
and 



Translations

of

Mathematical 
onographs

VOLUME 21

C onstructive

Real numbers

AND

C onstructive 

Function spaces

BY

N. A. Sanin

american mathematical society 
providence, rhode island 
1968

10.1090/mmono/021



KOHCTPyKTMBHHE BEIHECTBEHHblE 9HCJIA M 
KOHCTPyKTMBHblE $yHKUMOHAJIbHbIE flPOCTPAHCTBA

H. A. UIAHMH

TPyflbl MATEMATMHECKOrO MHCTMTyTA 
MMeHM B o A. CTEKJ1OBA 

L X V II, 15-294

Mß^aTejibCTBo AKafleMMW HayK CCCP 
MocKBa 1962 JleHMHrpa#

Translated from the Russian by 
E. Mendelson

Library of Congress Card Number 68— 19437

Copyright ©  1968 by the American Mathematical Society

Printed in the United States of America 
A ll Rights Reserved

No portion of this book m ay be reproduced 
without the written perm ission of the publisher



TABLE OF CONTENTS

Introduction .................................................................................................................................. 1

Chapter I. Constructive real numbers ......................................................................... «... 31

§1. D escription of the notation used and some definitions .......................... 31

§2. Some facts from the theory of algorithms and constructive logic ........59

§3- Constructive real numbers ................................................................................73

§4 . Order relations between constructive real numbers ................................. 86

§5. Some special mappings of duplexes ..........................................................  113

§6. B asic operations on constructive real numbers .......................................122

§7. On some subsets  of the constructive continuum ..................................... 152

§8. Sequences of constructive real numbers ....................................................162

Chapter II. Constructive metric and normed spaces (axiomatic p re se n ta tio n ).. 179

§9 . The concept of constructive metric space ................................................ 179

§10. Completion of constructive metric spaces ................................................ 192

§11. Totally bounded and compact constructive metric spaces .................. 225

§12. Constructive normed and constructive Hilbert spaces ......................... 240

Chapter III. Some concrete constructive spaces ........................................................259

§13- Constructive analogues of euclidean space of a given dim ension

and the space of real sequences summable to a given power ............ 259

§14. Constructive analogue of the concept of Lebesgue m easurable

se t ..........................................................................................................................264

§15- Constructive analogue of the concept of a function summable to

a given power. C onstructive Lebesgue integral ..................................... 272

§16. Constructive analogues of the concept of absolutely continuous

function and of some other concepts of c la ss ica l m athem atics ........291

iii



iv T A B L E  O F CON TENTS

Appendix. On criticism  of c la ss ic a l m athem atics ....................................................305

Bibliography ........................................................................................................................... 323



A PPEN D IX

ON CRITICISM OF CLASSICAL MATHEMATICS

This appendix is an extension of § 0 .5 , in which the basic  content of the 
criticism  of c la ss ica l m athematics se t forth by Brouwer, Weyl, Markov and some 
other mathematicians was briefly described. The general formulation in §0 .5  is 

lacking in precision and concreteness. This appendix is  devoted to a considera
tion, more detailed  and more concrete than in §0 .5 , of the situation  which has 

stim ulated criticism  with respect to the foundations of c la s s ic a l mathematics. Here 
we shall try to presen t a summary of the most important asp ec ts  of the critical 
ana lysis  of c la ss ica l mathematics carried out by Brouwer, Weyl, H ilbert, Markov, 
and other m athem aticians, and we shall also  attempt a de tailed  presentation of 
some components of th is critical analysis.

I. F irs t of a ll, we shall go into some aspects of the p rocesses involved on the 
formulation of m athem atical concepts.

In the formulation of m athem atical concepts mental ac ts  of various kinds are 
carried out. Let us note certain kinds of such mental ac ts .

1) Mental acts of "p u re ”  abstraction. These mental ac ts  consist in the 
conceptual selection  of certain  properties out of all the properties applicable to 
all the objects included a t the given moment in our field  of attention, and, with 
respect to the existence or nonexistence of any other properties, our consciousness 
remains completely indifferent.

If we asso c ia te  with the chosen properties some terms not being used for 
other purposes, then we obtain some general concepts.

2) Mental acts of idealization . These acts co n sis t of the generation by our 
imagination of certain ideas or concepts, considered by our consciousness as 
objects of study endowed by our imagination not only with those properties which 
were se lected  by acts of "pure ”  abstraction  with respect to the objects forming 
the in itia l m aterial for the given mental operations, but also  with conceptual 
properties which are completely absent from the in itia l ob jects or which reflect 
properties of the in itia l ob jects in a considerably d istorted  form.

3 0 5



306 APPENDIX

3) Multi-stage levels of various acts of "p u re” abstraction  and ac ts  of ideal
ization . At every stage of the mental p rocesses of th is kind, as in itia l objects for 
acts of " p u re ” abstraction  and ac ts  of idealization  one u ses  not only objects 
which are the in itia l m aterial in thew hole chain of mental operations but also  con

cepts and ideas which have been formed at preceding s tag es .
1)Mental ac ts  of the kinds mentioned above are ac ts of abstraction .

The presence of acts of idealization  in almost all the p rocesses of formation 
of m athem atical concepts is  the resu lt of the tendency of people, in studying new 
objects or new connections between certain  objects or, speaking more generally, 
in studying new situations, to look for support from previously accumulated know
ledge and previously developed tools relating to different in itially  given objects. 
The complexity of the situation being studied often forces people to look for con
ceptual support by ac ts  of imagination which bring our presentation of the situation 
under study closer to a situation which has been previously studied and for which 
there ex is ts  some (sometimes only partial or remote) resem blance to the given 
situation  and for which a sufficiently simple apparatus has been worked out. Often 
it is  necessary  to proceed in this way simply because no other realizab le  p o ss i
b ility  is  found to be successfu l.

