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PREFACE 

The history o f th e writin g o f thi s boo k i s no t altogethe r usual . How -
ever, if all authors shared with their readers the history o f th e origin s of 
their books, then in all probability we would have to deny thi s statement. 

In the spring of 1959 we decided to revise our pape r [l ] o n th e theor y 
of defect numbers, root numbers and indices of linear operators, attempting 
mainly to includ e i n i t variou s result s fro m th e theor y o f perturbation s 
of selfadjoint operators. In particular, we had decided to complete i t with 
the theory o f perturbatio n determinants . 

At thi s poin t i t wa s discovere d tha t th e metho d o f perturbatio n 
determinants als o mad e i t possibl e t o obtai n ne w result s fo r nonself -
adjoint operators. We decided to discuss these results, in connection with 
which we began to think abou t wha t t o d o i n thi s area , whic h wa s new 
to us . Thu s ste p b y ste p w e change d ou r origina l pla n I n roughl y 
a yea r w e sen t t o th e editor s o f th e journa l "Uspeh i Matematiceski h 
Nauk" a  review pape r (i n it , however , n o spac e wa s foun d fo r pertur -
bation determinants) , i n whic h w e attempte d t o giv e somethin g o f a 
"bird's eye view " o f th e curren t stat e o f investigatio n i n th e theor y o f 
nonselfadjoint operators . The editor s o f th e journa l "vote d down " th e 
paper, fo r whic h w e wis h t o expres s ou r dee p an d sincer e gratitude . 

The fact i s that the size of the origina l pape r (twelv e printer' s sheets ) 
exceeded b y thre e time s th e nor m establishe d fo r revie w papers , an d 
the editor s though t i t advisabl e t o recommen d th e publicatio n o f th e 
paper a s a  separat e monograp h i n th e serie s "  Modern problem s o f 
mathematics". 

Naturally, thi s suggestion induce d u s t o exten d th e pape r somewha t 
and, i n particular , t o restor e t o it s right s th e theor y o f perturbatio n 
determinants. We though t tha t al l o f thi s woul d requir e no t mor e tha n 
two or three months. In actuality th e wor k dragge d ou t fo r thre e years. 
It should be said that even while we were workin g o n th e pape r w e had 
already establishe d clos e scientifi c contac t wit h Sovie t mathematician s 
active i n thi s field.  Ou r colleague s gav e u s hel p an d informatio n con -
cerning thei r result s (befor e publication) , an d thu s guarde d u s agains t 
the illusion o f completeness . I f t o thi s on e add s ou r desir e t o reflec t i n 
this book the investigations into which we ourselves wer e draw n b y thi s 
work, on e ca n understan d ou r naiv e delusio n wit h respec t t o dates . 

xi 



x i i PREFACE 

We hope that w e are properly understood : w e bear n o grudg e toward s 
those who hav e give n u s copies o f thei r paper s befor e publication , wh o 
have communicated new, improved version s of proofs and have furnishe d 
us with al l sort s o f ora l an d writte n information . O n th e contrary , w e 
are deepl y gratefu l t o al l thos e wit h whos e hel p w e hav e bee n able , w e 
hope, to achieve a certain degree of harmony i n discussing the wide range 
of investigations which have come before our eyes, concerned with a large 
new domai n o f functiona l analysis—th e theor y o f linea r n  on self ad joint 
operators. Among all our colleagues who have helped us we wish particu-
larly to mention M . S. Brodskii , S. G . Krein , B. Ja. Levin, V. B. Lidskii , 
Ju. I . Ljubic , A. S . Mar k us, V . I . Macaev , an d L . A . Sahnovic . 

However, w e hav e stil l no t complete d ou r accoun t o f ho w thi s boo k 
came to be written. We hope to continue thi s account i n ou r monograp h 
on the theor y o f abstrac t triangula r representation s o f linea r operator s 
and it s application s t o th e theor y o f canonica l differentia l equations . 

The edito r o f thi s book , F . V . Sirokov , tim e an d agai n "intruded " 
with hi s criticis m i n dept h o f th e presentatio n o f on e topi c o r another . 
It often turne d out tha t followin g suc h a n intrusio n w e bega n t o bette r 
understand even our own researches, and as a resul t th e presentatio n o f 
them gained i n simplicit y an d clarity . 

We wish t o expres s ou r deep gratitud e t o F . V . Sirokov fo r hi s con -
siderable effort s an d bol d "excesses"o f editoria l authority . 

Odessa, Arcadia 
September 1,1964 

I. C . GOHBER G 

M. G . KREI N 



INTRODUCTION 

The theor y o f nonselfadjoin t operator s i n Hilber t spac e i s a  youn g 
branch o f functiona l analysis . I n recen t time s i t ha s attracte d th e eve r 
increasing attention of mathematicians and physicists , an d sometime s o f 
engineers also. The aim of this book is to present a number of achievements 
in this field, most of them related to the theory o f completely continuou s 
operators. 

