde r hyperboli c rotatio n wit h 

respect t o a  give n asymptote , the n it s for m i s proportiona l t o a  for m wit h intege r 

coefficients. 

Let a  b e th e greates t commo n diviso r o f th e number s A,  2B,  an d C . The n 

y, =  Au-,/a,  o \ -  a , =  iBu^/a,  an d -  /S , =  Cujo, wher e u^  i s a  rat iona l integer . 
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If w e hav e a 1 +  8^  -  It^/o,  the n w e ge t a^  =  (t l -  Bu^)/o,  jS j =  -  CU^/G, 

yj =  Au^/a,  an d 8^  =  (ij _ +  Bu^f/a.  Or , sinc e o^S ^ -  /3jy i =  1  (namel y +  1 , 

since th e tw o vector-pair s OPP*  an d OPL.PL.  +  \ a r e identicall y oriented) , w e 

have £ ? - Dui  =  a ,  i . e . , w e obtai n th e Pel l equation . I f ( £ , , 77̂ ) an d (f 2 , J?? ^ 

are th e coordinate s o f th e point s P  an d P^ 9 whil e (£ j , 77̂ ) an d ( f 1 , 77̂ ) a r e t n e 

coordinates o f th e point s P^  an d ^  +  1, the n ^  =  O-j ^ +  y ^ anc * ^ 2 =  ^1^ 1 + 

8j£2. Moreover , w e hav e f j =  pA, an d £ 2
 =  pf? ' t ^ lus w e O D t a *n 

( a x - p ) ^ + y i f 2 =  0 , jSj^ j +  ( 8 - p ) f 2 =  0 , 

from whic h i t follow s tha t 

p 2 -  (a x +  8 x)p +  (ajfi j -  p iyi) =  0 . 

If w e substitut e her e th e expression s jus t obtaine d fo r a , , (3^,  y-,,  an d S j th e 

equation wil l tak e th e for m p 2 -  2t.p/a  +  (* ? -  Dw?)/cr  =  0  o r p  =  (£ , ±  y/Du^/a. 

The transitio n fro m th e vector-pai r OPP^  t o th e vector-pai r OP s^Psk +  i 

corresponds t o th e paramete r p s whic h i s associate d wit h th e magnitude s o f 

a | 3 ,  y  ,  an d 8  i n th e sam e wa y tha t th e paramete r p  i s associate d wit h th e 

magnitudes o f a^ , jSj , y j an d S j . Fro m thi s w e obtai n first , tha t i n th e relatio n 

£j +  \J  D u^  *| s t  +  \JD u s 

o J  a 

t an d u  ar e integers , an d secondly , tha t 

t —  Bu -  Cu  Au  t  +  Bu 

s a  >  r*s  a  /s  a  s  a 

Hence al l th e solution s homologou s t o th e solutio n x, f y^  ar e obtaine d i n th e fol -

lowing form : 
xs=a U j t , - U j f i +  y j C ) ^ ] , 

y * = 5 [ y i ' « +(x 1A +  y 1B)us]. 

63• Th e cas e o f a  for m with intege r coefficient s whos e determinan t i s a  per -

fect square . Thi s cas e i s no t covere d b y th e abov e theore m sinc e th e asymptote s 

are rational . I t i s possibl e t o sho w tha t al l th e differen t c lasse s o f suc h form s 

for whic h D  =  d  hav e a s thei r representative s th e form s 

(0, d,-d+  1) , (0 , d,  -  d  +  2) , •  • <, (0, d,  0) , •  < • , (0 , d,  d  -  l ) , (o , d,  d). 

Since 

Ax2 +  2Bxy  +  Cy 2 =  [ - ^ x  -y)  [—^  x-yU, 
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the representatio n o f th e numbe r m  i n term s o f suc h a  for m lead s simpl y t o th e 

solution o f th e determinat e syste m o f equation s 

(-B +  d)x-Cy  =  m 1, (  -  B  -  d)x  -  Cy  =  m 2 

in integer s x,  y  fo r al l factorization s o f th e numbe r mC  int o intege r factor s 
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INVESTIGATIONS I N TH E GEOMETR Y O F GALOI S THEOR Y 1 } 

B. N . DELON E an d D. K . FADDEE V 

§ 1 . TH E THEOR Y O F fi-ALGEBRAS 

1. Th e spac e K n a s a n algebra . Le t ther e b e give n a  completel y arbitrar y 

(commutative) fiel d K  an d a n ^-dimensiona l vecto r spac e ove r it . W e choos e i n 

the fiel d a  basi s E  an d beside s th e operation s o f vecto r additio n an d subtrac -

tion an d multiplicatio n b y scalar s (element s o f K),  w e introduc e th e operatio n o f 

multiplication o f vector s (points) . Th e produc t o f tw o vector s wil l b e th e vecto r 

whose coordinate s wit h respec t t o th e chose n basi s (th e initia l basis ) ar e equa l 

to th e product s o f th e correspondin g coordinate s o f th e vector s bein g multiplied . 