If in the course of studying some situation  we succeed in finding an ideal
ization which permits us to solve a certain  problem with the required precision, 
then th is idealization  may be fixed and turned into a tradition, to which people 
automatically turn even in those cases  where it is  necessary  to consider problems of 
new kinds or to meet more strenuous requirements in the formulation and solution 
of problems of the in itia l type. The a ttractive aspect of such traditions is the 
development of and fam iliarity with a certain apparatus. This attractive aspect 
explains the fact that many such traditions do not encounter opposition for a long 
time. One of these  traditional idealizations is  the abstraction of actual infinity.

II. The system atic application in contemporary mathematics of the abstrac
tion of actual infinity and of ideas generated by th is abstraction  can explain to a 
considerable extent the tendency to rely, in various m athem atical considerations, 
on those methods of thought which are customary for people with academic back
ground, and which c la ss ica l logic puts at our d isposal.

1) Som etim es by a b s tra c tio n s  we mean only m enta l a c ts  of ’’p u re ”  a b s tra c tio n . In 
th is  appendix the term ’’abstraction” w ill be u sed  in  a much w ider s e n s e ,  in c lu d in g  the  m ental 
a c ts  of the k in d s  m entioned above. T h is  in te rp re ta tio n  of the term  ’ ’a b s tr a c tio n ”  h a s  many 
p re c e d e n ts  in the a p p lic a tio n  of th is  term  in  the l ite ra tu re  d ev o ted  to  the fo u n d a tio n s of 
m ath em atics .
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It was remarked above that in ac ts of idealization our imagination generates 
ideas and concepts in which are combined, first, properties chosen by acts of 
"p u re”  abstraction in the study of certain ob jects, and, second, those conceptual 
properties which distort the picture of our knowledge about the original situation 
and become objects of study only as a resu lt of a conceptual approximation of the 
situation of in terest to us with a situation which has already been studied, and 
which are produced so that one may try to use, even partially , some previously 
worked out apparatus.

After an idea or concept arising as a resu lt of an ac t of idealization  enters 
into the fabric of m athem atical theory, mathem aticians usually  forget the mechanism 
of the origin of the given idea or concept and fail to notice the difference between 
properties of the first kind and of the second kind. Properties of both kinds be° 
come in equal measure the in itia l basis for new acts  of abstraction  for p rocesses 
of logical inference. As a resu lt of new acts of idealization  generated on this 
b a s is , new ideas or concepts arise  in which it is even more difficult to separate 
properties which can be considered satisfactory  reflections of properties of the 
in itia l objects lying at the base of the formation of the whole chain of ideas and 
concepts being considered from those properties which are only products of a 
method. This indefin iteness grows s till larger in the transition  to higher levels 
of the p rocesses of abstraction  occurring in m athem atics.

An analogous situation  ex is ts  when we consider p rocesses of logical deduc- 
tion. In such p rocesses we use properties of the second kind with the same right 
as properties of the first kind. In addition, in applying a rule of inference, 
mathematicians proceed from the belief that the rule being applied is  adm issible 
in the c a se s  being considered. However, the justification  for the adm issib ility  
of rules of inference inc lu d es within itse lf  not only ac ts  of ’’pure”  abstraction 
but also acts of idealization , in many cases  even m ulti-staged ac ts .

Hence every log ical inference places before us a series of problems. In 
what way can one interpret the proposition obtained as a resu lt of the given logical 
inference, i.e. in what way can one transform th is proposition into a proposition 
about the in itia l ob jects which serve as a b asis  of the formation of the whole 
chain of ideas and concepts being considered? If a concrete condition suggests 
to us some in terpretation , then the problem a rise s : should one consider the 

proposition obtained as a re su lt of the given logical inference a satisfactory  
reflection of the properties of the in itia l ob jects and the connections between
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them? Does it not happen that the e ssen tia l use of various ac ts  of idealization  of 
various conceptual properties and situa tions on the way between the in itia l objects 
and the given result of logical inference so radically  iso la tes  the conceptual pro- 
ce sse s  in our consciousness from the in itia l situation that the final proposition 
resulting  from the given logical inference gives a substan tially  distorted idea of 
the in itial ob jects?

No general recipes for answering these questions exist. However, it is  
necessary  to note the following.

The difficulty mentioned above of returning from ideas, concepts, and argu- 
ments to the in itia l objects which serve as a b as is  for the formation of the whole 
chain of ideas and concepts of the given theory alw ays a rises  when acts of ideali
zation are involved in the process of forming ideas and concepts. But th is dif= 
ficulty of restoration can occur in e ssen tia lly  different ways in different cases; it 
varies in dependence on the type of idealization  used, on the nature of the level 
of the idealization , and on those aspects of the given theory which are of in terest 
to us in the given case. In some cases  the restoration can be realized much more 
easily  than in others. (Intuitively speaking, in some cases  mathematical concepts 
and arguments are significantly more " tan g ib le”  than in o thers.) In some cases  
logical inferences, considered together with some way of interpreting statem ents, 
give a much greater b a s is  for recognizing their cognitive value than in other 
cases . Idealizations used in mathematics turn out to be nonuniform with respect 
to the point of view of in terest to us now.

An important circum stance inducing criticism  with respect to the foundations 
of c la s s ic a l mathematics is the fact that the abstraction of actual infinity and 
the ideas and concepts raised on its  b as is  are very remote idealizations, i.e . 
idealizations for which the connection between the ideas, concepts and arguments, 
on the one hand, and the real objects forming the in itia l m aterial for the whole 
chain of ac ts  of abstraction under consideration , on the other hand, in many cases  
turns out to be very indirect and vague, or even do not ex is t at a ll. The difficulty 
of returning from the ideas, concepts and arguments, in the formation of which the 
abstraction  of actual infinity has taken part, to the in itia l real objects and the 
connections between them turns out in many cases  to be very considerable.

