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P R E F A C E 

The presen t boo k i s devote d t o th e analyti c theor y o f eliminatio n o f nuisanc e 

parameters i n th e testin g o f statistica l hypothese s an d t o th e theor y o f unbiase d 

estimates. Ou r attention i s concentrate d o n th e analyti c propertie s o f test s an d 

estimates an d o n th e mathematica l foundation s fo r obtainin g a  tes t o r unbiase d 

estimate tha t i s optima l i n som e sens e o r other . I t doe s not , however , includ e 

either computationa l algorithm s (whic h i n man y case s reduc e t o certai n form s o f 

linear programming ) o r tables . Thu s th e boo k doe s no t contai n individua l statis -

tical recipe s fo r problem s wit h nuisanc e parameters , bu t rathe r attempt s t o poin t 

out procedure d fo r constructin g suc h recipes . 

In th e introductio n an d later , w e recal l certai n standar d theorem s o n a-alge -

bras, probabilisti c measures , an d statist ics . I n Chapte r I , w e trea t multipl e La -

place transform s an d describ e th e simple r propertie s an d application s o f analyti c 

sheaves alon g th e line s develope d b y H . Cartan . I n late r chapter s thes e proper -

ties wil l b e applie d t o th e theor y o f exponentia l families . Chapte r I I give s th e 

fundamentals o f th e theor y o f sufficien t statist ic s fo r distribution s i n Euclidea n 

spaces an d exponentia l familie s associate d wit h the m (fo r repeate d samples) . 

Chapter II I present s som e o f th e problem s themselve s wit h nuisanc e parameters . 

Chapter I V treat s th e theor y o f similarit y followin g J . Neyman , E . Lehmann , an d 

H. Scheffe . Chapter s V  an d VII— X discus s th e recen t researche s o f statistician s 

at Leningra d Universit y i n th e theor y o f simila r test s an d unbiase d estimates , 

particularly i n connectio n wit h th e Behrens-Fishe r problem . I n Chapte r VI , a n 

exposition i s give n o f th e remarkabl e metho d o f R . A . Wijsman ; however , thi s 

method doe s no t yiel d al l desirabl e tests . Th e rol e o f th e theor y o f sheave s o f 

ideals o f function s a s a n analyti c foundatio n o f th e theor y o f simila r test s an d 

unbiased estimate s fo r imcomplet e exponentia l familie s i s clarifie d i n Chapter s V 

and VII . Her e exponentia l familie s ar e considere d no t onl y fo r repeate d sample s 

but fo r othe r case s a s well . 

In Chapte r XI , a n expositio n i s give n o f di e proble m o f man y smal l samples , 

and, i n particular , o f th e researche s o f A . A . Petrov . 
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IV PREFACE 

At th e en d o f th e boo k ar e severa l unsolve d problems , whic h constitut e onl y a 

small portio n o f th e estheticall y pleasin g an d varie d problem s tha t aris e i n analy -

tical s tat ist ics . Ou r purpos e o f th e presen t boo k i s t o dra w th e attentio n o f per -

sons intereste d i n mathematica l statistic s t o it s analytica l aspects . 

A. M . Kagan , I . L . Romanovskaja , an d V . N . Sudako v ha d a  shar e i n th e 

writing o f thi s book . Section s 2  an d 3  of Chapte r VI I wer e writte n b y th e autho r 

in collaboratio n wit h A . M . Kagan , an d sectio n 4  o f Chapte r VII I wit h I . L . Roma -

novskaja. Sectio n 2  o f Chapte r X  wa s writte n b y V . N . Sudakov . A  considerabl e 

amount o f hel p i n th e writin g o f Chapte r I  wa s provide d b y N . M . Mitrofanova an d 

V. L . Eidlin . 
v . 

I wis h t o expres s m y gratitud e t o O . I . Rumjancev a an d S . I . Cirkunov a fo r 

their grea t hel p i n th e preparatio n o f th e manuscript . 

Ju. V.  Linnik 



P R E F A C E T O TH E AMERICA N EDITIO N 

The America n translatio n o f thi s boo k take s accoun t o f severa l correction s o f 

misprints an d author' s error s tha t wer e notice d b y reader s o r b y th e author . I t als o 

contains a  supplemen t t o th e boo k writte n b y A . M . Kaga n an d V . P . Palamodov , 

expounding thei r importan t contribution s publishe d recentl y i n "Teorij a Verojat -

nostei i  e e Primenenija" . Th e answer s t o severa l question s raise d a t th e en d o f 

the boo k ar e provide d b y th e supplement . Thi s ne w materia l include s a  consider -

able advanc e i n th e theor y o f nonsequentiall y verifiabl e functions , th e construc -

tion o f al l randomize d simila r test s fo r th e Behrens-Fishe r problem , an d importan t 

progress i n th e estimatio n theor y fo r incomplet e exponentia l families , base d o n 

the introductio n int o statistic s o f th e element s o f homologica l algebr a (i n particu -

lar, fla t modules) . 

The analytica l shea f theorem s o n whic h a  larg e par t o f th e boo k i s base d ar e 

replaced i n th e supplemen t b y th e Hormander-Malgrang e theor y o f linea r differen -

tial operator s wit h constan t coefficients . Thi s theor y enable s u s t o solv e problem s 

involving conve x supports , rathe r tha n merel y th e polygona l one s discusse d i n th e 

book. Thu s w e ca n no w construc t al l simila r test s fo r a  linea r hypothesi s wit h 

unknown variance s (leas t squar e metho d wit h unknow n observatio n weights ) an d 

for man y othe r problem s o f testin g hypothese s an d unbiase d estimation . Th e opti -

mization problem s ar e thu s reduce d t o purel y analyti c (variational ) ones . 

I a m ver y gratefu l t o th e America n Mathematica l Societ y fo r publishin g a 

translation o f m y boo k wit h th e supplement . I t i s m y pleasan t dut y t o than k S . H . 

Gould an d G . L . Walke r fo r thei r interes t i n m y book . 

Ju, V.  Linnik 
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APPENDIX 

UNSOLVED QUESTIONS 

In th e analytica l formulatio n o f certai n problem s presente d i n thi s boo k deal -

ing wit h th e eliminatio n o f nuisanc e parameter s i n statistica l problems , certai n 

questions an d unsolve d problem s aris e rathe r naturally . Her e w e arrang e thes e 

according t o th e chapter s dealin g wit h th e topi c i n question . 

Chapter II . 1 . Continuatio n o f th e wor k o f Koopman , Dynki n an d Brow n o n 

the classificatio n o f distribution s admittin g sufficien t statistic s o f finit e ran k 

for th e cas e i n whic h th e distributio n densitie s ca n vanish . Weakenin g o f th e 

condition fo r existenc e o f exponentia l familie s i n th e cas e whe n th e densitie s d o 

not vanis h o n th e sampl e space . 

2. Investigatio n o f exponentia l familie s wit h "slidin g carrier" , i .e . familie s 

whose carrie r depend s o n th e parameters . 

Chapter III . 1 . Conside r a  repeate d norma l sampl e x^,  • . . , %  wher e x-  € 
N(a, a 2). Le t u s partitio n al l almost-everywhere-continuou s function s y(a 9 o) 

into tw o c lasses : 

1. "Verifiabl e functions " fo r whic h th e hypothesi s HQ:  y{a,  a)  =  y Q admit s 

an invarian t verification . 

II. Th e remainin g functions . 

How ca n on e describ e th e c las s I ? 

2. Th e sam e questio n fo r a n infinit e sampl e x^  * 2 , •  • •, an d th e applicatio n 

of sequentia l analysis , wher e th e mea n numbe r o f step s i s bounde d u p t o th e fina l 

solution. 

3. Generalizatio n o f questio n 1 . Suppos e tha t w e hav e a n exponentia l famil y 

of th e for m (5.2.3) - Le t u s partitio n th e collectio n o f function s y ( 0 j , •  • •, 6  ) 

into "verifiable " an d "unverifiable " c las ses , jus t a s i n questio n 1 . Ho w ca n 

we describ e th e c las s o f th e for m I ? 

213 



214 UNSOLVED QUESTION S 

Chapter IV . 1 . Ho w ca n w e describ e al l th e simila r zone s o f distributio n 

families o f th e for m (4.3.5) ? 

2. Le t tfj, •  • •, % n (x^  6 /V(0 , 1) ) denot e a  repeate d norma l sample . Le t 

P\(x\9' •  * >  X f) a n d ^ 2 ^ 1 ' # *  *' x
n) denot e tw o independen t polynomia l statistics . 

Is i t alway s possibl e t o "uncouple " the m b y mean s o f a n orthogona l transforma -

tion, i .e . t o reduc e the m t o tw o statist ic s dependin g o n th e completenes s o f th e 

different variables ? (Fo r a  give n sampl e s iz e n  an d give n degree s m^  an d m ? 

of th e polynomial s th e questio n ca n b e solve d i n a  finit e numbe r o f step s fo r al l 

such polynomial s (se e [^1]). ) 

Chapter V . 1 . I s i t possibl e t o weake n th e conditio n fo r complexificatio n o f 

the relation s (conditio n (Yj ) i n §8) ? 

2. I s i t possibl e t o weake n th e conditio n o n th e Jacobian s (^ j ) ? 

3. Ho w ca n on e describ e i n term s o f generalize d Laplac e transformation s 

(in th e sens e o f th e theor y o f generalize d functions ) th e constructio n o f nonsmoot h 

co tests? 

These question s ar e relate d t o th e followin g questio n i n th e theor y o f ana -

lytic functions . 

4. Le t Z  denot e a  simply-connecte d comple x polycylinder . Le t 0  denot e 

a rin g o f function s tha t ar e holomorphi c an d tha t hav e a  holomorphi c continuatio n 

from th e polycylinde r t o th e Cartesia n produc t o f th e half-plane s containin g Z . 

How ca n w e describ e th e structur e o f th e ideal s o f th e rin g 0  ?  Unde r wha t con -

ditions wil l th e basi s o f th e ideal s b e finite ? 

5. Ho w ca n w e construc t cotest s fo r th e cas e i n whic h th e functio n h  van -

ishes i n a  give n region ? 

Formula (5.8.6 ) lead s t o th e followin g analyti c problem : Le t /4.(7\ , • • . , T  ) , 

j - 1 , 2 , • • •, r;r<s,  denot e sufficientl y smoot h function s define d i n th e Euclidea n 

space E s o f th e argument s T^ 9 • • •, T $. Le t U  denot e a  simply-connecte d re -

gion containe d i n E  an d bounde d b y smoot h surfaces . Ho w ca n w e describ e th e 

system o f al l function s H^,  •  • • , H  fo r whic h th e su m o f th e convolution s 

Ax *  Hi  +  '-' +  A, *  H r 

exists an d vanishe s o n U? 

6. I s i t possibl e t o describ e smoot h cotest s fo r exponentia l familie s wit h 

"sliding carrier* ' (cf . questio n 2  t o Chapte r II) ? 

7. Th e developmen t o f computationa l methods , i n particula r linea r programmin g 
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methods, fo r findin g optima l simila r t e s t s . 

Chapter VI . 1 . Generalizatio n o f Wijsman' s result s o n th e constructio n o f al l 

similar test s o f th e hypothesi s HQ:  a/a  =  y^  fo r a  repeate d norma l sampl e %j , •  • • 

• . . , % n where x.  G  N(a, a  ) . I n what problems associate d wit h test s o f hypothese s 

on norma l sample s d o paraboli c differentia l equation s appear ? Wha t ca n w e d o i n 

other cases ? 

Chapter VII . 1 . Question s o f unbiase d estimate s o f zer o (UEZ's ) analogou s 

to th e question s i n Chapte r V  on cotests , i . e . question s 1— 5 o f Chapte r V  wit h 

the wor d "cotest " replace d b y th e expressio n "unbiase d estimat e o f zero" . 

