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PREFACE 
The presen t boo k i s addresse d t o student s o f graduat e course s an d t o doctora l 

candidates studyin g numbe r theor y a s well as to the specialis t workin g in thi s field . 
As an experiment , th e material was treated by a  seminar o n "Supplementar y Topic s 
in Numbe r Theory " hel d a t Elabug a Stat e Pedagogica l Institute , an d i t give s a 
systematic exposition o f a  series of papers o n additive number theor y by the author . 
Only a  basi c knowledg e o f numbe r theor y i s presupposed , suc h a s contained , fo r 
example, in th e books by I.M . Vinogradov o r A.A. Buhstab . Many o f th e problem s 
treated i n the firs t chapte r ma y be used a s topic s fo r ter m paper s o r masters ' these s 
as well a s for independen t mathematica l research . 

The las t decad e ha s see n th e beginnin g o f th e applicatio n i n additiv e numbe r 
theory o f genera l principle s arisin g fro m th e additio n o f sets . Th e presen t boo k 
follows thi s trend . 

From 195 9 t o 196 4 a  serie s o f paper s (cf . [15 ] to [23] ) were publishe d unde r th e 
general title , "Invers e problem s o f additiv e numbe r theory" . I n thes e paper s th e 
structure o f set s A wit h smal l "doubl e set " A +  A wa s investigated . Mor e precisely , 
if we consider a  se t with a  certain numerica l paramete r (th e number o f element s fo r 
finite set s of number s o r of residu e classes , the density fo r sequence s o f integers , the 
measure fo r poin t sets ) fo r whic h tha t numerica l paramete r o f th e correspondin g 
double se t i s not to o larg e i n compariso n wit h th e origina l value , then th e structur e 
of th e origina l se t ca n b e describe d i n a  certai n sense . Th e conten t o f th e paper s 
mentioned is , by an d large , th e subjec t o f thi s book . 

The boo k consist s o f thre e chapters . Th e firs t chapte r contain s a n expositio n o f 
the basi c concepts , genera l idea s an d elementar y results . I n th e secon d chapte r a 
difficult specifi c invers e proble m i s solved . Th e thir d chapte r i s devote d t o 
applications. 

I wish t o stres s the importance o f th e concept o f isomorphis m betwee n subset s of 
sets with a n algebrai c operatio n a s introduced an d applie d i n Chapte r I . 

The well-know n significanc e o f th e concep t o f isomorphis m betwee n group s lie s 
in th e fac t tha t i t provide s th e possibilit y fo r disregardin g incidenta l propertie s o f 
each given specifi c group , and thu s i t leads to investigations o f a  more genera l kind . 
Furthermore i t permits u s t o introduce a n infinit y o f operation s o n th e element s o f 
a group . 

In additiv e numbe r theory , o n th e othe r hand , on e ofte n consider s sum s 
consisting o f a  bounde d numbe r o f term s fro m suitabl e sets . Therefore w e restric t 

v 
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the investigation s i n th e presen t boo k t o problem s concerne d wit h simpl e (i.e . 
noniterated) addition . I t i s natura l t o introduc e a  concep t o f isomorphis m whic h i s 
geared t o thi s situation . 

There i s a n analog y betwee n a  loca l isomorphis m o f topologica l group s an d a n 
isomorphism o f subsets , a  so-calle d "algebraicall y loca l isomorphism" . I n th e firs t 
case th e isomorphis m i s restricted b y th e boundar y o f a  certai n neighborhood , an d 
in th e secon d case , by th e numbe r o f operation s performed . 

The concep t o f isomorphis m betwee n subset s ha s permitte d u s t o expres s a 
general view on additive number theor y a s the theory which studie s those propertie s 
of set s o f number s whic h ar e preserved b y suc h isomorphisms . 

The autho r ha s endeavore d t o mak e th e presentatio n o f th e materia l i n th e firs t 
chapter a s explici t an d elaborat e a s possibl e i n orde r t o introduc e th e beginnin g 
student t o a  ne w field o f ideas . 

