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FOREWORD 

This boo k i s a  summin g u p o f th e method s o f stud y o f th e additiv e theor y o f 

prime number s b y Academicia n Vinogrado v o f Sovie t Russi a an d th e author , wit h 

d i scuss ions centerin g o n Vinogradov' s mean-valu e theore m an d it s improvemen t 

by th e author . 

The autho r combine s th e method s o f stud y o f th e Goldbac h proble m an d th e 

Waring problem , th e latte r bein g extende d b y lettin g th e summand s b e polynomial s 

with integra l coefficient s i n whic h th e variable s ar e restricte d t o prim e values . 

He a l s o limit s th e variable s i n Tarry* s proble m t o assumin g onl y prim e values , 

and a t th e sam e tim e carrie s ou t broade r discuss ion s o n indeterminat e equation s 

in unknow n primes . 

In i t s origina l form  thi s boo k wa s firs t publishe d i n th e Russia n languag e ' 

in th e Sovie t Unio n i n 1947 . I n 195 3 th e Chines e editio n 2 ' wa s publishe d b y th e 

Chinese Academ y o f Sc iences . I n it s presen t for m th e boo k i s completel y revise d 

and supplemented , wit h grea t change s mad e i n th e c o n t e n t s , a s i n § 5 o f Chap -

ter IV, §§ 6 an d 8  o f Chapte r V , an d th e entir e Chapte r IX, whic h hav e bee n com -

plete ly rewritten . Larg e part s o f a  numbe r o f othe r s e c t i o n s hav e a l s o bee n 

rewritten, an d a n Appendi x i s added . 

1) I n the Trud y of di e Steklo v Madiematica l Institut e 2 2 (1947) . 
2) Editor' s note . A  Germa n translation , base d o n th e Russia n editio n o f 194 7 and the 

Chinese editio n o f 1953 , wa s published , unde r th e titl e Additive  Zahlentheorie,  b y B . G . 
Teubner, Leipzig , 1959 . 

vi i 
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PREFACE TO THE PRESENT EDITION 

The publicatio n o f a  revise d editio n ha s enable d th e authe r t o mak e a  numbe r 

of improvement s an d t o ad d supplement s t o th e book . § 5 o f Chapte r IV, § § 6 an d 8 

of Chapte r V, an d th e entir e Chapte r IX were rewritten , an d man y othe r chapter s an d 

sect ions wer e partl y rewritten . 

After readin g thi s boo k an d a  fe w othe r contemporar y publications , suc h a s 

the author' s "Certai n result s i n th e additiv e theor y o f numbers, " whic h wil l soo n 

be publishe d i n Act a Mathematic a Sinica , th e reade r wil l understan d th e basi c 

principles o f th e moder n additiv e theor y o f number s an d wi ll b e abl e t o embar k 

upon research . Bu t i t mus t b e remembere d tha t thi s boo k i s merel y a n individua l 

p iece o f wor k designe d t o describ e on e branc h o f th e theory . T o improv e hi s com -

prehension o f th e subject , th e reade r shoul d als o acquain t himsel f wit h a  mor e 

general treatmen t (fo r example , th e author' s "Introductio n t o numbe r theory " 

(Chinese), Scienc e Publishin g Co. , Peking , 1957 ; M R 20 #829) . 

The autho r take s thi s opportunit y t o expres s hi s thank s t o hi s col league s 

Yue Min-y i (Yue h Min-i) , Wan g Yua n (Wan g Yuan), W u Fang (Wa  Fang), We i Dao-zhen g 

(Wei Tao-cheng ) an d Che n Jing-ru n (C h e n Ching-jun) , wh o hav e pointe d ou t error s 

or hav e rendere d othe r ass i s tance . Withou t thei r cooperation , thi s editio n coul d 

not hav e bee n publishe d a t thi s earl y date . 

