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PREFACE 

The theor y o f differentia l equation s wit h deviatin g argument s i s a 
relatively ne w an d rapidl y developin g branc h o f th e theor y o f ordinar y 
differential equations . Numerou s researc h paper s hav e bee n devote d t o 
this theory . Ther e ar e als o a  fe w monograph s whic h i n par t o r entirel y 
are concerned wit h variou s aspects of differential equation s wit h deviatin g 
arguments; thes e monograph s ar e b y A . D . Myski s [4] , L . E . El'sgol' c 
[3], [5] , N . N . Krasovski i [1] , E . Pinne y [l] , an d R . Bellma n an d 
K. Cook e [1] . 

Among thes e monograph s th e on e mos t closel y relate d t o th e presen t 
treatise i s tha t o f Myski s [4] . 

However, a s oppose d t o Myskis ' book , wher e th e entir e expositio n 
is devote d t o th e ver y genera l cas e o f a  "distributed " delay , w e i n th e 
present boo k ar e onl y concerne d wit h th e simple r cas e o f equation s wit h 
a "concentrated " delay . Th e result s presente d her e ma y mos t o f th e 
time b e generalize d t o equation s dependin g o n a  distribute d delay ; 
nevertheless, i n orde r t o facilitat e readin g o f th e book , w e hav e foun d 
it advisabl e t o limi t ourselve s t o th e cas e o f a  concentrate d delay . 

For eas e o f reading , proof s ar e give n nearl y everywhere . I f a  certai n 
result alread y ha s appeare d i n a  monograph , a  referenc e i s given . Fo r th e 
reader o f this book a  knowledg e o f mathematica l analysi s an d elementar y 
ordinary differentia l equation s i s required . Onl y i n specia l place s d o 
we use elementar y fact s o f th e theor y o f function s o f a  rea l variabl e an d 
functional analysis . 

The autho r hope s tha t th e presen t boo k wil l b e o f interes t bot h fo r 
mathematicians workin g i n th e theor y o f ordinar y differentia l equation s 
and als o fo r a  significantl y wide r circl e o f readers , physicist s an d re -
search engineer s dealin g wit h system s wit h retardations . 

The autho r take s thi s opportunit y t o expres s hi s dee p gratitud e 
to A . D . Myski s an d L . E . El'sgol' c fo r thei r interes t an d thei r man y 
valuable comment s abou t th e author' s wor k o n whic h thi s boo k i s based . 

iii 



iv PREFAC E 

In thi s boo k w e presen t an d discus s severa l result s presente d i n th e 
seminar o n differentia l equation s wit h deviatin g argument s conducte d 
by L . E . El'sgol'c . Th e autho r wishe s t o than k hi s man y colleague s i n 
the seminar , i n particula r A . M . Zverkin , G . A . Kamenskii , an d A . B . 
Nersesjan fo r severa l discussion s an d man y valuabl e remarks . Th e 
author i s grateful t o th e edito r o f th e book , I . A . Oziganov , fo r a  numbe r 
of remark s whic h hav e improve d th e exposition . 

The Author 
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APPENDIX 

NUMERICAL INTEGRATIO N METHOD S 

FOR DIFFERENTIA L EQUATION S WIT H RETARDE D ARGUMEN T 

§1. Numerica l integration methods 
for differential equation s with deviating argument s 

Differential equation s wit h deviatin g argument s ca n b e integrate d 
in close d for m onl y i n a  fe w exceptiona l cases . Th e ste p metho d i s 
applicable fo r direc t computatio n onl y unde r th e hypothese s tha t th e 
number o f step s o n th e whol e interva l o n whic h th e solutio n i s t o b e 
computed i s not to o large , no t t o mentio n th e fac t tha t th e correspondin g 
differential equatio n withou t dela y obtaine d o n eac h interva l mus t als o 
be integrabl e i n close d form . Henc e numerica l method s o f integratio n 
of equation s wit h deviatin g argumen t ar e ver y important . 

In thi s section we give a shor t surve y o f th e wor k devote d t o numerica l 
integration method s fo r differentia l equation s wit h deviatin g arguments , 
not limite d t o th e type s o f equation s considere d i n th e basi c text . 

1. Euler' s metho d an d paraboli c methods . Paraboli c method s ar e 
methods fo r numerica l integratio n o f differentia l equations , base d o n 
approximation o f th e unknow n functio n b y a  paraboli c ar c o f orde r 
n^2. Th e Adams-Stome r methods , Milne' s method , an d s o fort h 
belong t o thi s class . A  qualitativ e basi s fo r application s o f Euler' s 
method an d paraboli c method s fo r numerica l integratio n o f differentia l 
equations wit h deviatin g argument s wa s considere d b y L . E . El'sgol' c 
(see hi s book s [3] , [5]) . 

Calculations b y mean s o f thes e method s ar e carrie d ou t b y th e sam e 
schemes a s fo r equation s withou t deviatin g argument ; however , sinc e 
it i s necessar y t o compute , alon g wit h x(t n), th e value s x(t n —  A(t n)) 
in cas e o f a  variabl e delay , i t i s require d t o us e variabl e step s o r inter -
polation. 

