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NOTES 

Chapter I 
§ 1 . The axiomatics of probability theory are presented in the fundamental wor k 

by Kolmogoro v [41] . Proofs o f th e result s give n concernin g measurabilit y o f ran -
dom processes are contained i n the monographs b y Dynkin [25 ] and Meye r [49]. 

§ 2. Additional information abou t the properties o f Markov times can be foun d 
in the monographs o f Dynkin [25] , Meyer [49] and [50] , and Blumenta l an d Getoo r 
[12]. Theore m 1  is du e t o Courreg e an d Prioure t [20] . The Remar k t o Theore m 
1 was made b y Hans-Jurge n Engelbert . 

§ 3 . The basi c definition s give n fo r th e theor y o f Marko v processe s follo w th e 
monographs o f Dynki n [24 ] and [25] , and Blumenta l an d Getoo r [12]. 

§ 4. Proof s o f th e give n theorem s o n martingale s an d super-martingale s ar e 
given in Doob [22] and Meyer [49]. Generalized martingale s an d super-martingale s 
are investigated i n an articl e b y Snel l [68]. 

Chapter II 
§ 1 . The valu e s(x)  fo r th e case  o f nonnegativ e function s wa s considered i n th e 

article b y Dynki n [26] , where h e als o gav e propertie s o f excessiv e function s an d 
Lemma 2 . A somewhat differen t proo f o f Lemm a 1  is given in Meye r [49] . Lemma 
3 is contained in work by Grigelionis and Sirjae v [37] . The method fo r constructin g 
a smalles t excessiv e majorant , give n i n Lemm a 4 , was presente d b y A.D. Ventce F 
(see [27] , Chapte r III , Proble m 21) . I n martingal e theor y Lemm a 5  i s know n 
under th e nam e o f th e theore m o n transformatio n unde r a  syste m o f optiona l 
sampling (Doo b [22] , Theorem 2. 2 i n Chapte r VII) . The proo f o f Theore m 6  was 
adapted fro m Snel l [68] . The metho d fo r constructin g th e s.e.m . o f th e functio n 
g(x), give n in Lemmas 7  and 9 , is presented fo r th e first time. Similar construction s 
are als o containe d i n th e articl e b y Siegmun d [56] . Another metho d o f proo f o f 
Theorem 1 , for th e case g(x) ^  0 , was given in the article by Dynkin [26]. 

§ 2. (£,s)-optimal times are investigated fo r the first time. In the case 0 ^  g(x)  ^ 
C <  oo , (£,s)-optimality o f th e tim e z e wa s prove d b y Dynki n [26] . Assertions 2 ) 
and 3 ) o f Theore m 2  are clos e t o result s i n article s b y Siegmun d [56 ] and Cho w 
and Robbin s [17] . Th e proble m o f choosin g th e bes t object , als o know n a s th e 
"fastidious bride " problem , wa s investigate d b y Gardne r [29 ] an d Dynki n [26 ] 
(see also [27]) . Similarly formulated problem s were considered i n articles by Chow, 

168 
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Moriguti, Robbin s an d Samuel s [19] , Gilber t an d Mostelle r [32] , an d Gusein -
Zade [38]. 

§ 3 . The exampl e presente d a t th e beginnin g of thi s section was given by Hagg-
strom [39] . Th e classe s o f Marko v time s 9 t an d 9 ? were considered i n th e articl e 
by Cho w an d Robbin s [17] ; their method s wer e als o use d i n provin g Lemm a 1 0 
and Theorem s 3  and 4 . 

§ 4. Theorem s 5  and 6  ar e containe d i n th e wor k o f Cho w an d Robbin s [15] , 
[16], [17] , and Haggstro m [39] . 

§ 5. Question s o f uniquenes s o f th e solutio n o f th e recursio n equation s (2.85 ) 
were investigate d b y Bellma n [9] , Grigelioni s an d Sirjae v [37 ] an d Grigelioni s 
[35]. Theore m 1 0 is due t o Siegmun d [56]. 

§ 6. Th e result s give n i n thi s sectio n wer e obtaine d i n th e articl e b y Ra y [53] , 
and als o b y Grigelioni s an d Sirjaev . 

§ 7. Randomize d an d sufficien t classe s o f Marko v time s wer e investigate d i n 
works b y Siegmun d [56] , Sirjaev [62] , Dynkin [28] , and Grigelioni s [36]. 

§ 8. Functiona l o f th e typ e (2.113 ) wer e studie d i n th e articl e b y Krylo v [43]. 
The exampl e give n a t th e end o f the sectio n fo r th e cas e a  =  1  wa s considered i n 
articles b y Cho w an d Robbin s [15] , [16] and Siegmun d [56]. 