The exercise s are , b y an d large , concentrate d i n th e firs t chapter . Som e o f the m 
are strictl y fo r teachin g purpose s wherea s other s provid e materia l fo r independen t 
research. 

The materia l o f th e second an d thir d chapter s i s presented mor e briefly tha n tha t 
of Chapte r I . 

In Chapte r I I a  fundamenta l theore m o n th e structur e o f finit e set s o f integer s 
with smal l "double set " is proved. In thi s proof w e use a modification o f th e metho d 
of trigonometri c sum s an d als o th e languag e an d th e elementar y method s o f th e 
geometry o f numbers . 

It would b e highly desirabl e t o obtain generalization s o f th e result s o f Chapter s I 
and I I for arbitrar y abelia n an d especially for non-abelia n groups . The choice of th e 
title fo r th e presen t wor k wa s prompte d b y th e desir e t o stres s suc h possibilitie s o f 
developing th e theor y alon g wit h th e prospect s fo r it s furthe r number-theoretica l 
extensions. 

Chapter II I i s devoted t o application s o f th e theory . 
As a  summary w e give a revised for m o f th e Englis h tex t read i n Septembe r 196 5 

at th e Summe r Schoo l o n Numbe r Theor y hel d i n Palanga , Latvia n SSR . I n tha t 
paper a  genera l expositio n wa s give n o n investigation s i n th e fiel d o f additio n o f 
finite set s o f number s whic h ar e o f specia l significanc e i n additiv e numbe r theory . 

EXPLANATIONS FOR THE USE OF THE BOOK 
1. Definitions ar e give n i n th e tex t wheneve r a  ne w concep t occur s fo r th e firs t 

time. They ma y b e locate d b y mean s o f th e Index . 
2. Whenever a  concept know n fro m th e literature occur s in thi s book fo r th e firs t 

time, i t i s printe d i n italic s (sometime s th e italic s ar e repeate d furthe r on) . 
References t o th e appropriat e literatur e ar e give n i n th e Index . 

3. Subsection s ar e numbere d consecutivel y i n eac h chapter , withou t regar d t o 
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sections. The y ar e designate d b y tw o numbers , th e firs t o f whic h i s th e chapte r 
number. Th e sig n §  is used fo r bot h section s an d subsections ; sinc e section s (rarel y 
referred to ) ar e designate d b y onl y on e number , thi s shoul d caus e n o confusion . 
Thus, e.g. , §1.1 0 is the tent h subsectio n o f Chapte r I ; i t happens t o be part o f § 2 of 
that chapter . 

4. Reference s t o theorems , lemma s an d definition s ar e liste d b y th e number s o f 
the chapte r an d th e subsectio n i n whic h the y ar e given . Thus , e.g. , Theore m 1. 9 i s 
to b e foun d i n §1. 9 o f Chapte r I . Formula s ar e denote d b y thre e numbers , i.e . th e 
number o f th e chapter , th e numbe r o f th e subsectio n an d th e numbe r o f th e 
formula. Thus , e.g. , formul a (2.3.1 ) i s th e firs t formul a i n §2. 3 o f Chapte r II . Th e 
first numbe r i s omitte d i f referenc e i s made t o a  formul a o f th e sam e chapter . Th e 
first tw o number s ar e omitte d i f referenc e i s mad e t o a  formul a o f th e sam e 
subsection. Thus , the reference t o formul a (1 ) on page4 9 refer s to formula (2.3.1) of 
the sam e subsection . 

5. A numbe r o f problem s o f th e calibe r o f exercise s ar e give n withou t asterisks , 
whereas the remaining ones , which ar e of a  more advanced nature , are marked wit h 
one, tw o o r thre e asterisks , dependin g o n thei r difficulty . 
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SUMMARY 
ON GENERA L INVESTIGATIONS I N ADDITIVE NUMBE R THEOR Y 

Report delivere d a t the Number Theory Summe r School i n Palanga on Septembe r 5 , 1965 . 

