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PREFACE T O THE ENGLISH TRANSLATIO N 

The presen t editio n differ s significantl y i n on e par t fro m th e Russia n one . We 
have i n min d th e en d o f th e thir d chapter , wher e method s o f invertin g finite 
Toeplitz matrice s an d thei r continuou s analogue s ar e se t forth . Th e las t tw o 
sections of Chapter II I (§§6 an d 7 ) o f th e Russia n editio n ar e replace d b y thre e 
new section s (§ § 6,7 an d 8) . The ne w presentatio n i s mor e complete and is also 
distinguished b y greate r generalit y an d simplicity . I n addition , addend a ar e 
inserted i n "Note s an d guid e t o th e literature " an d i n th e bibliography . Thes e 
addenda reflec t publication s appearin g afte r th e publicatio n o f th e Russia n 
edition. 

We expres s thank s t o th e America n Mathematica l Society , t o it s Edito r o f 
Translations, Dr . S . H. Gould , and to the translator fo r translatin g the book int o 
the Englis h language . 

We are sincerely grateful t o Professor E . Hewitt for attentio n to the translation 
of our book . 

The Authors 
Kishinev 
June 24, 1972 

M l 
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Dedicated to 
Mark Grigor'evic 

KREIN 

PREFACE 

The firs t profoun d result s concernin g integra l equation s o n a  semiaxis , wit h 
kernels depending on the difference o f the arguments, were obtained in 1931 by N. 
Wiener an d E . Hopf. After th e appearance o f thei r classica l paper [1 ] such equa-
tions wer e give n th e nam e Wiener-Hop f equations . 

By the presen t tim e the theor y o f Wiener-Hop f equation s ha s bee n quit e full y 
developed. A  grea t man y mathematician s (mainl y Soviet ) participate d i n it s 
elaboration. W e mentio n onl y M . G.  Krein' s fundamenta l pape r [4] . Beginning 
with tha t pape r th e ideas an d method s o f functiona l analysi s hav e ha d extensiv e 
application i n th e analysi s o f Wiener-Hopf  equations . 

The presentatio n adopte d i n thi s boo k i s als o base d o n functiona l analysis . I t 
has its origins in a distinctive operationa l calculus . 

This rout e lead s naturall y t o a  definit e clas s o f convolutio n equation s whic h 
contains i n particula r th e origma l Wiener-Hop f integra l equations . Beside s that , 
discrete an d differenc e analogues , th e so-calle d pai r equations , singula r integra l 
equations o n th e circle , etc . belong here . 

Various projectio n method s o f solvin g convolutio n equation s mak e u p a 
significant par t o f the book. Justification o f these methods is also obtained withi n 
the framewor k o f th e genera l scheme . 

To a  considerabl e exten t th e presentatio n i s base d o n paper s o f th e author s 
which wer e published i n 1963-1967 . 

The book was conceived in 1964 . At that time the authors began reading special 
courses a t Kishine v University . Preliminar y publicatio n o f th e mimeographe d 
brochure "Projectio n Method s o f Solvin g Wiener-Hop f Equations " (Kishinev , 
1967; MR 3 7 #  1915 ) helped u s substantially i n the work on the book . 

We assume that the reader is acquainted with the elements of the theory of opera-
tors in Hilber t an d Banac h space s an d th e theor y o f Banac h algebra . 

The authors sincerely thank M. G. Krein for support and abiding interest in this 
paper, as well a s N . Ja . Krupnik, A . S. Markus, A. A. Semencul an d I . B. Simo-
nenko fo r discussio n o f variou s question s an d valuabl e comments . 

The author s expres s sincer e gratitud e t o th e book' s editor , F . V . Sirokov . Hi s 
assistance contributed significantly to the simplicity and clarity of the presentation. 
Kishinev 
February 18 , 1970 

IX 
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APPENDIX 

ASYMPTOTICS OF SOLUTIONS OF HOMOGENEOUS 

CONVOLUTION EQUATION S 

Here we take up the asymptotics of solutions of a system of homogeneous inte-
gral equations which is written in vector-matrix notation as 

oo 0 

<p{t) -  J  kn(t -  s)<p(s)  ds -  j  k 12(t -  s)<p(s)  ds =  0  ( 0 <  /  <  oo) , 
0 —oo 

oo 0 

9>(t) -  J  k21(t -  s)<p(s)  ds - |  k 22(t -  s)<p(s)  ds = 0  ( - o o <  /  <  0) , (1 ) 
0 —oo 

where <p(t)  i s the ^-dimensional vector-functio n sought , an d th e kj r(t),j9r = 1 , 2 , 
are nth order matrix functions. Syste m (1) is a generalization of both pai r equatio n 
systems (th e cas e when k n =  k l2 an d k 2l =  k 22) and thei r transpos e systems (the 
case when kn  =  k 21 and kX2 = k 22). 

The first  section i s auxiliary ; certai n propertie s o f th e operato r define d b y th e 
left side of equation (1) are established in it. By means of these properties we prove 
that equation (1) has the same solutions in each space (of some class). 

Asympotic expansions of solutions of equation (1) in exponential functions wit h 
polynomial coefficient s ar e found i n §  2. Several general theorems concerning the 
operators an d result s o f §  1 play a  vital role in this connection. Th e asymptotic s 
of solutions of a system of Wiener-Hopf equations, a system of pair integral equa-
tions, and its transpose system are obtained as a corollary. 

More precis e result s ar e obtaine d i n § § 3 and 4 for th e transpose equation of a 
pair and for a  system of Wiener-Hopf equations . Here w e manage, in addition, t o 
determine the polynomial coefficients i n the principal ter m o f th e asymptotics fo r 
functions formin g a  basis of the kernel of the corresponding operator . 

All results of this appendix can be carried over to the discrete case. 

§ 1 . Som e auxiliary propositions 

1. In the sequel E and E denote the Banach spaces introduced in §  8 of Chapter I. 
The notation L  =  L^O , oo) and L  =  L 2( —oo, oo) is also utilized . 

Let 9 3 be som e Banac h spac e o f function s define d o n th e rea l axi s (semiaxis) , 
and let a(t) be a continuous function whic h does not vanish on that axis (semiaxis). 

223 



224 APPENDIX. ASYMPTOTICS 

Let u s agree t o writ e f(t) e  cr(r)33 if a'KOMO  e  23. The se t a(/) S i s a  Banac h 
space with norm \f\  =  |  o~lf\%. 

As i n Chapte r VIII , b y 93 n and 93 WXn w e denot e respectivel y th e se t o f al l n -
dimensional vector s an d th e se t o f al l nth  orde r matrice s wit h element s fro m 93. 
The set S3n becomes a Banach space if the norm of an element/ =  {/ l3 •••,/» } e 93» 
is defined by , for example , the equality 

l/l - 1 \fiW 

The spaces a(t)3Sn and a(f)S3»x» are defined analogously . 
Everywhere in the sequel h denotes some fixed positive number. If a n element of 

e~mLnxn o r e~ h[t{Ln i s denoted b y a  smal l letter, it s Fourier transform i s denoted 
by the corresponding capita l letter . 

The definition s an d notatio n introduce d i n §  11 of Chapte r I  ar e als o utilize d 
in the sequel . 

2. It follows easily from Theore m 6.1 of Chapte r VIII that if the matrix functio n 
k(t) belong s to e~h^LnXn, the n the condition 

det(7 - K(X  + ih))  *0 ( - o o <  X  < oo ) (1.1 ) 

is necessary and sufficient fo r the operator 
CO 

(I -  cf)<p  =  <p(t)  -  lk(t  -  s)<p(s)  ds ( 0 <  t  <  oo) 
o 

to b e a  ^-operato r i n eac h o f th e space s e htEn. I f conditio n (1.1 ) is fulfilled , th e 
index1) o f th e operato r I  —  X  i n eac h o f th e space s e htEn is calculated fro m th e 
formula 

K(I -#)=-  in d de t (/ -  K(X  + ih)).  (1.2 ) 

Let us now consider in the space ehlt]En th e equation 
oo 0 

(pit) -  J  ku{t -  s)<p(s)  ds- $  k12(t -  s)<p(s)  ds = g(t)  ( ] .3) 
0 —oo 

(0 < / < oo), 
CO 0 

¥>(t) -  J  k2l{t -  s)<p(s)  ds -  J  k22{t -  s)<p(s)  ds =  g(t) 
0 —oo 

(-oo < / < 0), 

where £yr(0 ee- h^LHXn. 
The spac e e hU{E„ is isomorphi c t o th e spac e F  consisting o f al l pair s / ( f) = 

{MO,MO} o f vecto r function s belongin g t o e^Eni/fr)  e  ehtEn,j =  1,2 ) wit h 
n o r m | / | =  \f,\  +  | / 2 | . 

Under thi s isomorphism a  pair / =  {/i,/ 2} e F is put into correspondence wit h 

That is, dim Ker (/ -  JT ) - di m Ker (/ -  JT*) . 
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each vector/(f ) ee hltlEn i n accordanc e wit h th e rule/i(f) =  f(t),f2(t) = / ( — t), 
0 <  /  < oo . In this notation , equatio n (1.3 ) can be written in the form 

oo oo 

<Pi(0 - J  kn(t -  s)<p x(s) ds -  $  kn{t +  s)<p 2(s) ds = g^t), 
0 0 
oo oo 

<P&) "  J  fc 2l(- t  -s)f x{s) ds  -  j  k 22(s -  0 ^ ) &  =  £ 2 ( 0 
0 0 

(0 <  t  <  00). Let us write th e operator B  defined b y the left sid e o f thi s syste m 
in the form o f a matrix2) 

B = \i - x 11 - x 12 

r = 

— - ^ 2 1 • * • " • * # 2 2 II 

For any matrix function k(t)  of LnXn th e operator 
00 

(X<p)(t) =  J  A:(r + % ( s ) <fe 
0 

is completely continuou s in each of the spaces En. I t is sufficient t o show this for 
the cas e n  = 1 . I f a  functio n k{t)  e  L^O, 00 ) has the form k(t)  =  e~ lp{t\ 0  < f 
< 00 , where p(t) is a polynomial , then , a s is easy t o see, the operator X i s finite-
dimensional i n E.  Sinc e th e set of al l functions o f the form e~ xp{t) i s dense in 
Lx(0, 00) , the operato r X  i s completel y continuous , whateve r th e function k{t) 
may be. 

It is not difficult t o obtain by means of this the fact that the operator 

0 -X l2\ 
-x2l 0  I 

is completely continuou s in the space F. Consequently th e operator 

I / -  X n 0  J 
0 I-X 22\ 

is a 0-operator i f and only if the operators / —  Xu  an d / —  X 22 are . The latter is 
equivalent to fulfilling th e conditions 

det(/ -  K UQ +  ih)) # 0 , det( / - K 22Q -  ih))  * 0  (1.4 ) 
( - 0 0 <  A  < 00) . 

If condition s (1.4 ) are fulfilled, the n K(B)  = K(I  - X n) +  K(I  - X 22). Bu t by 
virtue of (1.2) 

*(/ -  X n) =  -  in d det (/ -  K n(X + ih)), 

*(/ -  X' 22) =  -  in d det (/ -  J k22 ( - t)e-***dt) 
\ — 0 0 / 

= in d det ( / -  K^l  -  ih)). 

B = + T 

2> For a function k(t), — oo <[ / < oo , the integral operators on the semiaxis with kernels k(t — s), 
k(t + s)  and k(s — f ) are denoted by the symbols X, X  an d X'. 
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Thus the index of B  is calculated fro m th e formul a 

K(B) =  in d de t ( / -  K 22(X -  ih))  -  in d det ( / -  K n(X +  ih)). 

Since unde r th e aforementione d isomorphis m betwee n th e space s e h^En an d 
Fthe operato r B corresponds to the operator A defined b y the left side of equatio n 
(1.3), th e followin g lemm a ha s bee n established . 

LEMMA 1.1 . Let  the  matrix  functions  k jr(t) belong  to  e~ h{i{Lnxn (j\  r  =  1,2) . For 
an operator A  defined  by the  left side  of  equation  (1.3) to  be  a  ^-operator  in  each of 
the spaces e h^En, it  is  necessary and  sufficient that conditions  (1.4 ) be fulfilled. 

Under fulfillment of  these  conditions  the  index  of  A  in  each  of  the  spaces  e hUlEn 

is calculated  from the  formula 

K(A) =  in d det( / -  K 22(l -  ih))  -  in d de t (/ -  A: n( X + ih)).  (1.5 ) 

REMARK. I f the matrix functions k jr(t) o f e~h^LnXn satisf y th e condition s 

det(/ -  K rr(X ±  ih))  ^  0  ( - o o <  X  < oo ; r  =  1 , 2), 

then 

K(A) =  K- h(A) +  m x =  K H(A) + m 2, (1.6 ) 

where K±h(A) is the index of A  in the space e±htEn, an d mr(r =  1,2 ) i s th e number 
of zeros , wit h regar d fo r thei r multiplicities , o f th e functio n de t ( / —  Krr(X)) 
in th e strip |l m X\ < h. 

Indeed, formul a (1.5) implie s tha t 

K(A\ -  in d det( 7 -  K 22(l -  ih))  .  •  det( 7 -  K n(X -  ih)) 
K{A) ~  m d det( 7 - K n(l -  m  +  m a d e t ( / - t f n ( ; i + //*)) ' 

It i s no t difficul t t o observ e tha t th e first  adden d o f th e righ t sid e o f th e latte r 
equality equal s K~H(A),  whil e th e second , b y virtu e o f Rouche' s theorem , equal s 
mY sinc e th e functio n de t (I  —  K n(X)) i s analyti c i n th e stri p |l m X\  < h  and doe s 
not vanish on the boundary. The second equality of (1.6 ) is established analogously . 

We nee d th e followin g propositio n i n th e sequel . 
1 °. Let the  Banach space 33 i be contained in  the Banach space 3 3 and be dense in  it, 

and let  A x and  A  be  bounded  ^-operators  with  equal  indices  which  operate  in  33i 
tfw/33, respectively. If  A is  a continuation  of  A lf then  Ker A  =  Ke r A\. 

