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PREFACE 

This book ca n be used a s a  textboo k fo r graduat e student s o f mathe -
matics and thos e preparin g fo r examination s i n th e theor y o f functions , 
and i n particula r i n th e theor y o f bes t unifor m approximation . 

The materia l presente d her e ma y als o b e usefu l fo r engineer s an d 
students o f radi o an d electrica l engineerin g wh o ar e concerne d wit h 
problems o f th e theor y o f filters,  amplifiers , puls e technology , etc . 

To mak e i t easie r fo r engineer s t o rea d th e book , i t contain s a  brie f 
introductory section on the theory o f moment sequence s and th e simples t 
theorems o f functiona l analysis . 

The first  par t o f th e boo k contain s a n expositio n o f th e ne w theor y 
which was announce d i n a  serie s o f paper s b y th e autho r betwee n 193 4 
and 1953 ; a  detaile d expositio n ha s no t bee n publishe d previously . Th e 
second par t illustrate s th e theor y b y solvin g a  numbe r o f problem s o f 
Cebysev typ e whic h coul d no t b e handle d b y classica l methods . 

The autho r hope s tha t th e availabilit y o f thi s ne w metho d an d it s 
effectiveness i n solvin g problem s o f variou s kind s wil l hel p graduat e 
students i n finding  thesi s topics , and engineer s in the theoretica l analysi s 
of thei r experimenta l problems . 

The autho r wishe s t o than k he r studen t M . Ja . Zinger , an d E . L . 
Rabkin, assistan t i n th e departmen t o f mathematic s o f th e Leningra d 
Electrotechnical Institut e o f Communication, fo r thei r hel p i n preparin g 
this boo k fo r publication . 

Leningrad, 8 July 1963 
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APPENDIX 

DERIVATIVE FUNCTIONALS OF AN ALGEBRAIC POLYNOMIAL 

AND V . A . MARKOV S THEOREM 1' 

V. A . GUSE V 

The functiona l metho d i s applie d t o investigat e th e exac t uppe r 
bounds o f th e derivative s o f orde r k  o f a n algebrai c polynomia l a t eac h 
point o f th e interva l [0,1] . A  ne w proo f o f V . A . Markov' s theore m i s 
given an d som e ne w result s ar e obtained . 

V. A . Markov' s theore m [l] 2) give s a  boun d fo r th e derivativ e o f 
order k^n  o f a n algebrai c polynomia l P n(x): i f 

(1) max |P n (x ) | =M, 
[-1,1] 

then 

(2) max|Pj*>(x) | *  " ' ^ 7  ^  "  r o f " i t ~  ^  ' M ( * =  1,2 , • •••») . 
[-1,1] 1  •  d •  • • (2/ 2 —  1 ) 

New an d simple r proof s o f thi s theore m wer e give n b y S . N . Bernstei n 
[2] an d Duffi n an d Schaeffe r [3] . 

The functiona l metho d develope d b y E . V . Voronovskaj a [4]—[6 ] 
makes i t possibl e t o stud y th e proble m considerabl y mor e completel y 
than i n [2 ] an d [3] , an d i n a  considerabl y shorte r wa y tha n i n [l] . 

The cas e k  =  1  was studie d b y E . V . Voronovskaj a [7] . I n th e presen t 
paper th e result s obtaine d i n [7 ] fo r th e first  derivativ e ar e extende d 
to derivative s o f highe r order ; th e terminolog y o f [7 ] i s retaine d here . 

We conside r th e interva l [0,1 ] (thi s i s th e mos t convenien t fo r th e 
functional method) . The n (2 ) take s th e for m 

r>k 2(  2  i 2 \ .  ( n2 _  j U _  l 2 \ 

(2') max|P,S*>« | ^  (  ,  I'  J , *  1) -MM =  M MT^(1), 
[0,1] 1  •  O  •  • •  \ZK  —  i) 

where 

M[oi] = max|P n(x) | , T n(x) =  cosMarccos(2: c —  1). 
[o,i] 

Translation o f Izv . Akad . Nau k SSS R Ser . Mat . 2 5 (1961) , 367-384 . 
Numbers i n bracket s refe r t o th e Bibliograph y a t th e en d o f thi s Appendix . 

17Q 
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We shal l trea t th e &t h derivativ e o f P n(x) a t a  poin t £  a s th e linea r 
functional F£ k\ define d b y th e finite  sequenc e (o r segment ) 

,Q, U* })?=o = 00,0! , •  ..,(>*_!,*!,(* + 1)!{ , • . • , , " ' £"- * 

(* =  1,2 , . . . , F I ; -  o o < £ < oo) , 

on th e se t o f polynomial s {P n(x)} o f degre e a t mos t n,  s o tha t 

F^k)(xl) =  0  fo r £  =  0 ,1 , • - . , *- 1 , 

F*k){xi) =  (i-ky.t 1'"for i  =  ^* + 1 ' - - - ^ 

and 

^(*,[i>.(x)] =  P,, w(«). 