The titl e o f thi s repor t ha s bee n chose n a s a n allusio n t o Ostmann' s surve y o f 
additive number theor y ([35] , [36]), which was published i n two volumes in 1955/56 . 
The firs t volum e is devoted t o general investigations, i.e. to questions of sum s of set s 
of positiv e density . Th e secon d volum e contain s a  revie w o f specia l problem s suc h 
as Goldbach' s problem , Waring' s problem , th e theor y o f partitions , etc . 

1. Mann's theore m (1942 ) was th e mai n resul t i n th e theor y o f density . 
The Snirel ' ma n densit y o f a n increasin g sequenc e (o r set ) A  =  {%,a x,...} o f 

nonnegative integer s i s defined a s 

a\A)= in f ^ , 
V 7  x<EN  X 

where A(x)  i s the numbe r o f positiv e element s i n th e se t A  whic h d o no t excee d x , 
and N  i s the se t o f natura l numbers . 

MANN'S THEOREM . Let  B  and  C  be two sets of nonnegative integers with 0 E  B  and 
0 e  C . Then 

a\B +  Q> mm(l,a\B)  +  a\Q). 

In recen t year s th e evolutio n o f th e theor y o f densit y ha s bee n slow , du e t o th e 
fact tha t bot h i n methods an d i n result s i t essentially amounte d t o development s o f 
Mann's Theorem an d n o new applications t o classical problems had bee n obtained , 
though a t th e outse t suc h application s wer e give n by Snirel ' man . 

This repor t suggest s a  ne w approac h t o the stud y o f genera l additiv e regularities . 
2. The specia l problem whic h we shal l now discuss wil l give us an opportunit y t o 

introduce graduall y th e necessary ne w notions . 
Let A T be a  finit e se t o f k  integers : 

K= {a 0,au...,ak_l}, a t <  a i+l, i  =  0 , 1 , . . . , &- 2 . 

Let T(M)  b e th e numbe r o f element s o f th e finit e se t M  an d le t T  =  T(2K). 
Obviously, T  >  2k  —  1. Actually, i n the se t a0 +  A T which consist s o f k  numbers , 

the maximum is a0 +  a k_x, wherea s a  set ak_x +  A T has this number a s its minimum . 

98 
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Let T  <  C/c , wher e C  i s a  positiv e number . Th e proble m i s t o determin e th e 
structure o f K. 

Here ar e som e example s t o clarif y th e question . I f T  =  2k  —  1 , the n K  i s a n 
arithmetical progressio n containin g k  numbers . I n fact , i f fo r som e j wit h 0  <  j 
< k  —  3  the inequalit y 

aj+\ ~  a j T ^ tf/+2 ~  a j+\ 

holds, the n th e se t 2K  contain s i n additio n t o 2a 0, a 0 +  a l9 2a x, a x +  a 2, 2 a 2 , . . . 
and 2a k_x th e numbe r aj  + a J+2 whic h i s distinct fro m them . 

It i s possible t o prove th e followin g theore m b y inductio n o n k: 

THEOREM 1.9 . 7 f 0 < 6 < / : -2 and  T  =  2k  -  1  + b,  then K is contained in the set 

Ka =  {a , a +  q,  a +  2q,. . . , a +  (k  -  1  + b)q}, 

where a is  an integer  and q a natural number. 

Thus, i f T  <  3k  —  3, the n A T i s a  subse t o f a n arithmetica l progressio n whos e 
number o f element s i s not large r tha n T  —  k  +  1 . 

Now wil l i t mak e an y differenc e i f T  >  3k  —  3 ? Mor e specifically : I f w e 
consider al l arithmetical progressions containing the set K  and choose from the m a n 
arithmetical progressio n wit h th e minimu m numbe r o f elements , the n w e ca n cal l 
this minimu m th e "length " o f K.  Th e questio n arise s whethe r i t i s possibl e t o 
evaluate th e length s o f al l K  i n th e clas s o f set s wit h give n k  an d T  a s a  functio n 
which depend s onl y o n th e parameters . 