2. Generalizatio n o f th e result s o f § 2 dealin g wit h inadmissibl e unbiase d 

estimates. Way s o f obtainin g mor e genera l form s o f inadmissibl e unbiase d esti -

mates fo r incomplet e exponentia l familie s o n a  compac t se t o f value s o f th e para -

meters. Case s o f inadmissibilit y fo r noncompac t set s o f value s o f th e parameters . 

3- Replacemen t o f th e varianc e a s a  functio n o f th e l o s s o f a n unbiase d esti -

mate wit h othe r sufficientl y smoot h functions . Condition s fo r inadmissibilit y o f 

unbiased estimates . 

4. Classificatio n o f th e bes t unbiase d estimate s fo r incomplet e exponentia l 

families fro m a  standpoin t o f variance . Fro m a n analyti c poin t o f vie w thi s prob -

lem i s connecte d wit h th e followin g questio n fro m functiona l algebra . Le t 0 

denote th e rin g o f al l holomorphi c function s define d o n a  compac t simply-connecte d 

poly cylinder an d le t /  denot e a n idea l containe d i n 0 . Fin d th e rin g K  o f al l 

linear differentia l operator s L  wit h constan t coefficient s suc h tha t LI  C  / . 

5* Problem s analogou s t o th e precedin g one s fo r th e cas e i n whic h w e ar e 

using no t th e varianc e bu t othe r sufficientl y smoot h function s o f th e l o s s . 

6. Constructio n o f a n analogu e t o Theore m 7.3. 1 dealin g wit h inadmissibilit y 

of a  sampl e mea n fo r scal e parameters . Extensio n o f Theore m 7.3. 1 t o observa -

tions connecte d wit h a  homogeneou s Marko v chain . 

Chapter VIII . 1 . Investigatio n o f th e questio n o f nonexistence , i n general , 

for incomplet e exponentia l familie s o f simila r zone s tha t depen d o n sufficien t 

stat ist ics wit h sufficientl y smoot h boundaries . 

2. Weakenin g o f th e condition s o f Theore m 8.3.1 - Doe s ther e exis t a  simila r 

Fisher-Welch-Wald tes t i f w e requir e onl y continuit y o f th e tes t boundar y o r onl y 

satisfaction o f a  Lipschit z conditio n fo r it ? 



216 UNSOLVED QUESTION S 

Chapter IX . 1 . Ca n w e construc t a  tes t analogou s t o th e simpl e randomize d 

test i n § 3 fo r th e cas e o f nonidentica l sampl e s izes ? 

2. Generalizatio n o f Theore m 9.4, 1 o n th e characterizatio n o f th e Bartlett -

Scheffe test . Weakenin g o f th e condition s o n th e basi c spac e o f linea r forms . 

Construction o f a n analogu e o f thi s theore m t o characteriz e th e simples t test s o f 

the metho d o f leas t square s wit h unknow n weights . 

Chapter X . 1 . Ho w ca n on e construc t a  homogeneou s unrandomize d simila r 

test fo r th e Behrens-Fishe r proble m i n th e cas e o f lik e parit y o f th e s i z e s o f th e 

samples? 

Chapter XI . 1 . Investigation s analogou s t o thos e mad e b y Petro v fo r th e 

scheme o f man y smal l sample s fro m complet e exponentia l familie s referre d t o 

in § 1 . 



SUPPLEMENT 

NEW RESULTS IN THE THEORY OF ESTIMATION AND 
TESTING HYPOTHESES FOR PROBLEMS 

WITH NUISANCE PARAMETERS 

A. M . KAGA N AN D V . P . PALAMODOV X) 

The result s expounde d i n thi s Supplemen t ar e mostl y answer s t o question s 

put a t th e en d o f th e boo k (se e queries : 1  to Chapte r III , 3  an d 5  t o Chapte r V , 

4 an d 6  t o Chapte r VII) . Bu t § 5 i s a n exception ; ther e th e proble m o f estimatin g 

a locatio n paramete r i s considere d whe n th e "nuisanc e parameter " i s th e for m 

of th e functio n F(x  -  6)  itself , fo r whic h onl y severa l firs t distributio n moment s 

for 0  =  0  ar e known . 

The result s o f § § 1 an d 2  are du e t o V . P . Palamodo v [ 6» 7 L 2 ) o f § 3 t o 

A. M . Kaga n an d V . P . Palamodo v [ 2> 3 L o f § 4 t o A . M . Kaga n [4 , 12] , Q f § 5 t o 

A. M . Kaga n an d A . L . Ruhi n [5] . 

§ 1 . INVARIAN T VERIFICATIO N O F FUNCTION S 

WHICH AR E POLYNOMIAL S I N a  AN D I/a 2 

FOR NORMA L SAMPLE S 

This sectio n give s th e descriptio n o f al l polynomial s P(a,  1/c r )  admittin g 

invariant verificatio n i n th e sens e o f §2 , Chapte r H I (strictl y speaking , tha t 

sense wil l b e modifie d a  little) , o n th e evidenc e o f a  repeate d sampl e (x^ •  • • * * n) 

from a  norma l populatio n N(a,  a  ) . Th e metho d o f thi s sectio n i s purel y analytical , 

in contrast , fo r ins tance , t o tha t o f E . Lehman n [13 ] establishin g th e non -

verifiability o f certai n function s a s a  consequenc e o f th e indistinguishabilit y o f 

the correspondin g familie s o f distributions . 

1) Editor's note . Th e translatio n o f th e Supplemen t wa s provide d b y th e authors . 

2) Authors' note . Thes e refe r t o th e Bibliograph y a t th e en d o f thi s Supplement , no t 
to th e mai n Bibliography . 
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Let X u •  • • * x  €. N(a,  a  )  b e independen t norma l variables . I n studyin g 

the questio n o f th e invarian t verificatio n w e ca n restric t ourselves , withou t los s 

of generality , t o thos e test s <£(*" , s)  dependin g onl y upo n th e sufficien t statis -

tics 

_ 1  n 

n ;  = i  l 
>2 = I 2 ( * . - * ) 2 . 

* i  = l  l 

We hav e 

Ea ^ U , s ) =  <f){a,  a 2) =  <£(a , f ) 

= C0 7  Je /2exp[-^{s^(x^a?)]s^^/2c/>(x,s)dxds. (S . l . l ) 
- o o 0 

Here w e denote d £ = l/a  ;  C Q i s a  constant . 

Note tha t th e integra l (S . 1.1) ca n b e continue d a s a n analyti c functio n o f 

two comple x variable s t o th e produc t o f th e comple x plan e C  o f th e value s o f a 

and th e comple x halfplan e C  o f th e value s o f £  wit h R e £ > 0 . Thi s enable s 

us t o introduc e th e followin g definition . 

Definition. A  functio n / (a , £ ) define d i n C  x  C  i s calle d C-verifiabl e i f 

there exist s a  tes t <f>  suc h tha t 

<£(<*, f ) =  0 ( / ( a , £));  a € C , f € C + 

for som e < A ^  const . 

Any rea l C-verifiabl e functio n i s obviousl y verifiabl e i n th e sens e o f § 2 , 

Chapter III . Th e convers e i s no t true ; i n [^ ] w e giv e sufficien t condition s fo r 

the C-verifiabilit y o f function s whic h ar e verifiabl e i n th e sens e o f §2 , Chapte r 

III. 

Lemma S . l . l . For  any  test  cf>(x,  s) 

\4,(a, 0\  <  C 0 

n/2 

R e £ 
exp J£!i 

R e £ 
lima (S.1.2) 

for a  € C , f  € C  (C Q, C , , •  • • in  what  follows  are  positive  constants). 

Proof. 

\&*>&\-CQ\€\*/2x 
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x e x p ( - R e ( £ a 2 ) ) J  / e x p [ - f (« + x 2) +  2^ax]s (n-^/2 < £ {x  ,  s)  ds  dx 

<C | f | n / 2 e x p ( - R e ( £ a 2 ) ) J  /  e x p [ - R e f (s  +  x 2 ) +  2  Re (£ a) ST ]s<"-3>/2 ds  dx 

(S.1.3) 

because 0  <  <f>(x  , s)  <  1 . Th e quantit y 

CQ|Re<fr/2 

f R e ( fa )2 ] ° ? ~ r  _ 
•exp 

R e f 
/ / e x p t - R e f U +  * 2 ) +  2  R e (f a ) * ] s( 7 l ~ 3 ) / 2 d s J * 
-°°o 

is th e powe r functio n o f th e trivia l tes t cj>  s  1  a t th e poin t (R e £ , R e (£a)/Re f  ) . 

Taking thi s int o account , w e ca n writ e th e righ t sid e o f (S . 1.3) i n th e for m 

Re<f 

n/2 
exp * £ % > ! - R e (£a 2) 

R e ? 

Putting a  =  a  +  i  j8, € =  C+  iy  w e g e t 

Re (£a ) 

R e £ 
- R e €a: 

= 1  [ ( a C - J 8 7 7 ) 2 - C ( C ( a 2 / 3 2 ) - 2 T / a / 3 ) ] = Uc 2
 +  V

2)fl2= ! f ! i -

which lead s t o (S . 1.2) . 

We shal l sa y tha t r(a,  g)  € R  i f 

p ( a ^ ) P m ( f ) « m +  - ' - + P 0 ^ 

lima I 

r(a, £) 
a(a, f ) 

(S.1.4) 

where p t , g . ( t =  0 , 1 , •  • • , m;  j  =  0 , •  • •, k)  belon g t o th e rin g A  o f th e func -

tions holomorphi c i n C  an d P m
afc 4  0 . Withou t los s o f generalit y w e suppos e 

that eithe r m  >  k  o r m  -  k  bu t P m ^Va^.(^) 4  const . Moreover , w e ca n 

suppose tha t th e numbe r m  i s th e leas t possibl e an d th e function s p ^ an d q^ 

do no t vanis h simultaneously . 

Theorem S . 1.1 . 1° . If  a  function  r  6  R  with  m  >  0 is  C-verifiable,  then 

k =  0  in  (S .1 .4) , and  the  function  q 0(O ^  0  on  C + . Moreover,  the  power 

function of  the  test  \f/(r(a,  £))  is  an  entire  function  of  order  not  exceeding  2/m . 
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2 ° . // , moreover,  the  functions  q^ 9 p Q , • • •  , p m and  p^/q^  are  analytic  in 

the vicinity  of  zero,  the  function  is  of  the  form 

r(a, O  =  rJOa 2 +  rAO*  +  r Q ( f ) ; r . =  —  € A 

times a  constant;  also,  r 2(0) =  r^(6)  =  0 ; /"^(O ) =  1  and  the  image  of  the  mapping 

r~ : C  — » C  belongs  to  C  .  TA e function  if/  is  bounded  in  any  closed  angle 

belonging to  C  • 

In wha t follow s w e shal l denot e b y C  th e comple x plan e compactifie d i n 

the usua l way . 

Lemma S . 1.2 . Let  p:  co  —* C  be  a  function  meromorphic  in  a  domain 

co C C and  not  a  constant;  let  Q,  be  the  range  of  its  values.  If  if/(p(£)), 

C, €. co  is  analytic  in  co,  then  if/  is  analytic  in  fl. 

Proof. Le t Z Q 6  £1  b e a n arbitrar y poin t distinc t fro m «> , an d le t £ Q € co 

be a  poin t a t whic h P(£Q)  -  Z > Up  (£Q)  4  0 , the n i n th e neighborhoo d o f th e 

point Z Q w e hav e z  =  p(w{z))  wher e w(z)  i s holomorphi c i n ZQ . Henc e 

\jf(z) =  \fj(p(u)(z)))  whic h implie s tha t if/  i s holomorphi c i n ZQ. 

Since p  4  const , th e zero s o f it s derivativ e ar e isolated . Le t £ Q b e on e 

of th e zero s o f p  an d U  C  co a  close d bounde d neighborhoo d o f th e poin t £Q» 

containing n o othe r zero s o f p  an d n o pole s o f p . It s imag e V  =  p{U) is  a 

bounded neighborhoo d o f th e poin t ZQ  =  p\Ccy' 

In th e domai n ^ M Z Q } th e functio n if/  i s bounde d an d wa s prove d t o b e 

analytic. Henc e i t i s analyti c a t th e poin t ZQ  a l so . 