PROOF. The  inequalit y a(A x) ^  cc(A) 3) hold s sinc e 33 x c 33 . W e obtai n th e 
relation /3(^x) ^  (1(A)  from th e inclusio n 33 * c 33* , which i s a  consequenc e o f th e 
fact that S3i is dense in 33. The inequalitie s just obtained, togethe r with the equality 
K(A) =  K(A X), reduc e t o th e equalit y a(A)  =  a(Ai),  fro m whic h th e assertio n fol -
lows. 

3> For the notation, cf. §  11 of Chapter I. 
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THEOREM 1.1 . Let the  matrix functions kfa)  belong  to  e~hltlLnxn,j, r  =  1,2 , and 
satisfy condition  (1.4) . Then  equation  (1 ) has  the  same  solutions  in each  of the 
spaces eh{tlE. 

PROOF. Proposition 1  ° and Lemm a 1. 1 imply immediately tha t equation (1 ) has 
the same solution s in th e space s e m(Lp)„(p ^  1 ) and e* ,r|(Co)» sinc e th e inter -
section o f thes e space s i s dens e i n eac h o f them . No w let <p(t)  b e a  solution  o f 
equation (1) which belongs to eh^Mn. Then each coordinate o f the vector functio n 

o 
fa) =  J  k12(t -  s)<p(s)  ds 

—oo 

is the sum of n functions o f the for m 

<o(t) =  J  k(t -  s)X{s)  ds, 
— oo 

where k(t)  ee~ h^L an d X{t)  eemM. Considerin g th e functio n co(t)  fo r /  >  0 , 
we obtain w(t)  e  e~hiC0. As a  matte r o f fact , b y settin g k(t)  =  k(t)e~ ht an d X(t) 
— X(t)e~ht, we obtain 

\eht(o(t)\ ^ ?  \k{t  -  s)X(s)\ds 
— CO 

^ su p \X(s)\  J  \k(s)\ds  - > 0 ( / - • oo) , 
- O O < 5 < 0 t 

and th e functio n co(t)  is continuou s (cf . Gel'fand , Raiko v an d Silo v [1] , §  16, 
Lemma). 

Thus the vector function fa)  belong s t o e-^iC^n (t  >  0) , and a  fortiori t o the 
space e ht(Co)„. Le t us write the first equality o f (1) in the for m 

fa) -  J  ku(t -  s)fa)  ds  =  fa)  ( 0 <  /  <  oo) , (1.7 ) 
o 

where fa)  =  e~ htfa\ k n(t) =  e- htkn(t) an d X(t)  =  e~ htfa). Equatio n (1.7 ) i s 
obviously solvabl e i n th e spac e M n. Sinc e fa)  e  (C0)„, w e obtai n easil y fro m 
Theorems 4. 2 an d 6.1 , Chapter VIII , the fac t tha t ever y solutio n o f (1.7 ) which 
belongs to Mn also belongs to (C0)«. Therefore fa)  e  eht (C0)n (t  >  0) . 

The relatio n p ( - /)ee w(C0)n (t  >  0) i s establishe d analogously . Thu s fa)e 
ehltl (Co)* ; consequently fa)  belong s to any space e hltlEn. 

§ 2. Asymptoti c expansions of solutions of the general equation 

1. Let th e matrix function s k,{t)  belon g t o e~ h^LnXn,j =  1 , 2. Le t u s consider 
the equatio n 
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oo 0 

fit) -  f  kx{t -  s)<p(s)  ds -  J  k 2(t -  s)<p(s)  ds (2.1 ) 
0 —oo 

in the space eh^Ln (—oo<t<  oo) . 
Let us show that the equation (2.1) is equivalent to the boundar y value problem 

Yr ~  fn  +  S5 +2 +  5  =  ? n +  'S ' l ( - « > < A  <  oo) , (2.2 ) - [ / -  K 2Q -  ih)]Q-{l  -  ih)  = Q(X  -  ih))  y 

where 
oo 0 

0+Q +  ih)  = J  ip{t)e-M^dt, 0_( A -  /A ) = }  f{t)e»*eiUdu (2.3 ) 
0 —oo 

and th e vector function Q(J)  is the Fourie r transfor m o f som e vecto r functio n o f 

Indeed, le t u s denot e b y P  th e projectio n define d i n th e space e h^Ln b y th e 
equality 

WAi) ^  -cx><t<0, 

and let us set Q  =  /  —  P.  Let us rewrite equation (2.1) in the following form : 

oo oo 

(P<p)(t) -  jk.it  -  s)(P<p)(s)ds  =  -(Q<p)(t)  +  J  k& -  s)(Q<p)(s)ds. 
— oo —oo 

It is easy to verify tha t th e left sid e of the latter equality i s a vector function o f 
ewLm an d th e right , o f e~ htLn. Le t u s denot e thei r commo n valu e b y co(t).  The 
vector function o(t)  obviousl y belongs to e~h^Ln. W e obtain (2.2) by applying the 
Fourier transfor m t o th e equalitie s 

oo 

<?-*<(/»(0 -  e~*  j  kAt  -  s)(P<p)(s)ds  = e' M(o{t), 
— oo 

oo 

- «*(fi?>X O +  e M J hit -  s)(Q<p)(s)ds  =  e«a>(0-
— oo 

The vector functions 0±(z)  an d Q(z) admit continuation to vector functions whic h 
are holomorphi c respectivel y i n th e region s I m z >  h, Im z <  —  h  and |  Im z | <  h 
and continuou s there , includin g th e boundaries . Equalitie s (2.2 ) represen t a n n-
dimensional homogeneous  Hilber t problem wit h respect to the contour consistin g 
of the pair of parallel lines z =  X  ± ih 9 — oo <  X  < oo . 

We shal l hencefort h writ e th e vecto r function s {ai(t),--,a n(t)} concisel y a s 
WO}? -

THEOREM 2.1. Let  a  matrix function k(t)  e  e~hli]Lnxn possess  the property 
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det (I-K(X±ih))*0  ( - o o <  A  <  oo ) (2.4 ) 

and let the aj,j =  \,~-,m,  be  all of the distinct zeros of the function det (I — K(X)) 
in the strip |  Im X \ < h,  and the Pj, their multiplicities. Then  the  vector functions 

<Pjq(t) =  {e~ iajt Pj«M} nr=i U  =  U-,m;q  =  h-,Pj), 

where the  Pjqr(t) are  polynomials of degrees <*  pj —  \,form  a  basis of all solutions 
of the equation 

oo 

(pit) -  J  k(t -  s)tp(s)  ds = 0  (  - o o <  t  <  oo ) (2.5 ) 
— oo 

in any space eh^ En. 

PROOF. By virtue of Theorem 1.1 , equation (2.5 ) has the same solutions in all of 
the space s eh^En. Therefor e i t is sufficient t o establish the theorem fo r th e space 
emLn. I n this case equation (2.5 ) is equivalent to the boundary valu e problem 

[/ -  K(X  + ih))  0+(X + ih)  = Q(X  +  ih)A 
- [ / -  K(X  - ih)]  <PM - ih)  = Q(X-ih)f  (  ~  ° ° <  A  <  C °h ( 2 '5 ) 

The vector function s 0±(X)  and Q(X) which ar e a  solutio n o f problem (2.6 ) ar e 
uniquely determined b y each o f them. Therefore , whe n speakin g o f a  solution o f 
problem (2.6) , we shal l hav e on e o f thes e vecto r function s i n mind . I f Q(X)  i s a 
solution o f proble m (2.6) , i t i s no t difficul t t o ascertai n tha t th e vecto r functio n 
[/ — AXA)] -1£(/l) is holomorphic in the entire plane except, perhaps, for th e points 
a>, j =  l,-",m , whic h ar e pole s for i t o f orde r ^  pj  an d ten d t o zer o a t infinity . 
Consequently i t i s rational an d has the form 

[ / - j f w r W ) . { | i X ^ 7 } ^ > 

where th e Qj r(X) are polynomial s o f degree s ^  pj  —  1 . Since [/ —  K(X)]~ lQ(X) 
coincides with 0+(A) for I m X ^ h  and wit h -  &-(X)  for I m X ^ —  h,  we obtain , 
by virtue of (2.3), the fact that every solution o f equation (2.5) has the form 

( m 

e-WPjrit) \"  ( - o o <  t  <  oo) , (2.7 ) 
r = l 

where the Pjr(t) ar e polynomials of degrees ^  /? , — 1 . 
Let u s establis h tha t p  =  pj  linearl y independen t solution s o f equatio n (2.5 ) 

correspond t o each zero a  =  a> . To this end le t us transform th e matrix / —  K(X). 
A constant nonsingula r matri x A x exist s such tha t th e point X  = a  i s a zero of 

multiplicity q x ^  1  of th e first  colum n o f th e matri x ( / —  K(X))A^\  whic h w e 
represent i n th e for m ( J — K{X))A^ 1 =  GiD v Her e 
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A = 

where / 3 is a n arbitrar y numbe r wit h |  Im /3 | >  h,  whil e th e first  colum n o f 
the matri x Gx does not vanish at the point X =  a,  (i.e . at least one of its elements 
does not vanish). 

If qx <  p,  th e determinant of Gx vanishes at the point X  =  a,  an d we represent 
G\ analogously: GiA^1 = G 2D2. Continuin g this process, w e obtain the following 
representation of the matrix / —  K(X) : 

/ -  K(X)  =  GrDrArDr^Ar-y-DxAi, 

where the determinant of Gr does not vanish at the point X = a,  and qx H 1 - q r = 
p. Th e vector functions F^.k\X) defined by the equalities 

AtD^A^y-D^F™ = 

ra -  «)- iv 

0 

0 

(fc =  1,•••,/• ; /  =  1,•••,#* ) are linearl y independen t an d ar e solutions o f proble m 
(2.6). 

Thus w e hav e foun d p x -i \-p m linearly independen t solution s o f proble m 
(2.6): 

*W) ={ QJAX) 

(X -<*,)»• Jr=l 
0"= \,—,m;q  =  1,—,/>>) , 

where th e Qj qr(X) are polynomial s o f degree s ^  pj  —  1 . Definin g th e vecto r 
functions #>;<, ( 0 relativ e t o them , w e obtai n p x H  V  pm linearl y independen t 
solutions o f (2.5): 

( - o o <  t  <  cc;j  =  \,--,m;q  -  \,--,p,), (2-8) 

where the PJqr are polynomials of degrees ^  pj  —  1 . 
In orde r t o complet e th e theorem' s proof , i t remain s fo r u s t o sho w tha t al l 

linearly independent solutions of equation (2.5) are exhausted by the vector func-
tions (2.8). 

Lemma 1.1 implies that the index of the operator 

(/ -  JT)V  = <p(t)  -  f  k(t  -  s)<p(s)ds 
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in the space emLn i s defined by the equality 

K (/ - X)  =  ind det (/ - K(X  - ih))  - in d det (/ - K{X  + ih)). 

By virtu e o f Rouche' s theorem , th e righ t sid e o f th e latte r equalit y equal s 
Pi + ••• + pm- But j3(/ - X)  =  a( 7 - J f )* = 0 . As a matter o f fact, th e operator 
(/ —  JT) * operatin g i n the space e~ h^Mn i s of th e same typ e as the operator 
I — X.  Th e par t of the theorem which has been proved implie s that all solutions 
of the equation (/ — jf*)*y > = 0  in the space e h^Mn hav e for m (2.7 ) bu t none 
of the m ge t into th e space e~mMn. Thu s the equation (/ — jf) * tp  =  0 has only 
the trivial solution in the space e~ h^Mn\ consequentl y 

a(I -  jf ) =  K(I  - X)  =  px +••• + pm. 

The theorem is proved. 
The theore m jus t prove d implie s tha t i n th e cas e n  = 1  the function s 

<pjg(t) =  £-"*/'r$-i( y = = l,...,m;# =  1,•••,/>/ ) for m a  basi s o f al l solutions of 
equation (2.5) . Thi s resul t is well known (cf. E. Titchmarsh [1] , Theorem 146). 

LEMMA 2.1 . Let the  matrix functions kr(t) e  e~hlt] LnXn (r  = 1,2 ) possess the 
property 

det (/ - K r(X ±ih)) ^  0  ( - o o < X  < oo; r = 1,2) , (2.9 ) 

and let Bi and B2 be  bounded linear operators in the space eh^En which  map it into 
e~htEn andehtEn, respectively. Then  every solution <p(t) e eh^En of  the equation 

oo 

<p{t) - \  kx(t -  s)<p(s)  ds - (5^) ( 0 =  0 ( 0 < t  <  oo),] 
°o (2-10 ) 

<p(t) - j  k^t -  s)<p(s)  ds - (B 2<p)(t) =  0 ( - o o < t < 0)j 
—oo 

admits the representations 

HO =  {£ e-^PVk(t)Y +  9l (t), 

HO = { 2 e-*** P2jk(t)Y +  <p 2(t)9 

where the vector  functions (pi(t) and  tpzit) belong to the spaces e~~ htEn and  e^En 
respectively, a rj (r = 1,2 ; j =  l,--,m r) are  all of the distinct zeros of the function 
det ( / — K r(X)) in the strip \lmX\  < A, prj- are their  multiplicities, and Prjk(0 are 

polynomials of  degrees ^ prj- — 1 . 