Since th e spac e {P n(x)} i s finite-dimensional,  fo r eac h £  there i s a  poly -
nomial Q n(x, £) , calle d extrema l o r serving , suc h tha t whe n 

max|Qn(x,£) | =  1 
[o,i] 

(reduced polynomial ) w e hav e th e equatio n 

where A^(£ ) i s th e nor m o f th e functiona l (3) . W e hav e 

m a x | P ^ ( £ ) | ^M [ 0 f l ]-iV*(€)=M [o f l ] . [QiA )(x,f)]x-€ ( * =  1,2 , •  •  . , * ). 
[o,i] 

This is a sharpening o f V . A . Markov' s inequalit y (2') - Thu s th e proble m 
is to determine th e extrema l polynomia l an d th e norm o f the functiona l (3) . 

REMARK 1 . Puttin g nl k) =  p\%,  w e for m th e tabl e o f difference s (ii\%) 
of th e segmen t (3) , wher e 

(k) (k)  (k) 

then w e obtai n 

U ? ) =  0 0,01? . . .,0*_! , ( - l) kk\, ( - l) k(k +  i ) ! (l - { ) , . . . 

This functiona l ha s th e sam e nor m (cf . [4] ) a s (3) . Consequentl y 

(4) N k($ =  N k(l -  I ) ( A = l , 2 , . . - , n ; -  «  < { < « ) . 

REMARK 2 . Fo r £  < 0  th e segmen t (3 ) ha s alternatin g signs , an d 
consequently 
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Qn(x,t) =  +T n(x), 

if k  =  n  (mod 2), an d 

Q„(x,{) =  -T n(x), 

if k  +  1  = n  (mod 2). I n vie w o f (4) , fo r eac h £  outside [0,1 ] w e hav e 

Qn(x,Z) =  ±T n(x), N k(t) =  \n k>(£)\ ( * =  l , 2 , . . . , n ) . 

We recal l a  necessar y an d sufficien t conditio n tha t a  give n reduce d 
polynomial L n(x) (max[ 0ti]\Ln(x) \  =  1 ) wit h distributio n (^) J ( 0 ^  a i 
< <T 2 < •  * *  < °s  ^ 1 ; L n{ti) =  +  l,L n(o:

l) =  —  1 ) i s extrema l fo r a  give n 
segment (/*;)[} . Th e tes t fo r extrema l characte r i s a s follow s (cf . [7]) : 
the syste m o f n  +  1  equation s i n th e s  unknown s <5 t 

(V) i u =  m ( J = o,i,...,*) 
1 = 1 

has the propertie s 1 ) i t i s consistent , an d 2 ) i t ha s a  solutio n suc h tha t 
either sgn<5 t = L n(<Ti) o r 5 , = 0  (bu t no t al l ar e zero) . 

THEOREM 1 . On  the  interval  [0,1 ] there  are  n  —  k +  1  Cebysev  intervals 
[alk),$k)] (k  =  1,2 , •  •  - ,n ; i  =  1,2 , •  •  -,n -  A  + 1 ) a * w/ios e pomt e tfie 
functional (3 ) i s served  by  one  of  the  polynomials  ±  T n(jc). 77i e endpoints 
of the  intervals  are  the  roots  a^\a^\  •  •  • , a i ^ +i o / £/i e equation 

(^)=°' dx 

and a[ k) = 0 , an d £/i e root e Pi k),P2k\ •  • •,#£_* o / £/i e equation 

dk (R n+,(x)\ 
d ? \  x  -  1  /  ' 

and ft^ +1 =  1 ; Aer e i?„+i(x ) =  n ? « 0 U —  T,- ) i s £/i e resolvent  of  T n(x), 
and (rj) S a r g * & nodes, i.e.  its  points  of  maximum  deviation  from  zero. 

PROOF. Le t u s appl y th e tes t fo r extrema l characte r t o L n(x) = 
± T n(x). I n thi s cas e s  =  n  +  1  an d conditio n 1 ) drop s out , whil e 
condition 2 ) i s tha t 8 0,8U -  "98n hav e alternatin g signs . Th e syste m 
(V) fo r th e segmen t (3 ) take s th e for m 

ZM = o 
i'=0 

n M 

(1 =  0 , 1 , • • • , k -

- t k (I  = k,k+!,.•• 

- 1 ) , 

•,n), 
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and it s solutio n i s give n b y 

0 =  0 ,1 , . . . , n ) . 
x=i 

We shal l nee d th e followin g thre e lemma s o f V . A . Marko v [l] . 

LEMMA 1 . / / the  equation  G s(x) =  x s +  a^* - 1 +  •  • • + a s_iX + a s =  0 
has no  complex  roots,  then 

[Gs
ik)(x)f -  G s

(k-1}(x) .  Gs
{k+1)(x) >  0 

for all  k  ^  s  and  all  real  x  except  for  roots  of  G s(x) =  0  of  multiplicity 
greater than  k. 

LEMMA 2 . Let  G(x)  =  YlUi ( x —  x i) ( xk ^  *j)>  let z  be  a  root  of  G {k)(x) 
= 0  and  let 

Gl(x)=-^- ( 1 = 1 , 2 , . . . , * ) ; 

x —  Xi 

then the  numbers  G[ k){z),G2
{k){z), -  • •, G^k)(z), G (k+l)(z) all  have  the  same  sign. 

LEMMA 3 . Let 

G(x) =  A  •  n ( * -  a.-) , H(x)  =  B  •  n (J C -  6 t) (A  >  0 , B  >  0) 
i = i i = i 

and b l<al<b2<a2< >--  <b s<as. If  G ik)(z)=0 then 

Hik)(z) 
G{k+1)(z) > 0 . 