Under th e introductio n o f thi s operatio n th e vecto r spac e become s a  commutativ e 

algebra, whic h w e wil l denot e b y K n. Amon g th e X-linea r subspace s o f K R w e 

note th e coordinate  subspaces  spanne d b y a  subse t o f th e vector s o f th e initia l 

basis, an d th e bisectrices,  namel y th e set s o f al l point s havin g equa l coordinate s 

with respec t t o complexe s o f vector s int o whic h al l th e vector s o f th e initia l 

basis ca n b e decomposed . B y th e initial  basis  of  a  bisectrix  w e mea n th e collec -

tion o f al l vectors , eac h o f whos e coordinate s i s equa l t o 1  i n on e o f th e com -

plexes o f vector s o f th e initia l coordinat e basi s E  characterizin g th e bisectrix , 

and i s equa l t o zer o i n th e remainin g axes . Correspondingly , th e initial  basis  of 

a coordinate  subspace  wil l b e th e collectio n o f vector s fro m th e initia l basi s E 

by whic h th e subspac e i s spanned . Bisectrice s an d coordinat e subspace s ar e 

subalgebras o f K  whil e multiplicatio n o f point s o f a  bisectri x (coordinat e sub -

space) wit h respec t t o th e initia l basi s o f th e whol e K  coincide s wit h multipli -

cation define d fo r th e bisectri x (coordinat e subspace ) wit h respec t t o it s initia l 

basis . 

LEMMA 1 . Any  K-subalgebra  Q  of  the  algebra  K  is  either  a  coordinate 

1) This Supplemen t i s a  translation o f th e firs t fou r section s o f th e articl e i n Mat . Sb. 
(N.S.) 15(57 ) (1944) , 244-254 . 
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subspace, a  bisectrix  of  E  or  a  bisectrix  of  a  coordinate  subspace. 

PROOF. W e choos e a  numberin g o f th e axe s s o tha t point s wit h nonzer o 

first coordinate s ar e locate d i n Q.  Amon g thes e point s w e choos e a  poin t co,  with 

the leas t numbe r o f nonzer o coordinates . The n al l th e nonzer o coordinate s o f th e 

point co  are equal . I n fact , i f w e assum e tha t co  has a  coordinat e ay  '  differen t 

from th e firs t coordinat e coS  ' an d differen t fro m zero , the n th e poin t co'  = co  -

belonging t o Q,  woul d hav e a  nonzer o firs t coordinat e an d a  smalle r num -

ber o f nonzer o coordinate s the n co.  Togethe r wit h th e poin t co,  Q  contain s th e 

point £ , =  or  '  *co,  whos e coordinate s wit h th e give n numberin g o f axe s ar e 

(1, 1 , •  <«., 1 , 0 , 0 , •  * *  ,  0) . Moreover , th e firs t n.  coordinate s o f an y poin t r  i n 

"1 

Q ar e equal , fo r i f ther e wer e a  coordinat e r 2 ' o f th e poin t r , take n fro m amon g 

the firs t n^  coordinate s an d no t equa l t o th e firs t coordinat e r  \  the n th e poin t 

r =  T*  6j -  r  '  • €^ woul d hav e a  nonzer o firs t coordinat e an d woul d hav e fewe r 

nonzero coordinate s tha n co.  Applyin g th e sam e argumen t t o eac h coordinat e axi s 

for whic h ther e exis t point s o f Q  wit h th e correspondin g coordinat e differen t 

from zero , w e se e tha t al l th e point s o f Q  hav e coordinate s 

( J 1 * , . . < , o> (1>, • . - , co (m\ . . • , a>< m\ 0 , •  - •., 0 ) , 
v y f v y i v v ^ * 

"1 n m n ' 

where th e point s 

«! = ( 1 , • . . , 1 , 0 , •< - , 0) , •- • 

belong t o Q,  an d therefor e co^ l\ •<< , co {m) ar e arbitrar y element s o f K.  I f 

ttj =  .. . , =  n  =  1 , the n Q  i s a  coordinat e subspace , an d i f n'  = 0 the n Q  i s a 

bisectrix o f K n; i n th e remainin g case s Q  i s th e bisectri x o f a  coordinat e sub -

space. Th e lemm a i s proved . 

2. R -algebras o f th e spac e K n. Decompositio n int o a  direc t sum . Le t ther e 

be give n som e fiel d R  containe d i n K,  an d le t a  basi s Q>  b e selecte d i n K  , 

which i s , i n general , no t th e initia l one . B y a n /{-modul e w e wil l mea n a  collec -

tion o f al l point s o f K  havin g element s o f th e fiel d R  a s coordinate s wit h re -

spect t o <& n. An R -module whos e point s ar e reproduce d unde r multiplicatio n wil l 

be calle d a n R -algebra. A n exampl e o f a n /{-algebr a i s a n /{-modul e constructe d 

on th e initia l basi s E  . 
n 

A linea r subspac e o f K n tha t i s a  K-linea r envelop e o f som e collectio n o f 
vectors o f a n /{-algebr a A  wil l b e calle d a n ^-complete  subspace , an d th e collec -
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tion o f point s o f A  include d i n i t wil l b e calle d it s ^completion.  I n particular , 

all o f K  i s A-complete . Th e dimensio n o f a n A-complet e subspac e i s equa l t o 

the dimensio n (wit h respec t t o R)  o f it s A-completio n for , a s i t i s eas y t o see , 

vectors o f an y /{-modul e whic h ar e linearl y independen t wit h respec t t o R  remai n 

linearly independen t wit h respec t t o K.  Clearly , th e vecto r su m o f tw o A-complet e 

subspaces i s A-complete . I t i s als o eas y t o se e tha t th e intersectio n o f tw o 

A-complete subspace s i s A-complete , sinc e th e dimensio n (wit h respec t t o K)  o f 

this intersectio n an d th e dimensio n o f th e completion s containe d i n i t ar e equa l 

to th e sam e number , namely , t o th e amoun t b y whic h th e su m o f th e dimension s o f 

the give n subspace s exceed s th e dimensio n o f thei r vecto r sum . A  linea r trans -

formation o f K  whic h take s al l th e point s o f a n /{-algebr a A  int o point s o f A 

will b e sai d t o b e rational  wit h respec t t o A . Clearly , linea r transformation s 

rational wit h respec t t o A , singula r o r nonsingular tak e an y A-complet e sub -

space o f K  (i n particula r al l o f K  )  int o a n A-complet e subspace . 