The applicatio n o f paraboli c method s t o equation s wit h deviatin g 
argument i s complicated b y th e fac t that , wit h thes e methods , function s 
can b e wel l approximate d onl y i f the y ar e differentiabl e a  sufficien t 
number o f times . Hence , paraboli c method s giv e goo d result s onl y 
beginning wit h thos e value s o f th e argumen t fo r whic h th e solutio n 

264 
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turns ou t t o b e alread y sufficientl y smoot h (i n general , solution s o f 
differential equation s wit h retarde d argumen t becom e smoothe r wit h 
increasing t,  while for solutions of equations of neutral typ e th e smoothin g 
is absent , an d fo r equation s wit h advance d argumen t smoothnes s i s 
lost). W e not e tha t sinc e term s involvin g x f(t —  A(t)) ar e absent , th e 
equations considere d i n th e tex t hav e solution s whic h ar e continuou s 
together with thei r firs t an d second derivative s o n all regions o f variatio n 
of th e independen t variabl e t. 

An attemp t t o improv e paraboli c method s ha s bee n mad e i n th e 
articles o f T . S . Zverkin a [l] , [2] . Suppos e tha t a  piecewis e smoot h 
function fit)  define d o n [A,B ] has , o n it s interval s o f smoothness , 
derivatives up to th e rath  order , whil e a t th e point s t k (A  <  tx < t2 < •  • • 
<tm <  B)  th e derivative s hav e jump s 

« =  f ir)(tk +  0 ) - f"(t k -  0 ) ( r = 1,2 , . . •,*; k = 1,2, . . - ,m). 

Then th e generalize d Taylor' s formul a i s deduced : 
n f (r)(A) n  hi 

(i) fit)  = E—T1^ -  Ay  + Zk £ - f (t - t ky+Rn(t), 
r=0 r ' t k<t r=\  r ' 

in which the summation o n k is over thos e k  for which t k < t.  An estimat e 
is obtaine d fo r th e remainde r term , analogou s t o th e estimat e i n th e 
ordinary Taylor' s formula . B y mean s o f formul a (1) , formula s ar e 
constructed fo r integratio n o f differentia l equations , generalizin g th e 
well-known formula s o f Adams , Milne , an d s o on . 

The article s o f B . M . Buda k an d A . D . Gorbuno v [l ] an d N . V . 
Sarkova [l]-[3 ] also belong t o the realm o f questions unde r consideration . 

2. Expansio n i n power s o f th e delay . I n applie d work , i n orde r t o 
approximate solutions , an d sometime s als o t o investigat e stabilit y o f 
solutions o f differentia l equation s wit h retarde d argumen t wit h smal l 
delay, th e metho d o f expansio n i n power s o f th e retardatio n i s widel y 
applied. I n connectio n wit h th e equatio n 

(2) x'(t)  =  Fit }xit),xit- T )) ( A ^t<B  ^  co , x (t) EE0( O o n E A) 

this metho d i s base d o n th e fac t tha t equatio n (2 ) i s replace d b y th e 
equation 

/ /  -i\m  m  \ 

(3) x'(t)  =  F[t,x(t),x(t) - Tx'(t)+ •••  +  K  J  T  x M(t)J. 

Usually suc h a  substitutio n i s carrie d ou t withou t an y justificatio n o f 
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its admissibility . I n th e articl e o f Ja . Z . Cypki n [l] , i t is , fo r th e first 
time, show n b y example s tha t thi s metho d ma y lea d t o invali d results . 
Conditions fo r applicabilit y o f thi s metho d wer e investigate d b y L . 
E. Els'gol' c (se e hi s monograp h [3] ) b y considerin g th e theor y o f differ -
ential equation s wit h smal l parameter s i n th e highes t derivative . Afte r 
solving equatio n (3 ) fo r th e derivativ e x {m)(t), on e finds  tha t equatio n 
(2) i s containe d i n equatio n (3 ) provide d on e discard s th e ter m 

— T —- X
{ m + 1 ) ( t - d r ) . 

m + 1 
The theor y o f differentia l equation s wit h smal l paramete r i n th e 

highest derivativ e lead s t o th e assertio n tha t fo r m  >  1  thi s ter m ha s 
order 1/r , i.e . th e discarde d ter m fo r smal l r  i s ver y large . Fo r m  =  1 , 
the discarde d ter m actuall y turn s ou t t o b e smal l an d th e metho d unde r 
consideration give s goo d results . 

We note that th e method o f expansion i n powers o f th e smal l paramete r 
until no w ha s bee n recommende d withou t an y reservation s i n man y 
quite seriou s texts . W e mention , fo r example , th e recentl y publishe d 
book o f W . J . Cunningha m [l] . 

3. Asymptoti c methods . W e conside r solution s o f th e equatio n 

( 4 ) X'(t)  =f(t,x(t),x(t-r))  ( r ^ * < oo ) 

with initia l conditio n 

(5) X(t)=<j>(t)  (O^t^r). 