III. In c la ss ic a l mathematics a fundamental role is played by the general 
concept of se t. This concept is not connected with the fixing of some definite 
method for individually describing those objects which are covered by this concept.
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It is well known that the general concept of se t is  not definable in terms of simpler 
concepts (it is clarified only by means of some exam ples) and the methods of 
working with this concept are introduced on the b asis  of the system  of ideas 
generated by the abstraction of actual infinity. The in itia l m aterial for the forma» 
tion of the general concept of set consis ts  in the first place of various collections 
of real ob jects. (When we apply the expression ’’collection of real o b je c ts” we 
have in mind that the objects of which the collection consists are conceptually 
chosen from the surrounding environment by means of direct exhibition or by means 
of a clear characterization of their type, that the objects occurring in the collec» 
tion exist sim ultaneously and steadily  during some interval of time, and that they 
clearly  differ from one another.)

It is necessary  to emphasize that the experimental investigation  of nature has 
not given any example of an infinite collection of real objects (see [10]). How 
ever, in the c la ss ic a l theory of se ts , there occur as objects of study not only finite 
se ts  but also  concepts with which are connected ideas about co llections for which 
the process of counting never at any step  exhausts a ll their elem ents, and with 
which the term ’’infinite s e t ”  is connected. Therefore reference to collections of 
real objects ex isting  in nature as the source of the formation of the general con» 
cept of set is insuffic ien t as an explanation of the mechanism for forming this 
concept.

Everyday experience and constructive human activity  bring us together not 
only with objects existing in nature a t that given interval of time but also  with 
p rocesses of construction of some new objects. Here we have in mind processes 
of construction carried out by both people and mechanisms.

For a long time mathem aticians have used certain methods of introducing 
general concepts which cover not only ob jects existing in nature but also possible 
resu lts  of p rocesses of construction. If we choose and fix some finite sequence 
of in itial objects and some finite sequence of constructive operations, and we 
introduce some new term (denoted by the la tter T \  then we obtain all the neces
sary ingredients for a genetic definition (more concretely, for a constructive defi
nition) of a new concept. Every object covered by this new concept receives the 
name ’’object of type T” . Objects of type T are called possib le  (more precisely, 
potentially rea lizab le1 )̂ resu lts of the p rocesses of construction realized  by a

1) T h is  term  w ill be exp la in ed  below .
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sequential performance of constructive operations occurring in the fixed finite 
sequence. It is assum ed that, before each step of the construction process, the 
next constructive operation can be chosen arbitrarily from among those construe- 
tive operations which serve as a b asis  of the given definition and the description 
of which permits their application to any resu lts of the process obtained at pre
ceding steps or to any in itia l ob jects.

It is  possib le (and in many cases  also necessary ) to introduce constructive 
definitions of a more general form, namely definitions in which one fixes: 1) a 
finite sequence of in itia l objects; 2) a finite sequence of constructive operations; 
3) a term for the defined concept; and, in addition, 4) some condition clearly 
formulated in a suitable language. As objects of the defined type we count in this 
case  those possible (potentially rea lizab le) resu lts  of constructive processes, 
based on the given finite sequence of constructive operations, which sa tisfy  the 
given condition.

If some general concept is introduced by means of a definition of one of the 
two types just mentioned, then in constructive mathematics one connects with the 
definition of this general concept (more precisely , with the text of the definition, 
along with which one assum es a definite method of interpretation) the name ’’set 
of ob jects of such-and-such a ty p e” .^  In constructive mathematics the term " s e ts ” 

is connected with individually given objects, each of which is  a definition, written 
in a suitable precise language, of constructive objects of a concrete type. Apply
ing the term " s e t ”  in this sense we can sta te  that there is no justification  for 
considering a ll elem ents of the given se t as existing  sim ultaneously. It can 
happen that at a given moment some elements of the set have already been con
structed . We are justified  for talking about these elem ents as if they ex ist simul
taneously. But there can be only a finite number of such elem ents. Therefore, 
generally speaking, elem ents of a se t are determined only as possib le  ob jects, 
and we are able to investigate  them only on the b asis  of given constructive opera
tions and a given se lecting  condition. One can sa t that a general concept cover
ing not only existing but also  possib le objects a rise s  only as a resu lt of fixing a

1) We rem ark that the  c o n c e p ts  ^ n a tu ra l num ber” , ’ ’in te g e r ” , ’ ’ra tio n a l num ber”  can  
be in troduced  by d e fin itio n s  o f th e  f irs t  type (§ 1 ) .  The d e f in it io n s  of th e s e  co n ce p ts  are , 
re s p e c tiv e ly ,  the se t of n a tu ra l num bers, the  se t of in te g e rs , and th e  s e t  of ra tio n a l 
num bers.

As ex am p les of co n ce p ts  in troduced  by d e f in it io n s  o f the  seco n d  ty p e , one can  c ite  
the c o n c e p ts  of rea l F-num ber and  re a l  FF=number (§ 3 * 5 ) • The d e f in it io n s  of th e se  con
c e p ts  a re , re sp e c tiv e ly , th e  s e t  o f  re a l F-num bers and the  s e t  of re a l FF -num bers.
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finite sequence of constructive operations and a selecting cond ition .^  In other 

words, a se t of the type just considered a rises  only as a resu lt of fixing a finite 
sequence of constructive operations and a se lec ting  condition. This fact underlines 
the exceptional role of the individual p resen tation  of se ts  in the problem of the 
" ta n g ib ility ”  of mathematical concepts.