For a long period the investigations of D. Hilbert and F . Riesz , gener -
alizing Fredholm's theory of integral equations, remained the most essential 
part of this theory. 

In contras t wit h th e theor y o f selfadjoin t operators , n o spectra l de -
composition nor even any theorems on the completeness of the system o f 
root vector s ha d bee n obtaine d unti l recentl y i n th e abstrac t theor y o f 
nonselfadjoint operators . 

At the same time, important progress was made i n th e theor y o f non-
selfadjoint boundar y valu e problem s fo r ordinar y differentia l equation s 
by Birkhoff (i n 1908) and J. D. Tamarkin (in 1911). These authors started 
from th e method s o f Cauch y an d Poincar6 , base d o n th e stud y o f th e 
analytic properties o f th e resolven t o f th e problem . 

But as for boundar y valu e problem s fo r partia l differentia l equations , 
in view of the difficulty i n constructing the resolvent, there was for a long 
time no similar progress . 

This situation changed only in 1951, thanks to progress in the abstract 
theory of nonselfadjoint operators . In this year the work of M. V. Keldys 
appeared, in whic h h e establishe d theorem s on th e completenes s o f th e 
eigenvectors and associated vectors and theorems concerning th e asymp -
totic properties of the eigenvalues for a wide clas s o f polynomia l bundle s 
of nonselfadjoint operators . These theorem s mad e i t possibl e t o obtai n 
important result s i n boundar y valu e problem s fo r partia l differentia l 
equations; they als o le d t o stron g ne w result s fo r ordinar y differentia l 
equations. 

At the same time, the asymptotic theorems of M. V. Keldys for abstract 
operators made i t possibl e t o generaliz e th e origina l investigation s o f T . 
Carleman o n th e asymptoti c behavio r o f th e eigenvalue s fo r boundar y 
value problem s fo r secon d orde r ellipti c differentia l operators . 

x i i i 



x i v INTRODUCTION 

In th e sam e perio d (1951—1956 ) M . S . Livsi c an d a  group of hi s co-
workers began th e development o f a new an d profoun d techniqu e i n th e 
theory o f nonselfadjoin t operators . 

The guiding ligh t o f thes e investigation s wa s th e ide a o f generalizin g 
to abstract operators the algebraic result of I . Schu r o n the-reductio n o f 
a matrix to triangular form by a unitary transformation . These investiga-
tions led M. S. Livsic to the creation of a theory o f characteristic matrix-
functions and triangular models of a nonselfadjoint operator . The realiza-
tion of this idea in the abstract theory of operators in infinite-dimensiona l 
space entaile d man y difficulties . A n essentia l rol e i n overcomin g thes e 
difficulties was played by the deep work of V. P. Potapov i n the theory of 
analytic matrix-functions, which in turn was stimulated b y investigation s 
on nonselfadjoint operators . 

New progress in the theory of the triangular representation of an operator 
has taken plac e i n recen t year s (1958—1962) . 

Already in 1954 N . Aronszaj n an d K . Smit h establishe d th e existenc e 
of a nontrivial invariant subspace for every completely continuous operator 
in a Banach space. Later, in 1958, L. A. Sahnovic first deduced from thi s 
geometric fac t th e existenc e o f triangula r model s fo r a  wide r clas s o f 
operators, and with the help of these models obtained new analytic result s 
in th e theor y o f nonselfadjoin t operators . 

At approximately th e sam e period , ther e appeare d i n paper s o f M . S . 
Brodskif a n integra l givin g a n abstrac t triangula r representatio n o f a 
nonselfadjoint operator . The naturalness and transparenc y o f thi s repre-
sentation attracted t o it the attention of a new group of mathematicians. 
In a  short tim e th e theor y o f th e ne w integra l an d it s application s wa s 
substantially developed (M . S. Brodskif , I . C. Gohberg and M. G. Kreih, 
V. I. Macaev) . Thi s integra l le d i n a  natural wa y t o th e singlin g ou t o f 
remarkable classes of Banach spaces, formed from completely continuou s 
operators and representing ideals of the ring of bounded operators. Certain 
of these spaces were introduced earlier by J. von Neumann an d R. Schatten, 
and many aros e precisel y i n connection wit h th e theor y o f th e integra l 
giving a triangula r representatio n o f operators . 

Let u s mention , finally,  tha t th e "abstrac t triangula r integral " mad e 
it possibl e t o solve , fo r a  wid e clas s o f operators , th e proble m o f thei r 
"factorization'' (Gohber g an d Krefn) . 