PROOF. Let us observe first of all that if the condition 

det (/ - K{X  -  i*) ) ^0 ( - o o < X  < oo ) 
is fulfilled fo r a matrix function k(t)  e  e-h^LnXn, th e operator 
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(/ -  Jf)f  =  f{t) -  J  *(/ -  s)f(s)ds 
— oo 

is invertible in the space e~htEn. Indeed, b y virtu e of Wiener' s theorem4) a  matrix 
function q(t)eL nxn exist s such that /  —  Q(X)  = [I  — K(X  — ih)]~\  No w i t i s not 
difficult t o verify tha t the operator inverse to / —  j f i s defined b y the equality 

oo 

(/ -  J O - » / = / (0 -\q(f-  s)  e"^f(s) ds. 
— oo 

Now le t th e vecto r functio n <p(t)ee h{tlEn b e a  solution  o f equatio n (2.10) . 
Let u s writ e th e first  equalit y o f (2.10 ) i n th e for m 

oo 0 

HO ~  J  Ht  -  s)<p(s)ds  =  (B l(p)(t) -  I  k^t  -  s)<p(s)ds  +  <p-(t) 
— oo —oo 

(— o o <  t  <  oo) , wher e th e vecto r functio n <p-  (t) =  0  fo r /  >  0 . Thu s <p(t) 
satisfies the relatio n 

oo 

<p(t) -  J  k x(t -  s)<p(s)ds  =  (p(t)  ( - o o <  t  <  oo) , 
— oo 

where (p(t)ee~htEn. Th e operato r define d b y the lef t sid e o f the las t equalit y (le t 
us denote it by A) is invertible in the space e~htEn. Therefor e ther e exist s a unique 
solution (pi(t)e  e~ ht En o f th e equatio n Acp  =  <fj. Thu s A(<p  —  (pi)  =  0 , an d 
application o f Theorem 2. 1 leads to th e first  representation o f (2.11). The secon d 
equality o f (2.11) i s established analogously . 

THEOREM 2.2. Let the  matrix  functions  k jr{t) ee~ hUlLnxn (j,  r  =  1,2 ) possess 
the property 

det(7 -  Krril  ±  ih))  # 0  ( - o o <  X  < oo;  r  =  1,2) . 

Then every solution <p(t)eehU]En of  equation (1) admits the asymptotic expansions 

( m , ) » 

P ( 0 =  L  *-'" " Puk(t) +  *(*-» ) (t  -> oo), 
V> = 1  )  k  = l 

{ m2 \  n 

2 e~^  P 2JM +  o(e* 0 (t  -* -  oo) , 
where a rj (r  =  1,2 ; j  =  l , - ,m r) are  all  of  the  distinct  zeros  of  the  function 
det ( / - K rr(X)) in  the strip |  Im A| <  h 9prj are  their  multiplicities,  and  P rjk(t) 
are polynomials of degrees : § prj —  1. 

PROOF. Lemma 2.1 is applicable to equation (1) , since the operators 
4) Cf. Gel'fand, Raikov and Silov [1], §  17. 

(2.12) 
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(JTWXO = I  k 12(t - s)f(s)ds 
— oo 

and 

oo 

0 

map th e spaces eh^En int o th e space s e~ htEn an d ^f n, respectively . Theore m 1. 1 
implies tha t th e vecto r function s <pi(t)  an d <p 2{t) i n representation s (2.11 ) belon g 
to th e space s e~ ht(Co)n an d e ht(C0)n, respectively . Th e latte r i s equivalen t t o th e 
asymptotic expansion s (2.12) . 

COROLLARY 2.1 . Let the  matrix  function  k(t)e  e~ mLnxn satisfy  conditions  (2.4) . 
Then every  solution  <p(t)  e e ht En of  the  system  of  Wiener-Hopf  equations 

oo 

<p(t) - J  k(t  -  s)<p(s)  ds =  0  ( 0 <  t  <  oo ) 
o 

admits the  asymptotic  expansion 

9(0 =  {  £ e-^t  P Jr(t)Y +  o(e-»)  (t  - > oo) , (2.13 ) 

w/zere ctj,j=  l , -- , m , are  all  the  distinct  zeros  of  det( 7 — A^) ) m  the  strip 
| Im/ I |  <h,pj  are  their  multiplicities,  and  Pj r(t) are  polynomials  of  degrees 

COROLLARY 2.2 . Let  the  matrix  functions  kj(t)ee~ hlt] L nxn, j  =  1,2 , satisfy 
conditions (2.9) . Then  every  solution  (p(t)ee hlt^En of  the  system  of  pair  integral 
equations 

oo 

P ( 0 -  j  fci(* -  s)<p(s)ds  =  0  ( 0 <  *  < oo) , 
— oo 

oo 

<p(t) - J  k 2(t -  s)(p(s)ds  =  0  (  - o o <  /  <  0 ) 
— oo 

and the  transpose  system 

oo 0 

<p(t) - J  k x(t -  s)(p(s)ds  -  }  k 2(t -  .y)p(s)d i =  0 
0 —oo 

( - oo < t < oo) 

admits the  asymptotic  expansions  (2.12) . where  a rj(r =  1,2 ; y =  l , -- , m r) are  all  of 
the distinct  zeros  of  the  function det( 7 —  K r(X)) in  the  strip  |  Im X  \ <  h,  prj are 
their multiplicities,  and  P rjk(t) are  polynomials of  degrees  ^  p rj —  1. 

2. A s alread y noted , th e result s cite d abov e remai n vali d fo r th e discret e ana -
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logues o f th e respectiv e equations . Le t us , fo r example , formulat e th e discret e 
analogue o f Theorem 2.2 . To thi s end le t us agree o n th e following notation . Le t F 
be on e o f th e space s l p (p  ^  1 ; /j  =  / ) , m,  c  or c Q of sequence s o f comple x num -
bers £  =  {|m}^oo - B y Fn  we denote a s usua l th e linea r spac e o f sequence s o f n-
dimensional vector s whos e coordinates wit h th e sam e inde x k  ( = 1 , •••,«) for m a 
sequence o f F,  an d b y F n*n th e se t o f sequence s o f squar e nth  orde r matrice s th e 
corresponding element s o f which form a  sequence o f F. 

Let y  =  {7* m}-oo be a  numerica l sequenc e suc h tha t j m ^  0  fo r al l m.  W e shal l 
write f  e  y-Fif { T - " 1 ^ } ! ! ^ e  F. The spaces ^Fw and xF n^n ar e defined analogously . 

THEOREM 2.3 . Le r //i e sequences  of  matrices  {A% r))™=_QO (j,r = 1 , 2 ) belong 

to {A~ | w |}-oo4x«/^ some  h  >  1 , ara/ to  //z e matrix functions 
CO 

tf<">(0 =  £  ^ j " - ' ? ( r = 1,2 ) 
j=-oo 

possess the  property 

d e t t / ^ ) K A ± i ) ^ o (|C | =  l ; r = 1,2) . 

77*e« every solution  £  =  {fm}-o o o/f/i e infinite  system  of  equations 
oo - 1 

E4S,1i& + 2  4J» # = o (i « = o, i,-) , 
>= 0 J=-oo 

E AMJEJ  +  g  AW&  =  0  ( m =  -  1 , - 2 , - ) 
/ = 0 j  = -oo 

which is  contained in  {A |w,}-oo^n admits  the  asymptotic  expansions 

f« =  { ^ I ^ ^ T ^ C ^ ) } ^ +  <>{h™)  (m  -> -  oo) , 

where a rj (r  =  1 , 2; j ' = l,-« , ra r) ar e a/ / o / *7i e distinct  zeros  of  the  function 
det £/ (rr)(f) m  *7ze annulus h~ x <  \Z\  < h,  p rj are  their  multiplicities,  and  P rjk(t) are 
polynomials of  degrees  g  p rj —  1. 

§ 3 . Transpos e equatio n o f a  pair 

Let us denote by ^H h the algebra o f all functions o f the for m 

/ °? 
J a i ( r ) ^ dt  (I m z  =  h), 

s*(z) = c+ " -
J a 2 ( 0 ^ A  (I m z =  -  A) , 

\ - c o 

where fl 2(f) e  eht L, a 2(t) e  e~ht L  an d c  is a n arbitrar y comple x number . 
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The functions stf(z)  of the algebra 3ih are defined o n the contour consisting of the 
pair of straight lines Im z =  ±  A . Let us denote by 9?^ the subalgebra of 9?A which 
consists of all function s stf(z)  for whic h ax{t) =  0  for /  < 0 and a2(t) =  0  for /  >  0 , 
and le t us denote by 9?,~ the subalgebra of 3?/ , which consist s o f al l functions stf(z) 
for whic h a^{t)  = a 2(t) e  e ~h^L. Ever y function o f 9?̂ * admits continuatio n t o a 
function holomorphi c i n the region |l m z\ >  A (i . e. outsid e the stri p |l m z\ ^  A ) 
and continuou s righ t u p t o an d includin g th e boundary , whil e every functio n o f 
9J," admits continuation t o a  function holomorphi c inside the strip |I m z\ <  A  and 
continuous righ t up to and includin g the boundary . 

Every functio n &?(z)  e  9?A i s representable a s the sum o f tw o function s stf±(z) 
e 5Rf. As a matter of fact, i t is sufficient t o set 

(Im z =  A) , 

(Im z =  —  A) , 

(Im z =  ±  A) . 

It is easy to see that this representation i s unique to within a constant addend . 
Let the condition s 

stf(z) ^  0  (I m z =  ±  A) , j3/(oo ) =  1  (3.1 ) 

be fulfilled fo r a function jtf(z)  e  9?A. Let us introduce the notation 

Vl =  in d sf{X +  iA)|£=-oo , v 2 = in d sf{l -  &)]?=_„, 
K =  V 2 —  V i (= K{stf)). 

Let us consider an auxiliary function J^I(Z ) of 9}/, which is defined by the equality 

\(^-—^]K fo r Im z =  A, 

{ 1  fo r I m z =  —  A , 

where / I =  R e z and I m a  >  2A . Fo r it , K(S#I)  =  —  /r ; therefor e A:(J^I , jaO = 0 , 
i.e. th e functio n stf\(z)  annihilate s th e index of the function stf(z).  From results of 
I.C. Gohberg [1] it follows tha t th e functio n jtfi(z)s/(z)  admit s the factorization 

^ i W # ) =  G+(z)G-(z) 9 

where G±(z) e  SRjf, G±l(z) e  SRjf and G±(oo) =  1 . The equalities 

& {I  +  IA ) = G +(A +  iA)C7 - (A + /A ) ( 4 ^ Al ,  ,  x  , „ x 
\ A - a / ' ( - o o < ^ < o o ) (3.2 ) 

jtf U -  /A ) = G +(A -  ih)G-  ( A -  IA ) J 
follow from thi s factorization . 

s/+(z) =  c  +  < 
J [fli(0-«2(0]«*t f 

J te(0-0i(0]^* 

j^_(z) =  J  a£i)e*  *  +  J  A2(0 ^ * 
— oo 0 
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Now let us consider in the space eh]t]E the homogeneous integral equation 
CO 0 

<p(0 -  J kx(t -  s)<p(s)  ds  -  $  k2(t -  s)(p(s)ds  = 0  (3.3 ) 
0 —oo 

(— 00 < t < 0 0 ) , 

which is th e transpos e o f a  pair , wher e th e kj(t)  ee~~ hlt]L (j  =  1 , 2) and satisf y 
the condition s 

1 -  Kj(X  ±ih)^0 (-  o o <  X  < oo; j =  1 , 2). (3.4 ) 

Since, b y virtu e o f Theore m 1.1 , equatio n (3.3 ) ha s th e sam e solution s i n al l 
spaces ehME, it is sufficient t o consider this equation in the space e h^L. 

By virtue of (2.2), equation (3.3) is equivalent to the boundary value problem 

[n '  S  +  m Z+{n +  TZ + %  ( - c o <  a  <  co) , (3.5 ) -[1 -  K 2(X -  ih)]0~(X  -  ih)  = Q(X  -  ih)) 
[1 -  K^X  + ih)]0+(X  + ih)  = Q(X  +  ih),\ 

- [1 -  K 2(X -

where the function s 

M. (0+(X  + ih), m =  W -  ih), 
f0+(X + ih),  fo r I m z =  h, 

for I m z =  —  h 

and 0 (z)  belong to the algebras 3?̂ " an d 9? A ,  respectively. 
The functio n 

.. ,  f l -  K,(X  + ih), 
^(Z) - i l -  m  -  *). 

Im z =  h, 
Im z —  —  /*, 

belongs to 3th and satisfies condition s (3.1) , and consequentl y admits factorizatio n 
(3.2). 

Factorization (3.2) implies that for K(S#)  =  K  = Vz  —  v\  >  0  the general solution 
of problem (3.5) is given by the equalities 

M +  *> - G /x7%+(xihlw> 
0^(X - ih)  = -  -  , , P '-M -  ih)  -., , , 

G+(X —  ih)(X - a  —  2ih)K, ) 

(3.6) 

where PK-\(z) i s an arbitrar y polynomia l o f degre e ^  K  — 1. If, however , K  ^  0 , 
problem (3.5) , and consequently also equation (3.3) , has only the trivia l solution . 

LEMMA 3.1. Let a(t)  e  e_wZ,i(0, oo), and let n be  a  nonnegative  integer.  Then for 
Im 5 >  -  h 
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J (/ -  s)»  e~^-^a(s) ds  = o(e-* () (t  -» oo ) (3.7 ) 
t 

and for I m d  <  —  h 
t 

| (t  -  s) n e~id^a(s) ds  = o(e- M) (t  -  oo) . (3.8 ) 
o 

PROOF. Let us note that for an y r >  0  there i s a  constan t c  >  0  such that t n ^ 
cer' ( 0 ^  f  <  oo) . In particular, the inequality 

(S -  t) n ^  ceih+lmfiis-t)  ( ^ ^  j ) 

holds for I m 5 >  —  h. 
Relation (3.7 ) now follows from th e following estimates : 

CO i CO 

J (t -  s) n e-i8{*-5)a (s) ds ^  e lm 6t J (^ -  /) " ^"Im *|fl(s)|<f r 

CO 

< ^Imd * f  ce (h+lm 8)  {s-t)e~\m ds  \ a(s)\ds 

t 

oo 

= a?~ w J ehs\a(s)\ds = o(^-« ) ( f -> oo). 
t 

Turning to the proof of (3.8), we make use of the estimates 

\f(t- sY*e-*<*-*a(s)ds\  g  e~ ht \{t -  s) ne^^^^-^a^ais^ds 
' o I  o 

t 

= e~ ht J  J" e-£Sp(t -  5)* , 
o 

where p(t) =  e*'|a(/) | and e  = -  ( A + I m 5) >  0 . 
Let us show that th e last integral tends to zero as /  -> oo . Indeed, whatever th e 

positive number b <  t  may be, the relations 
t b  t 

j sn e~es p(t -  s)ds  =  J  sn e~£Sp(t -  s)ds  +  J  sn e~cs p(t -  s)  ds 
0 0  b 

t t 

fg su p s ne~ES J p(s) ds +  su p s n e~£S J p (/ —s)ds 
0 ^ $ < c o f—6 fc^s<oo & 

are valid, which implies that 

t 

lim J  snec~sp(t -  s)ds  =  0 . 
*-»oo 0 

The lemma is proved. 
As already noted , th e solution s o f equatio n (3.3 ) belon g t o eac h o f the space s 
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ehulE. I n order to formulate a  theorem concernin g the asymptotic s o f thes e solu-
tions, le t u s introduce i n addition the following notation : th e ay , j =  l,--- , n> ar e 
all of the distinct zeros of the function 1  — K X(X) in the strip |lmA | <  h,  and are so 
numbered thatlma i ^  I m a 2 ^  • • • ^ Ima„ ; the/? , ar e their multiplicities ; an d 
m =  pi  +  •  • • + /?„ . Le t * be some positiv e integer . I f A : < m,  le t u s denot e b y z 
the largest integer such that/?! +  •• • +  pT ^  k  and Im ar >  I m a r+1. 