Chapter III 
§ 1 . The definitions an d proofs o f the given properties o f excessive functions ar e 

due to Hun t [40 ] and Dynki n [25 ] (see also [12 ] and [49]) . 
§ 2. The method for constructing the smallest excessive majorant o f the functio n 

g(x) (Lemm a 1 ) was give n b y Grigelioni s an d Sirjae v [37] . Another metho d wa s 
presented earlie r by Dynkin [26]. 

§ 3. Theorem 1  for th e case  g(x) ^  0  was presented b y Dynki n [26] . The valu e 
s(x) fo r continuou s Marko v processe s ha s no t bee n investigate d previously . Th e 
example give n i n §  3.3 i s containe d i n th e articl e b y Taylor [57] . In th e proof o f 
Lemma 8  we use d method s fro m th e articl e b y Dynki n [26] . Lemma 9  an d The -
orems 2 and 3  were obtained by the author . 

§ 4. Assertion 1  of Theore m 4  was prove d b y Dynki n [26] , Results clos e to as -
sertions 2 ) and 3 ) were als o obtaine d b y Siegmund [56] . Theorem 5  is given for th e 
first time . Unde r specia l assumptions , Theore m 6  was proved b y Taylo r [70]. 

§ 5. Lemma s 1 1 and 1 2 are publishe d fo r th e first  time . Theorem s 7 , 8  and 9 
were obtaine d b y Grigelioni s an d Sirjae v [37] . 

§ 6. Th e "smoot h pasting " condition s wa s use d t o solv e concret e problem s i n 
work by Mihalevic [51], Chernoff [14] , Lindley [46] , Bather [6] , Sirjaev [61] , Whittle 
[76] an d Stratonovi c [69] . Theore m 1 0 i s du e t o Grigelioni s an d Sirjae v [37] . 
Theorems 1 2 and 1 3 were obtaine d b y Grigelioni s [34]. 

Chapter IV 
§ 1 . The Bayesia n an d variationa l formulation s o f th e problem s o f sequentia l 
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testing of two simple hypotheses ar e due to Wald [72] . The properties o f transitiv e 
statistics wer e investigate d i n wor k b y Bahadu r [4] , Sirjaev [62] , [65], and Grig -
elionis [36]. 

Proofs o f Lemm a 3  and Theore m 1  are containe d i n th e article s b y Cho w an d 
Robbins [16 ] and Sirjae v [66] . 

Equations (4.36)-(4.37 ) wer e firs t obtaine d b y Mihalevi c [51] . Lemma 4  is con -
tained i n th e articl e b y Sirjae v [64 ] (se e als o [47]) . A  somewha t differen t proo f 
of Theorem 2  is given by Sirjaev [66] . The idea o f the proof o f the equality pin)  = 
/*(7r) use d b y u s is due to B . Rozovskii . 

§ 2. Theorem 3  is due to Wald [72] . Lemma 8  and its proof were given by Shep p 
[55]. He is also credited with the results presented in Remarks 3 and 4 to this lemma. 
The comparison o f the optimal properties o f the Neyman-Pearson metho d an d th e 
sequential probabilit y rati o tes t wa s give n b y Aivazja n [1] . An elegan t proo f o f 
Theorem 4 is contained in the book by Lehmann [45] . The bounds (4.98) contained 
in Theorem 5  were presented b y Wald [72] . Theorem 6  was obtained b y Stei n (se e 
[72]). 

Wald's identit y (Lemm a 10 ) has bee n th e subjec t o f investigation b y man y au -
thors: Wal d [72] , Blackwel l [10] , Doo b [22] , Chow , Robbin s an d Teiche r [18] , 
Shepp [55] , and others . 

Theorem 7  in the case N  =  2  was obtained b y Wald [72] . In the genera l cas e i t 
was obtaine d b y Hoeffdin g (communicate d b y hi m t o th e autho r i n 1965) . Th e 
proof give n here i s contained i n th e articl e by Simons [57] . An analogou s proo f i s 
presented i n th e boo k b y Bechhofer , Kiefe r an d Sobe l [8 ] (Theorem 3.5.1) , wher e 
formula (4.117 ) is also given . 

§ 3. Th e disruptio n proble m wa s firs t investigate d i n a  repor t b y A.N . Kol -
mogorov and the author a t the Sixth All-Union Conferenc e o n Probability Theor y 
and Mathematica l Statistic s (Vilnius , 1960) . Th e result s ar e containe d i n [58] , 
[60] and [62]. 

§ 4. Th e disruptio n proble m fo r a  Wiene r proces s wa s investigate d b y Sirjae v 
in [59],[60], [63] and [66] . Other formulations o f problems o f quickest detection o f 

the tim e o f appearanc e o f a  disruptio n wer e als o considere d i n thes e works . Th e 
disruption proble m wa s also analyzed b y Stratonovic [69 ] and Bathe r [7]. 
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