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PREFACE 

For a  lon g tim e th e rol e o f probabilisti c argument s i n numbe r theor y 
was almos t exclusivel y tha t o f heuristi c device . I n th e cours e o f th e pas t 
twenty years , however , probabilisti c method s hav e bee n firmly  estab -
lished o n the same footing wit h th e othe r method s o f numbe r theory . Thi s 
is but anothe r instanc e o f the penetration o f th e problem s an d method s o f 
one branc h o f knowledg e int o another , whic h i s characteristi c o f moder n 
science. The presen t boo k i s devote d t o application s o f method s o f prob -
ability theor y t o numbe r theory . I t wa s no t possible , withi n th e limit s o f 
the book, to cove r mor e tha n a  par t o f suc h applications . Man y dee p an d 
important result s have not bee n touche d upon . The choic e o f materia l wa s 
determined no t onl y b y suc h subjectiv e factor s a s th e persona l taste s an d 
interests of the author, but also by the fact that , as noted in the Introduction , 
it i s still difficult t o give a  systematic expositio n o f al l th e variou s applica -
tions o f probabilit y theor y t o numbe r theory . Fo r tha t reaso n th e autho r 
decided t o limi t himsel f t o th e probabilisti c theor y o f th e distributio n o f 
additive number-theoreti c functions . 

The firs t varian t o f th e presen t boo k wa s publishe d i n 1959 . I n 196 2 
appeared a  secon d editio n whic h ha d bee n considerabl y revise d an d aug -
mented wit h result s obtaine d sinc e th e publicatio n o f th e first  edition . I 
am ver y gratefu l t o th e America n Mathematica l Societ y fo r decidin g t o 
publish a n English translatio n o f my book . Thi s i s especially gratifyin g t o 
me i n vie w o f th e importan t contributio n o f America n mathematician s 
to th e probabilisti c theor y o f numbers . Severa l o f thei r results , a s th e 
reader will  see , ar e reflecte d i n th e book . Th e translatio n wa s mad e fro m 
the secon d edition , bu t i s no t identica l wit h it . I n additio n t o correction s 
of an editoria l nature , ther e ar e tw o substantia l changes . I n Chapte r I V I 
have added a  proof o f th e Erdos-Wintne r theorem , an d th e par t o f Chap -
ter I X havin g t o do with th e theore m o n larg e deviation s ha s bee n almos t 
completely rewritten . A  difficul t resul t wa s replace d b y on e whic h i s 
simpler an d mor e transparent , althoug h somewha t les s precise . 

It i s my pleasan t dut y t o thank Professo r W . J. LeVequ e fo r hi s origina l 
suggestion tha t a  translatio n shoul d b e publishe d an d fo r hi s genera l 
supervision o f th e work . 

I a m especiall y gratefu l t o Mrs . Susa n Schuu r an d Mis s Gretche n 
Burgie fo r thei r carefu l translation . 

J. Kubiliu s 

vn 
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NOTATION 

The followin g notatio n an d definition s ar e use d throughou t th e book , 
except i n Chapte r X . 

m is a positive integer ; 
n is a large positive integer ; 
s is a fixed positive integer ; 
(mu---tms) an d [m u •••,m s] are , respectively , th e greates t commo n 

divisor an d th e leas t (positive ) commo n multipl e o f th e number s 
mu •  • • , ms\ 

Nn\ •• • }  i s th e numbe r o f positiv e integer s m^n  satisfyin g th e condi -
tions which appea r i n the brackets ; 

»n\ • • •  | = N n( •  •  • \/n i s th e frequenc y o f positiv e integer s m^n  satisfy -
ing the condition s give n i n backets ; 
—p and q  are primes ; 

2L» 2ZP" » IL » I1P" ' denote tha t th e su m o r produc t i s take n ove r al l 
primes or , respectively , ove r al l prim e powers ; 

p° I  m  means that p u |  m,pa +  [ \m\ 
r—r(n) i s som e functio n o f n,  whic h i n eac h instanc e i s define d mor e 

precisely; 