COROLLARY. It  follows  immediately  from  Lemma  3  that  the  roots  of 
G(k)(x) =  0  and  of  H ik)(x) =  0  are  interlaced.  This  is  also  true  when  the 
degrees of G(x)  and  H(x)  differ  by  unity (the  roots of  G(x)  and  H(x)  separate 
each other). 

Let $j(x)  b e th e polynomia l 

Rn+i(x) 
(j =  0,l,...,n) 

X - T j 

and le t $,$%  •  • -,$Tk) b e th e root s o f <f>f(jt) ; the n { $ -  a^  an d 
g\ =  ftJ*) ; le t 0?\oP,  -  • - ,0<Vi b e th e root s o f i d ( x ) . I t follow s fro m 
the result s o f Voronovskaj a fo r k=  1  (ef . [7] ) tha t th e followin g in -
equalities hol d fo r th e root s o f <i>o(JC),<!>((JC) , •  • •,$£(*) an d i?*+i(x) : 
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0 <  6?  <  ^ <  ^u <  ^ 2 > 1 < • . . < * £ < a?  <  W <  (&  <  &-U1 <•' 

• • • < & ? i < « J U < ^ < ^ < " - < ^ ^ 

Applying th e corollar y o f Lemm a 3  t o eac h pai r o f th e polynomial s 
$o(*),$i(*)> •••!$£(*) , R' n+i(x)> w e se e tha t ther e ar e simila r inequalitie s 
for th e root s o f th e feth  derivative s *k k)(x), *l k)(x), •  •  •,  Q™(x), Ri%i(x): 

• • •  <  «/* > < »}* » < &** > < f « li 4 <  ^ 2 . * < •  • • 

•••<tfi<«i¥i<^i<A^<---
• •  • <  a n_k <  v n-k <  Pn-k  <  £n-l,k  <  ?n-2, * <  '  ' 

• • • <  £l,jf e <  «»-*+ l <  #n-*+ l <  - 1-

Therefore insid e eac h interva l o f th e for m 

[a\k\tik)] (k  =  1,2 , •  •  .,71 - 1 ; i  =  1,2 , •  •  .,/ i -  k  +  1 ) 

there i s a  singl e roo t o f R {
n

kli(x), an d eac h o f th e derivative s ^ k)(x)9 

^(x), •  •  . , ^ ( J C ) preserve s it s sign . Applyin g Lemm a 2  t o th e poly -
nomials R n+1(x), $ o W » , , , , ^ W , w e reac h th e conclusio n tha t al l th e 
numbers *P(0} k)),*[k>(0}k)), •  •  • ,^ ) (^ / e ) ) hav e th e sam e sig n (plu s fo r 
i =  n  —  k+ l,n  —  k —  l,7i —  k  —  3, ••• , an d minu s fo r i  =  n  —  k, 
n-k-2,n-k-4,---). I t follow s tha t i f f  G [«/* \ A^ ], al l th e 
numbers *£>  (J), $f} (£) , - • • , #f (£ ) hav e th e sam e sign , an d i n additio n 
only <^(£ ) =  0  a t £  = «/* > ( * = 1,2 , •  •. , n -  k  +  1) , whil e onl y $£*>(£ ) =  0 
at £  = ft (A) ( i =  1,2 , •  •  .,T I —  fe). Turning t o formul a (5) , w e se e tha t 
<5o><5i, m",8n hav e alternatin g signs , an d conditio n 2 ) o f th e tes t i s 
satisfied i f ££[«/*>,#*>] . A t th e left-han d endpoint s (a} k))?~£+l lose s 
the weigh t <5 0 at th e nod e r 0 =  0 , i.e . <5 0 = 0 , an d a t th e right-han d end -
points (0l k))f~i lose s th e weigh t 8 n a t th e nod e r n =  1 , i.e . <5 n =  0 . Con -
sequently servic e o f th e functiona l F\ k) b y th e polynomial s ±  T„(x ) 
ends (o r begins ) a t thes e point s (cf . [4] , [5]) . 

Thus i n th e interval s [aji klk+u l ] , [ait-k-uPn-k-i]9 •  •  •  th e functiona l 
Ff} i s serve d b y +  T„(x) ; an d i n th e interval s 

\(k) R {k) ]  \  Ik)  Mk)  1 

by —  Tn{x). Whe n ft =  n  formul a (5 ) take s th e for m 
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^ =  m  r  ( 7 =  0 ,1 , • • - , « ) , 

and Ff } i s serve d b y +  T n(x) fo r { £ [ 0 , 1 ] . Thi s complete s th e proo f 
of Theore m 1 . 

THEOREM 2 . Between  the  Cebysev  intervals  there  are  open  Zolotarev 
intervals ($\ k\a$i) (k  =  1,2 , •  •  • , n —  1 ; i  =  1,2 , •  -  • , n —  k)  at  whose 
points the  functional  (3 ) is  served  by  all  the  polynomials  of  passport 
[n, n, 0]3) (denoted  by  Q n(x,$)) and  only  by  these,  and  indeed  by  each  one 
at that  point  of  each  interval  where 

rdkRn(x,»)l = Q 

V — Ot 

Here R n(x,#) =Y[?=i(x  —  at) is  the  resolvent  of  Q n(x,d), (J,-) ? is  its 
distribution, and  &  is the  variable  leading  coefficient  of  Q n(x,$) ( — 2 2n~l 

<# <2 2n~1). 