LEMMA l' . Subalgebras  (over  R)  of  an  R-algebra  A  are  A-completions  of 

A-complete subalgebras  of  K  ,  i.e.,  they  are  bisectrices,  coordinate  subspaces, 

or bisectrices  of  coordinate  subspaces. 

In fact , i f B  i s a  subalgebr a o f A , the n it s X-linea r envelop e B  i s a  sub -

algebra o f K n. An y m-dimensiona l subalgebr a o f th e /{-algebr a A  ma y b e con -

sidered a s a n /{-algebr a o f th e spac e K m, pu t int o th e correspondin g coordinat e 

subspace o r bisectrix , i .e . , a s a n R-algebr a o f thi s subspac e wit h respec t t o it s 

initial basis . 

A zero  divisor  wil l b e an y poin t tha t ha s bot h zer o an d nonzer o coordinates . 

It i s eas y t o se e tha t i n an y /{-algebr a i t i s possibl e t o divid e b y an y o f th e 

points tha t ar e no t zer o o r zer o divisors . I n fact , multiplicatio n o f K  b y suc h a 

point A  i s a  nonsingula r linea r transformatio n rationa l wit h respec t t o A  whic h 

takes al l o f A  int o al l o f A . Hence , fo r eac h poin t p.  i n A  ther e i s a  poin t p 

in A  suc h tha t p'X  =  p,  i .e . , p  =  p/X.  I t further follow s fro m thi s tha t an y /{ -

algebra tha t contain s a t leas t on e poin t tha t i s no t a  zero-diviso r an d i s no t equa l 

to zer o wil l contai n th e identit y ( l , 1 , •  • • , l ) . 

If th e /{-algebr a A  ca n b e represente d i n th e for m o f a  direc t su m o f tw o 

/{-algebras, i .e . , i n th e for m o f th e vecto r su m o f tw o algebra s completin g th e 

complementary coordinat e subspaces , the n A  i s sai d t o b e a  reducibl e algebra , 

while i f suc h a  representatio n i s impossible , A  i s sai d t o b e irreducible . An y 

reducible /{-algebr a contain s zero-divisors ; fo r example , al l th e point s o f th e 

algebras whic h ar e bein g added . Th e ver y importan t convers e als o holds . 
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LEMMA 2 . If  an R-algebra  contains  a  zero-divisor  co,  then  it  is  reducible  and  de-

composes into  the  direct  sum  of two  R-algebras 9 one  of  which is  in  the coordinate  sub-

space K n which  includes  those  axes  for  which the  coordinates  of  co  are different  from 

zero, while  the  other  R-algebra  is  in  the  complementary  coordinate  subspace. 

PROOF. W e multipl y K n b y th e poin t co.  Whe n thi s i s done , K R goe s int o 

Kn .  Sinc e multiplicatio n b y a  poin t co  £ A  i s a  rationa l transformatio n wit h re -

spect t o A , therefor e K n wil l b e A-complete . Th e completio n o f K n i s clearl y 

an algebr a an d wil l b e denote d b y Aj . Th e poin t co  belongs t o i t an d i s no t a 

zero-divisor i n it ; henc e A^  include s a  uni t e±  o f th e spac e K n .  Further , th e 

transformation a  =  a  -  a ^ i s rationa l wit h respec t t o A  an d take s K R int o th e 

space K n tha t i s complementar y t o K n .  Thi s subspac e i s als o A-complete . It s 

completion form s i n it s tur n a n algebr a A 2 . Sinc e fo r an y a  € A , i t i s tru e tha t 

a =  ae l +  (a -  ae^) , a ^ £  Aj , a  -  ae 1 £  A 2 an d K n f]  K n =  0 , th e algebr a A 

is th e direc t su m o f A . an d A 2 . 

It i s no w eas y t o prov e th e followin g importan t theorem : 

THEOREM 1 . Each  R-algebra  A  is  either  irreducible  or  uniquely  decompos-

able into  the  direct  sum  of  irreducible  algebras. 

PROOF. I f A  i s reducibl e w e decompos e i t int o th e direc t su m o f tw o alge -

bras; i f on e o r bot h o f thes e i s reducibl e w e continu e th e decomposition , an d s o 

on. Th e proces s o f decompositio n mus t terminate , sinc e th e numbe r o f direc t sum -

mands o f A  canno t excee d it s dimension . Thu s A  i s decompose d int o th e direc t 

sum o f irreducibl e R -algebras A j , A 2 , •  < < , A .̂ . Sinc e a n irreducibl e algebr a ca n 

not contai n a  zero-divisor , th e complexe s o f vector s o f th e initia l basi s pertainin g 

to th e subspace s containin g Aj , A 2 , •  * * , A ^ ma y b e characterize d b y th e fac t 

that th e coordinate s o f al l o f th e point s o f A  tha t correspon d t o eac h separat e 

complex eithe r vanis h o r do no t vanis h simultaneously . Thi s hold s fo r ever y com -

plex o f coordinat e vector s o f eac h subspac e containin g a n irreducibl e summan d o f 

the algebr a A , an d henc e suc h a  summan d mus t coincid e wit h on e o f th e A  , 

A2> .  << , A, . Th e theore m i s proved . 