! _ ( ] _ ! ) i f 0 < a < Y „ 

«(pa) = 
p* 

_L i f 

P ^ ) - ^ ( > - 7 ) ; 

ap(m) i s th e non-negativ e intege r suc h tha t p aPim) flm; 

pp(/n) = min (a p(w), Y,)'> 

f 1 , i f p | /n , 
8 ' ( w ) = = \ 0 , i f p jm ; 

IX 



NOTATION 

\ (m)  -• 

1 , i f p \ m t 
P 

l - ± , i f p^m; . 
p 

f(m), A(^ ) , •  • ->fs(™) are additiv e number-theoreti c functions ; 

p^u 

AM-Z&I.AM-Z1*?- (*-!,....*) ; 

\p^u I 

\fl(p)\ ' 

= 1, . . . , J ) ; 

oj(m) i s the numbe r o f distinct prim e divisor s of m; 
Q(m) i s th e tota l numbe r o f prim e divisor s o f m , i.e. , multipl e divisor s 

are counte d accordin g t o thei r multiplicity ; 
u)i(m) i s th e numbe r o f distinc t prim e divisor s o f m  o f th e for m 4f e + l ; 
u)2{nt) is th e numbe r o f distinc t prim e divisor s o f m  o f th e for m 4/2—1 ; 
rk(m) i s th e numbe r o f representation s o f m  a s a  produc t o f £  factors , 

taking int o accoun t th e orde r o f th e factors ; 
r(m) =  T2(m) i s the number o f divisors of m ; 

c w = vt /e _ T U'^; 
— CO 

c, c{,c2, •  •  •  are absolute constants . 
B i s a numbe r (no t alway s th e sam e one ) whic h i s bounded i n absolut e 

value b y a  constant . Thi s constan t i s eithe r absolut e o r depend s o n give n 



NOTATION 

parameters. I n proofs , the constan t ma y depen d o n th e parameter s whic h 
appear i n the statement s o f th e lemma s o r theorems . 

Estimates involvin g th e symbol s 0,  o,  -  ,  x ar e fo r th e mos t par t rela -
tive to n. 

By th e asymptoti c densit y o f a  se t o f positiv e integer s E  i s mean t th e 
limit l in v < * v n\ m£E\ wheneve r i t exists . 

The remainin g notatio n i s eithe r generall y accepte d o r explaine d i n th e 
text. Any departure s fro m th e notation give n her e will be mentione d whe n 
they occur . 

XI 
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INTRODUCTION 

Long ag o i t wa s notice d tha t certai n result s o f numbe r theor y ca n b e 
interpreted probabilistically . Therefor e i t seeme d natura l t o tr y t o us e 
methods o f probabilit y theor y i n orde r t o solv e number-theoreti c prob -
lems. Th e axiomatizatio n o f probabilit y theor y ensure d genera l accept -
ance fo r th e us e o f suc h method s i n th e theor y o f numbers . There i s no w 
a numbe r o f result s i n al l o f th e majo r branche s o f arithmeti c whos e 
proofs ar e strictly dependen t o n probability-theoretic concepts . Th e intro -
duction i n numbe r theor y o f idea s an d method s o f probabilit y theor y 
has mad e possibl e a  ne w approac h t o severa l number-theoreti c problems ; 
it ha s supplie d numbe r theor y wit h a  ne w arsena l o f refine d method s o f 
study, an d ha s le d t o new , an d sometime s ver y unexpected , results . 

At th e presen t tim e i t i s stil l difficul t t o giv e a  systemati c expositio n 
of th e variou s application s o f probabilit y theor y t o numbe r theory . W e 
shall restric t ourselve s t o on e fiel d o f suc h applications : t o th e theor y 
of th e distributio n o f th e value s o f additiv e an d multiplicativ e functions . 
The value s o f thes e function s ar e closel y relate d t o th e propertie s o f th e 
distribution o f prime s i n th e sequenc e o f positiv e integers . Fo r othe r 
applications o f probabilit y theor y t o arithmeti c w e refe r th e reade r t o 
Ju. V . Linnik' s boo k [24] , containing profoun d result s o n binar y additiv e 
problems, and als o to th e book s o f A . G . Postniko v [26 ] and M . Ka c [76] , 
and t o surve y article s b y M . Ka c [74] , P . Erdo s [61;62] , A . Reny i [87] , 
and th e autho r [19] . 