In th e articl e o f A . D . Myski s [l ] i t wa s show n tha t i f r  =  0  i n (4 ) the n 
the solutio n o f th e equatio n withou t retardatio n 

X'(t) =f(t,x(t),x(t))  ( 0 ^ t < o o ) 

with initia l conditio n x(0 ) =  0(0) , unde r sufficientl y genera l assumptions , 
at th e endpoin t o f th e interva l o f variatio n o f t  wil l b e nea r t o th e 
solution o f th e initia l valu e proble m (4) , (5 ) i f r  i s sufficientl y small , 
and hence may b e considered a s the zer o term o f the asymptoti c expansio n 
for th e latte r solution . 

The metho d o f expansio n i n power s o f th e retardatio n considere d 
in th e precedin g subsectio n yield s a n asymptoti c formul a o f first  orde r 
(in T) , and onl y i n isolate d case s o f secon d order . 

We shal l find a  metho d o f obtainin g a n asymptoti c formul a o f 
arbitrary orde r fo r solution s o f th e initia l valu e proble m (4) , (5) , th e 
idea o f whic h i s due t o A . B . Vasil'ev a an d A . M . Rodionov . 
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We denot e th e righ t sid e o f (4 ) b y f(t,x,y),  and , assumin g tha t th e 
solution o f th e initia l valu e proble m i s sufficientl y smoot h (unde r 
evident assumption s o n /  an d < £ the derivativ e x {k)(t) wil l b e continuou s 
in t  an d uniforml y bounde d wit h respec t t o r  (T  ^ T 0) o n th e segmen t 
kr ^  t  ^  T) , w e expan d th e righ t sid e o f (4 ) i n power s o f r : 

x'(t)=f(t,x(t),x(t) -  rx'(t)+ T—x"(t) ) 

= f(t,x(t),x(t))  -r—f(t,x(t),x(t))  -x'(t) 
dy 

+ T ^--fjf(t,x(t),x(t))-x'2(t) 
2 dy 1 

+ L-.JLf(t,x(t),x(t))  •*"(* ) +  ••• , 
2 dy 

and w e shal l see k a  forma l solutio n o f thi s equatio n i n th e for m o f a n 
expansion i n power s o f r : 

2 

x(t) =  Xo(t)  + rx.it ) +  T— x2(t) +  •  •  • 

by equatin g coefficient s o f correspondin g power s o f r . 
I t i s essentia l tha t fo r th e definitio n o f x t(t) (i  ^  1 ) w e obtai n a  first 

order linea r equation withou t delay . For obtainin g a  &t h orde r asymptoti c 
approximation (accurac y o f T k+l) th e initia l value s fo r x t{t) ar e give n 
at th e poin t t Q={k +  2)r  (thi s guarantee s th e necessar y smoothnes s 
of th e solution) . Fo r thi s purpose , o n th e interva l [T , (& + 2)r ] on e 
must calculat e th e solutio n o f th e proble m (4) , (5) , fo r example , b y th e 
method o f steps . 

I t ha s bee n show n tha t a  solutio n x(t)  o f equatio n (4) , satisfyin g 
the initia l condition s (5) , ha s th e asymptoti c expansio n 

k 

X(t) =  X 0(t) +  TX x{t) + •  .  . +  T— Xk(t) +  0(r k+1), 

uniformly i n t  an d r  fo r r(k  +  2 ) ^  t  ^  T,  r  ^  r 0. 
This metho d i s explaine d i n th e article s o f A . B . Vasil'ev a an d A . M . 

Rodionovfl] an d A. B. Vasil'eva [l] , A. B . Vasil'ev a i n [ 1 — 3] generalize s 
this metho d t o th e cas e o f equation s o f neutra l typ e 

x'(t) =f(t,x(t),x(t-T),x'(t-r)). 

For thi s se e als o th e articl e o f V . I . Rozko v [l] . 



268 APPENDIX. NUMERICA L INTEGRATIO N 

Similar problem s ar e studie d i n th e article s o f Ju . A . Rjabo v [1—4] . 
These article s ar e o f interes t sinc e the y no t onl y trea t asymptoti c 
decompositions, bu t als o prov e convergenc e o f th e serie s obtaine d fo r 
r ^  T 0 and obtai n a  metho d o f boundin g T 0 and th e remainde r ter m o f 
the series . 

4. Iterativ e methods . W e shal l find first  o f al l a  metho d o f successiv e 
approximations o f Picar d type . I n connectio n wit h th e differentia l 
equation wit h retarde d argumen t 

(6) x'{t)  =f(t,x(t),x(t-A(t))),  x(t)  =4>{t)  o n E A, 

or wit h th e equivalen t integra l equatio n 

X(t) =  0 (A ) +  f Af(T,x(r),x(T -  A(r)))dr 

with th e sam e initia l conditions , th e metho d o f successiv e approxi -
mations implie s that , startin g fro m a n arbitrar y continuou s functio n 
x(t) =  x 0(t) whic h satisfie s th e initia l condition , on e construct s th e 
sequence o f approximation s 

Xn(t) =  cfi(A)  +  ^ffax^MtXn^ir  -  A(r)))dr  (n  =  1,2 , . . . ) . 