Both in c la ssica l and constructive m athem atics, in considering objects 
characterized by definitions of the types described above, one assum es a certain  
idealiza tion , called the abstraction of po ten tia l realizab ility  (see [1]). It co n sis ts  
of the conceptual assumption that, in carrying out constructive operations on con- 
structive ob jects, there do not arise obstructions of a m aterial nature, caused by 
a lim itation of the constructive p o ss ib ilitie s  of men and machines in space and 
time, by limited resources, etc. Applying this idealization, we treat as ob jects of 
study not only those objects which already ex is t or can be constructed in a really  
possib le  number of steps, but also imagined objects the construction of which, on 
the  b asis  of the given constructive operations, could be realized if, in carrying out 
the given operations, no obstructions of a m aterial nature arose. As a name for 
th is rea lizab ility  (stipulated by the indicated  assum ption) of construction one uses 
the term "poten tia l rea lizab ility ”  (see [1]).

Applying the abstraction  of potential realizab ility  and starting, for example, 
from the definition of natural numbers, we arrive a t the idea of potential infinity, 
i.e . a t  the idea of the possib ility  of extending the sequence of natural numbers 
endlessly . In this sense one can say tha t the se t of natural numbers is  potentially  
infinite.

From what has been said it follows that, using as objects of study only col- 
lections of rea l objects, we do not go beyond the concept of "fin ite  s e t” , and 
using as ob jects of study finite sequences of constructive operations and processes 
of construction realizable on their basis  and applying the abstraction of potential 
rea lizab ility , we do go beyond the concept of "fin ite  s e t”  and we arrive a t the 
concept of potentially  infinite se ts , but we do not a ll reach that idea with which 
the term "infin ite  s e t”  is understood to be connected in c la ss ic a l m athem atics. 
C lassica l mathematics does not give any indication as to how one can connect 
the idea used by it and denoted by th is term with any real objects (collections

1) O ne c a n  a s s u m e  th a t  a  s e le c t in g  c o n d i t io n  f ig u re s  in  e v e ry  c o n s t ru c t iv e  d e f in i t io n . 
T hose d efin itio n s  w h ic h  do n o t in c lu d e  a  s e l e c t i n g  c o n d it io n  c a n  b e  su p p le m e n te d  by  a  c o n 
d i t io n  e x p r e s s in g  th e  e q u a l i ty  o f  an  o b je c t  w ith  i t s e l f .
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of real objects and finite sequences of constructive operations are not adequate 
for this purpose). In every case it is indisputable that this idea arises in the mind 
of every mathematician thanks to an act of idealization which is essentially dif° 
fere nt from the abstraction of potential realizability.

IV. Constructive mathematics limits itself to the consideration of sets indi
vidually given by one of the two methods indicated above. C lassical mathe
matics does not limit itself in this way and extends the sequence of ideas and con 
cepts to be studied by introducing another idealization, called the abstraction of 
actual infinity.

This idealization can be characterized in the following manner. 1) Consider- 
ing any fixed finite sequence of constructive operations, we begin by imagining as 
not only potentially realizable but as actually carried out all possible processes 
of construction admitted by the given finite sequence of constructive operations, 
and we conceive all the results of these operations as existing simultaneously.
2) We conceptually equate this imaginary picture with the situation with which we 
have to deal in considering collections of real objects, and, in particular, we 
begin to reason about the imaginary ’’collections”  of all these results in the same 
way that we reason about collections of real objects, i.e. by the methods of classi 
cal logic. 3) We begin to conceive of these imaginary collections as existing in° 
dependently of the finite sequence of constructive operations. 4) After this we 
give our imagination even greater scope and begin to conceive of infinite co lie c 
tions of simultaneously existing objects not connected with any constructive 
operations even by their ’’origin” , meeting expressions of mental processes only 
in the introduction of certain axioms and the development of the process of logical 
deduction on the basis of c lassica l logic; moreover, we disregard the problem of 
the possibility of a clear semantics which would permit us to connect the concepts 
and arguments of such a formal-deductive t h e o r y w i t h  any real or potentially 
realizable objects or processes.

In classical mathematics not only the general concept of set but also the con
cept of subset of a given set is not connected with the fixing by any definite 
methods of an individual presentation of those objects which are covered by this

1) H ere  we h a v e  in m in d  s u i ta b ly  precise formulations of these methods (see [ 3, §7 ]).

2) In such  a fo rm al-deductive  theo ry  the g en era l co n cep t of se t and th e  co n ce p ts  
b a sed  upon it figure only a s  te rm s, and the id e a s  (im aginary p ic tu re s )  co n n ec ted  w ith 
th ese  term s in the  p ro c e ss  of forming the theo ry  (in the ch o ice  of th e  ax iom s and the 
a p p ara tu s  of lo g ic a l d ed u c tio n ) lie  o u ts id e  th e  theory  i ts e lf .
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concept. The same is true when, as the set about whose subsets we are talking, a 
set occurs which has a simple constructive presentation (for example, the se t of 
a ll natural numbers, the set of a ll rational numbers, etc.). The concept of a map
ping of one se t into another and its specia l case , the concept of a sequence of 
elem ents of a given se t, are also not connected with the fixing by any definite 
methods of an individual presen tation  of the objects covered by these  concepts.

The nonconstructive concepts of subset, mapping, and sequence of elem ents 
do not contain any ’’tang ib le”  in itia l objects for their contensive in te rp re ta tio n .^  

The difficulty, caused by this situation , of interpreting the indicated concepts 
carries over also  to those concepts which are defined in terms of them. In particu- 
lar, these difficulties carry over to the concept of real number in the sense of 
Dedekind, at the b asis  of which lie s  the nonconstructive concept of subset of the 
set of rational numbers, and to the concept of real number in the sense of Meray° 
Cantor, at the basis of which lie s  the nonconstructive concept of a sequence of 
rational numbers.