A sequenc e o f rea l o r comple x number s f(m)  (o r g{m))  (m=  1 , 2, •  •  • ) 
is called a n additive  (multiplicative)  number-theoreti c function , i f fo r an y 
pair o f relativel y prim e integer s m u m 2, 

f(m1m2)=J(m1)'hf(m2) (g(m lm2) =  gimj g(m 2)). 

From th e definitio n i t follow s immediatel y tha t / (1 )=0 , an d i f g(m)  i s 
not identically zer o (onl y suc h multiplicativ e function s wil l b e considere d 
below), g(l) =  1 . Furthermore , i t i s obviou s tha t additiv e an d multiplica -
tive functions ca n b e represente d i n th e for m 

p"\\m J> 

Pa\\m " 

xm 
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From thes e "canonical " representation s i t follows tha t additiv e an d multi -
plicative function s ar e completely determine d b y givin g thei r value s /(p°) , 
g(pa) fo r prim e powers pa. I f th e value s o f f(m)  coincid e fo r al l power s o f a 
prime, and similarl y forg(m),  i.e. , f{pa)=f{p),g(pa)=g(p) fo r al l p an d al l 
a = 2 , 3, • • •, then the y ar e calle d strongly  additive  an d strongly  multiplica-
tive, respectively . I f / ( m ^ ) =/(m 1) + /(m 2), g{m xm2) =  g(mx) g(m 2) fo r 
any positiv e integer s m u m 2, no t necessaril y relativel y prime , the n the y 
are said t o be completely additive  an d completely  multiplicative,  respectively . 
In thi s cas e / (p a )=« / (p ) , g(p tt)=ga(p) fo r al l prime s p  an d a  = 2,3 , ••• . 

The concep t o f additive an d multiplicativ e function s ca n b e generalize d 
by definin g the m o n an y multiplicativ e semi-grou p o f integers , o r eve n 
on multiplicativ e semi-group s o f a n arbitrar y nature . 

As is wel l known , mos t o f th e classica l function s o f numbe r theor y ar e 
additive o r multiplicative , an d man y classica l problem s o f arithmeti c ar e 
closely connecte d wit h th e behavio r o f thes e functions . Therefore , th e 
study o f suc h function s occupie s a  significan t plac e i n th e problem s o f 
number theory . 

In general , the value s o f bot h additiv e an d multiplicativ e function s ar e 
distributed ver y erratically . I f we follo w th e chang e i n th e value s o f thes e 
functions a s the argumen t run s throug h th e positiv e integer s i n order , w e 
obtain a  very chaoti c picture , whic h i s usuall y observe d whe n considerin g 
jointly th e additiv e an d multiplicativ e propertie s o f th e integers . Never -
theless i t turn s ou t that, i n the large , the distributio n o f the value s of man y 
of these function s i s subjec t t o certai n simpl e laws , whic h ca n b e formu -
lated an d prove d b y usin g idea s an d method s o f probabilit y theory . I n 
addition, th e stud y o f the distributio n o f the values of multiplicativ e func -
tions leads , i n man y instances , t o th e stud y o f additiv e functions . Thi s 
happens, fo r example , whe n th e multiplicativ e functio n g(m)  i s every -
where positive , sinc e i n tha t cas e th e principa l valu e o f th e logarith m o f 
g(m) i s a  rea l additiv e function . Henc e i n wha t follow s w e shal l stud y 
primarily additiv e number-theoreti c functions . 

In classica l an d i n mor e recen t research , i n studyin g th e distributio n o f 
the value s o f number-theoreti c function s /(m) , mathematician s usuall y 
limited themselve s t o consideratio n o f th e su m 

n 

which i s the mea n valu e o f th e functio n f(m)  o n th e segmen t j  1, •  •  • , n \ of 
the sequenc e o f positiv e integers , an d sough t asymptoti c approximatin g 

XIV 
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expressions fo r i t i n term s o f th e simples t possibl e function s o f n.  I t i s 
evident, however , tha t th e value s o f th e functio n f(m)  ca n oscillat e 
about th e mea n valu e A n withi n ver y wid e bounds , eve n i n th e cas e o f 
relatively simpl e classical number-theoretic functions . Thus , i n th e cas e o f 
the function w(m),  a  simpl e calculatio n show s tha t 

A,t~ln\n n, 

while 

lim c o (m) = 1, 

— c » W l n l n W g | | 
,n m 

However, i t turn s ou t tha t ver y larg e o r ver y smal l value s o f additiv e 
functions occu r rathe r seldo m o n the whole. Therefore i t i s natural t o rais e 
the questio n a s t o ho w muc h th e value s o f thes e function s deviat e fro m 
the mea n valu e fo r th e grea t majorit y o f value s o f th e argument . 