If /  an d </ > are continuou s an d /  satisfie s a  Lipschit z conditio n i n it s 
second an d thir d arguments , the n th e sequenc e o f approximation s 
jjcn(£)} converge s uniforml y t o th e uniqu e solutio n o f equatio n (6 ) 
which satisfie s thes e conditions . 

As als o fo r equation s withou t retardation , th e metho d o f successiv e 
approximations ma y b e applie d a s a n independen t numerica l method . 
Often i t i s combine d wit h som e metho d o f interpolation . 

The article s o f E . I . Kljamk o [l ] an d G . M . Zdano v [l ] conside r 
hypotheses fo r th e applicabilit y o f th e Caplygi n metho d t o approximat e 
a solutio n o f a n equatio n wit h retarde d argument . G . M . Zdano v [l ] 
considers th e syste m o f differentia l dela y equation s 

xi(t) =  f i(t9x1(t)9 •  • -9xn(t)9x1(t -  M*)) , -  • .,*„(* - A n(t))) 

(i =  1,2 , •  • -,n; t 0^t<ti; Ai(t)^O),  wher e th e righ t side s ar e con -
tinuous i n al l argument s an d hav e continuou s nonnegativ e partia l 
derivatives wit h respec t t o al l argument s beginnin g wit h th e second . 
The fundamenta l initia l valu e proble m i s considere d wit h initia l functio n 
continuous o n th e initia l set . Thi s articl e give s a n algorith m fo r th e 
construction o f two-side d approximations . 
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A. D . Myski s [6 ] showe d tha t th e result s o f Zdanov , unde r certai n 
hypotheses, ar e vali d fo r a  significantl y broade r clas s o f equations , 
including a n arbitrar y numbe r o f concentrate d an d distribute d delays , 
which i n tur n ma y depen d o n th e unknow n functions , an d s o on . 

In th e followin g section s w e shal l se t fort h on e mor e iterativ e method , 
the metho d o f moments , an d w e shal l fin d condition s unde r whic h thi s 
method ma y b e employe d t o comput e eigenvalue s an d eigenfunction s 
of som e o f th e boundary-valu e problem s considere d i n thi s text . 

We not e tha t fo r solution s o f boundary-valu e problem s wit h dela y 
it i s als o possibl e t o appl y othe r methods . Fo r example , i n th e article s 
of S. S . Gaisarja n [1,2 ] a  foundatio n i s lai d fo r applicatio n o f Galerkin' s 
method fo r solutio n o f boundary-valu e problem s fo r differentia l dela y 
equations. 

§2. Th e method of moments 

The monograp h o f Ju . V . Vorob'e v [l ] give s a n accoun t o f th e theor y 
of th e metho d o f moment s a s applie d t o th e approximat e computatio n 
of eigenvalue s an d eigenfunction s o f a  nonselfadjoin t completel y con -
tinuous linea r operato r an d solution s o f nonhomogeneou s operato r 
equations. 

Let A  b e a  bounde d linea r operato r define d o n a  Hilber t spac e H, 
and le t z 0 b e a n arbitrar y elemen t o f if . W e construc t th e serie s o f 
iterations 

zo> zi =  Az 0, Z 2 =  A  ZQ,  •  • •, zn =  A  ZQ 9 •  • • . 

The proble m o f moment s arise s i n th e followin g way : i t i s require d t o 
construct a  sequenc e o f operator s A n, determine d o n H n, th e linea r 
hull o f th e element s z 0,zu •  •  -,z n_i, suc h tha t 

zk =  A k
nzQ ( 6 =  0 ,1 , . . . ,n -  1 ) 

(7) _  _  n 
Zn —  A nZg 

where z n i s the projectio n o f z n int o H n. A s wa s show n i n th e monograp h 
of Vorob'ev , th e relatio n (7 ) completel y determine s th e sequenc e o f 
operators A n, i.e . i t give s th e solutio n o f th e proble m o f moments . 

The eigenvalue s o f th e operato r A n ar e th e root s o f th e equatio n 

(8) p n(\) =  \n + ^ r 1 +  •  • •  + a n = o, 

whose coefficient s ar e define d b y th e syste m o f linea r equation s 

(9) a ioan +  anoint  +  h  flin-i«i  +  a in =  0  (i  =  0 ,1 , • • • , n -  1) , 
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where a ik =  (z lyzk) (i,k  =  0 ,1 , • •  -,n  -  1) , an d a in =  {z ifzn) =  {Zi,z n).
l) 

Now le t u k b e a n eigenvecto r o f th e operato r A n correspondin g t o 
the eigenvalue X* . Since u k £  H n, w e hav e u k =  £ 0Zo + &2 i +  •  •  •  + Zn-iZ n-i. 
The coefficient s £ m ar e denne d b y th e syste m o f equation s 

~ «o£n- i =  ^&£o > 

l i - i - a . ^ n - i =  *kti  ( l =  1,2 , . . - , n -  1) , 

whose determinan t D(X ) =  P n(X). B y virtu e o f (8) , -D(X^ ) = 0 . 
If th e element s z 0fzu •  •  -,z n_i ar e linearl y independent , the n th e 

determinant o f th e syste m (9 ) differ s fro m 0 . Bu t i f i n th e sequenc e 
of element s z 0iz1, -  - -,zn, •  •  • , som e ar e linearl y dependent , fo r example , 
zm =  ^k=oCkZk,  the n z m =  z m^Hm, i.e . th e subspac e H m reduce s A 
and th e operato r A m simpl y coincide s wit h A. 