V. In applying mathematics to science, engineering and other domains of 
human activity  the concept of real number usually figures as a means of express“ 
ing concrete information about physical or other quantities, determined by ind ica
tion of methods for matching objects or p rocesses of certain types with given 
standards of measurement. However, there is a significant gap between these 
p rac tica l assignm ents of the concept of real number, on the one hand, and the 
content of this concept, as well as the theory of this concept, on the o ther hand. 
(Here we have in mind the concept of real number which is used in c la ss ic a l 
m athem atics.) This gap can be described in the following way.

In mathematics there are no means for expressing concrete information about 
physical quantities other than groups of symbols introduced by means of con° 
structive definitions. Therefore, in m athem atics, only constructive objects can 
be considered as possible carriers of concrete information about physical quantities. 
However, in c la ss ica l mathematics the theory of real numbers is constructed not 
as a theory of constructive objects of a certain type, intended for the expression 
of concrete information about physical quantities, but rather as a theory the 
ob jects of which are certain ideas formed in the imagination of m athem aticians as 
a resu lt of complicated processes of idealization . On the path between the

1) What h as been sa id  above ab o u t the  g en era l concep t of se t  e x te n d s  (with su ita b le  
c h a n g e s  in d e ta i ls )  to th ese  n o n c o n s tru c tiv e  co n ce p ts .
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processes of measurement of physical quantities and those ideas which are con- 
nected with the term "real number”  lie s  the abstraction  of actual infinity.

VI. If we are to speak not about ideas originating in the imagination of mathe 
m aticians but about mathematical tools, then one can sta te  that the assumption of 
the abstraction  of actual infinity as a method of thought means the assumption 
without any lim itation of the too ls of log ical deduction of c la ss ica l logic. However, 
it is  well known that among the propositions deducible by means of these logical 
tools there are some which are false from the point of view of the construction 
intepretation of propositions, (see below; see [3, §4-5])« In th is sense the tools 
of log ical deduction furnished by c la ss ic a l logic are not su itable in those theories 
in which the objects of investigation are constructive objects and the study of 
these  objects is carried out by taking into account their method of definition.

From what has been said it follows that theorems about real numbers deducible 
in c la ss ic a l mathematical analysis are not statem ents directly concerning real or 
potentially  realizable ob jects. In particular, there is no foundation for assuming 
that every theorem of the form "T here ex is ts  a real number cl satisfy ing condition 
S”  permits an interpretation in the form of a statem ent about the ex istence  or 
po ten tia l realizab ility  of a constructive object falling under the concept " re a l 
number”  and satisfy ing condition S.

For many theorems of the c la s s ic a l theory of real numbers one can find 
sim ilarly formulated assertions which are formulable and provable within the scope 
of constructive mathematics. These constructive analogues of theorems of the 
c la ss ic a l theory of real numbers give a clearer opportunity for translation  into 
assertio n s about physical or other quantities. The existence of constructive 
analogues of many theorems of this theory explains the fact that in spite  of every- 
thing said above about the c la ss ic a l theory of real numbers, some theorems of this 
theory make it possib le to answer, with a defin iteness satisfy ing certain practical 
requirem ents, certain problems about physical or other quantities.

At the same time, for some theorems of the c la ss ic a l theory of real numbers 
which play an important role in th is theory, it is  necessary  to s ta te  that among 
those asse rtio n s which are formulable within constructive mathematics and which 
have formulations close to the formulations of the given theorems of c la s s ic a l 
m athematics one cannot discover an assertion  provable in constructive mathe
m atics.

From what has been said it follows that the problem of interpreting the
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theorems of the c la ss ica l theory of real numbers meets considerable difficulty, 
having its  source in the nonconstructive concept of real number used in c la ss ic a l 
mathematics. The difficulty of interpretation connected with the concept of real 
number induces difficulties in a ll the superstructures based on th is concept, and 
are supplemented in these superstructures by new difficulties caused by the ideal
izations which are introduced in the conceptual formation of these superstructu res.

Very great difficulty of the type just considered is caused by the general con

cept of transfinite number (not connected in c la ss ic a l mathematics with the fixing 
of any definite methods for the individual presentation of the objects covered by 
this concept) and the idea of the method of transfin ite  induction based  upon th is 
concept.

Concepts with which considerable difficulty of interpretation is connected 
often form the basis  for entire branches of c la ss ic a l m athem atics. One can exhibit 
a large number of examples of such concepts. We shall lim it ourselves to the ex- 
amples cited above.

VII. An assertion  of the form ’’There ex ist an object of type P , 
and an object of type P such that condition S is fu lfilled”  is  customarily 
called  an existence assertion . In c la ss ic a l mathematics there occur various kinds 
of proofs of ex istence assertions. These include proofs which contain methods 
for constructing certain constructive objects satisfy ing the condition which figures 
in the given ex istence assertion . At the same time, there a lso  occur proofs which 
are stric tly  regulated by the rules of inference of c la ss ic a l logic but do not give 
any means for obtaining some constructive and therefore concretely defined objects 
satisfy ing  the given condition. In c la ss ic a l mathematics proofs of the second kind 
are considered completely acceptable. However, in spite of th is , even in the p res
ence of proofs of the second kind, considerable attention is given to searching 
for proofs of the first kind. For any existence theorem, the construction of a proof 
of the first kind is often considered to be a resu lt of considerably greater value 
than the construction of a proof of the second kind.

This point of view on the relation between proofs of the first and second kinds 
is expressed in a particularly  clear way when one considers existence assertions 
closely connected with applied mathematics. This point of view and the consider
able attention to constructive objects connected with it are resu lts  of extensive 
experience in the application of mathematics in science and engineering. This 
experience te s tifie s  to the fact that constructive objects are the most ’’tang ib le”
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and the most adaptable for the interpretation of parts of c la ssica l m athem atics.