We note tha t i t follow s fro m thi s theore m tha t an y /{-algebr a contain s a  uni t 

of K n. I n fact , eac h irreducibl e /{-algebr a contain s a  uni t becaus e o f th e possi -

bility o f divisio n b y an y on e o f it s point s othe r tha n zero , whil e th e su m o f unit s 

of al l th e subspace s containin g irreducibl e summand s o f th e algebr a i s clearl y a 

unit o f th e whol e K  . 
n 

3. Th e direc t produc t o f algebras . Le t ther e b e give n point s a  an d j 8 



INVESTIGATIONS I N THE GEOMETRY OF GALOIS THEORY 49 5 

in th e space s K m an d K n wit h coordinate s ( a ^ x \ a^ 2\ •<< , a( m)) an d ( j 8 ^ \ 

/S^ \  •  • *, j8' n'). W e associate wit h the m a  poin t o f th e spac e K  wit h coordi -

nates ( •«* , aS l> • / 8 ^, •  • • ), i  =  1 , •  ^ ,  m;  /  =  1 , •  < *  ,  ra.  The poin t constructe d i n 

such a  manne r wil l b e calle d th e composite  point  o f a  an d / 3 an d wil l b e denote d 

by a * j3 . I t i s eas y t o convinc e onesel f o f th e validit y o f th e followin g rule s fo r 

operations: 

(11) a * ( j 8 1 + j 8 2 ) = . ( a * j 8 1 ) +  (a*j8 2) , 

(12) ( a 1 +  a 2 )* j8 =  (a 1 *j8) +  ( a 2 * / 8 ) , 

(13) a*(a/3 ) =  (aa)*j8 =  o ( a *  /3) , 

where a  denote s an y scalar ; 

(2) a 1 a 2 * / 3 1 ) 3 2 =  ( a 1 * j 3 1 ) ( a 2 * j 8 2 ) . 

The composite  of  two  point  collections  A  an d B  wil l b e th e collectio n o f 

the composite s o f al l th e point s o f A  wit h th e point s o f B . Finally , th e direct 

product A * B o f th e collection s A  an d B  (whic h ar e assume d t o b e additiv e an d 

subtractive) wil l b e th e collectio n o f al l point s obtaine d fro m th e composite s o f 

A an d B  b y additio n an d subtraction . 

THEOREM 2 . The  direct  product  of  two  R-algebras  is  an  algebra. 

PROOF- Fro m th e definitio n o f th e direc t produc t an d fro m propertie s ( 1 ) , 

(1 ) , an d ( 1 )  fo r composite s o f points , i t follow s tha t th e direc t produc t o f linea r 

envelopes (wit h respec t t o th e fiel d K  o r t o on e o f it s subfields ) o f tw o col lec -

tions i s th e linea r envelop e o f thei r composites . I n particular , K  *K  =  K  , 

for th e composit e o f th e initia l basi s o f K m an d K  i s th e initia l basi s o f K 

Further, th e composit e o f an y coordinat e system s ©  an d &  o f th e space s K 

and K n i s alway s th e basi s o f K mn, sinc e it s X-linea r envelop e i s equa l t o 

K *K  =  K  an d i t consist s o f exactl y mn  vectors . Fro m thi s i t follow s tha t 
m n  mn  J 

the direc t produc t o f R-algebra s i s a n /{-modul e base d o n th e composite s o f it s 

bases . Thi s /?-module , i n vie w o f rul e (2) , i s reproduce d b y multiplication , i .e . , 

is a n /{-algebra , whic h i s wha t w e wante d t o show . 

§2. THE GALOIS GROUP OF AN R-ALGEBRA 

By axial-superpositions  w e wil l mea n linea r transformation s o f K  b y whic h 

the vector s o f th e initia l coordinat e basi s ar e onl y permute d amon g themselves . 

An axial-superposition  into  itself  o f a n /{-algebr a wil l b e a n axial-superpositio n 

that take s th e /{-algebr a int o itself . Axial-superposition s o f a n /{-algebr a int o 

itself ar e automorphism s o f th e /{-algebr a an d clearl y for m a  group . Ther e exis t 
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/{-algebras admittin g al l n\  possibl e axial-superpositions ; a n exampl e i s a n 

/{-algebra constructe d o n th e initia l basis . Th e othe r extrem e cas e i s als o pos -

sible, whe n th e /{-algebr a doe s no t hav e an y axial-superposition s int o itsel f othe r 

than the identity . Fo r a n irreducibl e /{-algebr a th e numbe r o f axial-superposition s 

into itsel f canno t excee d it s dimension ; namely , th e followin g assertio n i s true . 

LEMMA 1 . Among  the  axial-superpositions  of  an  irreducible  R-algebra  into 

itself there  exists  not  more  than  one  taking  some  vector  of  the  initial  basis  into 

a particular  other  vector  of  the  initial  basis,  i.e.,  there  are  no  more  than  n  axial-

superpositions. 

PROOF. Le t u s assum e th e contrary , namely , tha t tw o distinc t axial-super -

positions int o itsel f a^  an d a 2 ° f a n /{-algebr a A  tak e a  vecto r e j o f th e initia l 

basis int o th e sam e vecto r e 2 . The n th e axial-superpositio n a * =  o^?\  4  1  take s 

e j int o itself . Her e ther e exist s a  poin t a  o f A  suc h tha t a  *  =  / 3 ^  <x , sinc e 

a*, *£ 1 . Th e firs t coordinate s o f th e point s a  an d / 3 ar e equal , sinc e e  i  =  e i 

and henc e th e poin t j 8 - a  o f A  turn s ou t t o b e a  zero-divisor , whic h i s impos -

sible i n vie w o f th e irreducibilit y o f A . Th e lemm a i s proved . 