Let condition s (3.4 ) b e fulfille d fo r th e function s k,{t)  o f e~ h^L (j  =  1,2) . 
Let us set /c = y 2 — vi > where 

va = in d (/ -  K x(l +  ih)\  v 2 = ind( l -  K 2(X - ih)). 

Let us set 

G(X) =  1  + Jr(')e' * * . 
o 

for a function 7*( 0 prescribed on the semiaxis 0 <  t  <  oo . 

THEOREM 3.1 Le/ K  >  0 . 7%e H the  following assertions are true. 
a) If  m  ^  tc>  a  function y{t) e  e^'L^O, oo ) ejtwt e such  that to  each zero  a = 

<*jj; =  !»•••>« , 0 / the  function 1  — ^i(A ) //i //*e s/n/J |l m A | <  h  there  correspond 
p = pj  solutions of equation (3.3) with the asymptotic expansion 

MO =  g-** S ( yi"(/-;)7 G 0 ) ^ +  0 ^W) ^  = 0 ' 1'-' * - ! > ̂ 3-9) 

as t -+ 00. 77ie remaining K  — m  linearly independent  solutions  belong to  any of the 
spaces e^E. 

b) If m > K 9 a function f(t) e  ^'£(0, 00 ) (Im ar+i <  c  <  I m ar) exists  such that 
to each  "upper" zero a  =  a y, j  =  l,*-- , r , f/*er e correspond  p =  pj  solutions  of 
equation (3.3) w/7A /Ae asymptotic expansion 

<Pr(0 =  e-o*  £  ( " ( r ° l ' 7 G 0)(«) +  £  P />(Oe-«'' +  0(e-* ) (3.10 ) 

(r = 0 , l,--, p  —  1 ) *w / -• 00 , where the  Pjr(t) are  polynomials of degrees exactly 
Pj — 1  ( 7 = 7+ I,---,  n,);  the  remaining K  — Pi — P2 —  '-  —  Pr linearly indepen-
dent solutions admit asymptotic expansions of the form 

Z Pj{t)e-*"  +  o{e~ ht) 

as t  -> 00, w/iere //se P / /) ar e polynomials of degrees  ̂pj  —  1 0= r  +1,--- , w). 

PROOF. Let us note that if the function 0+(A  + ih)  is the Fourier transform o f the 
function e~ u <p(t)  e  Li(0, 00) and 

0+(A +  ih)  = -  ( - O'G W + ft)/W -  5) r, 
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where Im 5 <  0  and 

G (X) = 1  + ]r(Oe at dt,  T  (0 6  ^Li(0, oo), 
o 

then 
tr-l p -i(d+ih)t 1  £ 

?>(') =  ( r _  i) , +  ( r _  1} , J  (' ~  sy-ie-<«+<»  «-')r (j ) «fe. (3.11 ) 

Equality (3.11 ) is obtained b y applying the inverse Fourier transform t o the func -
tion 0+(A +  ih). 

The general solution of problem (3.5) is, by virtue of (3.6), defined by the equality 

• + w +  ih)  =  GM+'m  + ay ( 3 J 2 ) 

In the case K ^ m  let us rewrite the latter equality in the form 

^ / , , x PK-MX  +  ih) 
0 ^ +  lh)  =  n; =1 (x + ih  -\)HX +  *Y-' (3 '13) 

where the functio n 

ax) =  n; =1(A-qyy/ 

which is holomorphic in the region Im A >  A , admits, by virtue of the first equality 
of (3.2), continuation to a function holomorphi c in the region Im X >  —A . I t is not 
difficult t o infer from thi s that the function G(X)  is representable in the form 

G(X)= 1  + ] r(t)e«<dt, 
o 

where 7-(f) e  e~~MLi(09 oo) . 
By virtue of equality (3.13), the function s 

*«*>(* +  ih)  = ~ ^ + ° ^ a y U  =  l , - , » ; A : =  I,-,/»y ) (3.14 ) 

and 

&?{X +  ih)=  " ( " ( f + ° ^ + t t ) ( r - l , - . « - m ) (3.15 ) 

form a  basis of all solutions of boundary value problem (3.5). 
Equalities (3.14 ) an d (3.11 ) impl y tha t to each zero a =  <xj 9 j  =  1,••• , n>  ther e 

correspond the/? =  pj  solutions of equation (3.3) 

MO =  - ^ ^ +  ^ r J  (' -  s ? e->"«-* r (s)  ds (t>0;k  =  0,. . , p -  1) . 
o 

They admit asymptotic expansions (3.9). 
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Indeed, 

p-iat r  ° ° - , 1  o o 

<P&) =  ^ r r  +  K ' -  ' ) * e l ^ ^ * ] "  X T I( / ~  s)k  e ~ia(t-s)r(s) ds. 

By virtu e o f (3.7) , th e las t integra l i s o(e~ ht) as t  -» oo , and th e expressio n i n 
square brackets equals 

2(-/yC^*-'G('>(a), 

since 
oo 

I sj&asjfs) ds = ( - f) y 6 w(a) . 
0 

Relative t o th e function s (3.15 ) we find  K  — m linearly independen t solution s 
of equation (3.3), of the form 

<p(0 = - T- +  4- J  (r -  *)'e-*«-'> r (5) A, 
r. r. Q 

where / 3 =  —  a +  if t (I m /3 <  —  ft). They al l belon g t o any space e~*'£ . Indeed , 
this is obvious for the first addend and follows from estimate s (3.8) for the second. 

Let u s observ e tha t th e existenc e o f K  — m linearl y independen t solution s o f 
equation (3.3 ) whic h belon g t o an y spac e e~ htE follow s als o fro m th e equalit y 
K = K-h  + w , where tc-h  is the index of equation (3.3) in the space e~ ME (cf. (1.6)), 
and from th e fact that in the case K~H  ̂0  equation (3.3 ) has precisel y K~H  linearly 
independent solutions in the space e~htE. 

Turning t o consideratio n o f th e cas e K  < m,  le t u s rewrit e equalit y (3.12) , 
which gives the general solution o f problem (3.5) , in the for m 

where q =  pi  +  •• • +  p T> and the function 

G (X)  =  _ n k J » Z J ^ L _ f w G+(X)(X  +  a-ih)* 

which is holomorphic in the region Im X >  ft, admits, by virtue of the first equality 
of (3.2), continuation to a function holomorphi c in the region Im X >  —ft , with the 
exception o f the points ctj,j=z  +  I,--- , n, which ar e poles for i t o f order pj. By 
detaching th e su m of the principal part s o f th e function G(X)  relativ e to it s poles 
aj9 j =  z  +  1 , •••,«, it is easy to obtain the fact tha t 

G(X) -  t  ,/i (A> .  =  1  + ]p(t)e»<dt, 
/=r+l \ A a JJ '  0 
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where p(t)  e e~ htLx(0, 00 ) an d dj(X),  j =  z + l,-- , n,  ar e polynomial s o f 
degrees ^  pj  — 1 . For ImA > Im ar+i th e sum o f the principa l part s o f the 
function G(X)  admit s the representation 

S n-„\p t =l«t!W udt (ImA>Ima r+1), 

where 

and the 2X0 are polynomials of degrees exactly pj —  1 . 

Thus 
oo 

GQ) =  l  +  j " r(0eiXtdt (I m A  > Im a T+1), 
o 

where j(t)  =  p( 0 +  co(t)  e  e"Li(0, oo) (I m a r+i <  c < Im aT). 
By virtue of (3.16), the function s 

*?•»(* + *) = " (i"+ft^at).tt) ° ' = I, ""*T;*
 = *''"'^ (3 '17) 

and 

0$ {X  + ih) =  - ^ 0 ^+ ft)  ( r ,  j , . . . , *  _ „) (3.18 ) 

form a basis of all solutions of problem (3.5). 
Applying (3.11 ) to the function s (3.17) , we obtain th e fac t tha t to each uppe r 

zero a = a^j =  l,-',r , ther e correspond the/ ? =  pj solutions o f (3.3): 

tL p-iat  1  t 

Vk (0 =  iMrr~ +  TT J  (' - *) * e-*"*-^ r(^) * 
/C . * • 0 

= [nF r +  TV  *( ' ~ s ) k e - < a ( t - s ) r(*)  ds] 
1 OO 1 OO 

"" TT I ( ' "" **)* ^~,a(r_5)co(^)* - -^r - j  (r - s) ke-^t~5^p(s)ds 
K. t K. t 

(t>0;k= 1 , •••,/>- 1). 

As was shown above, the expression in square brackets equals 

the las t integra l in the expression for <pk(t) is, by virtue o f (3.7), o(e-u) a s t -» oo; 
and th e penultimat e integral , as is easy to see, represents a  function o f the sam e 
type as co(t).  Thus w e obtain expansio n (3.10) . 
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To th e function s (3.18 ) there correspond , by virtue o f (3.11) , K — q  linearly in -
dependent solution s o f equation (3.3 ) of the for m 

<p(t) =  ^- +  4rUt- sYe-w-*p(s)  ds 
r. r.  0 

i * 
+ - j - J (* - sYe-W-»a>(s)  ds  (t  >  0), 

r* o 
where /3 = -  a  +  ih  (I m /3 < —  h).  W e hav e alread y evaluate d th e su m o f th e 
first two terms. It is o(^~w) (t  - • oo) ; the last integral, as is easy to see, equals 

£ Pj  (t) e-'"**  +  oie-M)  (t  -• oo) , 

where the Pj(t) yj =  r  +  l,-- , « , are polynomials of degrees ^  Pj  — 1. 
The theorem i s proved. 
Analogous asymptoti c expansion s hol d a s t  -• —  oo . They ar e determine d b y 

the zero s of the function 1  — K 2(X). 

§ 4 . System s of Wiener-Hopf equations 

The result s o f th e presen t sectio n represen t refinement s o f th e asymptoti c ex -
pansions (2.13 ) o f th e solution s o f th e homogeneou s syste m o f Wiener-Hop f 
equations 

oo 

<p (/) -  J " k(t  -  s)<p(s)ds  = 0  ( 0 <  t  <  oo) , (4.1 ) 
o 

where the matri x function k(t)  belongs to e~hM Lnxn an d its Fourier transform K(X) 
satisfies th e conditions 

det ( / -  K(X  ± ih))  ^ 0  ( - o o <  X  < oo) . (4.2 ) 

Equation (4.1) is considered in the space ehtEn. 
1. I t follows easily from Theorems 2.4 and 6.1 of Chapter VIII that if conditions 

(4.2) are fulfilled, th e matrix function /  -  K(X  +  ih)  admits the factorizatio n 

I-K(l +  ih) = G- (X) l(j^~)%k 

(- 00 < X < 00), 

G+(X) (4.3 ) 

where I m a  > 2h,  m  ^  tc 2 ^  • • ^  * » ar e integer s calle d th e right  indices  of th e 
matrix function /  —  K{X  + ih),  and G±{X)  ar e matrix functions respectivel y holo -
morphic in the uppe r an d lowe r half-plan e an d continuou s ther e right up to and 
including the boundary. Thei r determinant s d o no t vanish i n the respectiv e half -
planes. Moreover , 

CO 

G±(X) = /  +  J  g±(± t)e± Mdt, 
o 
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where th e matri x function s g±(t)  belon g t o L nXn an d i n al l o f th e space s e uEn 

equation (4.1 ) ha s th e sam e solutions , whic h for m th e linea r manifol d a  = 
— (K$  +  Kp+i  + •• • +  K n) of finite  dimension , where th e KJ  are al l o f th e negativ e 
right indices . 