PROOF. Le t L n(x) b e an y polynomia l o f passpor t [n,n,0],  le t (J;) J 
be it s distribution , le t 

Rn(x)=U(x-al)=ZriXi 

be it s resolvent , an d le t £ 0 be a  roo t o f Rn k)(x) =  0 . W e shal l sho w tha t 
Ln(x) serve s th e functiona l F$.  Th e first  n  equation s o f th e syste m 
(V) tak e th e for m 

2 > " i =  0  ( / =  0 , 1 , - . . , * - ! ) , 
1 = 1 

t,ti°li={l!!k)lt!r
k d  =  k,k  +  i,...,n-i), 

and th e solutio n i s give n b y 

i *j 

Condition 2 ) o f th e tes t fo r extrema l characte r i s satisfie d since , b y 
Lemma 2 , th e number s 

See [6] . 
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Ydk (R n(x)\ I  Yd k /R n{x)\ 1 
Ldx^ \x  —  a  J Jx^o ' Vdxf* \x  —  oj  \x=^ 

ive th e sam e sign . Conditio n 1) , tha t 

(n - k) ! £ 1 

^ Yd k /R n(x)' 
9 Ldxk \x  -  a n/ 

i.e. tha t th e entir e syste m (V ) i s consistent , yield s th e equatio n 

Ft>[Rn(x)}= Ri k,(0 =t,r,Z&i°l  =  £tiRn(«i)  =  0, 
1=0 1  = 1 1  = 1 

i.e. Rn k)(£) = 0 , whic h i s satisfie d a t £ 0 and nowher e else . 
Thus eac h polynomia l L n(x) serve s F^ k) at n  — k  points , th e root s o f 

Rnk)(x) = 0 , lying one in each of the intervals ( /^al^i) (i  = 1,2, •  • -,n —  k). 
If w e delet e fro m th e se t { Qn(x, tf)} the Cebyse v transformation s 

± T n{vx) an d =1 = T n{v •  1  — x)  tha t th e se t contains , th e remainin g 
polynomials are , u p t o constan t factors , exactl y th e polynomial s o f 
E. I . Zolotare v [8] , which h e expresse d i n term s o f ellipti c functions ; 
we denot e the m b y Z n(x,$). 

At th e endpoint s (ft***)?- * an d (a} h))?-£+1 th e functiona l F f lose s 
its weight at , respectively , th e node s r n = 1  (8 n = 0) o r r 0 = 0  (8 0 = 0); 
hence in (0/*\aj$i), as £ moves from j3| A) to aj^i (assuming , for definiteness , 
that Ff } i s serve d i n [al k),(3\k)] b y +  T„(x)) , servic e change s in the 
following order : 

+ T n{vx) ( c o s 2 ^ ^  v  < 1) ,  +  Z n(x, tf) (o < & <  2 ^ c o s 2 " - ^ 
2n/ ' 

- l U f r ) , ( - l ) ^ % ( l - x , ^ ) , ( - D ^ T ^ . I - J C ) 

without a  break , accordin g t o th e theore m o n continuou s deformatio n 
(cf. [4] , [5]) , an d withou t repetitio n unti l th e extrema l polynomia l 
becomes —  T n(x) a t a$i -

This complete s th e proof o f Theore m 2 . 
Therefore i f E T i s the se t o f point s o f Cebyse v interval s an d E z i s 

its complement wit h respec t t o [0,1] , w e have th e following inequalitie s 
for reduce d polynomials : 

( ^ ' =N k(0 fo r £ G £ r , \pi»m<i\™\=N> 
Nh(S) fo r { G ^ , 

where ^  an d £ are connected , b y Theore m 2 , b y th e equatio n 
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(6) *'*fe*>- Q 

The nor m N k(£) i s a continuou s functio n o f £ . 

THEOREM 3 . irc each interior  Cebysev  interval  the  norm N k(%) takes 
its maximum  value 

max N k(Z) =  N k(y\k)) 

just once,  where  (yi k))t=2k a™ the roots of  T^k+l){x) =  0; in  the two  boundary 
Cebysev intervals  the  norm N k{£) decreases monotonically  from  the  end-
points of  [0,1 ] inward. 

PROOF. Theore m 3  o f Voronovskaj a [7 ] show s tha t th e root s (yl1})2=2 
of Tn  (x) li e one each in the interio r interval s [a/ 1}, (3}1} ] (i = 2 ,3, •  • • , n —  1) . 
Applying th e corollar y o f V. A . Markov's Lemm a 3  to each pai r o f the 
polynomials $ J W , T„(x),  & n(x), w e see that fo r eac h k^n  —  2 the 
roots (7l* ,)?r2* of T^1}(x) li e on e eac h i n the interio r interval s [aj k),plk)] 
(i = 2,3 , •  •  • , n —  h). I t follows tha t th e nor m N k(£) attain s it s maximu m 
once i n eac h interio r Cebyse v interval , an d decreases monotonically , 
from th e endpoint s o f [0,1] inward , i n the boundar y Cebyse v intervals , 
q.e.d. 