We will sa y tha t a n /{-algebr a o f th e spac e K  i s normal  i f i t i s irreducibl e 

and ha s n  axial-superposition s int o itself . 

THEOREM 1 . Every  irreducible  R-algebra  of  A  is  a  subalgebra  of  some 

normal algebra. 

PROOF. W e tak e n  copie s o f th e algebr a A , denotin g the m b y A ^ A 2 , •  < * 

• * * , A ^ an d w e for m thei r direc t produc t D . I t i s a n /{-algebr a i n a  spac e o f 

dimension n n. W e wil l numbe r th e vector s o f th e initia l coordinat e syste m o f thi s 

space wit h set s o f indice s ( / ^ / 2 , •  < <, / n)> wher e w e la y ou t o n the axe s 

e . - > # # •  th e product s o f th e /jt h coordinate s o f th e point s o f A j , th e / 2th coor -

dinates o f th e points o f A 2 , an d s o o n t o th e /  t h coordinate s o f th e point s o f 

A^ an d th e sum s o f suc h products . W e consider no w th e n\  axe s whos e *  l u m-

bers' * do no t includ e identica l indices , an d w e sho w tha t D  ha s a  direc t summan d 

C whic h i s containe d i n th e coordinat e subspac e K  ,  base d o n thes e axes . W e 

introduce int o th e algebr a A  th e basi s co*,  •  <« , co  ;  w e denot e b y co^  j , •' •, <*> n ^ 

the correspondin g base s o f th e algebra s A. , an d w e construc t th e poin t / 3 , 

represented symbolicall y i n th e for m o f th e determinan t 
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0 = 

coxl co l2 . . . co ln 

co2l co 22 . - . co 2n 

CO •.  0)  ~> 

In th e calculatio n o f thi s determinan t i t i s necessar y t o conside r it s individ -

ual element s a s composite s o f point s o f th e algebra s A, , .  < < , A  ,  whil e additio n 

must b e understoo d a s additio n i n th e algebr a D . Clearly , th e coordinat e o f th e 

point / 8 tha t correspond s t o th e axi s e . .  .  i s equa l t o th e determinan t whos e 

columns ar e compose d respectivel y o f th e j ^ 9 j 2 , •  • <, j  t h coordinate s o f th e 

points co. , (02*  " •  * *  w  .  Henc e al l th e coordinate s o f th e poin t / 3 tha t correspon d 

to axe s whos e "numbers " contai n equa l indice s ar e equa l t o zero , whil e th e coor -

dinates correspondin g t o axe s withou t equa l indice s ar e equal , u p t o th e sign , t o 

the determinan t consistin g o f al l th e coordinate s o f th e point s CDJ , a> 2, ' " * »  & > 

and ar e thu s differen t fro m zero . Hence , i n vie w o f Lemm a 2 , th e algebr a D  act -

ually ha s a  direc t summan d C  tha t i s containe d i n th e coordinat e subspac e K  , . 

We now rearrang e i n som e manne r A  ,  A2, •  • •, A^ . The n thei r direc t product s wil l 

not chang e whil e th e axi s wit h th e numbe r (/, , j 2 , •  <«, j  )  wil l g o int o th e axi s 

with th e numbe r i n whic h th e indice s j \ t j2 , .  • • , ;  underg o th e correspondin g 

permutation. Th e algebr a C  i s transforme d int o itsel f an d an y axi s o f it s initia l 

basis ma y b e take n int o an y othe r axi s o f th e sam e basi s b y mean s o f th e appro -

priate choic e o f th e permutatio n o f Aj , A 2 , •  * *  ,  A^ . Th e algebr a C  ma y tur n ou t 

to b e reducible ; clearly , i n thi s cas e i t i s th e direc t su m o f identica l norma l alge -

bras. I n fact , le t a  b e a n axial-superpositio n int o itsel f o f th e algebr a C  (induce d 

by som e permutatio n o f Aj , A 2 , •  • •, A^) , whic h take s som e axi s o f th e subspac e 

containing a n irreducibl e summan d o f B  int o anothe r axi s o f th e sam e subspace . 

This axial-superpositio n take s B  int o som e irreducibl e summan d o f th e algebr a 

D whic h mus t coincid e wit h B , fo r coordinat e subspace s containin g distinc t 

irreducible summand s o f algebra s intersec t onl y i n zero . Hence , suc h a n axial -

superposition o f C  induce s a n axial-superpositio n o f B  int o itself , wher e an y 

axis o f th e initia l basi s o f th e algebr a B  ma y b e take n int o an y othe r axi s o f it s 

initial basis , i .e . , B  i s normal . Havin g considere d a n axial-superpositio n takin g 

some axi s o f a n irreducibl e summan d B  int o a n axi s o f anothe r irreducibl e sum -

mand B  ,  we se e tha t i t takes B  int o B ' . Thu s w e se e tha t al l th e direc t summand s 

of C  ar e norma l an d ma y b e obtaine d fro m on e o f th e B  b y axial-superpositions , 

i .e . , the y ar e equa l t o eac h other . 
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Further, th e algebr a D  contain s th e composit e A , * l * . , , * ! =  A , , whic h 

is nothin g othe r tha n th e algebr a A  base d o n som e bisectrix ; namely , th e firs t 

coordinates o f point s o f A  ar e lai d ou t o n th e comple x o f axes , th e firs t inde x o f 

which i s equa l t o 1 , th e secon d o n th e comple x o f axes , th e firs t inde x o f whic h 

is equa l t o 2 , an d s o on . Le t e  b e a  uni t o f th e spac e K  , . The n clearl y e  £  C 

and A.e  C  C i s agai n a n algebr a A  pu t int o th e correspondin g bisectri x o f K n]. 