L. K . Hu a 

July 7 , 1957 , Pekin g 

PREFACE TO THE 1953 CHINESE EDITION 

It ha s bee n twelv e year s s inc e th e completio n o f th e firs t draf t an d s i x year s 

s ince th e publicatio n o f th e Russia n edition . Durin g thes e year s th e proble m o f 

publishing th e boo k ha s bee n suc h tha t th e protracte d dela y finall y cause d th e 

original draf t * ' t o disappea r withou t leavin g a  trace . To-day , afte r bein g urge d t o 

1) Not e b y th e edito r o f th e Russia n edition . I n this origina l draft , 'whic h was writte n 
in English , th e ter m "exponentia l sum " wa s use d instea d o f "trigonometri c sum.* * 

IX 



X PREFACE 

do s o b y th e Chines e Academ y o f Sciences , I  had to translat e th e boo k fro m th e 
Russian editio n i n order to sen d it  t o th e publishers . 

The twelv e year s wer e not idle ; th e scientifi c development s withi n thes e 
years wer e ver y great , an d therefore t o present onl y th e Russia n translatio n would 
have bee n inadequat e t o dea l wit h th e curren t situation . I  rewrote severa l chap -
ters, especiall y Chapte r V, in whic h I  included th e creativ e wor k of Academicia n 
Vinogradov betwee n 194 2 and 194 7 an d my work i n 1947 . 

Upon completio n of m y work, I  was indee d wel l content . Thi s wa s no t onl y 
because m y book coul d be published i n my mother country , bu t especiall y becaus e 
the unbreakabl e Sino-Sovie t friendshi p whic h w e ha d longed fo r in th e pas t wa s 
realized. Withou t the encouragemen t o f th e Chines e Academ y o f Sciences , thi s 
book coul d not have bee n reprinted , an d I  extend my sincere gratitud e t o them . 
The member s o f th e Institute o f Mathematic s al l share d th e responsibilit y o f proof 
reading an d editing , an d the grea t numbe r of person s wh o participated i n variou s 
ways make s i t impossibl e fo r me t o than k the m individually here . 

L. K . Hu a 

May 1953 , Pekin g 

PREFACE TO THE RUSSIAN EDITION 

After severa l year s o f wa r the author , wh o had been invite d b y Academicia n 
Vinogradov t o mak e a  tour of Sovie t Russia , wa s delighte d t o learn tha t a  Russia n 
translation o f th e essa y h e ha d writte n i n th e years 194 0 and 194 1 had bee n sen t 
to th e publishers . I n 1942 , Academicia n Vinogrado v ha d already mad e his metho d 
more precise , a  fac t o f whic h th e autho r wa s unawar e befor e hi s arriva l in Moscow. 
This precisio n strengthene d th e theore m on th e mean value (Theore m 7 , thi s book ) 
and thus mad e i t possible t o improv e Theorem s 8 , 9 , 11 , 13 , 1 7 and others. Fo r 
example, Theore m 1 1 is als o tru e fo r s  >  10k  lo g A;, while Theore m 1 3 also hold s 
for 5  >  SQ  ~  4k  lo g A, and so forth . 

In conclusion, th e author extends hi s gratitud e t o Professor s B . I . Sega l an d 
D. A . Vasi l ko v for thei r translatio n o f thi s boo k into Russian . 

L. K . Hu a 
April 17 , 1946 , Mosco w 



PREFACE xi 

PREFACE ORIGINALLY INTENDED FOR THE RUSSIAN EDITION 1} 

This boo k contain s a  descriptio n o f ne w finding s i n th e additiv e theor y o f 

prime numbers . Th e basi c principle s o f thi s fiel d o f stud y wer e establishe d b y 

Academician I . M . Vinogrado v an d furthe r develope d b y th e author . Th e wor k o f 

Vinogradov, whic h ha s opene d u p ne w path s fo r development , i s simplified , change d 

and redescribe d i n Chapter s V  and VI . Apar t fro m Lemm a 7 . 1 4 , n o s p e c i a l i z e d 

knowledge i s necessar y fo r readin g thi s book . 