REMARK. I f k = n (mod 2), ther e i s a Cebyse v interva l 

r (k)  i  (k)  i 
La(»-A+2)/2> J - —  a (n-k+2)/2\i 

containing th e point £  = 7o?-*+2)/2 = \ > an d 

iyk\2/ \ l n \2/  ~  l 2 W ( n 2 - S 

k~<«2 l 2 ) . . . ( r c2 - f c - 2 2 ) fo r n odd, 
(rc2 - 2 2) - . . (n 2 -  k  - 2 2) fo r n  even . 

We tur n t o th e nor m N k(£) on the Zolotare v intervals . I n eac h 
interval (ft-^af+i ) ther e i s a  uniqu e poin t £* * (i = 1,2 , •  •  -,7 i —  k) 
at which the functiona l F\ k) i s served b y on e of th e polynomial s ±  T«_I(JC) . 

The point s (£**)?J * ca n be foun d a s th e root s o f Rn k)(x) = 0 , wher e 
#„(*) i s the resolvent o f T n_i(x). W e call (& k\tfk) an d (f&,a#i) the 
left-hand an d right-hand part s o f the interval (pl k), a[k+i). 

THEOREM 4 . In the  interval (pl k),ai+i) (i  = 1,2, •  •  -,n — k) the  norm 
Nk(£) varies  monotonically  at  each  point £  at which the  (k  + 1 ) th derivative 
of the  extremal  polynomial  is  not  zero. 

PROOF. Suppos e fo r defmitenes s tha t th e extrema l polynomia l a t 
t =  0l k> is +T n(x). The n i n som e interva l (^ k\A[k)), p\ k) <  A[k) <  tfk, 
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the Cebyse v transformation s T n(vx) wil l b e extrema l (cf . Theore m 2) . 
We hav e 

and 

W(& =  - W(^)-y+f- ; 

in fact , th e quantit y T^ k)(v£) •  vk mus t b e maximize d ove r */ , i.e . 

T*+lKvi)-ivk+T}»(v&kvk-l =  0, 

or 

T , l* + 1 ) ( ^ ) . ^ +  A T ^ ( ^ ) = 0 , 

whence it follows that v$ =  const . Therefore v  = 0}*7f , A/*' =  /3}*Vcos 2(ir/2w) 
(f =  d k> fo r „  =  1 ; f  =  A* A) fo r „  =  COS 2(TT/2AI)); T ^ ( ^ ) >  0 , JV*'({ ) <  0 , 

and th e nor m iV*(£ ) decrease s i n ( f t -^A^) . Th e monoton e characte r 
of th e nor m i s prove d similarl y fo r th e othe r Cebyse v transformations . 

Thus i t remain s t o prov e th e theore m fo r th e par t o f (ft-^al+i ) i n 
which th e polynomial s Z n(x,d) ar e extremal . Le t A\ k) <  £i < £** ; the n 
Zn(oc,^1) serve s i^f , an d 

JVik({1) =  [Zi A )(x,^1)]x. ,1 , 

[R{
n
k)(x,#h)]x=h =  0, 

where R n(x, # fl) i s th e resolven t o f Z n(x,^) (cf . Theore m 2) . W e hav e 

_ a* +1z,(t,«» a* +%(M) d * 

Using th e fundamenta l relatio n connectin g a  Zolotare v polynomia l 
and it s resolvent , 

(cf. [4] , [6]) , w e obtai n 

d{*dt> a ^ 

consequently 

Apr* > f ^ M ^ ^  +  ( d_lMi± d ») _  Z(*+»( , a ) 
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REMARK. Th e nor m N k(£) ha s a  continuou s derivativ e iV£(£) . I n fact , 

um w(o  =  w(p}k) -  o ) = n k+i)(^k)) 
wik)-° 

and 

Since 

and 

then 

and 

lim Ni  (f ) =  W  ( ^ +  0 ) =  -  - ^ 7? > (&<*>). 

A *» = 
COS2(TT/2AI) 

z » ( ^ 2 2 n " l c o s 2 " ^ ) =  T » ( - o s 2 ^ ) ' 

lim NU&  =  Af t (A,<*> +  0 ) =  cos 2 (*+ 1 )^ •  IY+1)(A«*») 

lim JV 4'(f) =  Atf(A»*> - 0 ) = -  ferf(^)) cos2<'+y2re). 
{—Ap - 0 P i 

Using th e relatio n 

Tj*+« ($*>)0/*> + kTPipP)  =  0 

(cf. Theore m 4) , w e se e tha t 

By th e symmetr y o f th e nor m (cf . formul a (4) ) w e infe r th e continuit y 
of N' k(Z) a t th e point s (a^)?=2 +1 an d ( 1 -  A***)?-* . A t th e remainin g 
points Nk(£)  i s obviousl y continuous . 

We no w find  a n expressio n fo r th e secon d derivativ e A^'(£ ) i n th e 
interval (A/* ' , ^ ) . Sinc e 

N i ( f ) = Z i * + 1 , ( « , ^ ) , 

we hav e 

W(0 = 

= zr2)(?,^) + ^+i)a,^) 
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Differentiating (6 ) wit h respec t t o £ , w e obtai n 

whence w e find 

We no w comput e dR n(x,$)/dd. Sinc e 
n 

Rnix.a) =  H[x - «(#)], 
t ' = l 

we hav e 

where 

X —  Gi 

In addition , th e followin g relatio n hold s betwee n Z n(x,$) an d it s 
resolvent (cf . [6]) : 

(7) nd(x-  \)R n(x,&) =x(x-  l)Z^(x,d), 

where X  is th e zer o o f Z' n(x,d) outsid e [0,1] . 
Differentiating (7 ) wit h respec t t o # , w e obtai n 

n(x-\)Rn(x,&) -n#R n(x,#)-^ +nd(x-X) d n *^* 

= x{x  -  l ) d Z ^ ] =  x(x  -  1) /«(*,! » =  x(x  -  1 ) £Ri(x,#). 