Let u s introduce th e followin g notation : the ctj9j =  1 , •••,**, are al l o f the distinct 
zeros o f th e functio n de t ( / —  K(X)) i n th e stri p |  ImA [ <  A , so numbere d tha t 
Imai ^  Ima 2 ^  •• • ^ I m ar; the/?, are their multiplicities; and m =  p x +  •• • 4 - pr-
If th e inequalit y m  >  —  KJ  is fulfille d fo r som e negativ e righ t inde x KJ  (< 0) , 
let u s denot e b y zj  th e larges t intege r suc h tha t p x +  •• • +  p?  ^  —  Kj  an d 
Im a Tj >  I m a Tj+r 

THEOREM 4.1 . Let  conditions  (4.2 ) be  fulfilled  for  a  matrix  function  k(t)  of 
e-hltlLnXn, and  let  Kp,-- 9Kn be  all  of  the  negative  right  indices  of  the  matrix 
function I  —  K(k  +  ih).  Then  the subspace  of  all  solutions  <p(t)  e  eHEn of  equation 
(4.1) can  be decomposed  into  the direct sum of the subspaces Rj9 j =  /3 , • • •,«, with bases 

<p[J\t),-, <p%(t)  (4.4 ) 

of the  following structure: 
a) If  —  Kj  ^ m,  the  first m  vector  functions of  the  basis  (4.4 ) admit  the  following 

asymptotic expansions  as  t  -> oo : 

{e-^PfflU +  o(e-* 9 ( v =  1 , - , r;fi=  \,-,p v), (4.5 ) 

where the  P$(t)  are  polynomials  of  degrees  ^  p  —  1, 0/2* / /A e vector  functions 

<Pm+i (0>*-* , V-lfJ)  belong  to  any  space  e~ htE„. 
b) If  —  Kj  < m,  the  first # / =  /> i +  •  • • 4- />Ty vector  functions of  the  basis  (4.4 ) 

admit the  following asymptotic  expansions  as  t  - • 00 : 

{v =  l 9'"9zj'9fi =  l 9-,pv)9 (4.6 ) 

wAere fA e JP£$( 0 ar e some  polynomials  of  degrees  ^  fi  —  1, /A e P^Lffi  we  poly-
nomials of  degrees  S  Ps  — 1 (. s =  2 7 + l,--- , r) , and as t  -+  00  the vector functions 
<PqJXi(t)9--9 <p {i\ (t) admit  asymptotic  expansions  of  the form 

{ £  e-^Plp{t))» l=l +  o(e->«) 9 (4.7 ) 
^ 5 = ^ + 1 > 

where the  P^{t)  are  polynomials of  degrees  ^  p s —  1 (s  =  Zj  + l,-" , r) . 

PROOF. Equatio n (4.1 ) considere d i n th e spac e e^Ln  i s equivalen t t o Hilbert' s 
boundary value problem 

[/ -  K(X  +  ih)]0+(X  +  /A ) = £ _ ( A + /A ) (4.8 ) 
( - 0 0 <  A  < 00) , 
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where 

$+(A + ih)  =  J  yiDe-Wdt, 
o 

B-(X +  ih)  = |  bi^e-Wdt, 
—oo 

oo 

b(t) =  -  J  k  (t  -  s)(p(s)ds  ( - o o <  t  <  0). 
o 

(4.9) 

The vecto r function s 0+(X)  and B~(A)  admit continuatio n t o vector function s 
which are respectively holomorphic in the half-planes Im A  >  h  and I m A <  h  and 
continuous there , includin g the boundary . 

The general solution of problem (4.8) is, by virtue of factorization (4.3) , defined 
by the equalit y 

0+a + ih) - ^w{o,-, £ ? ^ , -, -£r#y > 
where P- Kj~i(X) i s a n arbitrar y polynomia l o f degre e f g —  & y — 1 (y = /3 , 
/3 + l,--- , n) , there bein g i n correspondence with each right index KJ <  Othe —  KJ 
linearly independen t solution s of problem (4.8) which are defined b y the equality 

*<*>(A + ih)  =  G~\X)  JO,-, jff^~,  0 , .-, o}. (4.10 ) 

In the case —  K,  ^ m  le t us rewrite the latte r equalit y a s 

0?tt+ ih)  = G(X + ih)m 

where the matrix functio n 

n,L,( ; t+ /A-£*,)*( * +«) " 
, 0, •• , ol (4.11 ) 

Q -  ih  +  tf) m 

which is holomorphic in the region Im 1 > h,  admits, by virtue of (4.3), continuation 
to a  matri x functio n whic h i s holomorphic i n th e region Im X > —  h.  Hence it is 
not difficult t o infer that it is representable in the form 

G(A) =  / + J  r (t)e™dt, 
o 

where j{t)  e  e~ hiLnXn. 
By virtue of (4.11) the vector function s 
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*<?»« + m = GQ  + m{o,-,(X +  il!_avr o,.,o } ) 
(v =  \,2,---,r\[x  =  1,2,-•-,/>„) , 

4>f\X + ih) = Gtf +  ih){0>">(xlay> ° > - ' °} 
(i> = 1,2,-- , - *> • - w ) 

(4.12) 

form a  basis of the subspace of those solutions of problem (4.8) which correspond 
to the right index KJ. 

Let us define relativ e to th e vector functions 0^ Vfl)(X + ih),  and with the help of 
the first equality o f (4.9) , vector functions cp$(t)  whic h are solutions o f equatio n 
(4.1). Each coordinate of one of these vector functions ha s the form 

t 

f(t) = = ctf-i e~ ia»x +  J " (t  - sY~ l e- ia»{t~s) a(s) ds, 
o 

where c  is a  numbe r an d a(t)  e  e~htL is a  function dependin g o n j , v,  p  an d th e 
subscript of the coordinate. It is easy to see that 

oo 

/ ( / ) =  e~^P{t)  +  j  (t - sy-i  e-«*v(*-s ) a(s) ds, 
t 

where P(t) i s a polynomial of degree g  fi  —  1 . By virtue of equality (3.7), the latter 
integral is o(e~ht) as t  -> oo. 

Thus the vector functions <p$(t)  admit asymptotic expansions (4.5). 
Relative t o th e vecto r function s 0^ V) w e find  —  KJ  — m  linearly independen t 

solutions of equation (4.1). By developing an analogous argument it is not difficul t 
to obtai n th e fac t tha t thes e solution s belon g to an y spac e e_/*2s«. 

Turning t o consideratio n o f th e cas e -  KJ  <  m,  let u s rewrite equality (4.10) in 
the for m 

•?>(* + ft) = G#  +  ft) {<>,., W^ + i t ^ + ~ ^ g ; 0,- , 0 } (4.13) P—-1W 
\u''"' m'=,y + i 

where the matrix functio n 

which is holomorphic in the region Im X > h, admits, by virtue of (4.3), continuation 
to a matrix function whic h is holomorphic in the region Im (X) >  —  h,  with the ex-
ception o f the points a 59 s =  Tj  + 1, - r , whic h ar e pole s fo r i t o f orde r g/? s. By 
detaching the su m o f th e principa l part s o f th e matrix functio n Gj(X)  relative t o 
its pole s a s, s  =  TJ  -f l,-- , r , i t i s eas y t o obtai n th e fac t tha t fo r I m X  > 
Im aT.+i it i s representabl e in the form 
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OO 

Gj(X) = / +  J  n{t)emdt (I m I >  Im aT/+1), 
o 

where 77(f) = p ;(0 + <i)j(t) 9 pj(t)  e e-^Lnxn, an d 07(f) is a matrix function whos e 
elements have the form 

where the 6,(0 a re polynomial s of degrees ^  p s —  I. 
By virtue of equality (4.13) , the vector function s 

« +  * > =  G +*+ ih)  {°'-« Tirsr^F'0--' °1 
(v = 1,2,-•-,*/ , j w = 1,2,-yPv) 

and 

*W(A + tt) =  Gj(X  + ifc){0,.- , ( A ^  fl)y , 0,.-,0 } 

(y = 1,2,— , -  Kj  - qj) 

form a  basis of the subspace of those solution s of boundary valu e problem (4.8) 
which correspond to the right index Kj. 

By making use of the estimates obtaine d in the preceding section i t is not diffi-
cult to establish the fact tha t the solutions of equation (4.1 ) which are defined by 
means of th e vector functions 0 ^ (%  +  ih)  and 0^v) (X  +  ih)  admit asymptoti c 
expansions (4.6) and (4.7). 

In orde r to complete the proof o f the theorem, let us observe that the solutions 
of equation (4.1) which correspond to distinct right indices are linearly independent. 



REMARKS ON THE LITERATURE 

Chapter I 

Basically the results of I. C. Gohberg [1 , 2, 3] are presented in this chapter. The 
presentation i s developed i n th e settin g o f hi s article [3] . The abstrac t result s ar e 
cited in somewhat less space than in the article cited above; however they are pre-
sented in more detail and are supplemented with several new ones. 

§ 1 . Proposition s 5° — 8° were established jointly with F. V. Sirokov. 
§ 4. Th e results of this section are published here for the first time. 
§ 5. Theore m 5.1 in its sufficiency par t generalizes a well-known theorem of M. 

G. Krein [4] on the factorization o f functions expanding into absolutely convergent 
Fourier series. The proof carried out here is simpler than in the cited article. 

P. Masan i [1 ] was the first  t o prov e a  lemm a analogou s t o Lemm a 5.1 , b y a 
method different from the one advanced here (cf. M . S. Budjanu and I.C. Gohber g 
[1]). The latter proof was presented earlier by H. Cartan [1] in a specific case. There 
are propositions similar in content and proof to Lemma 5.1 in G. Baxter [1] , G. F. 
Mandzavidze [1] , G. F . Mandzavidze an d B . V. Hvedelidze, [1] , I. B . Simonenko 
[2], F. B. Atkinson [1], Gohberg and Krein ([5], Chapter IV, §  4), and Budjanu an d 
Gohberg [1 , 3]. In the proof w e basically follow th e book o f Gohberg and Krei n 
[5], where this lemma is put forth in a more general setting. 

§ 7. Th e result s of this section are generalizations o f M. G . Krein' s result s [4] 
established for functions expandin g into absolutely convergent Fourier series. 

The concept of the symbol of a singular integral operator was introduced for the 
first tim e b y S . G.  Mihli n [2] . Concerning th e relationshi p betwee n th e symbo l 
introduced i n thi s section an d th e symbo l o f a  singula r integra l operator , cf . th e 
Remarks on §  6 of Chapter V. 

§ 8. Theorem s 8.1 and 8.3 were established by M. G. Krein [4]. The formula fo r 
the resolvent f(t,  a)  at the end of this section is also due to Krein [8]. Theorem 8. 2 
was obtained in a somewhat different for m b y I. S. Cebotaru [1]. 

Equations with vanishing symbol are not considered in this book. A whole series 
of articles is devoted to these questions (for example , F. D. Gahov and V . I. Sma-
gina [1] , V. B . Dybin [1] , V. B . Dybin an d N . K . Karapetjan c [1] , Z. Presdor f 
[1, 2], M. I. Haikin [1 , 2], and G. N. Cebotarev [1 , 2]). 

247 
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Chapter I I 

§ 1 . Theore m 1. 1 was communicated t o the authors by A. S. Markus. 
§ 2. Theore m 2.1 was established by N. I. Pol'skii [1]. 
§ 3. Theore m 3.1 was proved by S. G. Mihlin [1] for the case when the perturbed 

operator i s positive definite an d th e projections P T = Q t ar e orthogonal . 
L. E. Lerer [1 ] recently prove d a  theorem fo r th e Hilber t spac e case which in a 

certain sense is a  converse of Theorem 3.1. 
§ 4. Theore m 4.1 is due to A. S. Markus [1]. 
§ 5. Al l the results of this section were established by A. S. Markus [1]. Theorem 

5.1 represents a refinement of a theorem of G. M. Vainikko [1], in which it is proved 
that the operato r A  has for m (5.2) i f A  e  JI{Pn, Pn}, wher e Pn (n  =  1 , 2,---) is an 
arbitrary sequenc e o f finite-dimensional  orthoprojections convergin g strongly t o 
the identity operator. Vainikko's method is utilized in the proof of Theorem 5.1. 

§ 6. Theore m 6. 2 wa s establishe d b y A . S . Marku s [1] . Its proo f i s base d o n 
Theorem 6.1, which was obtained by A. Brown and C. Pearcy [1] in connection with 
a problem on commutators. 

Chapter II I 

§ 1 . Th e result s o f thi s section were obtained b y the authors [1 , 4] . 
Condition 2 ) in Theorem 1. 1 i s essential. Thi s can b e ascertained fro m th e fol -

lowing example . Le t a n isometri c operato r V,  a  lef t invers e o f i t K (_1), an d th e 
projections P n (n  =  1 , 2,--«) be defined i n /2 by the equalities 

V&}? =  {0 , &,(>,&,...}, KC-«{€y}~ =  {£ * &,&•••}, 
^{?;}r = {^-^-0,0,...} . 

Let u s denot e b y A  a n operato r i n 5K(K) , by A(Q  (|C | =  1 ) it s symbol , and b y 
0/ 0 =  0 > ± I?"*) the Fourier coefficients o f A(Q. The following propositio n holds . 

For th e projection metho d (/>„ , Pn) to b e applicable to a n operato r A  o f 5R(K) , 
it is necessary and sufficient tha t A(Q #  0  (|C | =  I) , that ind A(Q =  0 , and that all 
the matrices ||a>_j fe||jjt=1 (n  =  1 , 2,*--) be invertible. 

This result was established by A. S. Markus and I. A. Fel'dman. 
§ 2. Th e second assertio n o f Theorem 2. 1 was established fo r th e first time by 

G. Baxter [2] in the space lx under the condition that the function a(Q  expand int o 
an absolutel y convergen t Fourie r series . Hi s proof, whic h i s different fro m ours , 
is cited in this section . 

Theorem 2.2 was proved by G. Szego for the case when the function a(Q  is non-
negative and the functions a(Q  and log a(Q are absolutely integrable. It was proved 
by G. Baxter [2] on the assumption that the functions a(Q  and log a{Q belong to a 
Wiener algebr a wit h weight . 

Theorems concernin g projectio n method s fo r solvin g Wiener-Hop f equation s 
with vanishing symbol have been proved b y Gohberg and Levcenk o [1 , 2, 3]. 
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§ 3. Th e second assertio n o f Theorem 3. 1 was prove d i n th e space Lx b y I . S . 
Cebotaru [1]. 

The second assertion of Theorem 3.2, as well as the remark concerning the Galer-
kin method for the nonzero index case, was established by V. V. Ivanov and E . A. 
Karagodova [1] (cf. also V. V. Ivanov [2]). 

§ 4. Furthe r development o f the theory of multivariate Wiener-Hopf equation s 
is contained in I. B. Simonenko's articles [4, 5]. 

§ 5. Th e method cited for calculating the index is due to V. L. Zaguskin and A. 
V. Haritonov [1]. 

The Schur-Kohn direc t method o f determining the index o f a  polynomial rela -
tive to the circle should also be noted. This method is presented in N. N. Meiman's 
article [1] (cf. als o M. G. Krein and M. A. Naimark [1]). 