The exampl e 

K =  (0 ,1 ,2 , . . . ,k -  2, u}9 u  >  2k  -  4 , 

shows tha t thi s i s impossible eve n fo r T  =  3k  —  3 . 
Nevertheless, result s rathe r clos e t o thos e obtaine d i n Theore m 1. 9 ar e tru e eve n 

in th e cas e when T  >  3 k —  3. To formulat e thes e result s som e ne w notion s wil l b e 
necessary, th e mos t importan t on e o f the m bein g a  generalizatio n o f th e notio n o f 
isomorphism betwee n set s with algebrai c operations . 

3. DEFINITION . Th e subset s B'  an d C  o f th e set s B  an d C , respectively , wit h a n 
algebraic operation , written additively , ar e called isomorphic  if ther e exist s a one-to -
one mappin g B f -^  C  whic h induce s naturall y a  one-to-on e mappin g 2B'  - * 2C. 
The mappin g B'  -^  C  i s then calle d a n isomorphic  mapping, or a n isomorphism. 

An isomorphi c mappin g o f a  se t K  doe s no t chang e th e valu e o f T.  Thi s i s th e 
reason why the description o f the structure o f K  must be invariant unde r isomorphi c 
mappings. 
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If B'  =  B,  C  =  C  and the mappings B f -^  C  an d IB' - ^ 2C correspon d t o each 
other, ou r definition become s th e usual definitio n o f an isomorphism betwee n set s 
with a n algebrai c operation . I n thi s cas e th e addition o f an y number o f element s 
corresponding t o summands result s in an element correspondin g t o the sum. 

Let u s conside r th e two additive semigroup s B'  =  (0 ,1 ,2 , . . . } an d C  =  {10,11 , 
12 , . . . } . The n th e mappings B f — » C[,  defined b y u —> u  + 10 , u = 0 , 1 ,2 , . . . , an d 
IB' - > 2C, defined b y u -* u  + 20 , u = 0 , 1 ,2 , . . . , correspon d t o each other , and 
therefore B'  an d C  ar e isomorphic . Thi s exampl e show s tha t correspondence s 
B' <- » C an d IB' <- > 2C" are sometimes incompatible . 

If two given subsets are isomorphic, such a correspondence exist s in general if the 
addition K  +  K  is not iterated. Thu s th e concept o f isomorphis m o f subset s seem s 
especially fittin g fo r the study of questions of sums of finitely man y sets , and this is 
the very thin g necessary fo r the purposes o f additive numbe r theor y in the study of 
problems wit h a  bounded numbe r o f summands . 

An analog y ma y b e draw n betwee n a  loca l isomorphis m betwee n topologica l 
groups an d an isomorphism betwee n subset s ("algebraicall y loca l isomorphisms") . 
In the first cas e the isomorphism i s restricted t o a certain neighborhood , an d in the 
second cas e by the number o f operations . 

Let B\  C  c  E n (th e euclidean space ) an d assume tha t ther e exist s a  one-to-on e 
correspondence o f B' and C suc h tha t an y equation o f the form b x —  b 2 = b3 — b 4 

implies th e correspondin g equatio n q  —  c 2 = c3 —  c 4, an d b x —  b 2 ^= b3 — b 4 

implies q  —  c 2 ^ c 3 — c 4, wher e b ( E  B',  ct G  C  an d b t <r* c f, 1  < /  <  4 . The 
conditions formulate d abov e ar e necessary an d sufficien t fo r the sets B'  and C  t o 
be isomorphic . 

4. FUNDAMENTAL THEOREM . / /T <  Ck,  C  >  2 , then there exist constants  c and k 0, 
depending only  on  C,  and  a  number  n  <  [C  — 1] such that  if  k  >  k 0, then  K  is 
contained in a certain set KQ of integers which is isomorphic to the set of interior points 
of some convex  set D c  E n and  which satisfies the  condition T(K 0) <  ck. 