Putting x  =  Gi  i n th e extrem e part s o f th e precedin g equation , w e find 

But 

dRnJG^V) _  dGj 

3d dd 

hence 

This complete s th e proo f o f Theore m 4 

Ri((Ti,$), 



190 APPENDIX. V . A. GUSEV 

d<Tj _  (Tj(l  —  (Tj) 

dd ~  n${oi  -  X ) 

and 

—a^^SjSl^^^'^-
Thus 

d# ndR^i^d) 

dl f'M-^Rj*^) 

We introduc e th e notatio n 

and 

<t>{x,#)=±Gl{Gi ?  RAx,*) 
; = i * » _  x 

*=i °i  ~ x 

then w e hav e 
n 

*(x, 0) =  Z (». ' - 1  + X) Ri(x, t» +  X( X - l)*(x , 0) 
1=1 

(8) =  - it  ( x ~ "i)Ri(x, d) + (x-i +  x)t,Ri(x, a)  +  x(x - \H(x, a) 
i = l  i ' = l 

= -  nR n(x, 0 ) +  (x  - 1  + X)^ (x ,0 ) +  X( X - l )^(x , 0) . 

Put 

x (x ,d) =  ( x - A ) * ( * , t » ; 

then 

X(°i,#) =  (<ri-\)f(*i,») =  Ri(*i,»), x(X,^ ) = 0, 

whence i t i s clea r tha t 

(9) x(x,  t» = (*- A)*(*, t» = «(x, t» - 5 ^ 4 *»<*> *>• 

THEOREM 5 . In each  Zolotarev  interval  the  norm N k(£) has  just one 
minimum, at  the  point  £  = £$ at  which  Zi* +1)(£, i^) =  0, and 

N„($)= mi n A r 4 ( { ) ^ | n * i ( & ) | 

(i = 1,2 , •••,n-k;k  =  1,2, • • • , n- 1). 
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/ / & k) >  i  we  have  fc**> < {$ <  tf k; if  « & <  \ we  have tf k <  {# <  <*&. 

PROOF. Le t Zi* +1)(&,^0) =  0 , wher e ft*** < &  < £** . W e differentiat e 
(7) £  + 1  times wit h respec t t o JC , an d the n pu t x  =  £ 0 an d tf =  # lo =  tf 0. 
Taking int o accoun t tha t # f (£ 0, #o) =  0  an d Zj* +1,(&),0o) =  0 , w e obtai n 

(10) nMto  ~  X)/?i* +1)(&, ̂ o) =  &( & " DZi*>(& , ̂ o) +  ( * +  DkZPlIn,  t>o) . 

Now differentiat e (8 ) an d (9 ) k  time s wit h respec t t o x,  an d the n pu t 
x = £ 0 and #  = tf 0; w e obtai n 

X(*}(&>,t>o) =  (6 > - X)^(&,^o ) +  ty1*"1* (&,*<>) =  R^ifaOo), 

whence 

 ̂ Ufo > " o > = 
& — A 

and therefor e 

*(*}(*o, do) =  (6 ) - 1  + X)itf +1)(&, do) 

(ID + X ( X - 1 ) ^ — ; 

Since 

£o(£p —  1 ) p ( £ + l ) / > q \ feX(X —  1 ) | ( y f e - i ) ^ v 

so — A £ 0
 — A 

flr^o^o) 
we find,  b y usin g (10 ) an d (11) , tha t 

i x i x W i - n * ! ^ M ^ + 2 ) ( ^ 0 , d 0 ) 

& & ( & - D *X(X-1 ) * (*-1)(6,,i>o) 
(12) & - X & - X ^ + 1 , f e , d 0 ) 

This i s simila r t o V . A . Markov' s formul a (118 ) [ l ] . No w w e hav e 

6>(6> ~ 1 ) feX(X -  1 ) ^ - " ( i c J o ) _  0 w(&„i»o) _  fH> „ ft 

& - X fo-X  ' f i r 1 ' (So , do ) «J* +1'(&,«»o) (dtf/dtfj . * " ' 

since as £  increases fro m A/* ' t o £* * the paramete r d  decrease s monotoni -
cally an d dd/d£  <  0 ; i n addition , 
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z™ &,#<>)  ^ 
Z?U*M < U ' 

by Markov' s Lemm a 1 , an d 

*?+ l ) (&,*>) <  ' 
by Markov' s Lemm a 3 . Thu s iV£'(& ) an d Z f (&,i>o ) = M(& ) hav e 
the sam e sign . Consequentl y i f w e hav e 

^ + 1 ) ( & , t > o ) = 0 , 

then 
iV*(&) = mi n #*({) , 

w,- ,«j + 1) 

and ther e ca n b e n o mor e tha n on e suc h poin t £ 0 i n eac h Zolotare v 
interval. We now show that ther e exist s one such poin t i n each (A^aZ+i) . 
We hav e 

(n - l)2 2n-*Rn(x) =  x(x  -  l m . ^ x ) , 

where R n(x) i s th e resultan t o f T n_x(x). Differentiatin g th e precedin g 
equation k  times , w e obtai n 

(n - l)2 2n-*R{
n

k)(x) =  x(x  -  l)Ti*_ +
1
1)(x) +  k(2x  -  l)TJtU(x) 

+ k(k  + m k_-ii)(x). 
In addition , 

xd - x)  nk+»(x) - (2k  -1) (x  - \)  n\(x) 
+ (n-l 2-k-l2) Tt^ix)  =  0. 