Although geometri c an d algebrai c idea s li e a t th e foundatio n o f th e 
theory o f th e abstrac t triangula r integral , th e solutio n o f a  numbe r o f 
fundamental question s o f thi s theor y wa s achieve d onl y thank s t o th e 
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application o f variou s (an d sometime s new ) tool s fro m th e theor y o f 
analytic functions . 

It shoul d b e generally emphasize d tha t th e developmen t o f th e theor y 
of linea r operator s ha s draw n mor e an d mor e widel y o n th e theor y o f 
functions and , i n particular , analyti c function s (th e theor y o f th e growt h 
and th e distributio n o f th e zero s an d pole s o f entir e an d meromorphi c 
functions, variou s generalization s an d refinement s o f th e Phragmen -
Lindelof theore m (fo r exampl e th e theore m o f Levinson-Sjeberg) , th e 
theory o f subharmoni c functions , Tauberia n theorem s an d others) . 

The basic channel fo r th e us e o f th e method s o f th e theor y o f function s 
is th e natura l an d b y no w classica l traditio n o f studyin g th e spectra l 
properties o f a  linea r operato r b y studyin g it s resolven t a s a n analyti c 
operator-function. Fairl y recentl y anothe r channe l appeare d fo r th e 
use o f thes e methods ; i t i s connected wit h th e perturbatio n determinant s 
of linear operator s (M . G . Krein , B . Ja . Levin , V . I . Macaev) . 

On the basis of the stud y o f th e resolvent , i t ha s been possibl e i n recen t 
years to obtai n stron g test s fo r th e existenc e o f a  "sufficientl y complete " 
set o f invarian t subspace s o f a  (no t necessaril y bounded ) operato r 
(J. Wermer, F . Wolf , E . Bishop , V . I . Macae v an d Ju . I . Ljubic) . This , 
in turn , mad e i t possibl e t o develo p th e theor y o f abstrac t triangula r 
representations, extendin g i t t o a  wid e clas s o f bounde d an d eve n un -
bounded operators (L. A. Sahnovic , M . S . Brodskii , Gohber g an d Krein) . 

The stud y o f th e resolven t ha s als o mad e i t possibl e t o establis h 
theorems concernin g th e formatio n o f base s fro m th e roo t vector s o f a 
nonselfadjoint operato r an d theorem s o n th e summatio n o f expansion s 
in root vectors (M . A . Naimark , V . B . Lidskif , A . S . Markus) . Moreover , 
a justification ha s bee n obtaine d fo r th e Fourie r metho d fo r equation s 
of evolutio n wit h a  nonselfadjoin t operato r o f on e clas s o r anothe r 
(Lidskif). 

Let u s mentio n tha t th e techniqu e fo r obtainin g bound s fo r th e 
resolvent o f a  nonselfadjoin t operator , develope d b y T . Carleman , 
E. Hill e an d J . D . Tamarkin , M . V . Keldys , V . B . Lidski i an d others , 
has been substantiall y improve d i n recen t paper s o f V . I . Macaev . 

In thi s brie f review , a s i n th e boo k itself , w e hav e no t touche d upo n 
the interesting direction in the spectra l theor y o f nonselfadjoin t operator s 
developed b y N . Dunfor d [l ] and a  grou p o f hi s student s an d followers . 

The theor y o f th e abstrac t triangula r representatio n o f operator s an d 
the proble m o f th e factorizatio n o f abstrac t operators , an d als o thei r 
applications, wil l b e discusse d i n anothe r monograp h b y th e authors . 



X V I INTRODUCTION 

In the present book thes e problem s ar e lef t almos t untouched , althoug h 
in various place s we allud e t o isolate d fact s fro m th e theor y o f th e tri -
angular representation . Th e fac t i s tha t complet e result s ar e sometime s 
attained onl y b y th e interactio n o f thre e type s o f methods : method s 
based on the study o f the growth of the resolvent, method s of the theory 
of perturbatio n determinant s and , lastly , method s o f th e theor y o f th e 
triangular representatio n o f a n operator . 

In recent times appreciable development ha s taken place in the theory 
of special operators which become selfadjoint o r unitar y upo n th e intro -
duction of a certain indefinite metric in the Hilbert space. The investiga -
tions i n thi s theor y deserv e discussio n i n a  separate monograph ; i n th e 
present book w e hav e no t touche d upo n them , excep t fo r a  fe w case s 
related t o the m (Chapte r V , §12) . 

Going on to a brief indication of the contents of the individual chapters, 
we mention, first of all, that a substantial part of the material is discussed 
here, with adequat e proofs , fo r th e first  time . Th e materia l a s a  whol e 
is systematized fo r th e first  tim e i n thi s monograph . 

In the first chapter, well-known results of the general theory of bounded 
nonselfadjoint operator s ar e recalled . A s a  rule , thes e result s ar e no t 
specific for Hilbert spaces; they could have been formulated fo r operators 
in a  Banac h space . 