Now le t £ Q be a  pol e o f th e functio n p . Choos e a  bounde d close d neighbor -

hood U  C  co o f th e poin t £Q ' * t s imag e V  i s a  neighborhoo d o f «> , an d i n th e 

domain r \ {zn J l ^e functio n if/  i s bounde d an d analytic . Henc e i t i s analyti c 

at th e poin t ZQ  a lso . Th e lemm a i s proved . 

We pass no w t o th e proo f o f Theore m S . 1.1 . W e suppos e tha t if/  4 const . 

It i s eas y t o se e tha t th e rang e o f value s o f th e functio n r : C  x  C  - » C 

always contain s C ; henc e b y Lemm a S . 1.2 th e functio n r  i s entire . 

If k  >  0 , the n fo r a  suitabl e £ 0 th e imag e o f th e mappin g r(a,  £ Q): C  - » C 

contains th e poin t ©° . Henc e b y Lemm a S . 1.2 th e functio n if/  i s analyti c a t tha t 

point. Sinc e i t i s entir e i t mus t b e a  constant , whic h contradict s ou r assumptions. 

Hence k  =  0 . I n a  simila r wa y w e prov e tha t g 0 ha s n o zero s i n C  .  Henc e 
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we ge t 

r{a, O  =  rJOa m +  •  • • + r Q(f); r . ^ 6 A. 

We fi x th e poin t £  s o tha t r m(£) ^  0 . The n r(a,  £ ) ~  r m (£)am fo r a  —  ~ . Th e 

inequality (S . 1.2) implie s fo r certai n value s o f th e constant s A  an d B  tha t 

|^ (r (o , 0)\  <  C 0 e x P U | I m a | 2 ) <  C Q exp( 6 |r(a , f  ) | m ) ; 

hence w e deduc e tha t th e orde r o f th e entir e functio n if/  doe s no t excee d 2/m . 

The firs t assertio n o f Theore m S . 1. 1 i s proved . 

We pass t o th e proo f o f th e secon d assertion . Th e function s r  p - , . . . 

. . . ,  p m, £ Q ar e analyti c i n th e vicinit y o f zero . Henc e th e function s 

r. =  Pj/qQ  ar e analyti c i n th e vicinit y o f zero , excep t perhap s a t zer o itself , 

where th e onl y possibl e singularit y i s a  pole . W e shal l sho w tha t i n fac t th e 

coefficients r - ( i =  1 , •  • •, m)  ar e analyti c i n th e vicinit y o f zer o an d r,(0 ) =  0 -

For eac h i  =  1 , •  • •, m  w e hav e i n th e vicinit y o f zer o 

with certai n p . 4 0  an d a . . I f al l c u >  0  ou r assertio n i s proved . Suppos e 

that a  •  . < 0 fo r a  certai n i;  conside r th e quantit y 

f a « 1 
a s  ma x . 

i>l[ i  J 
Let k  b e th e larges t numbe r fo r whic h -  a h/k =  a « Fo r A  € C  pu t 

« A K > = .<£>J 

i/ft 
£> o, 

where th e branc h o f th e roo t ca n b e chose n arbitrarily . Sinc e a ^ <  0 , th e quan -

tity a\(£)  i s bounde d fo r £  — * 0  fo r an y A  £ C . Sinc e £  >  0 , w e ge t fro m 

(S .1 .2) : 

| 0 ( r ( « A ( f ) , £)) | <  C  exp(S(A)£) . (S . 1.5 ) 

On th e othe r hand , 

r(ak{0, O  =  2  r ; . (£)<^(0 +  A + 2  r ; ( f )o^^) - (S . 1.6 ) 

In th e firs t su m o n th e right-han d sid e o f (S . 1.6 ) 
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\\r{0\l/> 
rjWa^Ol = 

#>l' \/k 
\x\i/k 

for £  — * 0 , i n vie w o f th e choic e o f k.  I n th e secon d su m 

|r/(f)«i(f)|<Cf/(B///"ft*/*)|A|//*<C(|X|(*-1>/* +  l) 

for 0  <  f  <  1 , s inc e a . / / >  CL^/k  fo r /  <  k  an d th e functio n r Q ( f ) i s bounde d 

for £  — * 0 . W e choos e f  s o smal l tha t th e firs t su m i n (S . 1.6) i s smalle r tha n 1 . 

Then 

| r (o A (£) , f ) -  A | <  C d A ^ * - 1 ^ * +  1) . (S . 1.7 ) 

We tak e no w a  sufficientl y larg e /? . I f th e poin t A  run s ove r th e circumferenc e 

with th e radiu s /? , (S . 1.7) implie s tha t th e poin t r(a^)^  O*  whic h depend s 

continuously o n A , run s ove r a  curv e homeomorphi c t o tha t circumferenc e an d 

containing th e circl e 

| z | < : K ' = K - C ( f l ( / c - 1 ) A +  l ) . 

On th e othe r hand , fro m (S . 1.5) it  follow s tha t o n thi s curv e th e functio n I/J  i s 

bounded b y th e constan t Cexp(B(A ) f ) . Sinc e £  ca n b e chose n a s smal l a s w e 

p lease , iff  i s bounde d b y th e constan t C , whic h doe s no t depen d upo n A  o n th e 

curve describe d abov e an d henc e i n th e circl e o f radiu s R  .  A s R  — * « > s o 

does R  ;  henc e iff  i s bounde d o n th e whol e plane ; henc e if/  = const . Sinc e w e 

assumed tha t iff  4 cons t w e se e tha t a l l a  •  > 0 . 

Lemma S - 1 .3 . For  each  ^ 6 C  there  exists  an  e  > 0  such  that  the  func-

tion if/  is  bounded  inside  the  angle 

|arc z  -  ar c r m(£)\ <  €-

and, for  odd  m,  also  inside  the  angle 

|arc z  -  ar c ( - r w ( £ ) ) | <  * • (S . 1.8 ) 

Proof. Tak e a n arbitrar y f  € C + . Sinc e r m(0) =  0 , i t follow s tha t r m(^)^ 

cons t . Therefor e i n th e vicinit y o f th e poin t £  w e ca n fin d point s £ + an d f _ 

such tha t 
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a r c r m ( f + ) > a r c r m ( £ ) > a r c r m ( f _ ) , 

«<= rm({+) -  ar c rm (£_ ) =  S  <  „/2  .  (S . 1.9 ) 

We shal l sho w no w tha t th e functio n i/ r i s bounde d insid e th e angl e 

arc rm(£+) -  S/ 3 >  ar c z  >  ar c rm (£ . ) +  S/3 . (S . 1.10 ) 

Consider th e curve s 

9±(a) =  r{a,  <f ±), < f€ [0 , « ) . ( S . l . l l ) 

We hav e 

0 ± ( a ) - r m ( £ ± ) a m = O ( a ' " - 1 ) ; £ _ « . 

This implie s tha t th e domai n betwee n th e curve s £ ±(a), take n togethe r wit h a 

sufficiently larg e circle , contain s th e angl e (S . 1.10). B y th e inequalit y (S . 1.2 ) 

the functio n ip{r(a,  f ± ) ) i s bounde d fo r rea l value s o f o . Henc e th e functio n \jj 

i s bounde d o n th e curve s (S . 1.11). Bu t b y (S . 1.9) thes e curve s ar e containe d 

inside a n angl e l e s s tha n n/2,  whil e i//  wa s show n abov e t o b e a n entir e functio n 

of orde r no t exceedin g 2/m  <  2 . Henc e b y th e Phragmen-Lindelo f principle , th e 

function i//  is  bounde d i n th e domai n lyin g betwee n th e curve s ( S . l . l l ) , a s wa s 

to b e proved . Th e cas e o f od d m  i s deal t wit h b y analog y wit h th e precedin g 

one. T o complet e th e proo f o f Theore m S . 1.1 , conside r th e se t 

{arcr ( £ ) , < f € C + l . (S . 1.12 ) 

Since 

m ^  r  mb * m b 9  m 

for sufficientl y smal l £'s,  w e hav e 

a r c r m ( ^ ) - a m a r c ^ + a r c p / n fo r f  - > 0 . (S . 1.13 ) 

Therefore i f a m >  1 , th e se t (S . 1.12) contain s a n interva l o f lengt h 27T - B y 

Lemma S . 1. 3 i t the n follow s tha t th e functio n iff  i s bounde d insid e th e angl e 

2n -  e  fo r an y € > 0 . A s i//  i s a n entir e functio n o f a  finit e order, , w e hav e b y 

the Phragmen-Lindelo f principle : if/  = const . Henc e a  = 1 . Multiplyin g 

r(a, f ) int o l / p m , w e ge t r ' (0 ) =  1 . 

*With f  replace d b y -  f . 
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In thi s cas e i t follow s fro m (S . 1.13) tha t th e se t (S . 1.2) contain s th e interva l 

(_ 77-/2 , 7r/2) . The n b y Lemm a S . 1.3 th e functio n if/  i s bounde d insid e th e angl e 

|arc z\  <  77/ 2 -  e  fo r an y e  > 0 . Henc e if/  i s a  functio n o f orde r a t leas t 1  an d o f 

finite type . O n th e othe r hand , w e hav e prove d tha t it s orde r doe s no t excee d 

2/m. Hence , m  <  2 . Th e cas e m  -  1  i s exclude d becaus e fo r m  =  1  Lemm a 

S. 1. 3 woul d impl y th e boundednes s o f th e functio n iff  a ls o i n th e angl e 

|arc2 -  n\  <  n/2  -  € fo r an y e  > 0 , whic h i s impossibl e fo r nonconstan t function s 

of finit e order . 

It remain s onl y t o verif y tha t th e imag e o f th e mappin g r 2
: C  — * C  belong s 

to C  •  Suppos e i t i s no t so , an d tha t fo r a  certai n ^ € C ,  |ar c ^ ( ^ l >  n/2. 

By Lemm a S . 1. 3 th e functio n iff  i s bounde d insid e th e angl e |ar c z  -  aicr 2{£)\ S €* 

Since thi s functio n i s o f th e firs t orde r an d bounde d insid e an y angl e o f th e for m 

|arc z  I  < n/2  -  e , agai n th e Phragmen-Lindelo f principl e implie s tha t i t vanishe s 

identically. Theore m S . 1. 1 i s proved . 

Theorem S . 1.2 . Let  a  polynomial  p{a,  £)  which  is  not  a  function  of  £  only 

be C-verifiable.  To  be  so,  it  is  necessary  and  sufficient  for  p(a , £)  to  be  rep-

resentable as  a  linear  form  of 

£{a2 +  Aa +  B) (S.1.14 ) 

where A  and  B  are  real  and  A  -  4B  <  0 . 

Proof. Necess i ty . Le t p(a,  £)  b e a  C-verifiabl e polynomial , an d le t th e 

test <f>  b e suc h tha t <£U 5 £ ) =  if/(p(a,  £) ) wher e if/  4 const . B y Theore m S . 1. 1 

the functio n if/  i s a n entir e on e an d p(a,  £ ) , afte r multiplicatio n b y a  suitabl e 

constant, i s o f th e for m 

p(a, £) =  p2(0<*2 +  Px(f )
a + P0(£)> 

where 

p 2 ( 0 ) = P l ( 0 ) = 0 ; p' 2(0) =  1 . (S.1.15 ) 

By th e condition s o f th e theore m p 2(£)> P\^^  P ( / ^ a r e polynomials . W e 

shall sho w tha t thei r orde r doe s no t excee d 1 . Suppos e thi s i s no t true ; the n 

for a  certai n a  =  C Q th e polynomia l p(flQ » f ) i s o f orde r k  • > 1 a s a  polynomia l 

in f . Henc e 

p(aQ, O  =  Cfk +  OCiei*-1); £  -» ~. (S . 1.16) 
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Let th e poin t £  mov e insid e th e angl e |ar c f  |  <  77/ 2 -  €. The n fro m (S . 1.2) i t 

follows tha t i/j{p{a Q, £))  i s bounded . O n th e othe r hand , th e firs t ter m i n 

(S. 1.16 ) run s ove r al l th e value s o f th e angl e |ar c £ | <  n  -  2e.  Henc e th e func -

tion p(#Q > £ ) run s ove r al l th e value s o f th e comple x plane , excep t perhap s i n a 

certain circl e an d i n th e angl e jar c z  -  n  \ <  3 £• Henc e th e entir e functio n 0  i s 

bounded o n th e whol e plan e excep t perhap s i n a n angl e |ar c z  —  77 1 < 3  *" > whic h 

is a s smal l a s w e please . Sinc e thi s functio n i s o f finit e order , th e Phragme n 

Lindelof principl e implie s tha t i t i s bounde d o n th e whol e plan e an d therefor e i s 

a constant . Thi s contradictio n prove s tha t Pj^*  P\^0  a "d P Q(£) ar e linea r 

functions o f £ . 