In th e genera l case , for increasin g value s o f n,  th e sequenc e o f operator s 
An converge s strongl y t o A.  Hence , i n man y problem s on e ma y replac e 
A b y A n. I f i n thi s connectio n A  i s completel y continuous , the n th e 
sequence o f operator s A n converge s uniforml y t o A  an d th e eigenvalue s 
and eigenvector s o f th e operator s A n converg e correspondingl y t o th e 
eigenvalues an d eigenvector s o f A . 

Finally, le t x * b e a  solutio n o f th e linea r nonhomogeneou s equatio n 

(10) x  =  Ax  +  / , 

where A  i s a  linea r operato r wit h nor m les s tha n unity . Then , a s wa s 
shown in the monograph o f Vorob'ev [l] , th e sequence 2) x n =  (E  —  An) ~

lf 
of solutions o f th e approximat e equation s x  =  A nx +  /  converge s strongl y 
to th e solutio n x*  o f equatio n (10 ) whic h i s sought . 

We conside r th e boundary-valu e proble m fo r th e equatio n 

(11) x"(t)  +  X(x(t)  +  M(t)x(t  -  A(0) ) =  0 

with th e boundar y condition s 

x(0) =  X(TT ) =  0 , 
(12) 

x(t- A(0 ) = 0 i f t - A(t)  < 0 . 

Here M(t)  an d A(t)  ^ 0 ar e continuou s o n [0,7r] ; X  is a  parameter , i n 
general complex . Th e BV P (VIII.2.18) , (VIII.2.19 ) i s a  proble m o f th e 
form (11) , (12) . 

(zi,Zk) i s th e scala r produc t o f z\  an d z^. 

Here E  i s th e identit y operator . 
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Integrating equatio n (11 ) twice , w e obtain , afte r usin g th e boundar y 
conditions (12) , 

(13) -*(* ) =  f  K(t )r)x(r)dr+ f  K(t,  r)M(r) x(r - A(r) ) dr 
X Jo Jo 

(it i s eviden t tha t th e numbe r X  = 0  canno t b e an eigenvalue o f the 
BVP (11) , (12)) , wher e 

^ ^ , OZrZt, 

(14) W,T)={  * 
M7 T — T J 

- , t < T ^ 7 T . 
7T 

The kerne l K(t,  r)  i s evidently continuous . 
Let D A(0,7r) b e th e linea r manifol d whos e element s ar e twic e differ -

entiable function s x(t)  on [0,w]  satisfyin g th e boundary condition s 
(12). W e conside r o n D A(0,TT)3 ) th e linea r operator s A,  P and Q  define d 
by th e relation s 

(15) Ax=  Q(E+P)x, 

(16) Px  =  M(t)x(t-  A(0) , 

(17) Qx=  f  K(t,r)x(r)dr. 

By virtu e o f (13 ) an d (15 ) th e boundary-valu e proble m (11) , (12 ) is 
equivalent t o th e operato r equatio n Ax  =  ^x. Th e eigenvalu e X k of the 
boundary-value proble m (11) , (12 ) i s define d b y th e equalit y X k = 1 / ^ , 
where n k i s a n eigenvalu e o f the operato r A.  The eigenfunctio n o f the 
boundary-value proble m (11) , (12 ) i s a n eigenvecto r o f th e operato r A. 

Corresponding t o wha t wa s considere d i n th e initia l section , for 
applying th e metho d o f moments fo r computatio n o f eigenvalues an d 
eigenfunctions o f th e boundary-valu e proble m (11) , (12 ) i t is sufficien t 
that th e operato r A  be completel y continuous . W e shal l find  condition s 
for complet e continuit y o f A. 

From th e continuity o f th e kerne l K(t,r)  follow s th e complete 
continuity o f th e operato r Q , and , b y virtu e o f (15), fo r th e complet e 
continuity o f A it is sufficient tha t th e operato r P  be bounded. By 
virtue o f (16) , 

DA{0,TT) i s th e closur e o f 1)^(0, TT). 
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(18) ||P*| | =  (^^\M(r)x(T-MT))\ 2drJ . 

We le t M 0 =  max [0,x]| M(t) | . 
Case I . A(t)  i s piecewis e differentiabl e an d 

(19) inf( l -  A'(0 ) =m>  0 . 
[0,x ] 

We tak e £  — A( 0 =  s;  the n ef t = ds / ( l -  A'U(s))) , wher e *(s ) i s th e 
inverse functio n o f F(t)  =  t  — A(t). Fro m this , b y virtu e o f (18) , 

Consequently, 

(2D IIPI I ^ M o / v ^ r 
and th e boundednes s o f th e operato r P  i s prove d i n th e cas e unde r 
consideration. 

The hypothesi s (19 ) exclude s th e cas e wher e o n som e interva l (a,  13) 
C[0,7r], t  — A(t) i s constant . I f th e operato r P  i s define d o n L 2(0,7r) 
then, a s wa s show n i n th e articl e o f A . M . Zverki n [3] , th e presenc e o f 
such interval s implie s th e unboundednes s o f th e operato r P. 