However, in c la ssica l mathematics constructive objects are considered on a 
par with nonconstructive objects. Most often they are considered as concrete repre- 
sen tations of some general concept the definition of which is not connected with 
the fixing of some definite methods for individually presenting the objects covered 
by th is concept and, thanks to th is freedom, permits us to assum e that, in addition 
to constructive objects, this concept also  covers some other objects. The root 
property of constructive objects, consisting  of the fact that they are by definition 
potentially  realizable resu lts of constructive p rocesses, is completely disregarded 
in c la s s ic a l mathematics. This disregard shows itse lf, in particular, in the fact 
that in all reasoning, including that in which constructive objects occur, the ru les of 
inference of c la ss ica l logic are applied without lim itation.

The original source of the apparatus of log ica l deduction of c la s s ic a l logic is 
elementary logic, which has to do with the p ro cesses  of thought arising under 
certain  ^elem entary” conditions. These conditions are characterized by the 
following features.

1) The objects of study are invariable and form a fixed finite c o lle c tio n .^

2) For every given in itia l concept one can form a two-valued characteristic  
table se lec ting  those objects of the given co llection  which belong to the given 
concept.

3) For every given in itia l relation one can form a two-valued characteristic  
table se lec ting  those ordered groups of objects the terms of which are in the given 
relation .

For statem ents formulated with re sp ec t to the indicated conditions there is a 
p recise  sem antics, subconsciously applied by people in appropriate cases  in 
everyday practice for many thousands of years, but formulated clearly  and in 
system atic  form only at the end of the nineteenth century. The existence of a 
p rec ise  sem antics gives us the opportunity of putting in a clear form and solving 
in an affirmative sense the problem of justifying, under the in itia lly  given con= 
ditions indicated above, the rules and methods of logical deduction of elem entary

1) We have in mind, of course , not a b so lu te  in v a r iab ility  but in v a r ia b ility  only in a 
c h o se n  in te rv a l of tim e of th o se  a sp e c ts  o f the  o b je c ts  of study  w hich are of in te re s t  in 
the  g iv en  in v e s tig a tio n  and only to th a t d e g ree  of p re c is io n  w hich su ff ic e s  for the s ta te d  
pu rp o se  of th e  g iven study .
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logic. D It has been estab lished  that upon fulfillment of the conditions indicated 

above, every statem ent derivable by the methods which are placed a t our d isposal 
by the apparatus of logical deduction of elementary logic, including in derivations 
some true statem ents as in itia l statem ents or without inclusion of such additional 
in itia lly  given statem ents, are true statem ents. This justification  of the appa- 
ratus of logical deduction reveals the cognitive meaning of the p rocesses of logi
c a l deduction which flow from the in itia lly  given conditions indicated above on the 
basis of the apparatus of elementary logic.

In the course of the h isto rical development of the apparatus of logical deduc
tion belonging to elementary logic, a displacem ent into a mathematical theory 
having to do with the concept of infinite se t autom atically occurred. This process 
of automatic displacem ent of the apparatus of elementary logic into a considerably 
more complex condition represents an even more remote idealization . This ideali
zation is one of the chief aspects of the abstraction of actual infinity. Applying 
this idealization , we agree in the case  of infinite se ts  of objects of study to permit 
(without any ju stifica tion ) the methods of logical deduction worked out for 
perfectly concrete in itia lly  given ob jects: for the case where we have a finite 
domain of ob jects of study and where a ll the conditions which were called " e le 
m entary” above are fulfilled . Hence we have agreed to treat every situation in the 
case of an infinite domain of objects of study as completely analogous to the s itu 
ation which holds under the "elem entary”  conditions described above.

There is  no justification  for asserting  a priori that the apparatus of logical 
deduction worked out for certain in itia lly  given objects will be suitable for other 
in itia lly  given objects. This observation supports, in particular, those mathe
m atical theories in which the objects of study are constructive objects and the 
starting point for the investigation of these objects is  the root property of con
structive objects mentioned above.

VIII. It is well known that the interpretation of mathematical statem ents about

1) Here we h ave  in m ind the contem porary ap p a ra tu s  o f  lo g ic a l d ed u ctio n  of e le 
m entary lo g ic . T h is a p p a ra tu s  h a s  been formed g rad u ally  in the  c o u rse  of th e  h is to ry  of 
hum an thought. U ntil the  r ise  of m ath em atica l lo g ic , it w as formed m ainly  in a h e u ris tic  
way. The r is e  o f m ath em atica l log ic  w as to a c o n s id e ra b le  deg ree  a p ro c e s s  o f m aking 
p re c ise , p a r tia lly  re v is in g , and s ig n if ic a n tly  ex ten d in g  the p re v io u s ly  formed p a r ts  of th is  
ap p ara tu s on the b a s is  of the p re c ise  se m an tics  m entioned above.

2) We rem ark th a t, upon fu lfillm en t of the  co n d itio n s  in d ic a te d  above, ju s tif ic a tio n  is  
ob ta in ed , in p a r tic u la r , for the  law  of th e  ex c lu d ed  m iddle.
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constructive ob jects, based on the root property of constructive objects and on the 
so-called  constructive interpretation of m athem atical propositions (see P ] ) 1) 

reveals the inadm issibility  of certain rules of inference of c la ss ica l logic. The 
rules of inference which we have in mind here can lead to false statem ents. Not 
a ll m athem atical propositions about constructive objects provable by means of the 
rules of c la ss ic a l logic (i.e. by means of those ru les of inference which are con
sidered in c la ss ic a l mathematics to be com pletely adm issible) can be considered 
as true under the interpretation of propositions which starts from the root property 
mentioned above of constructive objects. From what has been said  it follows that 
c la s s ic a l mathematics as a whole and c la ss ic a l mathem atical analysis in particu
lar are not adapted to the exposure of those connections between constructive 
ob jects for which the root property mentioned above of these objects is e ssen tia l.