From (S . 1.15) w e get  tha t p^O  =  f  J  P i (0  =  A£  >  wher e A  i s a  constant . 

Subtracting a  suitabl e constan t fro m p(a , f  )  w e ca n als o annu l th e constan t ter m 

of PQ(€)* The n p(a,  £ ) take s th e for m (S . 1.14) . 

Consider no w th e functio n ar c (a 2 +  Aa +  B)  fo r rea l value s o f a . Suppos e 

it t o b e nonconstan t an d le t <£ - an d <£ 2
 D e tw o distinc t value s o f it . I n tha t 

case , i f £  run s ove r th e angl e jar c f  |  <  n/2  -  e , an d th e poin t a  run s ove r 

the rea l axis , th e poin t £(a  +  Aa  +  B)  wil l tak e o n al l th e value s insid e th e 

angles 

jarc 2  -  ̂ > 1j <  n/2  -  € an d |ar c z  -</> 2| <7r/2 - e . 

From th e inequalit y (S . 1.2) i t follow s tha t if*  is bounde d insid e thes e 

angles fo r an y e  > 0 . Sinc e <£ j ^  <f> 2
 a **d 0  i s a n entir e functio n o f th e firs t 

order, thi s i s impossibl e i n vie w o f th e Phragmen-Lindelo f principle . Henc e 

arc (a +  Aa  +  B)  =  const . O n th e othe r hand , ar c (a +  Aa  +  B)  =  0  fo r a  — > 00 . 

Hence ar c (a2 +  Aa +B)  =  0 , / 4 an d B  ar e rea l number s an d a  +  Aa  +  B  i s 

nonnegative fo r al l rea l a , s o tha t 4  -  4f i <  0 . 

Sufficiency. Conside r th e tes t 

f(i - * ( * 2 / * ) ) ( n ~ 3 ) / 2 ; s > * * 2 

[ 0 ; s < * * 2 

for a  give n J  > 0 . I t ca n b e show n tha t fo r a  certai n pai r o f number s (y , s Q) 

with s 0 >  0  w e hav e 

£ a ^  <£(*" - y, 5  - s 0 ) =  C Q e x p ( - r £ 2 ( a 2 +  4a +  £) ) 
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where r£  (0 , l ) , s o tha t £ ( a +  Aa  +  B)  i s verifiable . W e omi t th e details ; 

they ca n b e foun d i n ["] . 

§2 . TH E DESCRIPTIO N O F AL L COTEST S FO R A  CLAS S 

OF EXPONENTIA L FAMILIE S WIT H POLYNOMIA L RELATION S 

This i s closel y relate d t o §8 , Chapte r V , an d w e us e her e th e notatio n an d 

terminology o f tha t chapter . 

Consider th e exponentia l famil y o f densitie s wit h respec t t o Lebesgu e 

measure 

p(7\ d)  =  C(0H(r )ex p (6 lTl +  . . . +  dj s) (S.2.1 ) 

with d,  T  € R s. Befor e statin g th e condition s impose d upo n h(T)  an d th e para -

metric set , w e introduc e th e se t co  C R determine d i n th e followin g way . Con -

struct th e se t o f 6  £  R s fo r whic h fo r a  certai n C  =  C{0)  th e conditio n 

{((9, T)  < C ! D S u p p A  = ? 

holds. 

This se t i s a  con e whos e interio r w e denot e b y cu . I t i s importan t t o remar k 

that i f 6  £  co  w e ca n choos e a  constan t B  suc h tha t fo r a  suitabl e € > 0 

(0, T)$-€\T\ +  B;  TeJ.  (S.2.2 ) 

We shal l suppos e tha t th e famil y (S.2.1 ) satisfie s th e followin g requirements . 

1 .1 . J  =  Supp A  i s a  conve x set . 

1. 2. co  i s nonvoid . 

1.3. Fo r an y € > 0 

| U m e x p ( - £ | 7 1 ) | | L <oc . (S.2.3 ) 

(Note tha t fro m (S . 2.2) an d (S . 2.3) i t follow s tha t fo r an y 6  £  co,  p(T,  6)  ca n b e 

considered a s a  probabilit y density. ) 

2 . 1 . Th e paramete r 6  take s o n value s i n a n everywher e dens e subvariet y 

of a  rea l algebrai c variet y I I f] co. 

2. 2 . Th e polynomia l idea l /  forme d b y th e rea l polynomial s o f 6  vanishin g 

on I I p| co i s a  principa l one , i . e . i t consist s o f al l polynomial s o f th e for m 

G(e)P{d) 
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for a  suitabl e P{6). 

Denote b y N  th e variet y o f comple x root s o f P(6)  an d b y co  x R*  th e se t 

(d£Cs; R e 0 € a > ) . 

3. 1 . Eac h connecte d componen t o f th e intersectio n N  f](co  x  R y) ha s a t 

least on e rea l poin t wher e gra d P{6) ^  0 . 

Theorem S . 2 . 1 . Under  Conditions  1.1 — 3 .1 each  cotest  can  be  represented 

uniquely by  the  formula 

JL  ... _i_ (S. 2.4 ) 
h(T) 

where *P( D i s a n {ordinary)  function  such  that 

Supp *¥  C  Supp A 1 

| | ¥ e x p ( - * | r | ) | | L < « for  any  < r > 0  J  "  (S.2.5 ) 

TAe function V  i s uniquely  determined. 

Conversely, each  function  of  the  type  (S . 2.4) with  W{T)  satisfying  the  re-

quirements (S . 2.5) and  lying  between  a  and  1  -  a  for  a  value  of  a  6  (0 , 1) , i s 

a cotest. 

Proof. 1 . Tak e a  poin t a  €. co . The n fo r certai n constant s C  > 0  an d B 

the conditio n 

(a, n < - C | r | +  B  (S.2.6 ) 

is fulfille d o n th e se t Sup p A. 

2. Se t 

l |«H£=ll«r)expc|r|| |L2 . 

By a  theore m o f Hormande r C 1 1], fo r an y differentia l operato r wit h constan t 

coefficients ther e i s a  fundamenta l solutio n (i n general , a  generalize d function ) 

E(T) unde r th e condition : 

\\E*m.(<c\\n( (s.2.7 ) 
for an y <tK D fo r whic h th e right-han d sid e o f th e formul a i s finite . Le t £ ( 7 ) b e 

such a  solutio n fo r P ( - - D + a) . 

Let (f>{T)  be a  give n cotest , pu t <f>  =  cfJi  and 
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V(r) =  £ ( r ) e x p [ - ( o , D ] * J ( D 

= /£(Dexp[-(o, mj(r-rwr 
= e x p [ ~ (a , r) ] / £ ( D ex p (o , r  - f ) }(r  -  T)  dT. 

In vie w o f th e inequalit y (S . 2.6), th e functio n exp(a , T)<f>(T)  belong s t o th e 

space L 2 wit h th e weigh t e x p ( e | r | ) fo r a  certai n € > 0 . Therefor e th e propert y 

(S. 2.7 ) o f th e functio n E  implie s th e inequalit y 

| |exp(a, rmr)\\_ € 

= | |£*exp(a , r ) £ ( r ) | L £ <  C||exp(a , T)  $(T)\\ £ 

< C ' I I 4>  I I - e  for  al l smal l £  > 0 . (S . 2.8 ) 

Let u s chec k th e equalit y (S . 2.1). T o thi s en d w e shal l establis h firs t tha t 

the functio n E(T)  ex p [ - (a , T)]  i s th e fundamenta l solutio n fo r th e operato r 

p ( - fD) . B y th e Leibnit z differentiatio n formul a w e hav e 

P{-$){E(T)exP(-(a,T))\ 

= exp(-(a , T))1.~P^(-S))E 
i ll 

= exp( - (a , T))P{-3)  +a)E  =  exp -  (a , T).  8  =  5 , 

from whic h w e easil y obtai n 

P ( - £ V P =  P ( - 3 ) ) ( £ ( r ) exp( - (a , D ) * ^ ) =  S * 0  =  0 . 

3. W e must prov e no w tha t Supp 1? C  SuppA. Le t T  € SuppA ; the n fro m th e 

convexity o f Supp A i t follow s tha t fo r a  certai n A  w e hav e (A , T)  >  (A , r) 

for T  £.  SuppA. Th e constructio n o f E(T)  lead s t o th e relatio n 

P(3)T +  a)E{r-  T)  =  0  i n th e half-spac e (A , r  - T)  <  0 . 

By a  theore m o f V . P . Palamado v [8 , 9] w e hav e th e representatio n 

E(T -  D  =  /  ex p (0, D  p  U0), (S . 2.9 ) 
P(0+a) =  O 
| R e 0 | < 2 * 

where th e conditio n |R e d\  <  2  € i s secure d b y th e specia l choic e o f th e funda -

mental solutio n E(T)  fo r whic h \\E  *  0 | | _ £ <  C\\<f>\\ € (th e propert y (S . 2.7)). Th e 

measure / x i n (S . 2 . 9) i s suc h tha t th e integra l (S . 2 . 9 ) converge s absolutel y 
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as a  generalize d functio n i n th e half-spac e (A , r  - T)  <  0 . 

We now hav e 

V(T) =  fEir-T)  e x p ( - (a,  r - T}  }(T)  dT 

/ E(r-T)ezpi-{a,r-T))}(T)dT 
Supp h- J 

= e x p ( - ( a , r) ) /  (exp(< 9 +  a , D , 4>(T))(i(dd).  (S.2.10 ) 
P(0+a)=O 
)Re0|<2<r 

Here w e hav e se t 

(exp(0 +  c , D , ^ ( D ) = / e x p ( 6 > + a , T)^)  dT. 

The interchangin g o f th e orde r o f integratio n i s permissibl e becaus e fo r a 

sufficiently smal l e  >  0 , i n vie w o f | R e 0 | < 2 £ , w e have : 

exp(0 +  a , f ) =  0 ( e x p (- * ' |T|) ) fo r T  € J . 

We shal l no w sho w tha t 

(exp(0 o +  a , D , J ( D ) =  0  fo r p(0 Q +  a ) =  0 , | R e 0 o | <  2  e . 

For sufficientl y smal l a  w e hav e 0 Q +  a  € o > x R\  Le t A f b e a  connecte d 

component o f th e intersectio n N  f]  (co  x RD>  containin g th e poin t 0 Q +  a.  B y 

the condition s o f th e theore m N  ha s a t leas t on e rea l poin t C,  a t whic h 

grad P(£ ) £  0 . Sinc e P(0 ) i s a  polynomia l wit h rea l coefficients , th e conditio n 

grad P(£ ) 4  0  implie s tha t th e se t / V contain s a n ope n ( s -  l)-dimensiona l 

part v  o f th e se t o f th e rea l zero s o f P(d)>  No w th e cotes t conditio n 

Ed<f> =  o,  denf]o) 

implies tha t 

(exp(0, T),  0 ( D ) =  0  fo r 0  e  i/ . (S.2.11 ) 
V 

Since (exp(0 , T) , <j)(T))  i s analyti c i n co  x R  ,  th e relatio n (S . 2-11) hold s b y 

the principl e o f analyti c continuatio n fo r th e whol e N' f i . e . 