§ 6. Theore m 6.1, in a different form , unde r the additional assumption that the 
polynomials x(Q  =  £[ [ XjQ and y(Q  =  T^y-jV  d ° n ° t vanis h on the uni t dis k 
|C| ^  1 > was established b y G. Baxte r and I . Hirschman [1 ] (cf. als o M. Shinbrot's 
article [1]). A. A. Semencul [1, 2] established formula (6.3) under the same assump-
tion. A clearer proof o f Baxte r and Hirschman' s theore m als o belongs to this au-
thor. Thi s proof, which makes  use of a  transition t o infinite-dimensiona l discret e 
Wiener-Hopf equations, was cited in the Russian edition of the book. 

The result s o f thi s sectio n wer e established i n Gohber g an d Semencul' s articl e 
[2]-

The determinant o f the matrix &> in the formulation o f Theorem 6.3 is the resul-
tant o f th e polynomial s y(Q  =  y Q^n + y~i  C* -1 +  •• • +  y~ n an d x{Q  =  x nC,n 

+ Xn-iC?' 1 +  •• • 4 - x0; thu s th e conditio n o f th e nonsingularit y o f th e matri x 
gP can be replaced b y th e following : th e polynomial s x(Q  an d y(Q  d o no t hav e 
common roots . 

For a  hermitian Toeplitz matrix jtf„  the latter condition i s equivalent to the fac t 
that the polynomial y(Q  doe s not have roots on the unit circle and that among its 
roots ther e i s n o pai r o f root s specularl y situate d relativ e t o tha t circle . M . G. 
Krein [5] proves Theorem 6.3, so formulated, by a different method in the case when 
a Toeplitz matrix stfn is hermitian. 

§ 7. Th e result s o f thi s sectio n wer e established b y I . C . Gohber g an d N . Ja . 
Krupnik [8]. 

Comparing the results of §§ 6 and 7, we naturally arrive at the following question. 
Do ther e exis t fo r ever y nonsingular Toeplit z matrix j / n =  ||tf/_*||*£ =0 number s 
v and fi ( 0 g  v  <  ft  ^  n)  such tha t the matrix s/'1 i s uniquely determine d b y the 
solutions So,---, sn and t 0, •••, /„ of the equations 

n n 

E Qj-k  Xk =  Sj v, 2  aj-k  zk =  d jfl, j  =0 , l,--- , nl 

An affirmative answe r to this question would mean that the numbers aj (j  =  0 , 
± !,-•• , ±  n)  are uniquely determined by the equations 
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k=0 
j = 0 , 1,-v*. (*) 

From the example of the matrix 

^ 3 = 

10 0 1  11 
0 0  0  1 
1 0 0  0 
1 1  0 o| | 

it ca n b e ascertaine d tha t th e latte r doe s no t hold ; i . e., whatever th e numbers v 
and fi  ( 0 ^  v  ^  / / ^  3) , the numbers aj  (j =  0 , ±1 , ±2 , ±3 ) are no t determine d 
uniquely b y the equations (*) . 

§ 8. I t i s possible to derive Theorem 8. 1 in a  different form , unde r som e addi-
tional assumptions, from the abstract results of I. Hirschman [1 , 2]. A. A. Semencul 
[1] established formula (8.4 ) under these additional assumptions . Hi s proof o f this 
theorem, whic h i s base d o n th e transitio n t o Wiener-Hop f equations , wa s cite d 
in the Russian edition of the book. The results of §  8 were established by Gohberg 
and Semencu l [1] . Theorem 8.2 , i n a  differen t for m fo r hermitia n kernels , wa s 
established by M. G. Krein . 

The results of § § 6 and 8  have som e point s o f contiguit y with the fundamenta l 
research o f M. G. Krei n [ 1 -3] o n the theor y o f inverse problem s o f the spectra l 
analysis of differential equation s (cf. als o Gohberg and Krei n [5]) . Unfortunately, 
this connection has remained beyon d th e limits of the book . 

Questions on approximating the spectrum for the operators considered her e are 
studied i n L . E. Lerer's paper [2]. 

Chapter I V 

The basi c results of thi s chapte r wit h thei r detaile d proof s ar e bein g publishe d 
here for the first time. 

§ 1 . Lemm a 1. 2 i s a specia l case of one of I . B . Simonenko's proposition s [2]. 
§ 2. Th e result s o f thi s sectio n ar e formulate d i n I . C . Gohberg' s articl e [4] . 

Part o f the m wer e obtaine d earlie r b y H . Wido m [1] . The generalizatio n o f th e 
results o f thi s sectio n fo r h p space s (consistin g o f th e sequence s o f th e Fourie r 
coefficients o f th e function s i n H p) wa s obtaine d b y Gohber g an d Krupni k [7] . 
Recently P . V . Duducav a [1 ] generalized th e result s o f thi s sectio n t o operator s 
defined i n l p ( 1 <  p  <  oo ; p ^  2 ) b y Toeplit z matrice s ||<*,•_ * ||?°&=0 consisting o f 
the Fourie r coefficient s o f sectionally Wiene r functions . 

§ 4. Th e results of this section were established b y Gohberg [4] . They have no t 
yet been generalized t o the spaces hp and l p. 

§ 5. Theore m 5. 1 i s a special case o f a theorem o f LB. Simonenk o [2] . Theo-
rems 5.2 and 5. 3 were established b y Gohberg [4]. 
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The class o f function s M R wa s introduce d i n Simonenko's article [2]. Another 
equivalent definition of this class is given there. Let us cite it. 

A measurable function/(Q belongs to the class MR if it satisfies the following two 
conditions: 

a) es s inf|C,=1 |/(C)| >  0  and ess sup|CI=:1 |/(C)| <  oo . 
b) A  covering of the circle |C | = 1  by ope n arc s exist s suc h tha t th e value s o f 

the function f(Q o n each of them lie inside some angle less than TT, with its vertex 
at the point C =  0 . 

Chapter V 

The presentation in this chapter is conducted in the setting o f I . C . Gohberg's 
article [3]. The general theorems for several classes of pair operators are first estab-
lished in the abstract case, and then the basic statements concerning various con-
crete pair systems and their transposes are derived from them. 

In contrast to Gohberg's article, here the simple relationship between pair equa-
tions and corresponding equations o f the first chapter is exploited. This relation-
ship noticeably simplifies the proofs of the necessity o f the conditions in the basic 
theorems. 

§ 1. Th e results of this section are being published here for the first time. 
§ 2. Theore m 2.1 was established by Gohberg [3]. 
§ 3. Theore m 3.1 was obtained by Gohberg [3] . It is a generalization of earlier 

results of Gohberg and Krein [3]. 
§ 4. Theore m 4.1 wa s established b y Gohberg and Krei n [3]. 
§ 5. Theore m 5.2 was obtained by Gohberg and Krupnik [1]. There is a gener-

alization of this theorem in articles [2, 3] of the same authors. 
§ 6. Well-know n proposition s concernin g singula r integra l equation s (cf . N . 

I. Mushelisvil i [1 ] and S . G . Mihli n [2] ) can be obtained from the results of §  2. 
Theorem 6.1 was established by I. C. Gohberg [3], I. B. Simonenko [1] , and B. V. 
Hvedelidze [1, 2]. Theorem 6.2 was established by Gohberg and Krupnik [1]. 

The definition o f symbol cited here is due to S. G. Mihlin [2]. Natural consider-
ations lead to the fact that the function c( 0 shoul d be regarded as the symbol of 
the operator Pc{QP \HP. This agrees with the definition of the symbol of a Wiener-
Hopf operator. 

Chapter VI 

The basic results of this chapter were established by the authors [1, 3]. 
§ 2. Th e last assertions in Theorems 2.1 an d 2.4, as well a s Theorems 2.2 and 

2.3, were established by I. C. Gohberg and V. G. Ceban [1] under certain additional 
restrictions. Le t u s not e tha t th e condition s o f applicabilit y o f th e projectio n 
method analyzed in the case when the functions a(Q and b(Q are piecewise continu-
ous stil l have not been determined. 
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§ 4. Th e sufficienc y par t o f Theore m 4. 1 unde r certai n additiona l restriction s 
was established for the first time by V. V. Ivanov [1 , 2]. 

Some of the results of this chapter have been generalized to the case of singular 
integral equation s alon g a n arbitrar y close d contou r (cf . Gohber g an d Spigel ' 
[1, 2] and Spigel ' [1 , 2]). 

Chapter VI I 

The authors' results [5, 6] are presented in this chapter. 
Part o f th e result s o f thi s chapte r wer e obtaine d b y R . G . Dougla s an d L . A . 

Coburn simultaneousl y wit h th e authors . Furthe r developmen t o f thi s chapter' s 
results can be found in Semencul [3] and Gohberg and Semencul [1]. 

§ 6. Th e question concerning the conditions of the applicability of the projection 
method t o pai r integra l differenc e equation s an d thei r transpose s remain s open . 

Chapter VII I 

§ 1 . Th e results of this section generalize certain result s o f Gohberg and Krei n 
[2]. 

§2. Theore m 2. 1 was establishe d b y Gohber g [2 , 3]. (A generalizatio n o f i t 
can b e found i n Budjanu an d Gohberg [3, 4].) This theorem i s a  generalizatio n o f 
Theorems 2.2 and 2.4 established earlier by Gohberg and Krein [2]. 

§ 3. Theore m 3. 1 was established in another for m b y B. V. Hvedelidze and G. 
F. Mandzavidze [1], and by I. B. Simonenko [1,3]. 

§ 4. Theorem s 4. 1 an d 4.2 were established b y Gohberg , and Theore m 4.3 , by 
the authors [2, 4]. Lemma 4.1 is due to N. Ja. Krupnik [1]. 

§ 5. Theore m 5. 1 was established b y Gohberg [3] . It is a generalization o f a re-
sult o f Gohber g an d Krei n [2] . Theorems 5.2 , 5. 3 an d 5. 4 wer e obtaine d b y th e 
authors [2 , 3, 4]. The second assertio n o f Theorem 5. 2 was proved independentl y 
of the authors for the case of the algebra W nXn by I. I . Hirschman [3 ] (cf. als o N . 
Bowers [1]) . The generalizatio n t o th e matri x cas e o f th e result s o f § § 6— 8 of 
Chapter III is contained in the same article [3] of 1.1. Hirschman. There is a gener-
alization o f Theorem 5. 1 to the case of a piecewise continuous matri x function i n 
Gohberg an d Krupnik' s articl e [4] . The remainin g theorem s o f thi s sectio n hav e 
not yet found generalization s to the latter case . 

A certai n modificatio n o f th e projectio n metho d fo r system s o f Wiener-Hop f 
equations wit h nonzer o partia l indice s i s considere d i n I . S . Cebotaru' s article s 
[2, 3]. The generalization of Theorems 5.1 and 5.3 to the case of systems of discrete 
Wiener-Hopf equation s with operator coefficients wa s obtained b y M. S. Budjan u 

§ 6. Theore m 6. 1 was established b y Gohberg and Krei n [2] . We note that thi s 
theorem ha s no t ye t found a generalization t o th e case o f system s o f integral-dif -
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ference equations , i.e . equations o f the form (1) , Chapter VII . Theorems 6. 2 and 
6.3 were obtained by the authors [2, 4]. 

I. A. Fel'dman [1] has generalized the results of this section to the case of Wiener-
Hopf equation s wit h operato r kernels . H e als o considere d application s t o th e 
radiative transfer equation . 

§ 7. Th e results of this section are being published here for the first time. 
§ 9. Result s of the authors [2,4] are presented in this section. All of the theorems 

in thi s section (except Theorem 9.3 ) are of a sufficiency character . The question of 
necessity of the conditions of these theorems remains open. 

§ 10. Th e results of this section were established b y Gohberg an d Krupni k [6]. 

Appendix 

The results of the Appendix are due to I. A. Fel'dman [1-3] . 
1. Th e complete continuity o f an operator with kernel depending on the sum of 

the arguments was established b y Gohberg and Krein [2]. 
2. Th e equivalenc e o f equation (2.1 ) and boundar y value problem (2.2) is estab-

lished her e analogousl y to the way it was done by F. D. Gahov and Ju. I . Cerski i 
[1] in the one-dimensional case. 

The asymptotic expansions obtaine d in §§ 3 and 4 are generalizations o f M . G. 
Krein's result s [4 ] concerning the asymptotic s o f th e solutions o f a  homogeneou s 
Wiener-Hopf equation . 

The theorems o f this Appendix hav e been generalize d b y Fel'dma n [4 , 5, 6] to 
Wiener-Hopf integra l equation s wit h operator-value d kernels . Application s o f 
these results to the radiative transfer equation are also obtained in those papers. 



This page intentionally left blank



BIBLIOGRAPHY 

F. V . ATKINSO N 
1. Some  aspects of Baxter's functional equation, J . Math . Anal. Appl . 7 (1963), 1-30 . M R 27 

#5135. 
2. The  normal solubility of linear  equations in  normed spaces, Mat . Sb . 28 (70) (1951) , 3-14 . 

(Russian) M R 13,46 . 
N. K . BAR I 

1. Trigonometric  series,  Fizmatgiz , Moscow , 1961 ; English transl. , Macmillan , Ne w York ; 
Pergamon Press , Oxford, 1964 . MR 2 3 #A3411 ; 3 0 #1347 . 

M. A . BARKAR ' AN D I . C . GOHBER G 
1. On  factorization of  operators  relative  to  a  discrete  chain  of projections in  Banach space, 

Mat. Issled. 1  (1966), no. 1 , 32-54; English transl. , Amer. Math . Soc. Transl. (2 ) 90 (1970), 
81-103. M R 3 4 #6529 . 

G. BAXTE R 
1. An  operator  identity, Pacifi c J . Mat h 8  (1958), 649-663. MR 2 1 #2298 . 
2. A  norm  inequality for a  "finite-section"  Wiener-Hopf  equation, Illinois J . Math . 7  (1963) , 

97-103. M R 2 6 #2818 . 
G. BAXTE R AN D I . I . HIRSCHMAN , JR . 