The greate r par t o f th e boo k i s th e wor k o f th e author , systematicall y de -

scribed her e fo r th e firs t time . 

The autho r wishe s t o expres s hi s profoun d gratitud e t o Academicia n Vinogradov . 

Ass i s tance rendere d b y h i s c o l l e a g u e s Mi n Si-ha o (Mi n Szu-hao ) an d 

Zhong Kai-la i (Chun g K'ai-lai ) i n preparin g th e draf t i s gratefull y acknowledge d 

by th e author . 

In conclusion , th e autho r wishe s t o expres s hi s dee p gratitud e t o th e Sovie t 

Academy o f Sc ience s fo r i t s favorabl e receptio n o f hi s work . I n thes e difficul t 

days w e ar e especia l l y happ y t o s e e th e result s o f ou r scientif i c stud y wi n th e 

approval o f th e highes t authorit y o f a  peopl e t o who m w e ar e boun d b y th e c loses t 

t ies o f friendship . Thi s kin d o f cultura l cooperatio n wil l alway s b e treasure d an d 

i s e spec ia l l y meaningfu l a t th e presen t time . I t i s respectfull y hope d tha t th e 

publication o f thi s boo k wil l strengthe n th e tru e friendshi p an d mutua l affectio n 

of ou r tw o grea t peoples . 

L. K.  Hu a 
National Tsinghu a Universit y 

Feb. 18 , 1941 , Kunming , Chin a 

1) Thi s boo k wa s sen t t o th e editoria l departmen t o f specia l publication s o f th e In -
stitute o f Mathematic s i n 1941 , bu t di e publicatio n wa s delaye d a s a  resul t o f th e war . 
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EXPLANATORY REMARKS 

The boo k ha s n o genera l introductio n bu t th e firs t sect io n o f eac h chapte r 

g ives a  descriptio n o f th e principa l result s o f tha t chapter . Th e followin g symbol s 

are frequentl y used : 

z i s a  rea l number , \z\  i s th e greates t intege r i n z,  an d \z\  i s th e distanc e 

from z  t o th e neares t integer . 

<?(*) =  e 2nis .  <?«(* ) =  ***"*  • 

k denote s a  pos i t iv e integer , P  i s a  "sufficientl y large " posit iv e number , 

and L  =  lo g P . 

max (a, b,  •  • -, g)  denote s th e larges t numbe r amon g o , & , • • • , g  an d 

min(a, b,  •  • •, g)  denote s th e smallest . 

As usual , a\b  mean s tha t a  divide s b,  an d a  +  b  mean s tha t a  doe s no t 

divide 6 . I n thi s book , p  i s frequentl y use d fo r a  prim e number , an d p  \\n  mean s 

that p l\n bu t p / + 1  +  rc. 

The expressio n c(a,  & , - • • , g ) denote s a  positiv e numbe r whic h depend s o n 

a, b 9 -  - - , g,  an d e  denote s a n arbitrar y smal l positiv e number ; thes e number s ar e 

not necessari l y th e sam e ever y tim e the y occur . 

The expressio n f(x)  =  0(<f>(x))  o r f(x)  « : <f>(x)  means tha t \f(x)\  < 

c(a, b,  -  • •, g ) 0 (*) . 

In statin g th e theorems , w e shal l no t us e th e symbol s <S C an d 0  bu t a n in -

equality o f th e abov e form . I n th e proof s an d lemmas , i f th e symbo l «  o r 0  i s 

used, th e constan t implie d i n i t depend s onl y o n th e a , b 9 •  • •, g  involve d i n th e 

description o f th e theorem . 

The meanin g o f an y particula r symbo l wil l no t necessari l y b e th e sam e i n al l 

parts o f th e book . 

xiii 
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