(exp(0 o +  a , T\}(T))  =  0 

for p( 0 +  a)  =  0 . Henc e 

S u p p ^ C 3" . 
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4. W e shal l sho w tha t fo r an y € > 0 

imi.f<~. 
(S. 2.8) implie s tha t 

| | exp(a , r )^ |U e <oc . 

First w e shal l prov e tha t ¥  doe s no t depen d upo n th e choic e o f th e poin t a  6  co-

Take 

¥ =  V  an d V  ,  =  ¥ ' . 
a a 

We have ||* P exp(a, T)\\_ ( <  <*> an d | |¥ ' exp(a' , T)\\_ £ <  «>. Fro m thi s an d fro m 

the convexit y o f th e con e o  w e deduc e tha t th e integral s 

$ =  / * exp(0 , T)  dT  an d $ ' =  / ¥ ' exp(0 , D  J 7 

converge absolutel y fo r 6  =  b  +  c  +  a  ;  i  € 6) . Bu t 

implies tha t 

P(0)($ -  $ ' ) =  0  fo r ( 9 Geo +  a  +  a' . 

Hence $  =  V ' an d ¥  =  ¥ ' , an d therefor e 

||V exp(a , r ) | | _ ( <  <*> for an y a  €a>. 

Since |a | i n c o ca n b e mad e a s smal l a s w e need , w e hav e 

imi - e <-
The argumen t o f thi s sectio n als o show s tha t th e functio n * P i n (S . 2.1) i s 

uniquely determine d b y th e condition s (S . 2.5) . 

5. Application  to  the  Behrens-Fisher  problem.  Fo r th e Behrens-Fishe r 

problem w e hav e 

p(7 \ 6)  =  C(0 ) h{T) e x p ( 0 1 T l +  •  • • +  6 A T A); 

6> = ((9 2<0, (9 4< 0) ; 

h(T) =  ( r 2 -  7 2 ) ( " - 3 ) / 2 ( r 4 _  r 2)(m - 3 ) / 2 _ 

The correspondin g idea l i s a  principa l on e an d i s generate d b y th e polynomia l 

P{d) = eleA -  d 2dy 
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Thus th e Condition s 1.1—2 . 2  obviousl y hold . Le t u s chec k th e requiremen t 

3. 1 . W e tak e a n arbitrar y poin t 6  £  N  f]  (co  x RD  an d le t i t mov e int o th e rea l 

subspace whil e remainin g durin g th e whol e motio n i n on e an d th e sam e connecte d 

component. 

1) Suppos e tha t 6*  4  0 . Conside r th e pat h forme d b y th e points : 

ot =  (ev e r td y te 4); t  € 1, 
6J 
e 3 J 

Clearly al l point s 6 t belon g t o th e sam e componen t o f N.  Conside r no w th e 

path 

6't = (Retf j +itlmd v R e 02 +  itlmd 29 R e 6X +  itlm $ v R e d 2 +  itlm 6^; 

t € (0 , 1) . 

This pat h take s Q % into th e poin t (Reflj , R e # 2 , R e ^ , R e dz)  belongin g t o 

the rea l subspace . 

2) I f 0^  =  0  bu t 61  4  0  th e argumen t mus t b e change d i n a n obviou s way . 

3) I f 0 3 =  0 , d A =  0 , th e pat h 

6t =  (Re0j , +^11110 ^ Re(9 2 +  it  Imd r 0 , 0) ; t  € (1 , 0 ) 

takes th e poin t (# 1 ? # 2 ' ̂ » ^ ) * n t o ^ e ^ l ' ^ e ^2 ' ^ ' ^ ' * € r e m a ^ n s o n l y t o re ~ 

mark tha t fo r P(0 ) =  8^  #4 -  # 2 $3 ' w e hav e g r ad P(0 ) =  0  onl y a t th e origin , 

which doe s no t belon g t o co* 

Hence fo r th e Behrens-Fishe r proble m al l cotest s ar e o f th e for m 

*-z dTxdT4 dT ldT5j 
¥. 

6. W e ca n describ e al l th e cotest s fo r exponentia l familie s wit h a n arbi -

trary numbe r o f polynomia l relations . I n tha t cas e th e idea l /  i s no t neces -

sarily a  principa l one . Eac h cotes t ca n b e writte n i n th e for m 

0 = i2P,(-S))¥,, 
h j  '  * 

where P.  (6) ar e th e generator s o f th e idea l /  an d W ( D ar e i n general , gen -

eralized function s wit h support s i n J . 
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§3. CONDITION S OF OPTIMA L UNBIASED ESTIMATIO N 
FOR INCOMPLETE EXPONENTIA L FAMILIE S 

WITH POLYNOMIAL RELATION S 

We conside r th e proble m o f unbiase d estimatio n o f parametri c function s o f 

n independen t observation s o f a  rando m variabl e wit h th e densit y wit h respec t 

to Lebesgu e measure : 

/ U ; a ) =  expU 0(x) +  c ^ a ^ U ) +  •• • +  c s(a)ts{x) +  c Q(a)l; (S . 3-1 ) 

here s  <  n;  th e abstrac t paramete r a  € A.  Introduc e th e natura l parameter s 

and suppos e tha t fo r OL£  A th e poin t 6  =  ( 0 j , •  • •, 6 S) run s ove r a n everywher e 

dense subse t o f a n algebrai c subvariet y o f th e domai n 0  C  R •  Thi s subvariet y 

we shal l writ e i n th e for m 0  f ) 11 ? wher e I I i s a n algebrai c variet y i n R s give n 

by th e polynomia l relation s 

n i ^ r • • • » ^ a ° l 
(S.3.2) 

ur(ev . . . , es) = o J 

with r  <  s. 

The distributio n o f th e repeate d sampl e (x^,  •  • • , x^j  =  x  fro m th e se t 

(S. 3-1 ) i s give n i n R n b y th e densit y wit h respec t t o Lebesgu e measur e 

/ ( " > £ ; 6)  =  (C(6)) n ex p J L 0 ( % p +  6 l2tl(xi) +  --- +  es2ts{xi) I  (S.3-3 ) 

where C(d)  i s determine d b y th e normin g condition . Th e sufficien t statist ic s 

for th e famil y (S . 3-3) ar e 

We shal l suppos e tha t T-^,  • • • ? T s ar e functionall y independent ; the n th e dis * 

tribution o f th e vecto r T  =  {T ,, •  • •, T s) i s give n i n R s b y th e densit y wit h 

respect t o Lebesgu e measur e 

p(T;d) =  C(d)h(T)exp(d lTl +  "- +  dsTs), (S.3 .4 ) 

where h(T)  >  0 ; 6  € Q  f| II . W e denot e b y Sup p A th e suppor t o f th e functio n 
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h{T), i . e . Supp A =  \T:  h(T)  >  0} ; le t J  =  in t SuppA . Ou r conditio n fo r h{T) 

consists i n th e followin g requirements : 

h(T) i s infinitel y differentiabl e o n J 

mes Sup p h =  mes J  . 

Let g{T)  b e a n unbiase d estimat e fo r a  certai n functio n yid)  dependin g onl y 

upon th e vecto r o f sufficien t statistic s T  an d havin g a  finit e varianc e fo r al l 

values o f 6  € Q  f] II . W e shal l investigat e th e condition s whic h ar e implie d fo r 

the variet y I I an d th e estimat e itsel f b y th e optimalit y propert y o f th e estimat e 

for al l 6  € £ 2 f] H  * n t n e c las s o f unbiase d estimate s o f th e functio n y(8)  wit h 

finite variances . Throughou t thi s sectio n w e tak e th e varianc e fo r th e qualit y 

measure o f th e estimate . I t i s clea r tha t th e behavio r o f th e functio n g{T)  out -

side 7  i s o f n o importanc e fo r it s propertie s a s a n estimat e o f y(d);  therefor e 

we shal l suppos e g(T)  t o b e define d onl y o n J . Denot e b y / V th e leas t 

(complex) algebrai c variet y i n C S containin g I I p| 0. Sinc e I I i s itsel f a n 

algebraic variety , I I f] fl =  N  f ) fi. 

Theorem S . 3*1. In  order  for  the  function  g(T),  T  6  5  for  which  Egg  <<» ; 

6 £  fl  f | I I to  be  the  best  unbiased  estimate  of  the  function  E@g  -  y(d)  for  the 

exponential family  (S . 3-5), 6  €> ft fl n , under  condition  (S . 3*5) it  is  necessary 

and sufficient  that: 

1) In  the  space  C s of  variables  0 , , •  • • > d  there  exists  a  linear  system  of 

coordinates d\<>  •  • • ? 0S in  which  N  is  a  cylinder  of  type  L  x  v,  where  L  is 

the coordinate  space  6\  =  •  • • =  6  = 0 and  v  is  a  certain  set  in  the  space: 

0' =  . . . =  0'  =  0 ; 0  <m  < s . 

2) In  the  corresponding  system  of  coordinates  7 \ , •  • •, T s in  the  space 

Rs of  values  ( 7 ^ , • • • , T  )  the  function  g{T)  depends  only  on  T m+., • • • , T  . 

Proof. Le t X ^ ^ e a n arbitrar y unbiase d estimat e o f zer o wit h a  finit e 

variance, i . e . 

Ee(x) =  0 ; E eX
2 < ~ ; flGflnn. 

Lemma S . 3 .1 . Eor  g(T)  to  be  the  optimal  unbiased  estimate  of  y(0) , 

6 £  0  f | II , it  is  necessary  and  sufficient  that  for  each  unbiased  estimate  of 

zero with  a  finite  variance 

(S.3-5) 
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In fact, le t g(7* ) be th e best unbiase d estimat e o f y{6)  an d x^)  a n arbitrar y 

unbiased estimat e o f zero . The n fo r a n arbitrar y constan t c 

$e(g +  c X) =  3) e(g) + 2 c £e ( g X ) + c 2 5 ) e ( x ) . (S . 3.6 ) 

As fo r al l value s o f c 

then i t i s eas y t o deduc e fro m (S . 3.6) tha t E  e(g y)  =  0 , 6  € fl  f]  II . Conversely , 

let E^(gy)  =  0 9 6  € Q  f| I I fo r an y unbiase d estimat e o f zer o X^^ * ^  t n e 

estimate g^T)  is  suc h tha t 

Eegl =  y(&),E eg\<oo, ee  o n n , 

then x  =  g i ~  £  wil l b e a n unbiase d estimat e o f zero . W e have : 

W =  Efc-yieu x )2 = s>*<*)+sVx> > $M 
which prove s Lemm a S . 3-1-

We ca n no w prov e th e sufficienc y o f th e condition s o f th e theorem . Withou t 

lo s s o f generality , w e ca n assum e tha t i n th e initia l syste m itsel f th e subspac e 

L i s give n b y th e equation s # i =  •  • • =  0 m =  0 , an d v  i s a  subse t o f th e subspac e 

dm+1 =  •  • • =  0 S -  0 , an d tha t th e functio n g(T)  depend s onl y upo n 

71 p  • • • , T  .  Le t x ^ ^ D e a n arbitrar y unbiase d estimat e o f zer o wit h 

Ee(x
2)<oo, deNftQ,.  Tak e an y poin t 0 Q =  ( 0 1 Q , - - . , d sQ) £  N  f]  0 , denot e 

by co  th e sectio n o f Q  b y th e surfac e 6y  =  $ i o ' * " *» ̂ m =  ^m 0 anc * P u t 

TO =  f (rw + 1 , •  • •, T s) =  /X ( 7 W ) exp(0 l o r i + . . . +  6 mQTm)dTx . . . JT m . 