Evidence of this unsuitability  is manifold. Let us go into some of this evidence. 
The first m anifestation is the fact that the consideration of constructive objects 
and nonconstructive concepts on a par generates a situation  in which it is  difficult 
to d istinguish  the theorems about constructive objects provable (even by means of 
c la s s ic a l log ic) without drawing upon nonconstructive concepts. But now we turn 
out attention to another aspect of the matter, namely to the practical consequences 
which are caused by the use of the complete range of logical methods of c la s s ic a l 
logic.

L et us assume that we are given a constructive problem which presupposes 
some constructive in itia lly  given objects [for example, words in some alphabet, 
algorithm schem as (programs for computing m achines), e tc .]  and consists  of 
finding a method of constructing, for arbitrary adm issible values of the  in itia lly  
given ob jects, some constructive objects satisfy ing a definite condition formulated 
in terms of constructive m athematics. Let us further assum e that m athem aticians, 
in trying to solve this problem, in their investigation subconsciously limit their 
field of attention only to constructive ob jec ts , but are inclined to believe that, 
for the problems of in terest to them, the type of theorem provable by means of 
c la s s ic a l logic plays a satisfactory  guiding role. Let us pose the question: in 
this situation  what role do theorems of th is type actually play?

1) One of th e  fundam ental p r in c ip le s  of th e  c o n s tru c tiv e  in te rp re ta tio n  of m athe
m atica l p ro p o s itio n s  is  th a t every a s se r t io n  abou t the  e x is te n c e  of a c o n s tru c tiv e  o b jec t 
s a t is fy in g  a g iven  co n d itio n  is  u n d ersto o d , in com p le te  acco rd  w ith the  root property  of 
c o n s tru c tiv e  o b je c ts , a s  an a s se r tio n  abou t th e  p o te n tia l  re a l iz a b il i ty  o f the co n s tru c tio n  
of a c o n s tru c tiv e  o b jec t sa tis fy in g  th e  g iven  co n d itio n .
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A mathem atician, having before him the indicated problem and at the same 
time some theorem provable by means of c la ss ica l logic and asserting the existence 
of the required constructive objects for arbitrary adm issible in itially  given o b jec ts , 
finds him self in essen tia lly  the same situation as when he did not have this theorem 
at his d isposal. Desiring to actually  use this theorem for the formulation of the 
required method, he is compelled to find a constructive proof, that is , he must 
prove (if th is is possib le ) some proposition of constructive m athem atics. If, not 
finding a constructive proof, he nevertheless regards the theorem as an encourage 
ing stim ulus for continuing his attem pts to solve the problem, it can happen that 
he thus directs his mind along an absolutely hopeless p a th —the problem can turn 
out to be theoretically  unsolvable, in spite  of the ex istence of a suitable theorem 
of c la ss ic a l mathem atics.

As an example of a problem for which ju st this situation  occurs one can cite  
the problem of finding, for the concrete algorithm ically given non deer easing and 
bounded above sequence S of rational numbers constructed by E. Specker and 
described in §8.3-1 , an algorithm (program for a computing machine with unbounded 

memory) which, for any natural number n, computes a subscript beginning with 
which the term s of the sequence are separated from each other by a distance le s s  
than 2~”. Such an algorithm is im possible (see Theorem 8.3-1)- At the same time, 
using a proof by ’’contradiction” , we can deduce (for example, with the help of 
the corollary of §8 .3 -2 ) a theorem of c la ss ic a l mathematics (about constructive 
ob jects) which a sse rts  that, for every n, there ex ists  the required subscript.

One can exhibit a large number of examples of sim ilar s ituations. A situation  
of a sim ilar kind may arise, for example, in connection with theorems for the 
logical derivation of which one uses without any limitation proofs by ’’contradiction” 
or the law of the excluded middle. However, the cited logical methods of c la s s i
cal logic form only part of the ’’sources of nonconstructiv ity” , only part of the 
obstacle on the way to the creation of a faithful picture te lling  us for which re
quired constructive ob jects there are algorithms constructing (computing) them in 
terms of such-and-such initially  given constructive ob jects, and for which there 
are no such algorithms.

IX. An obstacle  of another kind, another ’’source of nonconstructivity”  in 
m athem atics, is connected with the widely practiced transition in c la ssica l mathe
m atics from any assertion  of the form
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"F or any object cl of type P, there ex ists  an object B of
(*)

type Q which is in the relation F  to a ”

to the assertion

(**) ’’There ex ists an operation 0  associating  with every object cl

of type P an object 0 (a )  of type Q which is in the relation F  to cl” .

Here T is  a binary predicate; we shall assume that this predicate is in
variant with respect to replacement of any pair of adm issible objects by an equal 
pair (in the sense of equality of pairs induced by the relations of equality intro- 
duced for ob jects of type P and objects of type Q) and that, for any adm issible 
value of the second argument, it is single-valued (up to equality of objects of type 
Q) in the firs t argument. Under these conditions the transition  from (*) to (**) 
is often accompanied in c la ssica l mathematics by a transition from the predicate 
variant of the theory connected with the predicate to an operator variant in which 
there occurs an operation 0  replacing in a certain sense (together with the equality 
relation for objects of type Q) the predicate T . For the purposes of computational 
mathematics the operator variant is preferred, for obvious reasons. Mathematics 
offers many examples of the preference for such operator variants of theories.

The case where the proposition (*) cannot be proved by the methods of con
structive mathematics does not require discussion— "non cons truc tiv ity”  is already 
present. Let us consider now the case where (*) is a proposition about con° 
structive ob jects provable within constructive m athem atics. In considering (*) 
and (**) as propositions of constructive mathematics it is necessary  to think of 
the words " e x is t s ”  and "opera tion" as being replaced by the words " is  
potentially  re a liz a b le ” and "algorithm ” , respectively .