In th e thir d chapte r w e discus s th e theor y o f symmetrically-norme d 
ideals of the ring o f bounde d operator s i n a  Hilber t space . Thi s chapte r 
includes th e basi c conten t o f th e elegan t boo k o f R . Schatte n [2] , 
devoted t o th e vo n Neumann-Schatte n theor y o f "nor m ideals " an d 
"cross-norms". Togethe r wit h th e "vetera n ideals " (th e ideal s o f th e 
nuclear operators , Hilbert-Schmid t operator s an d others) , w e singl e 
out and study new ideals which play important role s in various questions 
of th e theor y o f nonselfadjoin t operators . W e ar e abl e t o develo p a 
treatment o f th e theor y o f symmetrically-norme d ideals , startin g fro m 
higher principles , thank s t o th e systemati c us e o f th e theor y o f th e 
s-numbers o f completel y continuou s operator s worke d ou t b y H . Weyl , 
Ky Fan, A . Hor n an d others . The theor y o f s-numbers form s th e basi c 
content of the second chapter . Genera l theorem s o n s-numbers o f linea r 
operators ar e als o use d systematicall y i n th e followin g tw o chapters . 

The fourt h chapte r i s devote d t o th e theor y o f perturbatio n deter -
minants and some of its applications. The use of the extensive apparatu s 
of th e moder n theor y o f analyti c function s distinguishe s thi s chapte r 
from the others . Thi s apparatu s i s regarde d a s auxiliary , an d i n mos t 
cases result s o f th e theor y o f function s ar e presente d withou t proof . 



INTRODUCTION x v i i 

In th e fifth  chapte r w e discus s variou s theorem s o n th e completenes s 
of th e syste m o f roo t (eigen - an d associated ) vector s o f a  completel y 
continuous operato r (operato r bundle) . I n th e selectio n o f th e materia l 
the author s hav e attempted , o n th e on e hand , t o presen t sufficientl y 
original an d stron g result s and , o n th e other , t o presen t a s full y a s 
possible th e variou s existin g methods . 

Here w e als o discus s variou s result s o n th e growt h o f th e resolven t 
and theorem s o n th e asymptoti c propertie s o f th e spectru m (o f operator s 
of variou s classes) . 

In this chapter , apparently , th e fundamenta l result s o f M . V . Keldy s 
are fo r th e first  tim e treate d i n a  sufficientl y detaile d form . 

Considerable attentio n ha s als o bee n devote d t o theorem s o n th e 
completeness o f th e syste m o f roo t vector s o f a  dissipativ e operator . 

The las t sectio n i s devote d t o th e stud y o f th e spectra l propertie s 
of a  selfadjoin t quadrati c bundle . Her e w e us e th e result s o f almos t al l 
the othe r section s o f thi s chapter . However , a s recen t investigation s 
have show n (M . G . Kref n an d H . Langer) , fo r th e constructio n o f a 
complete theor y o f quadrati c selfadjoin t bundle s i t i s natura l t o us e 
various theorem s o f th e theor y o f operator s i n space s wit h a n indefinit e 
metric. I n vie w o f this , certai n result s ar e presente d her e withou t proof . 

As a  supplemen t t o th e theorem s o n completeness , th e author s hav e 
thought i t appropriat e t o discus s i n Chapte r V I th e simples t test s fo r 
the existenc e o f a  basi s (o f on e kin d o r another ) mad e u p o f th e roo t 
vectors o f a  give n linea r operato r (result s o f B . R . Mukminov , I . M . 
Glazman an d A . S . Markus) . Th e theor y o f base s i n a  Hilber t spac e 
is no t discusse d i n text s o n functiona l analysis ; fo r thi s reaso n i t to o 
is presente d i n thi s chapter . 

The presentation i n this book i s carried ou t i n th e spiri t o f th e abstrac t 
theory of operators : i t i s illustrated b y variou s application s t o th e theor y 
of integra l equations . 

The reade r wh o ha s som e experienc e i n th e theor y o f boundar y valu e 
problems fo r differentia l equations , o r a n acquaintanc e wit h th e theor y 
of linea r vibratin g system s wit h a  finite  o r infinit e numbe r o f degree s 
of freedom , wil l easil y discove r ho w man y o f th e result s discusse d her e 
find immediate applicatio n i n eac h o f thes e fields. A  cleare r presentatio n 
of the possibilitie s an d prospect s existin g her e ca n b e obtaine d fro m th e 
interesting surve y articl e b y M . V . Keldy s an d V . B . Lidski i [ l ] (cf . 
also th e surve y b y C . L . Dolp h [l ] an d th e repor t b y M . G . Kref n an d 
H. Lange r [2]) . 
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