Here ar e some example s illustratin g th e Fundamenta l Theorem . I f 2  <  C  < 3 , 
then n  = 1 , and D is an interval whos e number o f integral point s is not larger tha n 
ck. Theore m 1. 9 give s a n elementar y proo f o f a  mor e powerful , simila r result . I f 
3 <  C  < 4  then n <  2 . If n = 1 , then AT is contained in an arithmetical progressio n 
whose numbe r o f elements i s not larger tha n ck. 

If n  = 2 then i t is possible t o show tha t D  can be taken a s a rectangle . Thu s i n 
this case K is contained in the union of some arithmetical progression with identica l 
differences whos e firs t element s for m a n arithmetica l progressio n wit h anothe r 
difference. 

In fact , th e lattic e point s o f th e rectangl e whic h ar e situate d o n an y one lin e 
parallel t o the axis of abscissas ar e transformed int o arithmetica l progression s wit h 
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identical differences . Th e imag e o f th e se t o f lattic e point s i n th e rectangl e whic h 
are locate d o n a  certai n lin e paralle l t o th e axi s o f ordinate s wil l b e th e se t o f th e 
first element s o f thes e progressions . 

The Fundamenta l Theore m wa s prove d wit h th e hel p o f a  modificatio n o f th e 
method o f trigonometri c sums . 

5. Now i t i s possible t o expres s a  certai n genera l viewpoin t concernin g th e stud y 
of additiv e regularities . For thi s purpose we shall recall Klein' s view on geometry a s 
the scienc e studyin g thos e propertie s o f geometrica l object s whic h ar e invarian t 
under certai n group s o f transformations . 

We ar e no w abl e t o stat e (se e §3 ) tha t the  goal  of  additive  number  theory,  while 
studying sums of  sets, consists  in the investigation of those properties of these sets which 
are invariant under isomorphic transformations. Fro m thi s poin t o f vie w the stud y o f 
relations between invariant s o f isomorphism s (hencefort h calle d additiv e character -
istics) appear s t o be very important . 

The mos t importan t additiv e characteristic s ar e T,  th e numbe r R  o f distinc t 
positive differences a t -  aj  and th e number M  =  $\  \S\ 4da, wher e S  =  2j- o e 2maaJ 
(if bx,..., b T ar e the elements o f th e se t 2K  an d r s i s the number o f representation s 
at +  aj  = b s9 the n M  =  2 5=i £). 

Inverse problems o f additiv e numbe r theor y (§1.7 ) may be state d a s problems o f 
describing set s with give n invariants . 

The Fundamenta l Theore m i s the firs t ste p toward s realizin g th e idea s expresse d 
above. I n formulatin g an d provin g it , on e o f th e importan t tool s use d consist s i n 
isomorphic mapping s o f certai n set s o f integer s int o set s o f lattic e point s o f 
euclidean space s o f highe r dimension . B y usin g the m i t wa s possibl e t o establis h a 
fact whic h ha d naturall y remaine d unnotice d previously , i.e . dimensio n i s no t 
invariant unde r isomorphi c transformations . 

It i s wort h mentionin g tha t densit y i s no t invarian t inasmuc h a s i t ma y b e 
changed b y a n isomorphi c transformation , a s i s illustrated b y th e exampl e 

A ={0 ,1 ,4 ,8 ,12 , . . . } , a'(A)=  1/4 , 

5 =  {0,1,3,6,9, . . .} , a\B)  =  1/3 . 

This explain s why th e applicatio n o f th e concep t o f densit y ha s certai n limitations . 
6. Th e analog y betwee n Klein' s vie w o f geometr y an d th e vie w o f additiv e 

number theor y as the theory o f isomorphic transformation s goe s deeper the n i t may 
seem a t firs t sight . I t turn s ou t tha t a n isomorphi c transformatio n i s an affinit y i n a 
suitable euclidea n space . 

An isomorphi c transformatio n o f K  c  E m int o E n i s calle d nonsingular  i f n o 
hyperplane fro m E n contain s th e image o f K. 

Suppose ther e exist s a  nonsingula r transformatio n o f th e se t K  int o E n bu t n o 
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such transformatio n o f K  int o E n+\. Le t thi s valu e o f n  be denote d b y r.  Then r  is 
an additiv e characteristi c o f th e se t K. 