Thus, A  i s a  subalgebr a o f C , base d o n th e bisectri x o f al l o f K  , . But , i n an y 

case , A  i s a ls o a  subalgebr a fo r B , whic h follow s fro m th e followin g lemma : 

LEMMA 2 . If  an  irreducible  R-algebra  A  is  a  subalgebra  of  an  R-algebra 

C and  is  located  on  the  bisectrix  of  all  of  its  space,  then  A  is  a  subalgebra  of 

each irreducible  summand  of  C . 

PROOF. Le t C  =  B ^ +  •  * < +  B ^ b e th e decompositio n int o irreducibl e sum -

mands, le t K n •**,  K n b e th e subspace s containin g Bj , • • • , B^ , le t K n, t  .  ^ 

• < *,  K n, b e th e subspace s complementar y t o them , an d le t e^ , •  *« , e^  b e unit s 

of th e algebra s B j , •  < *  i  B^ . The n clearl y th e collectio n e- A i s a  subalgebr a o f 

B., th e coordinat e point s o f whic h coincid e wit h th e coordinate s o f th e correspond -

ing point s o f A , wher e al l th e coordinate s wil l b e represente d unles s multiplica -

tion b y €. annihilate s som e vecto r o f th e initia l coordinat e syste m o f th e bisec -

trix containin g A . Bu t thi s situatio n woul d b e possibl e onl y i f th e bisectri x con -

taining A  ha d a n intersectio n wit h th e spac e K nt. othe r tha n zero , whic h i s im -

possible. I n fact , i f ther e wer e a  bisectri x containin g A  wit h a  nonzer o inter -

section wit h K n,,y the n thi s intersection , bein g th e intersectio n o f C-complet e 

subspaces, woul d b e C-complete , an d point s o f thi s intersectio n woul d b e zero -

divisors an d would b e include d i n A , whic h i s impossible , i n vie w o f th e irreduc -

ibil ity o f A . Thu s eac h algebr a € A i s equa l t o A  base d o n som e bisectri x 

Kn. i n a  correspondin g way , i .e. , A  i s a  subalgebr a o f eac h B. . Lemm a 2  an d 

Theorem 1  are no w prove d i n full . 

We note that , startin g wit h th e reducibl e algebr a A , b y th e sam e construc -

tion w e coul d hav e constructe d a  norma l algebr a B . Havin g generalize d Lemm a 

4 i n a  correspondin g manner , i t i s eas y t o se e tha t th e norma l algebr a s o con -

structed contain s al l th e irreducibl e summand s o f A  a s subalgebras . Further , i t 

is possibl e t o sho w tha t th e norma l algebr a B  thu s constructe d i s minima l amon g 

all th e norma l algebra s tha t contai n al l th e irreducibl e summands . 
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§ 3 . BASI C THEOREM S O F GALOI S FO R R-ALGEBRA S 

Let ®  b e th e grou p of axial-superposition s o f a  norma l algebr a A  an d le t § 

be on e o f it s subgroups . W e decompose al l th e axe s o f th e initia l coordinat e sys -

tem int o complexes , puttin g int o on e comple x al l th e axe s tha t ca n b e obtaine d 

from on e anothe r b y mean s o f axial-superposition s fro m th e grou p § . I t i s eas y t o 

see tha t suc h complexe s d o no t hav e commo n axes , tha t th e numbe r o f axe s i n 

each comple x i s equa l t o th e orde r o f §  ,  an d henc e tha t th e numbe r o f complexe s 

is equa l t o th e inde x o f § . Th e bisectri x o f th e spac e K  determine d b y suc h a 

decomposition o f th e initia l coordinat e syste m wil l b e calle d th e bisectri x belong-

ing to  the  subgroup  §  .  It s point s ma y b e characterize d b y th e fac t tha t the y an d 

only the y remai n fixe d unde r al l th e axial-superposition s fro m ® . 

THEOREM 1 . Any  R-subalgebra  of  a  normal  R-algebra  A  is  the  completion 

of a  bisectrix  belonging  to  some  subgroups  of  the  group  of  axial-superpositions 

® of  the  algebra  A  into  itself.  Conversely,  a  bisectrix  belonging  to  some  sub-

groups of  the  group  ®  is  k-complete  and  its  completion  is  a  subalgebra  of  A . 

PROOF. Le t ther e b e give n a  subalgebr a B  o f a  norma l algebr a A . I t com -

pletes som e bisectri x B  o f th e whol e K n. Le t thi s bisectri x b e characterize d b y 

the equalit y o f coordinate s i n th e complexe s o f axe s 

(el> *"'  *rr)>  ( em + l» • , < ) , » v « . 

We consider th e collectio n § j o f al l axial-superposition s takin g th e axi s e^  int o 

the axe s o f th e firs t complex . Thes e axial-superposition s d o no t chang e al l th e 

points o f B , fo r i f on e o f thes e axial-superposition s co  € B  wen t int o a  differen t 

point co  , then , i n vie w o f th e normalit y o f o > G  A , A  woul d contai n th e zer o 

divisor co  -  co  .  Eac h axial-superpositio n takin g e , int o th e axi s e , o f anothe r 

complex change s a t leas t on e poin t o f th e subalgebr a B , sinc e ther e exis t i n i t 

points tha t hav e unequa l coordinate s i n th e axe s e , an d e , . Thu s th e collectio n 

§2 coincide s wit h th e collectio n §  o f al l th e axial-superposition s tha t d o no t 

change al l th e point s o f th e subalgebr a B . Fro m thes e consideration s w e conclud e 

that th e collectio n o f al l axial-superposition s takin g an y axi s int o al l th e axe s o f 

the comple x containin g i t coincide s wit h th e collectio n § . Clearl y §  i s a  group , 

and th e bisectri x containin g B  belong s t o thi s group . 