For th e problem s considere d i n Chapter s VI I an d VIII , i t i s o f 
interest t o find  condition s unde r which , i n spit e o f th e presenc e o f 
intervals o n whic h t  — A(t) i s constant , th e operato r remain s bounde d 
on D A(Q,w). 

Case I I. Le t 
(t, 0<t<a, 

(22) A(t)  = I  ' 
lA*(f), a<t^w, 

where th e piecewis e differentiabl e functio n A*( 0 i s continuou s o n 
a <  t ^  ir,  A*(a)  =  a  an d inf[ a>x](l —  A'*(t))  =  m*  >  0 . 

Recalling that , b y virtu e o f (12) , fo r a n arbitrar y functio n x(t) 
G D A(0, TT ) w e hav e x(t  -  A(t))  =  x(0)  =  0  ( 0 ^  t  ^  a), 4) b y virtu e 
of (18 ) w e obtain , analogou s t o (20) , 

* ( ! ' 

1/2 

2 . Px\\ ^  \M(T)X(T-  A(r))\ 2dr 

'm, 

~TT-MTT) \ 1 / Z JUT 

\x(s)\>ds) £ ^ = M * « , 
Jo /  y/m* 

For th e constructio n o f th e closur e D A(0, TT ) w e requir e tha t th e limi t element s 
satisfy (12) . 
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from whic h i t follow s tha t 

(23) | | P || ^ M o / V ^ U . 

We no w conside r th e boundary-valu e proble m fo r th e equatio n 

(24) x"{t)  +  Xx( 0 +  M(t)x(t  -  A(0 ) =  0 

with th e boundar y condition s (12) . Her e M(t)  an d A(t)  ^ 0 ar e con -
tinuous function s o n [0,7r] , an d X  is a  parameter , i n genera l complex . 
A boundary-valu e proble m o f thi s typ e wa s studie d i n Chapte r I I I . 

Along wit h equatio n (24 ) w e shal l conside r th e equatio n 

(25) x»{t)  +  M(t)x(t  -  A(t))  +f(t)  =  0 , 

where/ (0 i s a  functio n integrabl e o n [0 , w]. 
We shal l show tha t i f i t i s possible t o find  a n exac t solutio n o f equatio n 

(25) (fo r example , i f i t i s possible t o mak e us e o f th e ste p method) , the n 
to calculat e eigenvalue s an d eigenfunction s o f th e boundary-valu e 
problem (24) , (12) , i t i s possibl e t o appl y th e metho d o f moment s dis -
cussed a t th e beginnin g o f thi s section . 

We consider , o n D A(0,7r), define d above , th e linea r operato r A  de -
fined b y th e relatio n 

(26) Ax  =  -  x"(t)  -  M(t)x(t  -  A(t)). 

The eigenvalue s an d eigenvector s o f A  coincid e wit h th e eigenvalue s 
and eigenfunction s o f th e boundary-valu e problem s (24) , (12) . 

The operato r A  i s unbounded . However , i f X  =  0  i s no t a n eigenvalu e 
of A,  the n ther e exist s a  bounde d invers e operato r A" 1. B y virtu e o f 
Theorem 111.4. 1 an d it s Corollary , fo r thi s i t i s sufficient , fo r example , 
that o n th e interva l [0,TT]  on e o f th e followin g condition s i s fulfilled : 

(27) 0  ^  M(t)  <  ( ? r / 2 V  2 ) ( = 0 . 9 0 2 8 . - . ) 
TV 

or 

(28) M(t)  ^  0 . 

I t wil l b e show n belo w tha t unde r thes e hypothese s th e operato r A" 1 

is completel y continuous . 
We appl y th e metho d o f moment s t o determin e eigenvalue s an d 

eigenvectors o f th e operato r A" 1 (evidentl y it s eigenvalue s ar e th e 
reciprocals o f th e eigenvalue s o f A , whil e th e eigenvector s o f A  an d 
A 1 coincide) . 

Starting wit h a n arbitrar y elemen t 2 0 E D A(0,ir), w e construc t th e 
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set o f iterate s 

(29) z 0,zi =  A~ 1zQ,z2 =  (A" 1)2^ , •  •  -,Zn = (A" 1)"^, . . . . 

Since w e d o no t kno w th e operato r A" 1, t o construc t th e sequenc e (29 ) 
we nee d t o find  solution s o f th e equatio n o f th e for m (25 ) satisfyin g 
the boundar y condition s (12) : 

x"(t) +  M(t)x(t  -  A(*) ) +  z 0(t) =  0 , 
(30) 

x"{t) +  M(t)x(t  -  A(0 ) +  zi(t)  =  0 , 

where z x{t) i s th e solutio n o f equatio n (30 ) whic h ha s bee n found , an d 
so on. I n wha t follows , al l wil l b e don e accordin g t o th e schem e se t ou t 
at th e beginnin g o f th e sectio n (fo r detail s se e th e monograp h o f 
Vorob'ev [l]) . 