THEOREM. Let  K x and  K 2 be  finite sets  in  E r neither  of  which  is  contained  in  any 
hyperplane from E r. Then  the  sets K x and  K2 are  isomorphic if there  exists an  affinity 
of Er into  itself  which maps Kx into  K 2. 

7. Applications. Hincin' s Theore m i s th e specia l cas e o f Mann' s Theore m wher e 
two identica l set s ar e added : I f a'(A)  =  a  an d a'(2A)  =  y , the n y  >  min(2a , 1) 
provided tha t a 0 =  0 . 

An analo g t o Mann' s Theore m fo r th e additio n o f set s wit h positiv e asymptoti c 
density wa s obtaine d b y M . Knese r (1953) . Expandin g th e theor y o f density , i t 
became possible t o show, roughly speaking , tha t i f tw o identical set s are added the n 
the densit y i s a t leas t doubled . I t wa s foun d that , i n general , th e numbe r 2  may b e 
replaced b y an y positiv e constan t C . This i s the essenc e o f th e result s derive d fro m 
the Fundamenta l Theorem . 

Let A  b e a n increasin g sequenc e o f nonnegativ e integers : 

A =  {a 0,ax,...,ai,...}, a i+x >  a i9 i  >  0 , 

d(A) =  lim (ax -  a 09a2 -a Q9...9ak- a 0). 
k—*co 

Here (a x —  a 0,a2 —  a 0,..., a k —  a 0) i s the greates t commo n diviso r o f th e number s 
ax -  a 0, a 2- a 0,...9ak- a 0. 

The numbe r o f positiv e integer s i n th e se t A  (o r 2A)  no t exceedin g x  i s denote d 
by A(x)  an d A 2(x)9 respectively . Th e asymptoti c densit y a  =  a(A)  o f th e se t A  i s 
defined b y th e equatio n 

a = h m - I F — ; 

furthermore, w e let y  =  a(2A).  Th e se t o f lattic e points i n the euclidean spac e E n i s 
denoted b y Z n. Le t e ]9..., e n b e a n orthonorma l basi s o f th e spac e E n. Le t cp: 
Zn — » Z j b e a  homomorphis m satisfyin g e tcp = 0 , 1  <  /  <  n  —  1, an d e n<p —  1. 
Finally, le t N^  b e the subse t o f th e given se t N  c  E n consistin g o f thos e element s 
for whic h x n <  x.  A s a  consequenc e o f th e Fundamenta l Theore m th e followin g 
theorem i s proved i n Chapte r III : 

THEOREM. Suppose  the  set  A  satisfies  the  following conditions:  a 0 =  0 , d(A)  =  1 , a 
> 0 , y  >  Ca  and C  >  3/2 . Furthermore,  assume that  there  exists a  constant C x such 
that the  inequality  a {_ x >  C x a{ is  satisfied only  for a  finite number  of  indices  i.  Then 
there exist  a  cylinder  N  c  E n, n  >  2 , whose  base  is  a  convex  set  P  c  L(e x,..., 
£„_i), and  positive  constants  c  and  a 0, depending  on  C  and  C x only,  such  that  for 
a <  « Q the  following assertions  are true: 
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(\)A c(N  n  zjcp . 
(2) N 0  Z n and  (N  n  Z n)y are  isomorphic. 
(3) V(P)  <  ca,  T(N&  n  Z n) <  C«JC . 

(4) / i <  [2 C -  1] . 

For sequence s o f zero density an analo g of Hincin' s Theorem wa s conjectured b y 
P. Erdo s [13] . His conjectur e state s tha t 

8 =  li m - ^ >  3 , i f h m - ^ =  0 . 

By means o f th e Fundamenta l Theore m th e following mor e genera l assertio n wa s 
proved: 

THEOREM. Ifhm x^O0A(x)/x =  0  and 

A% ^^ <  2d(A) 

then 8  >  3 . 