Let ther e no w b e give n som e subgrou p §  o f th e grou p ®  o f axial-superposi -

tions int o itsel f o f th e norma l algebr a A . W e associat e wit h eac h poin t a  £  K 

the su m o f al l th e point s obtaine d fro m a  b y axial-superposition s fro m th e grou p 

§ . Thi s determine s a  linea r transformatio n o f K  whic h i s rationa l wit h respec t 
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to A  becaus e o f it s normality , an d whic h take s al l 6 f K  int o a  bisectri x belong -

ing t o § . Henc e thi s bisectri x i s A-complet e an d it s completio n i s clearl y a  sub -

algebra o f th e algebr a A . Th e theore m i s prove d i n full . 

THEOREM 2 . / / §  is  a  normal  divisor  of  the  group  ®  of  axial-superpositions 

of a  normal  R-algebra  A , then  the  subalgebra  B  belonging  to  S p is  normal  and 

its group  of  axial-superpositions  is  isomorphic  to  ® / § . 

PROOF. Le t ®  = §  +  a 2 § +  •  * <  +  0$  an d le t e 1 b e on e o f th e vector s o f 

the initia l coordinat e syste m o f K n. The n th e vector s o f th e initia l coordinat e 

system belongin g t o §  ar e e , =  2  e r . I t i s eas y t o se e tha t i f §  i s a  norma l 

divisor o f ® , the n eac h axial-superpositio n o f ®  take s int o itsel f th e initia l basi s 

of th e bisectri x belongin g t o §  an d consequentl y th e whol e bisectrix . I n fac t 

Axial-superpositions induce d i n th e bisectri x for m a  grou p homomorphi c t o 

® wit h th e kerne l o f th e homomorphis m bein g § . Henc e thi s grou p i s isomorphi c 

to ® / § . It s orde r i s equa l t o th e dimensio n o f th e bisectrix . Unde r al l thes e 

superpositions B  goe s int o itself , an d hence , bein g irreducibl e sinc e i t i s a  sub -

algebra o f a n irreducibl e algebr a A , i t i s normal . Th e theore m i s proved . 

§4. CONNECTIO N WITH THE PRESENT-DAY PRESENTATIO N O F GALOIS THEORY 

1. O n generi c points . A  generi c poin t o f th e spac e K n i s a  poin t whos e coor -

dinates ar e distinc t an d differen t fro m zero . 

LEMMA 1 . Any  irreducible  R-algebra  A  contains  a  generic  point. 

PROOF. Le t u s conside r separatel y th e case s whe n R  consist s o f a  finit e 

and o f a n infinit e numbe r o f elements . 

Let th e fiel d R  b e finite . The n an y irreducibl e R-algebr a A  wil l als o b e a 

finite field . A s i s wel l known , al l th e nonzer o element s o f a  finit e fiel d for m a 

cyclic grou p wit h respec t t o multiplication . Le t a  b e a  generato r o f thi s group . 

Then a  i s a  generi c point , fo r i f tw o o f it s coordinate s wer e equal , i .e . , i f a  la y 

in som e bisectrix , the n al l th e element s o f A  woul d li e i n th e sam e bisectri x and , 

except fo r zero , woul d al l b e power s o f a , whic h i s impossible . 

Now le t R  b e infinite . W e find firs t o f al l i n th e /J-algebr a A  point s 
a2» a 3» *  *  * *  a

n
 s u c b t ^ iat ^ e l t k coordinat e a ^ o f th e poin t c u i s differen t 

from it s firs t coordinat e a ' . l Suc h point s ma y b e found , fo r otherwis e A  woul d 
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be i n som e bisectrix . W e now construc t successivel y th e point s j3 2 , j3a , •  * *, ) 8 

such tha t al l th e coordinate s fro m th e secon d t o th e it h o f th e point s /S . ar e dif -

ferent fro m it s firs t coordinate . A s j3 2 w e tak e a 2 , constructin g th e success iv e 

points inductively . Le t jS ^ b e alread y constructed . W e loo k fo r /3 { + 1  i n th e for m 

^j + 1 = @i  +  xa i +  l' w n e r e x  ^^ « Fo r o u r purpos e w e mus t choos e x  s o tha t 

none o f th e followin g equalitie s ar e fulfilled : 

/8</) +S a\^ -ff +xa$v 

None o f thes e equalitie s i s a n identit y (th e las t i n vie w o f th e choic e Q- . + j , 

the remainin g i n vie w o f th e constructio n o f th e poin t j3.) . Henc e eac h o f thes e 

equalities ca n b e satisfie d fo r no t mor e tha n on e valu e o f x.  Takin g x  differen t 

from thi s finit e numbe r o f exclude d values , w e construc t th e poin t j3 , + 1  =  j3, « + 

* a i +  l» satisfyin g th e give n requirement . Th e las t poin t j 8 ,  whic h w e denot e b y 

y,, ha s th e propert y tha t it s firs t coordinat e i s differen t fro m al l th e remainin g 

coordinates. 