The first  nontrivia l resul t i n thi s directio n fo r th e function s i n whic h 
we ar e intereste d i s du e t o Hard y an d Ramanuja n [71] , wh o showe d i n 
1917 tha t fo r an y positiv e functio n ^(n)  whic h increase s withou t boun d 
as n— »oo, th e frequenc y 

vn J I  co (m) - Inl n n <  <\> (n) V Inln/z } 

approaches unit y a s n— -»<x>. I n othe r words , fo r "almos t all " positiv e 
integers m^n,  th e value s o f th e functio n w(m ) deviat e fro m I n Inn b y a n 
amount no t exceedin g \l/(n)\/lnlnn  i n absolut e value . 

The proo f whic h Hard y an d Ramanuja n propose d i s arithmetica l an d 
rather complicated . I t i s base d o n a  ver y precis e uppe r boun d fo r 
Nn\w(m)~k\ (k  i s a  positiv e integer) : 

On th e othe r hand , th e Hardy-Ramanuja n theor y i s a n analogu e o f th e 
probability-theoretic la w o f larg e numbers . Therefor e i t naturall y occur s 
to on e t o attemp t t o us e i n it s proo f concept s analogou s t o thos e use d i n 
the proof o f the law o f large numbers . Such a  proof wa s found b y P . Tura n 
[95] in 1934 . It depend s o n th e easil y obtaine d estimat e 

2" (a>(m)-taln/i j =Bn\n\nn t 

which implie s 
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y2 (n) Inln n • #„ |  I  o> (m) -  Inl n «I > ^ («) y Inln n >  = £* Inln n. 

The Hardy-Ramanuja n theore m follow s fro m this . I n Turan' s proo f i t i s 
easy t o se e th e analogu e o f Cebysev' s metho d fo r th e proo f o f th e la w o f 
large numbers . 

Using th e sam e device , Tura n [96 ] generalized thi s theore m t o a  large r 
class of functions : i f fo r al l prime s p  a  strongl y additiv e number-theoreti c 
function f(m)  satisfie s 

0^f(p)<cz 

and i f A(n)—* oo as n — oo , the n 

{ |/(m)-/*(* ) |<+W1/T W J 

Wishing t o characterize mor e precisel y th e distributio n o f th e value s o f 
number-theoretic functions/(m ) o n the segment j  1, •  • •, n \ of the sequenc e 
of positive integers , we naturally arriv e a t th e concept s o f asymptoti c loca l 
and integra l distributio n laws . I n th e first  cas e i t i s a  matter of finding  a n 
asymptotic expressio n fo r th e numbe r o f positiv e integer s m^n  fo r whic h 
f(m) assume s a  give n value . A t present , suc h asymptoti c expression s ar e 
known fo r onl y a  fe w concret e number-theoreti c functions . Thus , i t 
follows wit h relativel y littl e difficult y fro m th e prim e numbe r theore m 
that fo r an y fixed  positiv e intege r k, 

( v ' J (£-1)! In /J 

Thus th e functio n w(m ) i s distributed o n th e se t (1 , •  • •, n } approximately 
according t o the Poisso n la w with paramete r I n In n. A n analogou s formul a 
has also bee n obtaine d fo r th e cas e whe n k  increase s no t to o rapidl y wit h 
n, namely , fo r al l k <c4 In Inn, wher e c4 is a constant <2 . The know n proof s 
of local theorem s o f this kind requir e rathe r refine d arithmeti c arguments ; 
usually the y ar e deduce d fro m th e prim e numbe r theore m o r involv e th e 
same idea s a s lea d t o th e prim e numbe r theorem . 