However, i n man y importan t cases , th e ste p metho d o r an y othe r 
method fo r obtainin g a n exac t solutio n o f a n equatio n o f th e for m (25 ) 
cannot b e applied . I n th e followin g sectio n a  generalize d metho d o f 
moments i s se t forth , applicabl e als o i n thi s case , t o construc t a  sequenc e 
of th e for m (29 ) an d determin e eigenvalue s an d eigenvector s o f th e 
operator A - 1 i n th e schem e presente d above . 

§3. A  generalization of the method of moments 

Suppose tha t o n th e entir e linea r manifol d D A dens e i n H  ther e i s 
defined a n unbounde d linea r operato r A  havin g a  bounde d invers e 
A - 1 (whic h w e d o no t know) . W e assum e tha t i n th e spac e H  i t i s 
possible to construc t completel y continuou s linea r operator s B  (| | B || <  1 ) 
and B 0 suc h tha t o n D A 

(31) A  =  Bo l(E-B). 

Beginning with a n arbitrar y elemen t z 0 G H,  w e construc t th e sequenc e 
of iterate s 

(32) z 0,z1 =  A- lz0,z2 =  (A-Yzo,  •  •  .,z n =  (A- l)nz0, . . . . 

Since w e d o no t kno w th e operato r A - 1 , t o defin e z x b y mean s o f z 0 i t 
is require d t o solv e th e equatio n Ax  =  z 0, or , b y virtu e o f (31) , x  =  Bx 
+ 2 01, where z 01 = B 0z0^H. Analogously , i f th e elemen t z k ha s alread y 
been determine d b y th e sequenc e (32) , th e elemen t z k+1 i s define d fro m 
the equatio n 

(33) x  = Bx  +  z ku 

where z kl =  B 0zk £  H.  W e not e tha t b y virtu e o f th e hypothesi s tha t 
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||fi|| <  1 , solution s o f th e equation s o f th e for m (33 ) exis t an d ar e 
determined uniquel y fo r eac h z kl £  H. 

We construc t th e sequenc e o f iterate s 

(34) z 0 =  z 0,zx =  Bz 0,z2 =  B 2z0, - . .,?„ -  B nz0y .  •. 

and le t H m b e th e linea r hul l o f th e element s Zo,z u •  • •  ,zm_l9 whic h 
belong t o th e sequenc e (34) . Analogou s t o (7) , w e defin e th e operato r 
Bm o n H m b y th e relation s 

£ zk =  B k
mz0 (f e = 0 , l , --,m-  1) , 

" Zm  —  B mZ0, 

where z m i s the projectio n o f zm o n H m. A s wa s show n i n th e monograp h 
of Vorob'e v [l] , fo r arbitrar y m 

(35) ||B m|| ^ | | B | | < 1 

and, by virtu e o f the complet e continuit y o f th e operato r B,  th e sequenc e 
of operato r B m converge s uniforml y t o B. 

Equations (33 ) ar e o f th e for m o f equatio n (10) , and , a s wa s show n 
at th e beginnin g o f §2 , fo r thes e th e metho d o f moment s ca n b e applie d 
to approximat e th e solution . I n correspondenc e wit h thi s w e construc t 
the sequenc e o f element s 

(36) ZQ  =  z 0, ZI  ,  z2 y  •  •  • , zn, •  •  • 

where zt  (k  =  1,2 , •  •  • ) i s a  solutio n o f th e equatio n 

(37) x  =  B mx +  2(|-i)i , z *k-i)\ =  B 0Zk-\. 

Let H*  b e th e linea r hul l o f th e element s Zo,z*,  •  •  ',Zn-u  whic h 
belong t o th e sequenc e (36) . O n H*  w e construc t th e operato r A" 1, 
satisfying th e relation s 

, x  zl^iA- 1)^ ( * =  0 , l , . . - , n - l ) , 
(38) 

zn =  \A n )  2Q , 

where z*  i s th e projectio n o f z*  o n H%.  I t i s eas y t o sho w tha t th e 
operator A~ l i s determined b y (38 ) an d give s a  solutio n t o th e proble m 
of moment s fo r th e sequenc e o f iterate s b y th e operato r equatio n 

(39) A m
l=(E-Bm)-1B0. 

We conside r th e subspac e H 2, th e closur e o f th e linea r manifol d 
Lz o f element s o f th e for m x  =  Q(A~ l)zQ, wher e Q(X ) i s a n arbitrar y 
polynomial. B y virtu e o f (39 ) th e operato r A~ l i s completel y continuou s 
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on H 2, an d henc e th e sequenc e o f operator s A n
l converge s uniforml y 

to A m
l. Recallin g tha t als o th e sequenc e o f operator s B m converge s 

uniformly t o S , fo r eac h e  > 0  ther e exis t number s ra 0 an d n 0 suc h tha t 
if m  >  m 0 an d n  >  n 0 i t follow s tha t simultaneousl y 

HB-£ m | |< ( 1
2 | | ^ | |

l | ) 2
t , U A ^ - A - ' l l ^ . 