The relatio n N  =  L  x  v  implie s that , togethe r wit h th e poin t 0 Q, th e se t N  con -

tains th e point s (# i0 ' * ' ' >  # m o' ^m+1 ' *  " '  ^  * or a ** v a * u e s ° * 0 m+i> ' ' *  ' ^ s" 

Hence an d fro m th e conditio n E  Ay) =  0 ; 0  € Q  f(/V w e deduc e tha t 

/ T O ) e x p ( 0 m + 1 7 m + 1 + • . . +  8 S T s)dTmn .  •  • dT s -  0 

for al l (#_ +1> •  • • > 0 S) € &> • B y th e uniquenes s theore m fo r Laplac e transforms , 

TO) =  0 . W e have furthe r fo r 6 Q € Q  fl N -
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Ee6(sx)-Ci60)fg{Tm.v...,TM)dTm.l...dTM 

x f^T)h(T) .  exp«?10 T1+... +  d m0 TJdT l ...dT m 

-C%^s(Tm+v-..,Ts)^P(dm+lt0Tm+l +  ...  +  d s>0Ts)dTm+l...dTs 

x MT)h(T)exp{e10T1 + ... + em0 rm)rfr1... ^ 

= cw0)/<(n«n«ip(« l l+1(0r11+1 +... + es0Ts)dTm+l... rf rs.o. 
By Lemm a S . 3-1 , g(^ ) i s th e bes t unbiase d estimat e o f th e functio n y(0) . 

The proo f o f th e necessit y o f th e condition s o f Theore m S . 3.1 i s mor e com -

plicated an d th e followin g lemma s ar e required . Denot e b y - D = ® ( j ) th e spac e 

of infinitel y differentiabl e function s o f T  wit h compac t support s lyin g i n J . 

For an y functio n <p{T)  €, j)  th e Laplac e transfor m 

$ ( 0 ) =  / e x p ( 0 , T)cf>(T)dT 

i s a n entir e functio n i n C s . 

Directly fro m Lemm a S . 3-1 i t follow s tha t i f g(T)  i s th e bes t unbiase d 

estimate o f th e functio n y(0) , 6  £  flf)  I I an d ^ ( 1 ) € D  i s suc h tha t 

x(0) = o, flennn, 
then 

* x ( 0 ) =  O , 0 € O n n . (S.3.7 ) 

Lemma S . 3-2 . / /c m entire  function  (f)(6)  is  equal  to  zero  on  Q  Q 11* then 

it is  equal  to  zero  on  the  whole  set  /V . 

Proof. Le t M  b e a n irreducibl e algebrai c variet y i n C s - B y a  theore m o f 

Whitney [17 ] ther e exist s a  prope r subvariet y A/ * wit h th e followin g property : 

the se t (M\M*)  f | R s i n th e vicinit y o f eac h o f it s point s 6  i s a  rea l analyti c 

subvariety o f dimensio n d 7 an d th e vector s gra d f(d)  (wher e fid)  i s a n 

arbitrary rea l polynomia l vanishin g o n M)  for m a n ( s -  cO-dimensiona l space . 

Now represen t th e variet y N  a s th e su m o f irreducibl e subvarietie s 

N =  N l\J... [jN l. 

Applying t o eac h N  th e theore m o f Whitney , w e separat e i n i t th e exclusiv e 

subvariety M* . W e remar k tha t eac h o f th e se t s N k\N$ ha s a  nonvoid intersectio n 
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with fl,  sinc e otherwis e flpn  woul d b e a  par t o f I L ^ A ^ U ^ >  and N 

would no t b e th e leas t algebrai c variet y containin g Q  f| II . W e now fi x th e A  an d 

choose a  poin t p | 12. B y th e theore m o f Whitney , i n th e vicinit y o f 

the poin t 6  th e se t N  f]Q>  i s a  rea l analyti c variet y o f dimensio n d;  moreove r 

there exis t rea l polynomial s / 1 ? •  • • > f s~£> vanishin g o n N  f]  Q, whos e 

gradients ar e linearl y independen t a t th e poin t 0 . Th e polynomial s / 1 ? •  • • 

• • • , f s-d vanis h o n / V ,  sinc e otherwis e / V woul d no t b e th e leas t variet y 

containing 0  f | II - Henc e ther e exist s a  comple x neighborhoo d U  o f th e poin t 6 

such tha t N  f]U  i s a  comple x analyti c variet y o f dimensio n d.  Sinc e (f)(6)  = 0 

for OeSlf)  N\  i t follow s tha t <f>(6)  =  0  fo r 6  £  U  f] NK  Bu t an y comple x 

irreducible variet y i s a  connecte d analyti c variet y wit h th e exceptio n o f a 

nowhere dens e set . Henc e cf>(6)  =  0 , 6  £  N  .  Sinc e A  i s an y o f th e number s 

1, •  • • > / 5 <f>  s  0  o n N.  Lemm a S . 3.2 i s proved . 

From (S . 3.7) an d Lemma S . 3.2 i t follow s tha t fo r an y y  £  %  i f * ( 0 ) =  0 , 

tfennn the n $ x ( 0 ) « O , 0 € / V . 

Let A  b e th e rin g o f al l polynomial s o f 6  £  C s wit h comple x coefficients . 

If $  i s a n idea l i n A,  an d £  6  C 5 , w e shal l denot e b y 3 y th e idea l forme d b y 

the polynomial s p(6  +  £ ) , wher e p(0 ) € 9 . Conside r th e se t 2 1 C A o f poly -

nomials p(6)  fo r whic h g(T)  i s th e bes t unbiase d estimat e o f th e functio n 

y(6) an d i s als o a  generalize d solutio n i n J  o f th e equatio n 

It i s eas y t o se e tha t 2 1 i s a n ideal . Denot e b y /  th e idea l i n A  forme d b y al l 

polynomials vanishin g o n N. 

Lemma S . 3-3. / / C  € N,  then  l^CU. 

Proof. Le t p(d)  £  I  r i . e . p( 0 -  £ ) £  I.  Considerin g g{T)  a s a  generalize d 

function i n J , w e hav e fo r a n arbitrar y functio n cf>  £  1> : 

(p(3))g, <£exp(£ , D ) =  (g , p ( - 3 ) )<£exp« , D ) 

= (g , e x p ( £ , r)p(-fD-CV)(r) = / g ( D e x p ( C , r ) p ( - 2 ) - 0<f>(T)  dT. 

Since p( 0 -  £ ) € / , th e functio n p ( - 3 ) - £)< £ = p( 0 -  £)<£(0 ) vanishe s o n 

flfin. Bu t the n w e hav e 

fg{T)expiC, T)p(-3)-O4>^dT  =  0;  0 € O f i n 

PCD)g =  o, 2  = 
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because th e expressio n t o th e lef t i s equa l t o g  X^9 wher e y  =  p (- D - £)< £ sa t -

isf ies th e conditio n y(0 ) =  0 , 6  £  Q  f| II . No w fro m (S . 3.8) w e deduc e tha t th e 

generalized functio n p(-D ) g vanishe s o n th e function s o f th e for m 

<f> ex p ( £, T). 

As an y functio n fro m 1>  ca n b e represente d i n thi s form , p(2)) g =  0  i n J  i . e . 

p(6) 6  21 . Lemm a S . 3-3 i s thu s proved . 

Consider th e idea l $  = \IrheN* %  Le 11"113 S. 3-3, eac h summan d / ^ belong s 

to 21 ; henc e i  C  21. Moreover , eac h polynomia l fro m 3  vanishe s o n th e se t 

L =  f ) le  N^ N "  O m fi ut i f ^  e  L , the n fo r a  certai n £€ N,  6  € (/ V -  £ ) . Henc e 

we ca n fin d a  polynomia l /  G  / rC 9  suc h tha t / (0 ) ^  0 . Thu s L  i s th e se t o f 

common root s o f polynomial s fro m 9  an d therefor e i s a n algebrai c variety . 

Lemma S . 3.4 . The  set  L  =  f]  l£N^  "  0  l 's a  linear  subspace,  and  for 

each point  ( € t 

^ = 1 (S.3 .9 ) 

Proof. Le t £ € L  ;  i f 6  € N , the n 0+  CeN  becaus e ( € ^ - 9 . Henc e 

J£ = { / e +  ^ ) c { / e ! =  3 , (S.3 .10 ) 

« e « eeN 

i . e . ^ C * . Bu t th e se t o f al l root s o f th e polynomial s fro m §  r i s L  -  £  an d 

so fro m (S . 3.10) i t follow s tha t L  -  £D  L  i . e . L  D  L +  £ fo r al l £  € L . Henc e 

L is  a  semigrou p wit h respec t t o th e operatio n o f vecto r additio n i n C s . W e 

shall no w sho w tha t L  i s a  linea r subspac e i n C 5 . Le t A  b e th e larges t 

linear subspac e containe d i n L  (w e remar k tha t L  contain s a t l eas t th e origi n 

of coordinates) . I f A  ^  L , ther e ex is t s a  poin t No w tak e a n arbitrar y 

point 6  £.  A . Sinc e L  i s a  semigroup , i t mus t contai n th e point s d  +  k£; 

k =  1 , 2 , . . . . 

Let p(6)  b e a n arbitrar y polynomia l vanishin g o n L;  s inc e p{6  +  k  £)  =  0 , 

fc =  1 , 2 , •  • •, p( # 4 - k £)  =  0  fo r al l A  € C  .  Th e se t o f al l straigh t l ine s 6  + 

A£ , A G C form s a  linea r subspac e A ' sprea d o n A  an d £ . Sinc e L  i s a n 

algebraic variety , A  C t ; i . e . A  i s no t th e larges t linea r subspac e containe d 

in L m Thi s contradictio n prove s tha t L  -  A . 

Since L  i s a  l inea r s u b s p a c e , i t follow s fro m £ € L  tha t -  £ € L . Henc e 

for an y point s 0  € Z V an d £  € L , w e hav e 0  -  £  € /V . Henc e i n (S . 3-10) w e 

have a n inverte d inclusio n an d (S . 3-9) i s proved . 
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Lemma S . 3-5. The  set  of  vectors 

gradp(O), p  € 5 (S . 3.11 ) 

± 
coincides with  the  space  L  orthogonal  to  L. 

Proof. I t i s obviou s tha t al l th e vector s (S . 3.11) belon g t o L  an d tha t the y 

form a  linea r space . W e shal l sho w tha t thi s linea r spac e contain s al l th e vector s 

from L  .  Suppos e thi s is  no t so ; the n ther e exist s a  vecto r a  € L  whic h i s 

orthogonal t o al l th e vector s (S . 3-11). Le t q  b e a n arbitrar y polynomia l fro m / . 

For eac h poin t ^ 6 i V th e polynomia l q(d  +  £)  belong s t o $  an d s o th e vecto r 

grad<?(£) i s orthogona l t o a . Henc e q a (£ ) =  0  o n N  i . e . q a 6  / . Applyin g 

this argumen t t o th e polynomia l q' a w e se e tha t q a =  0  o n /V , a s wa s t o b e 

proved. Henc e a t eac h poin t £  € N  al l derivative s o f th e polynomia l q  i n th e 

direction o f th e vecto r a  ar e equa l t o zero . Thi s mean s tha t q  vanishe s o n th e 

whole lin e £ + A  a, A  € C  ,  O n th e othe r hand , N  i s th e se t o f th e root s o f al l 

polynomials fro m / . Henc e th e se t N 9 togethe r wit h eac h o f it s point s £ , con -

tains th e whol e straigh t lin e {£ + Aa} . Henc e th e se t L  € f l i£N^  "  &  c o n " 

tains th e straigh t lin e \\a\,  i n contradictio n t o th e orthogonalit y o f a  t o L . 

This contradictio n prove s th e lemma . 

Lemma S . 3*6. Each  polynomial  p(6)  vanishing  on  L  belongs  to  9 . 