In th e cas e o f integra l asymptoti c law s w e see k asymptoti c expression s 
for v n \f(m) <x} , where x  i s any rea l .number . Sinc e v n \f(m) <x  j  i s a  dis -
tribution functio n i n th e probability-theoreti c sense , i t i s natura l t o con -
sider the convergenc e o f the sequence of distribution function s v n\f{m) <x\ 
(n= 1 , 2, •  • •) * wher e f(m)  i s "centere d an d normalized* ' i n a n appropriat e 
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manner, t o a  limitin g distributio n functio n a t eac h o f it s point s o f 
continuity. 

Very genera l result s ar e du e t o P . Erdo s an d A . Wintner . B y general -
izing a  number o f previou s result s [37 ; 44 ; 54UI; 90] , Erdb s [54 m] prove d 
in 1937 tha t fo r an y rea l additiv e functio n f(m),  th e convergenc e o f th e 
series 

I 
p 

I 

\/(p) 

\/(P) 

(i) 

(2) 

where 

/</>)!!= 
f(p), i f | / ( / > ) | < l , 

is a sufficien t conditio n fo r th e convergenc e o f th e distributio n functio n 
fnlfitn) <*) , a s n— *oo, t o a  limiting distributio n function . Thi s conditio n 
also proved to be necessar y [65] . 

The set o f point s o f increas e o f th e limitin g distributio n functio n coin -
cides wit h th e closur e o f th e se t o f value s o f th e functio n f(m).  I n thi s 
connection, i f th e serie s 

/ (P)*0 

converges, then the limitin g distributio n functio n i s discrete; i f thi s serie s 
diverges, then th e limitin g distributio n functio n i s continuous: absolutel y 
continuous or singular. Al l o f thes e case s actuall y occu r [57] . 

If serie s (1 ) diverge s whil e serie s (2 ) converges , the n [58 ] 

v» { f{m) - 2 
P^.n 

P <x 

converges t o a  limitin g distributio n function . 
On the whole, these result s wer e obtaine d b y elementar y methods . I t i s 

much mor e difficul t t o demonstrat e th e existenc e o f asymptoti c integra l 
laws for additiv e function s wit h divergin g serie s (2) . Thi s occurs , fo r ex -
ample, for the function w(m) . Those device s whic h ar e usefu l i n th e stud y 

XVII 
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of additiv e function s i n th e case s considere d abov e ar e not , i n general , 
applicable here . If we had sufficientl y precis e loca l theorems , w e coul d us e 
them fo r th e solutio n o f thi s problem . Thus , fro m th e aforementione d 
asymptotic formula s fo r cj(m ) i t i s possibl e t o obtai n th e following : fo r 
( l -fo(l)) l n l n n < x < c 4 l n l n n , c 4<2, 

v„ J c o (m) < x |  -  ^ (Inln n)k 

Inn t-i  (k-l)l  ' 
1 < / c < * 

Hence, usin g th e centra l limi t theore m applie d t o a  su m o f independen t 
random variables , distribute d accordin g t o th e Poisso n la w wit h param -
eter I n Inn, i t ca n b e shown , i n particular , tha t fo r an y fixed  x, 

V"| 1 / T ^ <X \~uTn I  li^JT-Gi*)-  (3 ) 

The accen t o n the summation sig n denote s tha t th e summatio n i s ove r al l 
positive integer s &<lnlnr c + *\/ lnlnra . Consequently , th e value s o f th e 
function a?(m ) are distributed asymptoticall y accordin g to th e norma l law . 

A simple r proo f o f (3) , fo r th e particula r cas e JC=0 , wa s propose d i n 
1936 b y P . Erdo s [56] ; i t use s th e metho d o f th e siev e o f Eratosthene s 
instead o f the prime number theorem . I n 194 7 W . LeVequ e [79] , using th e 
same method, prove d (3 ) i n the genera l case ; h e als o obtaine d a n estimat e 
of the remainde r term . 

The arithmeti c metho d o f Erdos an d LeVequ e i s based o n specifi c prop -
erties of the functio n a>(ra ) an d i s difficul t t o generalize . However , i n 193 9 
[63; 64] Erdos an d M . Ka c use d th e centra l limi t theore m o f probabilit y 
theory, togethe r wit h elementar y arithmeti c method s lik e th e siev e o f 
Eratosthenes, t o obtai n th e followin g mor e genera l theorem . 

