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PREFACE 

In this book we give an account of the classical resutls on the structure of nor-
mal subgroups of the general linear group over a division ring, of Burnside's and 
Schur's theorems on periodic linear groups, and of th e theorem on th e normal 
structure of SL(n, Z)  fo r n  > 2 . W e also discuss the theory o f solvable , nilpo-
tent, and locally nilpoten t linea r groups. T o give a  better idea o f th e content o f 
the book, here is a brief chapter-by-chapter survey . 

In the first chapte r we dea l with permutation group s (finite an d infinite) . 
After a n account o f th e elementary fact s we establish a connection betwee n the 
theory o f primitiv e solvabl e permutatio n groups (not necessaril y o f finit e degree ) 
and the theor y o f solvabl e linear groups over prim e fields. Here we also investigate 
nilpotent an d locally nilpotent permutatio n groups . Fo r example, we give a  com-
plete classification o f th e maximal nilpoten t subgroup s of the symmetric groups of 
finite degree. W e prove, in particular, that the maximal transitive nilpoten t sub-
groups of a  finite symmetric group are conjugate. 

A substantia l par t of the secon d chapter is devoted t o th e theor y of deter-
minants of matrice s over a  division ring and the structur e o f norma l subgroup s of 
the general linear group over a division ring; the exposition i s based o n Dieudonne 
[1] an d Artin [1] . W e also conside r propertie s of endomorphism s of a  module 
over an associative ring . I n particular, we establish the permutability propertie s 
of transvections of a  module. 

In the third chapte r we describe the normal subgroup s of th e stable general 
linear group over an arbitrary associative ring (Bass's theorem [1] ) an d the nor-
mal subgroups of SL(n,  Z),n>2 (Bass , Lazard and Serre [1] , Mennicke [1]) . 
The stable (or limiting) general linear group GL(A) over a ring A is defined a s the 
union of th e following infinit e ascendin g chain of groups: 

GL(U A ) c z G I ( 2 , A ) c , . . <=:GL(n,  A ) cr . . . 

with a standard embedding of GL(n,  A) in GL(n + 1 , A). 
In the fourth chapte r we prov e Mal'cev's local theorem o n conditions fo r a 

faithful linea r representation o f a  group and Clifford's theore m o n the normal 
subgroups of an irreducible linear group. W e also investigate propertie s of imprim-
itive linear groups and conditions for linear groups to be completely reducible . 

m 



IV PREFACE 

In the fift h chapte r we conside r solvabl e matri x groups over a  field. Atten -
tion i s concentrated mainl y o n the structure o f maxima l primitiv e solvabl e sub-
groups of GL(n,  A) for a n arbitrary fiel d A . W e examine i n detai l th e invarian t 
series 

GD VDA  D f D ( y , (a) 

where G  is a maximal primitiv e solvabl e subgrou p of GL(n,  A), F a maximal 
abelian normal subgrou p of G , V  the centralize r o f F  in (7, and A/F a  subgroup 
of G/F  that i s maximal amon g the norma l abelia n subgroups of G/F  containe d i n 
V/F. Th e series (a) uniquely determine s G.  I n certain case s the study o f (a ) 
enables us to classif y th e maxima l irreducibl e solvabl e subgroups of GL(n,  A) . 
From the propertie s of (a ) i t i s easy to deriv e the theorems o f Zassenhau s and 
Mal'cev on solvabl e linear groups. Th e construction o f maxima l solvable subgroup s 
of th e genera l linear group over an algebraically close d field is reduced t o th e 
construction o f solvabl e subgroups of th e symplecti c group over a finite prim e 
field. W e list the maxima l irreducible solvabl e groups of prim e degree over an 
algebraically closed field and over a finite field. We establish conditions for complete 
reducibility o f a  solvable linear group. I n particular, a solvable linea r group over 
a field of characteristi c zer o i s completely reducibl e i f an d only i f al l it s cyclic 
subgroups are completely reducible . 

The sixth chapte r i s devoted mainl y t o periodic linear groups over a  field. 
We prove Burnside' s criterion for th e finiteness of a  linear group, and Schur's 
theorems on the local finiteness o f a  periodic linea r group over an arbitrary fiel d 
and on the existenc e o f a n abelian normal subgrou p of finite  index in a complex 
periodic linear group. W e study Sylo w p-subgroups an d Sylow II-subgroup s of 
GL(n, A) . W e present Platonov's structur e theorem s for periodi c linear groups: 
the theore m that th e Sylow p-subgroups o f a  periodic linear group are conjugate 
and the analo g of th e Schur-Zassenhau s theore m fo r periodic linear groups. W e 
consider propertie s of a linear group, not necessarily periodic , that ar e connected 
with propertie s of th e characteristi c polynomial s of it s matrices. 

In the seventh chapter we stud y nilpoten t an d locally nilpoten t matri x 
groups over a field.  Her e we give a  complete classificatio n o f al l maximal locall y 
nilpotent subgroup s of th e genera l linear group over an algebraically close d field. 
In particular , we prov e that i f A  is an algebraically close d field such that char A 
divides n 9 then GL(n,  A) contain s no irreducible locall y nilpoten t subgroups ; 
while i f cha r A = 0 , or char A = p  bu t n  is not divisibl e by p, the n GL(n,  A) con-
tains (up to conjugacy) a unique maximal irreducibl e locally nilpotent subgroup . 
For an algebraically close d ground field we also give a  complete classificatio n o f 
the maxima l irreducibl e nilpoten t subgroup s of clas s 2 o f th e genera l linear group. 
For an arbitrary groun d field  th e classificatio n o f th e maximal irreducibl e locall y 
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nilpotent subgroup s of th e genera l linear group is reduced t o a  complete descrip -
tion o f th e Sylo w p-subgroups of th e projectiv e grou p PGL(pa, A) . Fo r a  per-
fect fiel d w e give a  canonical for m of locall y nilpoten t reducibl e indecomposabl e 
linear groups. 

The numberin g of theorems , propositions , lemmas and formula s i s indepen-
dent within each section. Reference s to th e numbe r of a  theorem (lemma, propo-
sition) are preface d b y th e section number . Fo r example, if Theorem 5  of § 7 i s 
referred t o outsid e §7 , i t i s called Theore m 7.5 . Corollar y 1  of Theore m 7. 5 i s 
referred t o a s Corollary 7.5.1 . I f thi s reference i s in § 7 itself , we write "Corol -
lary 5.1". 

I remember with gratitude th e lat e A . I . Malcev, who encourage d m e to 
begin work on this book. I  would als o like t o than k the editor, F. I . Kizner, and 
my research student s G. F . Zavrid, V. S. Konjuh, L. P. Lugovskaja, N. N. 
Metelskil, 0 . M . Neroslavskil and V . P. Juferev, who helpe d m e with th e prepara-
tion o f th e manuscript . 
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