1. An  explicit  inversion  formula for finite-section Wiener-Hopf  operators, Bull . Amer . Math . 
Soc. 70 (1964), 820-823. MR 3 0 #414 . 

N. BOWERS , JR . 
1. Toeplitz  forms associated  with  matrix valued  functions, Thesis, Universit y o f Minnesota , 

Minneapolis, Minn. , 1965 . 
A. BROW N AN D PEARC Y 

1. Structure  ofcommutators ofoperators,  Ann . ofMath. (2 ) 82 (1965), 112-127.MR3 1 #2612 . 
M. S . BUDJAN U 

1. Solution  of certain  classes of Wiener-Hopf  equations with operator coefficients, Bui . Akad. 
Stiince RSS Moldoven . 1966 , no. 4, 18-31 . (Russian) M R 34 #8225 . 

M. S . BUDJAN U AN D I . C . GOHBER G 
1. The  factorization problem  in  abstract Banach  algebras. I . Splitting  algebras,  Mat . Issled . 

2 (1967) , no. 2 , 25-51 ; Englis h transl. , Amer . Math . Soc . transl . (2 ) (to appear) . M R 3 7 
#5697. 

2. The  factorization problem in abstract Banach algebras. II. Irreducible algebras, Mat. Issled. 
2 (1967) , no. 3 , 3-19 ; Englis h transl. , Amer . Math . Soc . Transl . (2 ) (t o appear) . M R 3 7 
#5698. 

3. General  theorems on the factorization of matrix valued functions. I. The  fundamental theorem, 
Mat. Issled . 3  (1968), no. 2 (8), 87-103; English transl. , Amer. Math . Soc . Transl. (2 ) 102 
(1973), 1-14 . MR4 1 #4246a . 

4. General  theorems on the factorization of  matrix-valued  functions. II. Some  tests  and  their 
consequences, Mat. Issled . 3  (1968) , no . 3  (9) , 3-18 ; Englis h transl. , Amer . Math . Soc . 
Transl. (2 ) 102 (1973), 15-26 . M R 41 #4246b . 

H. CARTA N 
1. Sur  les  matrices  holomorphes  de  n  variables  complexes, J . Math . Pure s Appl . 1 9 (1940) , 

1-26. M R 1 , 312. 

255 



256 BIBLOGRAPHY 

G. N . CEBOTARE V 
1. An  equation  of  convolution  type  of  the  first  kind,  Izv. Vyss. Ucebn . Zaved . Matematik a 

1967, no. 2 (57), 80-92. (Russian) M R 35 #680 . 
2. Normal  solvability of the Wiener-Hopf equations in certain singular cases, Izv. Vyss. Ucebn. 
_ Zaved. Matematika 1968 , no. 3 (70), 113-118. (Russian) MR 37 #3374 . 

I. S . CEBOTAR U 
1. An  approximate method of solution of Wiener-Hopf  type equations,  Studie s in Algebra and 

Math. Anal. , Izdat. "Karta Moldovenjaske" , Kishinev , 1965 , pp. 79-96. (Russian) MR 34 
#6463. 

2. The  reduction of systems of  Wiener-Hopf  equations to systems with  vanishing indices,  Bui . 
Akad. Stiinc e RSS Moldoven. 1967 , no. 8, 54-66. (Russian) M R 37 #3375 . 

3. The  projection method  of  solution  of  systems  of  discrete  Wiener-Hopf  equations,  Mat. 
Issled. 3 (1968), no. 1 (7), 159-183. (Russian) M R 41 #9018 . 

L. A . COBUR N AND R. G . DOUGLA S 
1. Translation  operators on the half-line, Proc. Nat. Acad. Sci . U.S.A. 62 (1969), 1010-1013 . 

MR 43 #985 . 
R. V . DUDUCAV A 

1. Discrete  Wiener-Hopf  equations in spaces with a weight, Soobsc. Akad. Nauk Gruzin. SSSR 
67 (1972), no. 1, 17-20. (Russian) 

V. B . DYBI N 
1. An  exceptional case of an integral pair equation  of the convolution type,  Dokl. Akad . Nauk 

SSSR 176 (1967), 251-254 = Sovie t Math . Dokl. 8 (1967), 1073-1077. MR 37 #  1917. 
V. B . DYBI N AND N. K . KARAPETJAN C 

1. Application  of  the  normalization  method to  a class  of infinite  systems  of  linear  algebraic 
equations, Izv. Vyss. Ucebn . Zaved. Matematika 1967 , no. 10 (65), 39-49. (Russian) MR 39 
#4643. 

I. A . FEL'DMA N 
1. Asymptotic  behavior  of solutions of some systems of integral equations, Dokl . Akad . Nau k 

SSSR 15 4 (1964), 57-6 0 = Sovie t Math . Dokl . 5  (1964), 52-56 . M R 28 #443 . 
2. The  asymptotics of  solutions of systems of  integral equations of Wiener-Hopf  type, Sibirsk . 

Mat. Z . 6 (1965), 596-615. (Russian) M R 31 #3808 . 
3. Asymptotic  behavior  of solutions of a system of  Wiener-Hopf  equations, Studie s in Algebra 

and Math . Anal. , Izdat . "Kart a Moldovenjaske" , Kishinev , 1965 , pp. 147-152. (Russian ) 
MR 3 4 #1814 . 

4. An  equation of radiation energy transfer and Wiener-Hopf operator equations, Funkcional. 
Anal, i  Prilozen . 5  (1971) , no . 3, 106-10 8 =  Functiona l Anal . Appl . 5  (1971) , 262-264 . 
MR 44 #858 . 

5. Wiener-Hopf  operator equations and their application to transport equations, Mat. Issled. 6 
(1971), no. 3, 115-132. (Russian ) 

6. On  an iteration method  for the  equation of radiant  energy  transfer,  Dokl . Akad . Nau k 
SSSR 19 9 (1971), 36-3 9 =  Sovie t Math . Dokl . 1 2 (1971), 1034-1038 . 

7. On  some projection methods  for the  solution of the  equations  of radiative  transfer  Mat. 
Issled. 7 (1972), no. 4, 228-236. (Russian ) 

F. D . GAHO V AN D JU. I. CERSKI I 
1. Singular  integral equations of convolution type,  Izv. Akad. Nauk SSSR Ser . Mat. 20 (1956), 

33-52. (Russian) M R 18,134. 
F. D . GAHO V AN D V. I . SMAGIN A 

1. Exceptional  cases of integral equations of convolution type  and  equations of first kind, Izv . 
Akad. Nau k SSS R Ser . Mat. 26 (1962), 361-390. (Russian) M R 30 #  1374. 

F. R . GANTMAHE R 
1. Matrix  theory,  2nd ed., "Nauka", Moscow , 1966 ; English transl . of 1st ed., Chelsea, New 

York, 1959 . MR 21 # 6372c; 34 #2585 . 
I. M . GEL'FAND , D . A . RAIKO V AN D G. E . SILO V 

1. Commutative  normed rings, Fizmatgiz, Moscow , 1960 ; English transl., Chelsea, New York, 
1964. MR 23 # A1242; 34 #4940 . 



BIBLIOGRAPHY 257 

I. C . GOHBERG 
1. Tests  for one-sided  invertibility of  elements  in  normed rings,  and their  applications,  Dokl . 

Akad. Nauk SSS R 145 (1962), 971-974 =  Sovie t Math. Dokl. 3 (1962), 1119-1123. MR 2 7 
#6147. 

2. A  general  theorem  concerning  the factorization of  matrix-functions  in  normed rings,  Dokl . 
Akad. Nau k SSS R 14 6 (1962), 284-287 =  Sovie t Math . Dokl . 3  (1962) , 1281-1284 . M R 
25 #4376 . 

3. The  factorization problem  in  normed rings, functions of  isometric  and symmetric operators, 
and singular integral equations, Uspehi Mat. Nauk 19 (1964), no. 1 (115) , 71-124 =  Russia n 
Math. Survey s 1 9 (1964), no. 1 , 63-114. MR 2 9 #487 . 

4. Toeplitz  matrices  composed  of  the  Fourier  coefficients  of  piecewise  continuous  functions, 
Funkcional. Anal , i  Prilozen . 1  (1967), no . 2 , 91-9 2 =  Functiona l Anal . Appl . 1  (1967), 
166-167. MR 3 5 #4763 . 

I. C . GOHBER G AND V. G . CEBA N 
1. On  a  reduction  method for discrete  analogues  of equations  of Wiener-Hopf  type,  Ukrain . 

Mat. Z. 16 (1964), 822-829; English transl. , Amer. Math . Soc. Transl. (2) 65 (1967), 41-49. 
MR 3 0 #2244 . 

I. C . GOHBER G AND I. A . FEl/DMA N 
1. Approximate  solutions  of  some  classes  of linear  equations,  Dokl . Akad . Nau k SSS R 16 0 

(1965), 750-753 =  Sovie t Math . Dokl . 6  (1965), 174-177 . MR 3 4 #6572 . 
2. Reduction  method for systems  of  equations  of Wiener-Hopf  type,  Dokl . Akad. Nau k SSS R 

165 (1965), 268-271 =  Sovie t Math . Dokl . 6  (1965), 1433-1436 . M R 3 2 #8085 . 
3. On  truncated Wiener-Hopf  equations,  Abstracts o f Short Scientifi c Reports , Internat. Con -

gress o f Math . (Moscow , 1966) , Section 5 , pp. 44-45. (Russian ) 
4. Projection  methods  for solving  Wiener-Hopf  equations,  Acad . Sci . Moldovia n SSR . Inst . 

Math, with Computing Center, Akad. Nauk Moldov . SSR, Kishinev, 1967 . (Russian) M R 
37 #1915 . 

5. On  Wiener-Hopf  integral-difference  equations,  Dokl. Akad . Nauk SSS R 18 3 (1968), 25-28 
= Sovie t Math . Dokl . 9  (1968), 1312-1316 . 

6. Integro-difference  Wiener-Hopf  equations,  Act a Sci . Math . (Szeged ) 3 0 (1969) , 199-224 . 
(Russian) M R 4 0 #7880 . 

J. C . GOHBER G AND M. G . KREI N 
1. The  basic propositions on defect numbers, root numbers and indices of linear operators, Uspehi 

Mat. Nauk 1 2 (1957), no. 2  (74), 43-118; English transl. , Amer. Math . Soc . Transl. (2 ) 13 
(1960), 185-264. MR 20 #  3459 ; 22 #3984 . 

2. Systems  of  integral  equations on a half line with kernels depending on the difference of argu-
ments, Uspeh i Mat . Nau k 1 3 (1958), no. 2  (80) , 3-72 ; Englis h transl. , Amer . Math . Soc . 
transl. (2) 14 (1960), 217-287. MR 21 # 1506; 22 # 3954. 

3. On  a  dual  integral equation and its transpose.  I, Teoret . Prikl . Mat . Vyp . 1  (1958), 58-81 . 
(Russian) M R 3 5 #5877 . 

4. Introduction  to  the  theory  of  linear  nonselfadjoint  operators  in  Hilbert  space,  "Nauka" , 
Moscow, 1965 ; Englis h transl. , Transl . Math . Monographs , vol . 18 , Amer. Math . Soc , 
Providence, R.I. , 1969 . MR 3 6 #3137 . 

5. Theory  and  applications of Volterra  operators in  Hilbert  space,  "Nauka" , Moscow , 1967 ; 
English transl. , Transl . Math . Monographs , vol . 24 , Amer. Math . Soc , Providence , R.I. , 
1970. MR 3 6 #2007 . 

I. C . GOHBER G AND JA. KRUPNI K 
1. The  spectrum  of  one-dimensional  singular  integral  operators  with  piece-wise  continuous 

coefficients, Mat. Issled. 3 (1968) no. 1 (7), 16-30; English transl., Amer. Math. Soc. Transl. 
(2) 103 (1973), 181-193. MR 41 #2469 . 

2. The  spectrum of  singular  integral operators in Lp spaces,  Studi a Math . 31 (1968), 347-362. 
(Russian) M R 3 8 #5068 . 

3. On  the spectrum of  singular integral operators in Lp spaces with weight, Dokl. Akad. Nau k 
SSSR 185 (1969), 745-748 =  Sovie t Math . Dokl. 10 (1969), 406-410. MR 40 #  1817. 

4. Systems  of  singular  integral equations in Lp spaces  with  a weight, Dokl. Akad. Nau k SSS R 



258 BIBLIOGRAPHY 

186 (1969), 998-1001 =  Sovie t Math . Dokl . 1 0 (1969) , 688-691 . M R 4 0 #1818 . 
5. The  algebra  generated  by  the  one-dimensional singular  integral  operators  with  piecewise 

continuous coefficients, Funkcional . Anal , i Prilozen. 4  (1970), no . 3 , 26-36 =  Functiona l 
Anal. Appl. 4 (1970), 193-201 . M R 42 #5057 . 

6. On  complex linear  singular integral equations, Mat. Issled . 4 (1969), no. 4 , 20-32; Englis h 
transl., Amer. Math . Soc . Transl. (2) MR 43 #996 . 