If a  real , strongl y additiv e number-theoreti c functio n f(m)  ha s th e 
properties: B(n)-^oo  a s n—o o and \f(p)\  ^ 1 fo r al l prime s p , the n 

••| / i=^i=t<^-^w 
as n—*QO. 

Another subjec t o f study , a s interestin g a s th e behavio r o f th e additiv e 
function/(m), i s the join t distributio n o f th e function s f(m)  an d f(m  +  l). 
The first  resul t i n this direction i s due to W. LeVeque , wh o prove d i n 194 7 
[79] that fo r a  functio n f(m)  satisfyin g th e condition s o f th e Erdos-Ka c 
theorem, 
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from thi s he deduced tha t 

Earlier, Erdb s [55 ; 58 ] ha d studie d relation s o f th e latte r typ e fo r x = 0 , 
using elementar y methods . 

In 1954-1955 , proceedin g fro m th e Kolmogoro v axiom s fo r probabilit y 
theory, th e presen t autho r succeede d i n givin g a  probability-theoreti c 
interpretation o f additive functions , an d thu s i n reducing question s o n th e 
distribution o f the value s of these function s t o th e correspondin g problem s 
of th e theor y o f sum s o f independen t rando m variables . 

During th e las t fe w years , th e probabilisti c theor y o f th e distributio n 
of additiv e function s ha s bee n studie d b y man y authors : M . B . Barban , 
E. Vilkas , H . Delange , P . Erdos , M . Kac , J . Kubilius , K . Prachar , A . 
Renyi, G . Rieger , M . Tanaka , P . Turan , R . Uzdavinis , H . Halberstam , 
H. Shapiro . Th e method s o f thi s theor y hav e bee n worke d out , previou s 
results have bee n strengthene d an d generalize d i n differen t directions , an d 
many ne w result s hav e bee n obtained . 

The theorem s prove d i n this book includ e almos t al l o f th e basi c know n 
results in the probabilisti c theory o f the distributio n o f additive an d multi -
plicative functions . Severa l o f the m ar e publishe d fo r th e firs t tim e here . 

In th e first  tw o chapters , the method o f proof i s developed . Th e lemma s 
of the first  chapte r constitut e th e arithmeti c nucleu s o f ou r furthe r argu -
ments. Th e probability-theoreti c interpretatio n o f additiv e number -
theoretic function s i s presented i n the second chapter . 

Chapter II I contain s th e proo f o f a n analogu e o f th e la w o f larg e num -
bers fo r arbitrar y additiv e functions . I n Chapter s IV- V w e conside r one -
dimensional integra l and loca l asymptoti c law s fo r additiv e function s an d 
their sums . Th e result s o f Chapter s I  an d II , togethe r wit h well-know n 
limit theorem s o f th e theor y o f sum s o f independen t rando m variables , 
enable u s t o giv e necessar y an d sufficien t condition s fo r th e existenc e o f 
asymptotic integra l law s fo r a  relativel y larg e clas s o f additiv e functions . 

In Chapte r V I w e estimate th e rate o f convergence t o th e norma l la w o f 
the law s o f distributio n o f th e value s o f additiv e function s o n finite  seg -
ments o f th e sequenc e o f positiv e integers . 

Several analogue s o f well-know n limi t theorem s o n th e behavio r i n th e 
large o f a  sequenc e o f sum s o f independen t rando m variable s ar e prove d 
in Chapte r VII . 

In Chapte r VII I many-dimensiona l integra l asymptoti c law s ar e con -
sidered. 

XIX 
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Chapter I X i s devoted t o th e asymptoti c expansio n o f th e distributio n 
laws o f a  certai n clas s o f additiv e number-theoreti c functions , an d t o 
theorems o n larg e deviations . 

In Chapte r X  w e conside r additiv e number-theoreti c function s i n th e 
Gaussian numbe r field. 

In th e bibliograph y ar e include d al l basi c work s o n th e probabilisti c 
theory o f additiv e number-theoreti c functions , a s wel l a s thos e t o whic h 
reference i s made . 

XX 
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