The Fundamenta l Theore m als o lead s t o application s t o sum-set s o f set s o f 
residues modulo a  prime, thus strengthening result s received by Cauchy, Davenpor t 
and Vosper , an d fo r poin t set s o f positiv e measur e (strengthenin g th e Brunn -
Minkowski Inequality) . 

8. In the Fundamental Theore m th e structure o f a  set AT with smal l double se t (i.e. 
with T  <  Ck)  i s investigated . Furthe r possibl e line s o f investigatio n ar e th e 
following ones : 

Study th e structur e o f K  whe n T/k  - » oo . 
Generalize th e proble m t o th e cas e wher e severa l summand s ar e considere d 

(iterated addition ) o r whe n th e summand s ar e different . 
Investigate th e structur e o f K  whe n differen t additiv e characteristic s o f th e se t K 

or thei r combination s ar e given . 
After dividin g th e set s consistin g o f a  finit e numbe r o f lattic e point s int o classe s 

of isomorphi c sets , study th e orde r o f increas e o f th e functio n t(k),  i.e . th e numbe r 
of suc h classe s fo r give n k. 

All thes e problem s ma y b e studie d fo r set s o f a  mor e genera l natur e tha n set s of 
lattice points , especially i n groups, both abelia n an d nonabelian , whic h would be of 
special interest . 
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In this index reference i s made to the following books: 
[ C] J.W.S. Cassels, An introduction  to the geometry of  numbers, Die Grundlehren de r Math . 
Wissenschaften, Ban d 99 , Springer-Verlag, Berlin , 1959 ; Russian transl. , "Mir" , Moscow , 
1965. MR 2 8 #1175 ; 3 1 #5841 . 
[K] A.G . Kuros , Lectures  on  general  algebra,  Fizmatgiz , Moscow , 1962 ; Englis h transl. , 
Chelsea, Ne w York , 1963 ; Internat . Serie s o f Monograph s i n Pur e an d Appl . Math , vol . 
70, Pergamon Press , Oxford, 1965 . MR 2 5 #5097 ; 2 8 #1228 ; 3 1 #3483 . 
[N] I.P. Natanson, Theory  of functions of  a real variable, GITTL, Moscow , 1950 ; 2nd rev . 
ed., 1957 ; English transl. , vols . I, II , Ungar , Ne w York , 1955 , 1961 . MR 12 , 598; 16 , 120, 

804; 2 6 #6309 . 

All page references ar e to the English editions ; fo r Kuro s the first pag e number 
refers to the Chelsea translation; th e second, to the Pergamon. 

Algebraic operatio n K30 , 20 

Basis of a  lattic e C 9 

Class o f isomorphi c set s 5 

Density o f a  sequenc e 
asymptotic 7 5 
Snirel'man 7 5 

Dimension o f a  poin t se t 2 4 

Equivalence relatio n K18 , 7 

Farey dissection s 5 2 

Farey sequenc e 5 2 

Hyperplane 2 4 
supporting 5 9 

Integral vecto r 2 3 

Interval o f a  fraction 5 2 

Invariant 
of a n isomorphi c mappin g 4 0 
of orde r s  4 5 

Ismorphism 
between subset s o f a  se t with a n 
algebraic operatio n 2 , 3 
of orde r s  between subset s 4 
of tw o finite classe s o f set s 4 

Kernel o f a  homomorphism K103,10 2 

Lebesgue (outer ) measur e N  I  63 , 67 

Length o f a  se t 1 4 

Mapping 
isomorphic 2 
monomorphic 4 3 
naturally induce d 2 
regular isomorphi c 2 9 

Monomorphic mappin g o f subset s 4 3 

Parallelepiped 
canonical 5 3 
fundamental, o f a  lattice CI9 6 

Plane 2 4 

Projection ont o a  plane 2 7 

Semigroup K30 , 20 

Set 
closed N i l 6 1 
convex C 2 
open N  I I 6 2 

Straight lin e 2 4 

Sum o f subset s (sets ) 1 

Torsion-free grou p K44 , 36 

Volume 
of a  se t o f lattic e point s 3 0 
reduced 3 5 

Lattice C 9 
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