Proof. Selec t th e polynomial s p 1 ? •  • • , p m 6  $  i n suc h a  wa y tha t th e 

vectors gra d P;(0) ; *  = 1 ? •  • • ? m for m a  basi s i n th e spac e L  .  Construc t a 

regular syste m o f coordinate s (w^  •  • • > u> m) i n th e vicinit y o f th e origi n s o tha t 
wl =  P i ' *" " ' w

m ~  Pm'  ^ n c e t n e polynomia l p  vanishe s o n th e coordinat e 

subspace u> j =  •  • • =  w m =  0  (i . e. o n L) , i t ca n b e writte n i n th e for m 

m m 

where / • ar e certai n function s holomorphi c a t th e origin . B y (S . 3»9) w e ca n 

also obtai n th e representatio n 

P = 2 P ; / f . ; P ; e 5 , (S.3-12 ) 

where f i ar e certai n function s holomorphi c a t a n arbitrar y poin t £  o f L . Suc h 

a representatio n ca n obviousl y b e obtaine d fo r eac h poin t £ € L , sinc e w e ca n 

always fin d a  polynomia l p'  € 8  tha t doe s no t vanis h a t £ . 



ESTIMATION AN D TESTIN G HYPOTHESE S 239 

We fix no w an arbitrar y poin t £ € C s . Denot e b y R  y th e rin g o f al l rationa l 

functions i n C s whos e denominator s d o not vanis h a t th e poin t £ ; b y H v w e 

denote th e rin g o f al l function s holomorphi c i n £ . A s i s wel l known , th e pai r 

(Ry,}iy) i s fla t (se e [ 1 5]) . Thi s mean s tha t H v i s a  fla t / ? ^-module [15 ] an d 

that fo r eac h R  r-module E  th e natura l operatio n £  — » £  (g) ^ K * i s injective . 

We now tak e fo r E  th e factor-ring Rr\$R  wher e iR  y  i s th e idea l i n R  y forme d 

by al l th e function s o f th e for m 

*qjrjm> ? / € * ; r jeRf 

Since K * i s a  fla t / ? v-module, w e hav e 

where $Hy  i s a n analogou s idea l i n K r . Henc e w e can asser t tha t th e natura l 

mapping 

is injective . B y (S . 3-12) the polynomial p  belong s t o SH * and hence belong s t o 

ijiyy i n vie w o f th e injectivity o f thi s mapping . Henc e 

q^p e  $  (S.3.13 ) 

where q  y i s a  certai n polynomia l distinc t fro m zer o i n th e point £ . Conside r 

an idea l i n A  generate d b y the polynomial s q  y. B y th e Hilbert Nullstellensat z 

(see fo r instance [*] ) th e unity o f th e rin g A  belong s t o tha t idea l i . e . 

^^h^y =  1  wit h certai n h.  € A.  Puttin g £ = ^  i n (S.3.13) , multiplyin g b y 

h. an d adding, w e finall y obtai n p  € 8 , whic h prove s th e lemma . 

We can now complete th e proo f o f th e theorem . I n the spac e C s choos e a 

rectangular syste m o f coordinate s 0 , , •  • •, 0  i n suc h a  way as t o make L 

coincide wit h th e coordinat e subspac e i n whic h 6^  = •  • • = 0  .  I n that cas e 

0 , , •  • •, 6  vanis h o n L  an d by Lemm a S . 3-6 belon g t o th e ideal 3 . Sinc e 

§ C 21, i n th e correspondin g syste m o f coordinate s i n R s w e hav e i n th e domai n 

J th e equation s 

Ji_ = ... = Ji-=o . 
d r, d  r 

1 77 ] 
m 
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These equation s i n th e spac e o f generalize d function s mea n tha t th e functio n g , 

up t o it s value s o n a  se t o f measur e zero , i s constan t wit h respec t t o th e variable s 

JTJ, •  • • , T'  i n th e domai n J . Th e representatio n N  =  L  x  v  i s obvious , be -

cause i t follow s fro m L  C i V - ( tha t togethe r wit h th e poin t C  t n e se t / V con -

tains th e whol e variet y L  +  £ . 

Theorem S . 3-1 i s proved . 

It i s interestin g t o compar e th e situatio n wit h respec t t o optima l unbiase d 

estimation o f parametri c function s fo r complet e an d incomplet e exponentia l families . 

For th e former , b y th e Rao-Blackwell-Kolmogoro v theorem , ever y statisti c 

g{T) dependin g onl y upo n sufficien t statistic s i s a n optima l estimat e o f it s 

mathematical expectatio n Egg.  Fo r th e incomplet e exponentia l families , i n vie w 

of Theore m S.3 .1 , th e optimalit y o f g(T)  a s a n estimat e o f E  @g means , 

roughly speaking , a  kin d o f quasi-completenes s wit h respec t t o som e o f parameter s 

(the representatio n N  = : L x  v  i s analogou s t o th e completeness) . A s regard s 

the optima l estimat e itself , i t depend s o n sufficien t s tat is t ics , havin g th e sam e 

indices a s th e parameter s wit h th e "quasi-completeness " property . 

§ 4 . TH E SAMPL E MEA N A S TH E ESTIMAT E 

OF SCAL E PARAMETER S 

In thi s sectio n w e stud y th e familie s o f distributio n function s o f th e for m 

F{x/a) o n th e half-lin e (0 , «> ) dependin g upo n th e scal e paramete r o  6  (0 , <») . 

Our purpose i s t o stud y th e unbiase d estimatio n o f a  o n th e evidenc e o f th e 

sample Gc p •• • »  x^)  fro m th e populatio n characterize d b y F(x/cr).  A s usual , 

we tak e th e quadrati c los s function . 

Suppose th e conditio n 

fx2dF(x) =  a 2 <o c (S.4.1 ) 
0 

holds. I f w e se t 
oo 

a j =  f  xdF(x), 
0 

the statistic s OL 7 x wil l b e a n unbiase d estimat e o f th e paramete r wit h a  finit e 

variance b y (S . 4.1) . 

We remar k firs t o f al l tha t i n th e c las s o f al l (no t onl y unbiased ) estimate s 
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- 1 -of a , the a  J" x ar e alway s inadmissibl e excep t i n th e cas e o f a  degenerat e dis -

tribution F(x).  I n fact , w e hav e 

~ _ i \ 2 Ea{clx -  a ) 2 =  c r 2 £ 1 ( c 1 ^ - l ) 

and mi n E  Ac,F -  l ) i s attained, a s i s easi l y verified , for 

a, 

a j + ( a 2 - a ^ ) / / i 

Since a
2 -

 al anc *' m o r e o v e r > t n e equalit y sig n hold s fo r onl y th e degenerat e 

ones i n th e c las s o f al l estimate s (excep t i n th e degenerat e case) , a 7 x is 

always inadmissible . 

When i s a " 1 ^ admissibl e i n th e clas s o f unbiase d estimate s o f th e scal e 

parameter a ? T o answe r thi s questio n w e shal l firs t prov e Lemm a S . 4.1 , 

where w e us e th e notatio n y  = (xy/x. , •  • •, X JX\^% 

Lemma S . 4.1. Let 

_El(x\y) 
s_ -ex 

" "  E x(x
2\y) 

where the  constant  c  is  determined from  the  condition 
n * IT I „\2 

CnEY [Ex(.x
2\y) 

= 1. 

(S.4.2) 

(S-4.3) 

The 

and equality  holds  in  (S. 4.4) if  and only  if,  with  probability  1 , 

E^xly) 
b :  b n =  a: lc~1. 

n1 n  I n E^2\y) 

Proof. Pu t y=y(y)  =  E l{x\y)/E]{x
2\y). W e hav e 

E^sn) =  cnEJ*r> =  cnoEl{yEl{* I  X» =  <™„ £ 1 

El{x\y)2^ 

E^x'ly) 
= a 

by (S . 4.3); 

E„(a?x -  a)2 = ^ K1 *  -  s n)2
 +  E a(sn -  a) 2

 +  2EJ{a?x-s nHsn-o)l 
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Further, 

SUPPLEMENT 

Ea((a-l
lx-sn)(sn-a)) 

= o 2E1({a-1
1-cny){cnyE1(x

2\y)-E1(x\y))) 

o2(c - 1 ) a-^E1(E1{x\y))-cnEl 

a2( « » - l > 1 - c £ . . . 
n 1  < 

0, 
'[^x^ly). 

by (S . 4.3). Thu s 

£ > " ! *  -  a) 2 =  £ > -l *  -  5 n ) 2 + Ea(sn -  a) 2 >  E(sn -  a) 2 (S.4.5 ) 

and the equality sig n i n (S . 4.5) holds fo r all o  € (0 , ©o ) simultaneously i f and 

only i f wit h probabilit y 1 

a . L  x =  c * 1 n 

i. e . i f 

This prove s Lemm a S . 4.1. 

From no w on we shal l suppos e tha t al l the moments o f F(x) 

n i n 

fxkdF(x), k =  1 , 2 , (S.4.6) 

are finite . 

Theorem S . 4 .1. Let  the  function  F(x)  satisfy  the  condition  (S .4 .6) . In 

order for  the  statistic  d~  x  to  be  an  admissible  estimate  of  a  in  the  class  of 

the unbiased  estimates  in  the  sample  sizes  n  =  n„ n  =  rc-  ^ i ? n i are  an y 

numbers with  n 2 >  n* > 3 ) from  the  population  given  by  F(x/o),  it  is  necessary 

and sufficient  for  F(x)  to  be  either  degenerate: 

f0, x  < x Q 

F (x) =  1 for  some  x Q >  0 , 
1, XQ  <  x <  °° 

or a  gamma-distribution: 
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| 0 , x  <  0 

F(x) = i 
I (ym /r(m)) Qx m~X e~ yx dx;  0  <  x  <  « 

/or som e m  > 0 , y . 

Theorem S . 4.2 . / / F(x ) satisfies  the  condition  (S . 4.6) an d aj " J  is  optimal 

in the  class  of  the  unbiased  estimates  of  the  parameter  a  for  a  sample  size 

n >  3 , *Ae « F(x)  is  either  degenerate  or  a  gamma-distribution. 

We omit th e proofs , whic h procee d b y mean s o f functiona l equations . The y 

are give n i n detai l i n [5] , 

§ 5 . NONPARAMETRI C APPROAC H T O TH E ESTIMATIO N 

OF LOCATIO N PARAMETER S 

Let % p •  • •, x n b e a  repeate d sampl e fro m th e populatio n wit h th e distribu -

tion functio n F  {x -  d)  satisfyin g th e condition s 

fxdF =  0 , fx 2dF <  oo . (S.5.1 ) 

In thi s cas e th e paramete r 6  € R  t o b e estimate d o n th e evidenc e o f th e sampl e 

( x j , •  • • , x n) mean s th e mathematica l expectation . Fo r th e well-know n typ e o f 

distribution functio n F  {x) E . Pitma n [14 ] introduced , a s earl y a s 1938 , th e 

following estimat e fo r d: 

'n =  *  - £ o ( * 1* 2 - * ! » • • • » * „ - * i ) - (S . 5.2 ) 

For a n absolutel y continuou s F(x),  F  (x) =  f^^fiu)  du  th e Pitma n estimate , 

as mentione d i n §3 , Chapte r VII , ca n b e writte n i n th e for m 

» o o n 

- o o 1 

C. Stei n prove d [16 ] tha t unde r th e conditio n 

J | * | 3 dF(x)  <oo 

the Pitma n estimat e i s absolutel y admissible . 

The los s functio n i s assume d t o b e quadrati c throughou t thi s section . W e 
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shall no w conside r i n detai l th e situatio n whe n th e for m o f th e functio n F  (x) i s 

unknown. I f w e suppos e tha t F  (x) i s allowe d t o b e arbitrary,  satisfyin g onl y 

the conditio n (S . 5.1), i t i s eas y t o se e tha t ther e i s n o bette r estimat e fo r 6  tha n 

5F. However , i n th e cas e whe n fo r som e intege r k  >  1  th e firs t 2k  moment s o f 

the distributio n functio n F(x)  ar e known : 

li^ fx l dF(x),  /  =  1 , 2 , . . . , 2k  (S.5.5 ) 

and 

Hk =  fxU dF< °° < s- 5/5) 

the informatio n abou t F(x)  containe d i n th e moment s (S . 5.4) ca n b e use d mor e 

efficiently tha n x  fo r constructio n o f th e estimate s o f th e paramete r 0 . 