7. On  the algebra generated by Toeplitz  matrices in hp spaces, Mat . Issled 4 (1969), no . 3, 54-62. 
(Russian) 

8. A  formula for the  inversion of finite Toeplitz  matrices, Mat. Issled. 7 (1972), no. 2, 274-283. 
(Russian) 

I. C . GOHBER G AND V . I . LEVCENKO 
1. On  the convergence of a  projection method of solution of a degenerate discrete Wiener-Hopf 

equation, Mat. Issled. 6 (1971), no. 4, 20-36. (Russian) 
2. Projection  methods for the  solution of degenerate Wiener-Hopf equations, Funkcional . Anal , 

i Prilozen . 5  (1971), no. 4 , 69-70. (Russian ) 
3. On  a projection method for a degenerate discrete Wiener-Hopf equation, Mat. Issled. 7 (1972), 

no. 3 , 238-253. (Russion) 
I. C . GOHBER G AND A . A . SEMENCU L 

1. Toeplitz  matrices  composed  of  the  Fourier  coefficients of functions with  discontinuities of 
almost-periodic type, Mat . Issled . 5 (1970), no. 4, 63-83. (Russian ) 

2. On  the inversion of finite Toeplitz  matrices and their continuous analogs, Mat. Issled. 7 (1972), 
no. 2 , 201-223. (Russian) 

I. C . GOHBER G AND E . M . SPIGEl / 
1. A  projection method for the  solution of singular integral equations, Dokl . Akad. Nauk SSSR 

196 (1971), 1002-100 5 =  Sovie t Math . Dokl . 1 2 (1971), 289-293 . MR 4 3 #3755 . 
2. On  the projection method of solution of singular  integral equations  with polynomial coeffi-

cients, Mat. Issled . 6  (1971), no. 3 , 45-61. (Russian ) 
I. C . GOHBERG , A. S . MARKU S AND I . A . FEL'DMA N 

1. Normally  solvable operators and ideals associated with them, Bui. Akad. Stiinc e RSS Mol -
doven. 1960 , no. 1 0 (76), 51-70 ; Englis h transl. , Amer . Math . Soc . Transl. (2 ) 61 (1967), 
63-84. M R 3 6 #2004 . 

L. S . GOL'DENSTEI N 
1. Tests  for one-sided  inverses of functions of several isometric operators and their applications, 

Dokl. Akad. Nauk SSS R 15 5 (1964), 28-31 =  Sovie t Math . DokL 5 (1964), 330-334. M R 
28 #4403 . 

2. A  discrete  analog  of the  multidimensional  Wiener-Hopf integral equation,  Mat . Issled . 2 
(1967), no. 3, 52-63. (Russian) M R 37 #3376 . 

L. S . GOL'DENSTEI N AN D I. C . GOHBER G 
1. On  a multidimensional  integral  equation on a half-space  whose kernel is  a  function of  the 

difference of the arguments, and on a discrete analogue of this  equation, Dokl. Akad . Nau k 
SSSR 131 (1960), 9-12 =  Sovie t Math . Dokl . 1 (1960), 173-176. MR 22 #8298 . 

M. I . HAIKI N 
1. An  integral  equation of convolution  type  of  the  first kind, Izv. Vyss . Ucebn . Zaved . Mate -

matika 1967 , no. 3  (58), 105-116 . (Russian) M R 3 5 #2098 . 
2. On  the regularization of operators with  open range, Izv. VysS . Ucebn. Zaved . Matematik a 

1970, no. 8 , 118-123 . (Russian) 
E. HILL E AN D R. S . PHILLIP S 

1. Functional  analysis and  semi-groups,  rev . ed. , Amer . Math . Soc . Colloq . Publ. , vol . 31 , 
Amer. Math . Soc, Providence, R.I., 1957 ; Russian transl. , IL, Moscow, 1962 . MR 19 , 664. 

I. I . HIRSCHMAN , JR . 
1. Finite  section Wiener-Hopf  equations on a compact  group with  ordered dual,  Bull. Amer . 

Math. Soc . 70 (1964), 508-510. M R 2 9 #490 . 
2. Szego  functions on a locally compact Abelian group with ordered dual, Trans . Amer. Math . 

Soc. 12 1 (1966), 133-159 . M R 3 2 #8042 . 
3. Matrix-valued  Toeplitz  operators,  Duke Math . J . 34 (1967), 403-415. MR 3 6 #3071 . 



BIBLIOGRAPHY 259 

K. HOFFMAN 
1. Banach  spaces of analytic functions, Prentice-Hal l Series in Modern Analysis, Prentice-Hall, 

Englewood Cliffs , N.J. , 1962; Russian transl. , IL, Moscow, 1963 . MR 24 # A2844. 
B. V . HVEDELIDZ E 

1. Linear  discontinuous boundary problems in the theory of functions, singular integral equations 
and some of  their  applications, Akad. Nau k Gruzin . SSR . Trudy Tbiliss . Mat . Inst. Raz-
madze 23 (1956), 3-158. (Russian) M R 21 #5873 . 

2. A  remark on my work "'Linear  discontinuous boundary  problems in  the theory of functions, 
singular integral equations and some of  their  applications**, Soobsc . Akad . Nau k Gruzin . 
SSR 21 (1958), 129-130. (Russian) MR 21 #5874 . 

V. V . IVANO V 
1. The  use of the method of moments and the "mixed"  method for an  approximate solution of 

singular integral equations,  Dokl. Akad . Nau k SSS R 11 4 (1957), 945-948. (Russian) MR 
21 #2883 . 

2. The  theory of approximation methods and its application to the numerical solution of singular 
integral equations, "Naukova Dumka" , Kiev , 196 8 (Russian) 

V. V . IVANO V AND E. A . KARAGODOV A 
1. Approximate  solution of singular integral equations of convolution type by Galerkinfs method, 

Ukrain. Mat. Z. 13 (1961), no. 1, 28-38. (Russian) MR 25 #  1415. 
L. V . KANTOROVI C AND G. P . AKILO V 

1. Functional  analysis in normed spaces, Fizmatgiz , Moscow , 1959 ; English transl. , Internat . 
Series o f Monograph s i n Pur e an d Appl . Math. , vol . 46, Macmillan, Ne w York, 1964. 
MR 2 2 #9837; 35 #4699 . 

S. KARLI N 
1. Bases  in Banach spaces, Duke Math. J. 15 (1948), 971-985. MR 10, 548. 

M. G . KREI N 
1. On  integral equations generating differential equations of 2nd order, Dokl. Akad. Nauk SSSR 

97 (1954), 21-24. (Russian) M R 16, 372; 17, 1436 . 
2. Continuous  analogues  of propositions on  polynomials orthogonal  on the unit circle,  Dokl . 

Akad. Nauk SSSR 105 (1955), 637-640. (Russian) MR 18, 291. 
3. On  the theory of accelerants and S-matrices of canonical differential systems, Dokl . Akad . 

Nauk SSSR 111 (1956), 1167-1170. (Russian) MR 19, 277. 
4. Integral  equations on a half-line with kernel depending upon the  difference of the arguments, 

Uspehi Mat . Nauk 1 3 (1958), no. 5 (83), 3-120; English transl. , Amer. Math . Soc . Transl. 
(2) 22 (1962), 163-288. MR 21 #1507 . 

5. Distribution  of roots of polynomials orthogonal on the unit circle with respect to a sign-alter-
nating weight, Teor. Funkcii Funkcional. Anal, i Prilozen. Vyp. 2 (1966), 131-137. (Russian) 
MR 34 #1584 . 

M. G . KREI N AND M. A . NAIMAR K 
1. The  method of symmetric and Hermit ian forms in  the theory of isolated solutions of integral 

equations, ONTI , DNVTU , Kharkov , 1936 . (Russian) 
N. JA . KRUPNIK 

1. On  the question  of normal solvability and the index of singular integral  equations, Kisinev. 
Gos. Univ . Ucen . Zap. 82 (1965), 3-7. (Russian) M R 34 #4950 . 

L. E . LERE R 

1. On  a class of perturbations for operators admitting reductions, Mat. Issled. 6 (1971), no. 1, 
168-173. (Russian ) 

2. On  the  asymptotic  distribution  of  the  spectrum, Mat . Issled. 7  (1972) , no . 4, 141-146 . 
(Russian) 

B. M . LEVITA N 
1. Almost-periodic  functions, GITTL , Moscow , 1953 . (Russian) M R 15, 700 . 

G. F . MANDZAVIDZ E 
1. Approximate  solution of boundary problems of  the theory of analytic  functions, Fizmatgiz, 

Moscow, 1960 . (Russian) M R 22 #6890 . 



260 BIBLIOGRAPHY 

G. F . MANDZAVIDZ E AND B. V . HVEDELIDZ E 
1. On  the Riemann-Privalov problem with  continuous coefficients, Dokl. Akad . Nau k SSS R 

123 (1958), 791-794. (Russian ) M R 22 #3806 . 
A. S . MARKU S 

1. The  reduction method for operators in Hilbert space, Mat. Issled. 4 (1969), no. 1  (11), 71-79; 
English transl. , Amer. Math . Soc . Transl. (2) 103 (1973), 194-200 . MR 40 # 7782. 

P. MASAN I 
1. The  Laurent factorization of  operator-valued  functions, Proc . Londo n Math . Soc . (3) 6 

(1956), 59-69 . MR 18, 138 . 
N. N . MEIMA N 

1. Some  problems on the distribution of the zeros of polynomials, Uspehi Mat . Nauk 4  (1949), 
no. 6  (34), 154-188. (Russian) M R 11, 661. 

S. G . MlHLI N 
1. Variational  methods in mathematical physics, 2n d ed., "Nauka", Moscow,  1971 ; English 

transl. of 1st ed., Macmillan, New York, 1964 . MR 30 #2712 . 
2. Singular  integral equations, Uspehi Mat. Nauk 3 (1948), no. 3 (25), 29-112; Englis h transl. , 

Amer. Math . Soc . Transl. (1) 10 (1962), 84-198. MR 10, 305 . 
N. I . MUSHELISVIL I 

1. Singular  integral equations. Boundary problems of  function theory  and  their application to 
mathematical physics, 3r d ed., "Nauka", Moscow , 1967 ; English transl . of 1st ed., Noord-
hoff, Groningen , 1953 . MR 15, 434. 

N. I . POL'SKI I 
1. Projection  methods for the  solution of linear problems, Uspeh i Mat . Nauk 1 8 (1963), no. 2 

(110), 179-180. (Russian) 
Z. PRESDOR F 

1. Singular  integral equations with  symbol vanishing  at  a finite number of  points, Mat . Issled. 
7 (1972) , no. 1 , 116-132. (Russian) 

2. On  systems of  singular  integral equations  with  vanishing  symbol, Mat . Issled. 7  (1972) , 
no. 2 , 129-142 . (Russian ) 

F. RIES Z AN D B. SZ.-NAG Y 
1. Lecons  d'analyse  fonctionnelle,  2n d ed., Akad . Kiado , Budapest , 1953 ; Russian transl. , 

IL, Moscow , 1954 ; English transl. , Ungar, New York, 1955 . MR 15, 132; 17, 175 . 
A. A . SEMENCU L 

1. Inversion  of finite Toeplitz  matrices and their continuous analogs,  Appendix I I to Gohberg 
and Fel'dma n [4] , pp. 140-156 . (Russian ) 

2. The  inversion of finite sections of paired operators and their transposes, Mat . Issled. 3 (1968), 
no. 1  (7), 100-107. (Russian) MR 41 #9025 . 

3. On  singular integral equations whose  coefficients have discontinuities of almost-periodic type, 
Mat. Issled . 6  (1971), no. 3, 92-114. (Russian ) 

M. SHINBRO T 
1. A  class of difference kernels, Proc. Amer. Math . Soc. 13 (1962), 399-406. MR 25 # 1414. 

G. E . SILO V 
1. Letter  to  the editor: On  locally analytic functions, Uspehi Mat . Nauk 21 (1966), no. 6 (132) 

177-182. (Russian ) M R 36 #1696 . 
I. B . SlMONENK O 

1. The  Riemann boundary value problem for n  pairs of  functions with  continuous coefficients, 
Izv. Vyss . Ucebn . Zaved . Matematik a 1961 , no. 1  (20) , 140-145 . (Russian ) M R 2 4 
#A838. 

2. The  Riemann boundary value problem for n  pairs of  functions with  measurable coefficients 
and its application to the study of singular integrals in Lp spaces with  weights, Izv. Akad. 
Nauk SSS R Ser . Mat. 28 (1964), 277-306. (Russian) M R 29 #253 . 

3. Some  general questions on the theory of the Riemann boundary problem, Izv . Akad. Nau k 
SSSR Ser . Mat. 32 (1968), 1138-114 6 =  Math . USS R Izv . 2 (1968), 1091-1100 . M R 38 
#3447. 



BIBLIOGRAPHY 261 

4. Operators  of convolution type  in cones, Mat. Sb . 74 (116) (1967), 298-313 =  Math . USS R 
Sb. 3 (1967), 279-294. M R 36 #5773 . 

5. Multidimensional  discrete convolutions, Mat . Issled. 3 (1968), no. 1  (7), 108-122 . (Russian) 
MR 41 #2412 . 

E. M . SPIGEL ' 
1. On  a projection method for solution  of  singular integral  equations with rational coefficients, 

Mat. Issled. 7 (1972), no. 1 , 163-185. (Russian) 
2. A  projection method for solving  singular integral equations with rational coefficients along a 

multiply-connected contour, Mat. Issled. 7 (1972), no. 2,181-200. (Russian ) 
E. C . TlTCHMARS H 

1. Introduction  to the  theory  of  Fourier  integrals, Clarendo n Press , Oxford , 1937 ; Russia n 
transl., GITTL, Moscow , 1948 . 

G. M . VAINIKK O 
1. On  the question of convergence of Galerkin's  method,  Tartu Riikl. Ul . Toimetise d Vih . 177 

(1965), 148-153 . (Russian ) M R 3 6 #1094 . 
H. WIDO M 

1. On  the spectrum of a Toeplitz  operator, Pacific J . Math . 14 (1964), 365-375. MR 29 #476 . 
N. WIENE R AN D E . HOP F 

1. Uber  eine Klasse singuldrer Integralgleichungen, S.-B . Akad. Wiss . Berli n 1931,696-706 . 
B. YOO D 

1. Properties  of  linear  transformations  preserved  under  addition of  a  completely  continuous 
transformation, Duke Math. J. 18 (1951), 599-612. MR 13 , 355. 

V. L . ZAGUSKI N AN D A . V . HARITONO V 
1. An  iteration  method for solving  a stability  problem,  Z . Vycisl . Mat . i  Mat . Fiz . 3  (1963), 

361-364 =  USS R Comput . Math , and Math. Phys. 3 (1963), 414-419. M R 27 #5361 . 




		2014-11-07T16:37:10+0530
	Preflight Ticket Signature