In th e las t tw o equation s pu t x  = £* k, remembe r tha t Rn k)(£*k) =  0, 
and the n eliminat e T^-i ](£**) to obtai n 

&(1 " *** ) [ * - I 2 - f e -^ +  ̂ fe + D i n ^ ^ ) 
= *(2{& - i ) [ r T ^- fc^TM-  (*_!) ( * +  D j r j ^ t e y . 

If £ a > 2  m  thi s equation , i.e . ft^  > | , w e hav e 

sgnT^V)({&) =  sgnTi^(f& ) 

and N£(f** ) >  0 . O n th e othe r hand , 

NL(A}») =  -k\  TJW> ) |  C Q s 2 (' + 1^ / 2^ <  o. 
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Consequently ther e i s a  uniqu e poin t $1  i n th e interva l (A$ k),£*k) 
such tha t 

#*'(*#)= 0 . 

By (4) , thi s poin t { $ lie s i n th e interva l (&%«/+i ) i f a # i < i . T h i s 
completes th e proo f o f Theore m 5 . 

REMARK 1 . I f fc+l  =  n(mod2) ther e i s a  Zolotare v interva l 

(ft{k) 1  —  ft ik) \ 

yP(n-k+l)/2, *-  Pin-k+l)/2> 

containing th e poin t 
t —  fc(*)  —  t*  —  i 
€ —  ?0,(n-*+l)/ 2 —  S(n-*+l)/2,Jf e —  2  > 

and 

- { 
2k(n -  l)(n  -  l 2 - l 2) •  • • (n - l 2 - k  - 2 2) fo r n even, 

[2k(n - l)\n  -  l 2 - 2 2) .. - (n - l 2 - k  - 2 2 for * odd. 

REMARK 2 . Sinc e T W(JC) = cosrcfl , wher e 6  = arccos(2j c — 1) , we hav e 

T'n(x) =  -  nsmnS-;-  =  — — = 4n[cos(n  -  l) 0 + cos(r a -3)6+ ••• ] 
dx sm 0 

and 

T f W ^ a ^ c o s ^ , 

with aM ^  0  (cf . [2]) . It follow s tha t 

maxiV*(£) =  7?>(1) , 

and w e obtai n V . A . Markov' s inequalit y (2') . 

THEOREM 6 . The  discontinuities  of  the  second  derivative  iV*(£ ) of 
the norm are 

(*lk))U+\ (ft**)?-!* , (Aj»)?-}  and  (l-A/»)?-l f 

PROOF. W e hav e 

W(/5/A ,-0) =  7? +2) (ft**'), 

NS (eik>+o) =  ^wf1 TPteP)  =  - ^ n* +i)(^) 
and consequentl y 
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A W -  0 ) -  i W f > +  0 ) =  T < * + V ) +  ^-J j i n* +1,(/3f) 

Pi 

Pi 

(n22n-l<f>n(x)=xn(x)). 
We hav e <f> {

n
k+1)(&k)) >  0  fo r i  = n -  k,  n  -  k  -  2 , / i - *  - 4 , •  • -, an d 

^+ 1 )(A^) <  0 fo r i  = n -  k  - l,n  -  k  -  3 , •  • •. Henc e i f w e us e th e 
fact tha t th e extrema l polynomia l i s +  T n(x) i n th e interval s [a {nLk+1,l], 
k V i , t f V i ] , - , an d -T n(x) i n [«£*,/#>*] , [ a( ^ - 2 , ^ V 2 ] , •  • • (cf . 
Theorem 1) , w e hav e 

NZ(plk) + 0)>N!(ti k)-0). 

Using formul a (4) , w e find  tha t a t th e point s (a^)?=2* +1 

W(a}» +  0)<W(a}»-0). 

In addition , 

N;U,«*»-o) =  H^y} T^i^co^^g 

2ra ^ n ^ ^ ^ O c o s 2 ^ 2 ' ^ 
and 

ww** +  o) = [zr2,(*, t?) + *« +w($,«» •  ^](_Aik) 
t > = 2 2 n - 1 c o s 2 n ( x / 2 n ) 

- cos 2<*+2> '  •  T^2H8*>) + *»* +1)^> ( d») 
- co s ^  •  V„ (f t )  + cos 2(n-*-1)(7r /2n) \ Ti)^k), 

since A,** > = 0/*>/cos 2(ir/2n) an d 

K„ ^ co s ^ y -  11  {x  -  c o s . ( 5 r / 2 r a ) )  -  c o s *. ( i r / 2„) 

is the resolven t o f th e polynomia l 

Z „ ( , , 2 - c o s ^ ) = T n ( x c o s 2 ^ ) . 