In many ca se s  the constructive reformulation of proposition (*) shows that 
it is an assertion  about the realizab ility  of an algorithm of a more complicated 
kind than that which is spoken about in proposition (**) (see [ 3, §8])« Hence 

the sem antics of constructive logic and the corresponding apparatus of logical 
deduction does not always permit the transition to (**). In the case where the 
verification of the condition characterizing the concept "o b je c to f  type P "  in= 
eludes within itse lf a non-algorithmizable search for a solution of some con
structive task, proposition (**)- can turn out to be refutable (see for example, 
Theorem 3-7-3 and the accompanying remark) , and then the operator variant of 
the theory in the form suggested by (**) is im possible. However, in similar cases, 
one nevertheless succeeds in finding operator variants of theories of constructive
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m athem atics, but they acquire a more complex form: as in itia lly  given objects for 
the algorithm 0  asso c ia ted  with the predicate F  it is necessary  to consider not 
individual ob jects of type P but rather system s of objects, each of which consists  
of some object H of type P (or a transcription of such an object) and additional 
objects carrying certain information about some solution of the constructive 
problem arising  in the justification  of the a ssertion  "H  is an object of type P ” .

The introduction into constructive mathematics of real F/?°numbers, FF=con° 
structs of various types, complete ciphers of uniformly continuous operators, 
metric spaces with a fixed algorithm for passage to the limit or with a fixed 
algorithm for constructing nets, e tc . (see the main text of this paper), along with 
real F-numbers, F -constructs of appropriate kinds, uniformly continuous operators, 
metric spaces, etc., is dictated, in particular, by the tendency to have available, 
along with predicate variants of certain  theories, also  (and even preferably) oper- 
ator varian ts, even at the expense of the introduction of ob jects of more complex 
kinds than in the corresponding theories of c la s s ic a l mathematics.

The transition, carried out in c la ss ic a l m athem atics without any lim itations, 
from predicate variants of the construction of theories to operator variants (on the 
basis  of the transition from (*) to (**) ) often produces m athem atical theories for 
which the attem pt to interpret the symbol for the operator $  a ssoc ia ted  with the 
predicate F  as a symbol for an algorithm applicable to all ob jects of type P and 
such that, for any object a  of type F, the object $(&) is in the relation F  to 
cl, immediately leads to confusion, in view of the im possibility  of an algorithm 
with those properties. In similar cases  in c la s s ic a l m athem atics, in the transition  
to the operator variant, a change takes place in the type of the objects which can 
be considered as suitable in itially  given objects for the algorithm associa ted  with 
the predicate F  in the transition from the predicate to the operator variant of the 
theory adm issible within constructive m athem atics. Such a change leads to a 
certain d isorien tation  of a mathematician dealing with the corresponding theory 
of c la s s ic a l m athem atics, for example, in the light of the requirements of compu
tational m athem atics, the more so  as, under the conditions of the multi-level 
character of contemporary mathematics, it is not always easy  to discover the type 
of in itia lly  given objects for which a constructively justifiable operator variant of 
the theory is possib le .

What has been said  above is illu stra ted  by the following example. In the 
c la ss ic a l theory of real numbers, one introduces a binary predicate ’’the real 
number q is the limit of the sequence of real numbers and one proves a theorem
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of the form (*), where the roles of cl, ft, P, Q, and T are played, respectively , by 
f, q, ’’fundamental sequence of real num bers” , ’’real number” , and ” is  the limit 
o f” . The transition  to (**) is considered as the justifica tion  for the introduction 
of the operation lim of passage  to the limit. Replacing in th is theorem of the form 
(*) the concepts of c la ss ic a l mathematics by the corresponding concepts of con
structive  mathematics (with the concept ’’rea l number”  we asso c ia te  the concept 
’’rea l F°n umber’ ’), we obtain a proposition provable by the methods of constructive 
logic (see Theorem 10.5-3)- However, the proposition ot the form (**) obtained 
by such a replacem ent is refutable and therefore the attempt to interpret the symbol 
lim (with the types of in itially  given objects borrowed from c la ss ic a l m athem atics) 
as the symbol for an algorithm leads to obvious m isunderstandings. An analysis 
of the proof of the constructive variant of the theorem of the form (*) just con
sidered shows (see the proof of Theorem 10.4-5 and the remark after §10 .4 .6 ) 
that, as a basis for the operator construction of the theory of lim its of sequences 
of real F-numbers, one can set an algorithm for which the in itia lly  given objects 
are pa irs  of the following form: the first term of a pair is  a transcription of any 
fundamental sequence of real F-numbers, and the second term is the transcription 
of any algorithm transforming any natural number n into the transcription of a 
regulator of convergence in itse lf of the sequence of rational numbers which is 
based on the nth term of the sequence of F-numbers the transcription of which is 
the first term of the given pair (the terminology is explained in §3).

One can exhibit a large number of different examples of th is kind from various 
branches of m athem atics. We note that the kinds of ’’sources of nonconstructivity ”  
in m athem atics are not exhausted by the types considered above.

In constructive m athematics (in contradistinction  to c la ss ic a l m athem atics) 
the pred icate  variant and the operator variant of the construction of a theory are 
p rec ise ly  delineated . Moreover, it is often necessary  to carry out the transition 
from the first to the second variant by methods more com plicated than in the corre
sponding theory of c la s s ic a l m athem atics, but, in return, the possib ility  of changes 
in the types of relations between constructive ob jects is  excluded. Thus, con
structive mathematical analysis is  a theory in which various mathematical phe- 
nonema are considered with more careful and more complete regard for the re
quirements of computational mathematics than in c la ss ic a l m athem atical analysis.
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