In the sam e wa y w e construc t point s y 2 , •  * * , y  s o tha t th e ith  coordinat e 

of th e poin t y . i s differen t fro m al l th e remainin g coordinate s o f tha t point . The n 

we pas s t o th e inductiv e constructio n o f th e point s S 2 , 8^ , •  < < , S  suc h tha t th e 

first i  coordinate s o f th e poin t 8 . ar e distinct . A s 8 2 w e tak e y 2 . Le t 8 i b e 

already constructed . W e loo k fo r th e poin t 8 . + , i n th e for m 8 . +  x Y; +  i f° r x  €.R. 
We must choos e x  s o tha t non e o f th e followin g equalitie s i s satisfied : 

.8fp+xit»l=#»+xJ»v j,  k<i, 

S(/> +xy u)l =« (/+1)+y/;1
1)> / - i , 2 , . - , » . 

The equalitie s i n th e firs t se t ar e no t satisfie d identicall y becaus e o f th e 

choice o f 8. , whil e th e las t ar e no t satisfie d identicall y becaus e o f th e choic e 

of y l +  1. Henc e w e ma y agai n tak e fo r x  an y membe r o f R  othe r tha n a  finit e 

number o f values . 

The las t o f th e point s 8 ^ thu s constructe d wil l no t hav e equa l coordinates , 

and i n vie w o f th e irreducibilit y o f A  al l o f it s coordinate s wil l b e differen t fro m 

0, i .e . , 8  i s a  generi c point . Th e lemm a i s proved . 
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REMARK. I f R  i s infinit e th e requiremen t o f th e irreducibilit y o f A  i s no t 

essential. I t i s use d onl y t o chec k tha t n o coordinat e o f th e poin t 8  i s equa l t o 

zero, whic h ma y b e avoide d b y adding , whe n necessary , a  properl y chose n sca -

lar multipl e o f th e unit . I f R  i s finit e th e requiremen t o f irreducibilit y i s essen -

tial, fo r i n thi s cas e i t i s eas y t o construc t a n exampl e o f a  reducibl e algebr a tha t 

does no t hav e an y generi c points . 

2. Conten t o f th e theor y thu s constructed . W e have th e followin g theorem : 

THEOREM. Any  irreducible  R-algebra  is  a  separable  finite  algebraic  exten-

sion of  the  field  R.  Conversely,  any  separable  finite  algebraic  extension  of 

degree n  of  the  field  R  may  be  represented  in  the  form  of  an  irreducible  R-alge-

bra in  the  field  K  for  a  suitably  chosen  field  K. 

PROOF. Le t a  b e a  generi c poin t o f a n irreducibl e R -algebra A  o f th e 

space K  .  The n th e point s 1 , a , •*%,  a n~*- ar e linearl y independen t wit h respec t 

to K,  i .e . , the y for m a  coordinat e syste m fo r th e spac e K R. I n fact , i f the y wer e 

linearly dependent , tha t i s i f w e ha d c.a n" +  •  < < H - C -  0  wit h coefficient s 

from X , the n th e polynomia l cf>(x)  =  c^x n~ +  •  << + c  woul d hav e n  distinc t 

roots, namel y th e coordinate s o f th e poin t a , whic h i s impossible . Th e basi s 

1, a , •  i <, a" " belong s t o A , an d henc e al l th e point s o f A  ar e representabl e 

in term s o f th e basi s wit h coordinate s i n R.  I n particular , ther e exis t a, , a^,  •  * * 

• * < , a n£ R  suc h tha t a n =  c^a 71"1 +  •  < <  +  a R. Th e root s o f th e polynomia l 

f{x) =  x n -  a^x 11" -  •  < * -a ar e the coordinate s o f th e poin t a ; the y ar e al l dis -

tinct. Th e polynomia l fix)  i s irreducibl e i n /? . I n fact, i f w e ha d fix)  =  cf>^  {x)  • 

4>2 W> wher e (f>*,  cf>2  a re nonconstan t polynomial s wit h coefficient s fro m /? , 

then th e poin t cf>^  (a ) ,  bein g differen t fro m zero , woul d hav e zer o coordi -

nates correspondin g t o thos e coordinate s o f a  whic h ar e root s o f (f>^  (x)  . 

Thus A  =  R  ( a ), wher e a  i s a  roo t o f a  polynomia l tha t i s irreducibl e i n 

R an d whic h doe s no t hav e multipl e roots , i .e . , i t i s a  separabl e finit e algebrai c 

extension o f R. 

Conversely, le t ther e b e give n a  fiel d A , whic h i s a  finit e separabl e alge -

braic extensio n o f /? , le t a  b e a  primitiv e elemen t o f it , an d le t fix)  b e ar t 

irreducible polynomia l determinin g a . W e take fo r K  a  fiel d i n whic h fix)  ma y 

be decompose d int o linea r factors , fo r example , a n algebraicall y close d fiel d 

containing ft.  I n X  le t fix)  =  ix  -  o^ 1)) ix  -  a^)  •  <« ix  -  cS n)). I n vie w o f th e 

separability o f A , al l th e a^\  a^ 2\ •** , cS n) wil l b e distinct . W e associat e 

with th e elemen t a  th e poin t a  o f th e spac e K  wit h coordinate s a A \  a A \  •  < * 

• < < , a' 71'. Sinc e a  i s a  generi c poin t i n K  ,  th e point s 1 , a , •  < *  ,  a/ 1 for m a 



INVESTIGATIONS I N THE GEOMETRY O F GALOIS THEORY 503 

coordinate syste m i n K  .  Clearly , a n /{-modul e base d o n thi s coordinat e syste m 

is a n /{-algebr a A , isomorphi c wit h th e fiel d A . I t wil l b e irreducible , s ince , i n 

view o f th e isomorphis m wit h th e fiel d A , i t wil l contai n n o zero-divisors . Th e 

theorem i s proved . 
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