Under conditio n (S . 5.5) th e se t o f al l polynomial s Q(x  +  9 •  • •, x  )  o f x* , •  • • 

* * * ' x
n °*  degre e n o t exceedin g k  form s a  Hilber t spac e L^'  i f th e scala r 

product o f th e element s Q j an d (? 2 i s define d by : 

(QvQ2)-E0(QlQ2). 

The subspac e forme d b y th e polynomial s Q  € L^ . o f th e for m 

Q =  Q(x 2 -  x v •  • •, x n -  x x) 

will b e denote d b y A  i . 

Consider th e estimat e 

t[kHxv ...,x n) =  tk
n = x-EQ(x\Ak) (S . 5.6) 

where £ Q ( * | A^) i s th e operato r o f projectio n o n th e subspac e A , .  Not e tha t 

for th e constructio n o f th e estimat e (S . 5.6) w e nee d t o kno w onl y th e firs t 2k 

moments o f th e distributio n function , no t th e whol e function . 

Theorem S . 5.1 . For  all  d  € R l 

Eet
k
n =  d;  E e{t

k
n-d)2<Ee{x-d)2, (S.5.7 ) 

uhere the  equality  or  the  inequality  in  (S . 5.7) are  realized  simultaneously  for 

all 6  € R  and  the  equality  holds  if  and  only  if  E Q(x~ \  A ,) =  0 . 

Proof. Sinc e Q  =  1  € A^ , w e hav e 

&-EQix\Ak), l ) = 0. 
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Hence 

Eg(x -  E Q{x\Ak)) =  Eex -  E e{E0(x |  Ak)U 6  - E 0(EQ{x \  Afc)) =  0. 

Moreover, 

E$(x -  6) 2 =  Ee{x -E 0(x\Ak)-d +  E0 (x |  Ak))
2 

= £f f(tJ -  0> 2 + 2 £0 ( U j -  0)£ oOF |  AA)) +  Ee(EQ(x |  A^))2 . 

But 

Ee(U
k

n~d)E0(x\Ak)) =  E0(t
kJQ(x\Ak)) =  0 

as t  -  x"  - E Q(3F I  A, ) i s orthogona l t o eac h functio n fro m A i .  Henc e 

Ee{x-$)2 =  E e{tk
n-d)2 

= E eU
k

n-0)2
 +  E QCEo{x\Ak))

2>Ee{t
k

n-e)2 

and th e equalit y sig n (fo r al l 6  € R  simultaneously ) hold s unde r th e conditio n 

E0(x\Ak) =  0. 

In connectio n wit h Theore m S . 5. 1 i t i s natura l t o rais e th e question : fo r 

what function s F  (x) i s th e estimat e t  bette r tha n 3c" ? I n othe r words , whe n 

does th e knowledg e o f th e firs t 2k  moment s o f F  (x) enabl e u s t o improv e upo n 

the standar d estimat e x~. 

Theorem S . 5-2 . / / F(x)  satisfies  condition  (S . 5.5), then  for  n  >  3  the 

estimate t  will  be  better  than  the  sample  mean  x  as  an  estimate  of  the  loca-

tion parameter  in  all  cases  except  when  the  first  (k  +  1 ) moments  of  the  distribu-

tion function  F  (x\ (i,  coincide  with  the  corresponding  moments  of  a  normal 

lawj so  that 

fO, /  odd 

1*1 =  \ I  <l  <  k  +  I 
[(I -  l ) ! !a Z , /  even 

for a  certain  a 2. 

Theorem S . 5- 2 i s a n obviou s consequenc e o f th e Theore m S . 5- 1 an d th e 

following lemma . 

Lemma S . 5.1 . If  n  >  3  then  EQ(X  \  Afc) =  0  if  and  only  if  the  first  (k  +  1) 
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moments of  F(x)  coincide  with  the  corresponding  moments  of  a  normal  law. 

Proof o f Lemm a S . 5 . 1 . W e proceed b y induction . Fo r k  =  1  th e lemm a 

holds trivially . Sinc e A^ . > A^ . + ,  ,  i t follow s fro m E Q(F |  A») =  0  tha t 

EQ(X~ I  A^ + 1) =  0 . W e can assum e no w tha t th e firs t k  moment s o f F(x)  coincid e 

with correspondin g norma l moment s an d w e shal l prov e tha t the n th e momen t 

^A:+l c ° i n c ^ e s w * t n t n e ( ^ +  l ) s t norma l moment . 

The conditio n 

EQ(x\Ak) =  0  (S . 5.8 ) 

i s equivalen t t o th e se t o f condition s 

£0(3T| A / c_1) = 0 (S.5.9 ) 

EAx{x. - - ) . . . ( * . - * , ) ) =  (), (S.5.10 ) 

where (S . 5.10) mus t hol d fo r al l th e se t s (j  1 ,  •  • • , j^)  o f integer s 2 , 

The equivalenc e o f th e condition s (S . 5.8) an d (S . 5.9)-(S . 5.10 ) follow s fro m 

the fac t tha t Aj._ j an d th e function s (x.  -  xj  •  • • (x.  -  x^)  generat e th e 

whole A , . 

n. 

Let 

(* - * ) . . . ( * - * , ) =  (*• - * , ) a i . . . U . -x , ) 0 1 * , (S.5.11 ) 
Jl l  *k  l  l l l  l s l 

where i , , •  • • , i s ar e mutuall y distinc t an d a^  +  •  • • + a $ =  k.  W e hav e 

(x - x .)
aK..(x - x)

a* 
ll l  l s L 

( - 1 ) 1 *C}. 

V"'V 
' . a i 

s l* 1  i  = l * 

Put 2 ? /, . =  I ; the n fro m (S . 5.12) w e ge t 

EQ{x{x, - * / 1 " - * * . - - * / * ) 

, a l ,  J - / 
= 1 2  .. . 2 ( - l ) ' C 1 . . . C „ 

i, =o <s=° 
a5 N.  '"HPk+l-1 s i s 

i 2  2  . . . 2  ( - i ) 'C, , 1 . . 
9 = 1 / , =0 <s=° s 1 

(S.5.12) 

^ - 1 9 + 1 S 

(S. 5.13 ) 
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We shal l conside r th e case s o f od d an d eve n value s o f (k  -  1 ) separately . 

1) k  -  1  odd . B y th e inductio n assumption , al l od d moment s u p t o th e orde r 

(k -  1 ) ar e equa l t o zero . Henc e fro m (S . 5.13) w e ge t 

nE0{x(xi -x^  • • • ' * ; - a ^ ) S ) 
l s 

= 2 * ( - l ) C  *  . . . C / p , . . . p j Hk+i-t 
1 S i S 

S *  I  l l l s 
+ 2  2  ( - 1 ) C  . . . C  ' p . . . . ^ ^  ••"/ zz Pfc- z ' 

^ = 1  q  1  s i 9- I ^+ 1 s 
(S.5.14) 

where th e summatio n i n 2  i s take n ove r al l eve n Z 15 •  • • , I  an d i n X  ove r 
i s ^ 

even Z p •  • • , Z  ,  ,  Z  + , ,  •  • •, I  s an d od d Z  ,  th e limit s bein g indicate d b y 

(S. 5.13) . I n th e su m 2  th e numbe r Z  i s alway s eve n an d therefor e (/ c + l - Z) i s 

odd. Moreover , i f A  + l — Z < & - 1 , the n f ^ +  1  _ / = 0 b y th e inductio n assump -

tion. I n th e su m 2  ,  th e numbe r Z  is alway s odd ; henc e (k  -  Z ) is als o odd ; 

since k  -  Z  <  k  -  1  w e hav e /Z£_ j = 0 . Henc e th e conditio n (S . 5.10 ) i s 

equivalent t o th e relatio n 
Ffc +  i  =  0 . (S.5.15 ) 

2) ( A -  l ) i s even . Conside r agai n th e relatio n (S . 5.14). W e brea k 2  an d 

2 ^ . 2  int o subsum s 

s* = s 0 +s 2 + . . .+sH , 

where S - i s th e par t o f th e su m 2  correspondin g t o al l th e value s Z p •  • • 

. . . , Z , 0 < Z 1 < a 1 , . . . , 0 < Z < a fo r whic h Z  , + • • •+ Z  =  2m , an d 

S * 
2 2  =  S j +  S^  +  •  • • +  S k 

9 = 1 9 

where ^2m  + 1 * s t n e P a r t ° ^ t ^ ie doubl e s u m correspondin g t o th e value s Z p •  • • 

• • • , l s fo r whic h Z j +  •  • • + Z s =  2 m + 1 . 

Consider firs t th e condition s 
0 < a 1 < A , . . . , 0 < a s < A . (S . 5.16 ) 

We shal l sho w tha t S ~ -1 - S~ .  1 = 0  fo r 0  <  2m  <  k  -  1 . Not e tha t i n vie w o f 
Zm Zm  +1 * — 



248 SUPPLEMENT 

the conditio n (S . 5.16) i n th e su m 2 ^ = 1 2  w e hav e I  +  1 <  h  ; henc e b y th e 

induction assumptio n 

K + 1 = Z < 7 ^ ' I (S.5.17) 

for a certain o  >  0 . Th e 

s ll l 5 

o=l / ,+ . . .+ / =2ro+ l 1  s  1  9  1 9  9 +l s 

1 1  s 

1 s 

c ' i + 1 / +1 

a. 

i — ( z 1 +  1 ) + ... + _ f — as +  i) 

a s 

(S.5.18) 

But 

/, + 1 /  +1 
Ca C a 

_ i (l l + i)+...+ *  Q s +  l) = 2  (a -  I) = k - 2m. 
C l C s ? = 1 

a l 

Since 

H-l-2m°2{k-2m) =  l lk +  l-2m 

(recall tha t m  > 0), w e ge t fro m (S . 5.18 ) 

S2m +  S 2m + 1 =  ° -

In vie w o f (S . 5.19) th e conditio n (S . 5.10) i s equivalen t t o 

s0 +  sx =  o . 

(S.5.19) 

(S. 5.20 ) 

But 

so =  H  + 1 ' 

Sv = - ( a 1 +  . . . +  as ) ^ 2 ^ . 1 =  -A:a 2
/x /- . r 

Hence (S . 5.10) i s equivalen t t o th e equalit y 
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n+l =  k °2H-i' (S . 5.21 ) 

The inductio n assumptio n togethe r wit h (S . 5-21) give s 

Now let one of th e numbers a^ , •  • •, a s b e equa l t o k  ; the n al l th e othe r num -

bers vanish . Withou t los s o f generalit y w e ca n assum e tha t 

a . =  k,  a . = . . . =  a . = 0 . (S . 5.22 ) 
ll l 2 l s 

In thi s cas e (S . 5-14) reduce s t o 

k k ~l I  k  I 
nEQ(x(Xi - * i ) ) = 2  C kHH +  \-i- *  CkVi+iH-r 1 /= 0 /  = 1 

I even I  odd 

In th e secon d su m w e pu t I  =  k  -  / ; the n 

k k ~l I  k ~l I 1 

nEQ(x{x. - x j ) - 2  C ^ / ^ + i - / - *  C * f * i f e + i - W a 0 ' 
1 Z  = 0 I  = 0 

/ eve n /  eve n 

so tha t unde r conditio n (S . 5.22), th e conditio n (S . 5.14) i s alway s satisfied . 

We remark tha t fo r n  >  3  th e subspac e A ^ alway s contain s th e functio n 

(#. - * , ) . . . {x>  - * , ) s  unde r conditio n (S . 5.16) . 
ll l  l s l 

Hence w e hav e establishe d tha t fo r n  >  3  th e conditio n (S . 5.8) i s equiva -

lent t o the coincidenc e o f th e first  (k  +  1 ) moment s o f th e distributio n functio n 

F (x) wit h th e moment s o f a  norma l law . Thi s complete s th e proo f o f Lemm a 

S. 5. 1 an d Theore m S . 5.2 . 
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