Then, b y virtu e o f (31) , (39) , an d (35) , 

I A"1 -  A- ' | | ^  | | A'1 -  A" 11| + | | A™1 -  A." 11| 

<\\B0\\\\{E-B)-'~(E-Bmy'\\ +  t -

^ \\B 0\\\\B-Bm\\ t  ^\\B Q\\\\B-Bm\\ e 

= \\E-B\\\\E-B m\\ + 2 =  (1 - I IBI I ) 2 + 2 < f -

Thus, th e operato r A - 1 i s uniforml y approximate d b y th e sequenc e o f 
operators A~ l, an d henc e th e eigenvalue s an d eigenvector s o f th e 
operators A^ 1 converg e t o th e eigenvalue s an d eigenvector s o f A" 1 

respectively. 
We no w conside r condition s whic h permi t th e applicatio n o f suc h a 

"doubled" metho d o f moment s i n orde r t o comput e th e eigenvalue s 
and eigenvector s o f th e boundary-valu e proble m (24) , (12) . 

We shal l sho w tha t o n D A(0,T) i t i s possibl e t o construc t completel y 
continuous operators B (\\B\\  <  1 ) and B 0, whic h satisf y th e condition (31) . 

We conside r th e equatio n 

(40) Ax  =  / , 

where f(ED A(0,ir) an d th e operato r A  i s determine d b y (26) . Th e 
equation (40 ) i s equivalen t t o th e boundary-valu e proble m 

(250 x"(t)  +  M(t)x(t  -  A(0 ) +/(* ) =  0 , 

x(0) =  JC(TT ) =  0 , 
(12) 

x(t -  A(0 ) = 0 i f t  -  A(t)  <  0 . 

We shal l assum e tha t on e o f th e hypothese s (27 ) o r (28 ) holds . The n 
A = 0  i s no t a n eigenvalu e o f th e operato r A  an d equatio n (40 ) (an d 
hence also the boundary-valu e proble m (25 r), (12) ) ha s a  uniqu e solutio n 
for arbitrar y f(ED A(0,ir). 

Integrating th e equatio n x"(t)  =  —  M(t)x(t —  A(t)) —  f(t)  twice , 
and employin g th e boundar y condition s (12) , w e obtai n 
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(41) X(t)=  C  K(t,T)M(T)x(T-Mr))dT+  (*  K(t,T)f(r)dT, 
Jo Jo 

where th e continuou s kerne l K(t,r)  i s define d b y (14) . 
For arbitrar y x  (E DA(0,T), w e se t 

B0x =  Qx, 
(42) 

Bx =  QPx, 

where th e operator s Q  an d P  ar e define d b y (17 ) an d (16) . I n thi s 
connection, (17 ) an d (14 ) impl y tha t 

M3) •«i-(rr**«-'>'''*r-s£j -
I t the n follow s fro m (40 ) an d (41 ) tha t fo r arbitrar y f^D A(0,ir), 

x =  A lf= QPx+Qf, 

where x  i s a  solutio n o f (40) . Fro m this , b y virtu e o f (40) , A~ lf 
= {QPA l +  Q)f  an d hence , 

(44) A" 1 =  Q(E  -  QP)' 1 =  B 0(E -  B)~\ 

i.e. th e operator s B 0 an d B  define d b y (42 ) satisf y (31) . 
We shal l find  condition s unde r whic h th e inequalit y 

(45) I | £ | | < 1 

holds. 
We agai n conside r th e case s I  an d I I se t fort h i n §2 . Fo r cas e I , b y 

virtue o f (42) , (43 ) an d (21) , 
2 

|5|U||Q||||P|| < 
7T M0 

3 ^ 1 0 y/m' 9 

and fo r (45 ) t o hol d i t i s sufficien t tha t th e inequalit y 

M> < ^ ( = 0 . 9 6 1 2 . . . ) 

be fulfilled . 
Analogously, i n cas e II , inequalit y (45) , b y virtu e o f (42) , (43 ) an d 

(23), i s guarantee d b y th e inequalit y 
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I t remain s to be shown tha t th e operator s B 0, B  an d A" 1 ar e completel y 
continuous. Indeed , th e complet e continuit y o f B 0 follow s fro m th e 
continuity o f th e kerne l K{t,r).  I n case s I  an d II , b y virtu e o f th e 
boundedness o f th e operato r P , th e complet e continuit y o f B  follow s 
from th e equalit y B  =  B 0P. 

In orde r tha t th e operato r (E  —  B)1 b e bounded , i t i s sufficien t 
that th e numbe r X  =  0  no t b e a n eigenvalu e o f th e operato r E  —  B. 
Suppose th e contrary ; bu t the n th e equatio n (E  —  B)x =  0  ha s a  non -
zero solutio n x(t)  ( E DA(0, TT) , or , equivalently , th e equatio n 

x"(t) +M(t)x(t-  A(0 ) = 0 

has nontrivia l solution s whic h satisf y th e boundar y condition s (12) . 
But the n th e numbe r X  =  0  i s a n eigenvalu e o f th e boundary-valu e 
problem (24) , (12) , whic h i s exclude d b y th e hypothesi s (27 ) o r (28) . 
The complet e continuit y o f A - 1 no w follow s fro m (44) . 
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