Consequently 

NKAj^ +  0)  - i V ^ A ^ - O ) 
(13) - . Ynl 2"-1 (dd/d£). A{k) n 

- ™Q 2 (*+ 2 > .  tftf+Ufrt^  ^ Z I  ,  *  l 

_ c o s _ . $ „ (f t ) [ - ^ r + COs^+1>(*/2n)J' 
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where 

1)=22n-lcos2nW2n) 

= ra2 2"-1cos2(A+1)(^/2ra) •  $.w+1) (&**>) 
0w(Ap),22n-1cos2n(7r/2«)) ' 

Let u s calculat e ^ w(A/*),22"-1cos2"(ir/2n)). Sinc e 

, ( , ( 2 - c o s ^ ) 

»* ( W 2 ^ ) * « ( W27>) *  (^ 22""W"£) 
2n ^ 

cos — 2ra 
c o s 2 ^ - 1 ^ 

2n 

(cf. formul a (8)) , i f w e differentiat e k  time s an d pu t x  = Ai  w e obtai n 

(14) 

where 

0 ^ ( A P , 2 (k) o 2 n - l 
cos —  1  = 

2n / co s 
2("-ft-1,(^/2w) A<*W), 

A«>M<*h _  f  d  ri?„U,2 2"-1cos2"(7r/2n))"|) 

We now substitut e th e formul a fo r (dd/d£) (=A(k) int o (13) ; then , usin g 
(14), w e find  afte r som e calculatio n 

NJt(A$k> +  0) -  NS(A}»  -  0 ) 

s in 2 ^ 2n cos 

*rwo+-
2rc 

cos 
,2(»-Jfe-l)_ # TO" Af(A^) 

2re 
d| >M j * . ^ ° . 

since $i*+1,(/3/*') an d A^A/*' ) hav e the same sign by Markov' s Lemm a 2 . 
Just a s fo r th e point s ($* ,)"=* and (a} k))fJ+\ w e se e tha t 

NZ(A?> + 0)>NS(A}* )-0) 
and 

iVj?(l -  M k) +  0 ) <  iV^'d -  A\ k) -  0) . 

At th e remainin g point s iV£'(£ ) i s clearl y continuous . 

THEOREM 7 . 77i e su m of  the  lengths  of  the  Cebysev  intervals, or  the 
measure of the  set ET, is  k/n. 
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PROOF. W e have 

n—k+l n-k  n-k+l 

mesET =  £  (ft** ' - «!*' ) = 1 + Z A** ' - Z  «.'*' • 

In addition , 

«n*) = A , (V- * - "z «!* ' • *B"*_l + • • •) 
d5) , : ; 

i = i 

On th e other hand , sinc e 

* ; ( * ) = * » - ( ^ - r y ) X -J + 

we hav e 

hi*V^ = ^ 
(re - k) ! 2  (r e - k  - 1) ! 

*n*> - T ^ W— -   ̂J": 1 } ' , X--*- + 
(16) 

n v  '  (n  — k)! 2  (r a — & —  1) ! 

Comparing th e expansions (15 ) an d (16), w e find  tha t 

•g>-^(.-i). ;i>-^(., * 
whence w e obtai n 

mes i£ T = £/ra . 

I t follow s fro m Theore m 7  that a s n—> °o wit h A  fixed,  th e Cebyse v 
intervals contrac t t o points , i.e . th e Zolotare v polynomial s displac e 
the polynomial s T n(x) on [0, l ]. Conversely , i f n — k is fixed  and n—> <» , 
the polynomial s T n(x) displac e th e Zolotare v polynomials . 

In conclusio n w e compare th e exact majoran t N k(£) wit h Bernstein' s 
majorant [9] : 

r k  i k/2 

(17) |  Pf (£ ) | < [g ( 1 _ { ) J •*( * - D  • • • ( * -* + D = £*(£) 

and Duffi n an d Schaeffer's majoran t [3]: 

(18) |P<*>({) | ^  |Ti* }(€) +  iSi* }(€)| (S„(x) = s i n n a r c c o s ( 2 x - l ) ) 

(we hav e writte n bot h inequalitie s fo r reduce d polynomial s o n [0,1] ; 
for k  = 1  they ar e the same). 
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For k  =  2,3 , •  •  -,n th e majoran t (17 ) neve r equal s th e exac t majoran t 
Nk(0 (cf . [9] , p . 27) . 

For larg e n,  (17 ) wa s sharpene d b y Bernstei n [10] , wh o obtaine d 

nk 

NM) -  fc(i-g)]*/2  f o r f  £ [0,1] ; 

it follow s fro m thi s tha t 

lim j ^ g- = **'2 fori G [0,1]. 

The bes t approximatio n t o N k(£) i s give n b y (18) , whic h i s tangen t t o 
Nk(£) i n eac h Cebyse v interva l a t £  = ^  ( A = 1 , 2, • . • , n; i  =  1,2 , •  •  • , 
* -  *  + 1) , wher e (i^)?-i* +1 ar e th e root s o f S {

n
k)(x) =  0 . 

For example , i f k  +  1  = ra(mod2),  w e hav e fo r fixed  k  an d larg e ra 

and 

I tak e thi s occasio n t o than k E . V . Voronovskaj a fo r suggestin g thi s 
problem an d fo r he r advice . 
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