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APPENDIX 

INTEGRAL REPRESENTATIONS OF ANALYTIC FUNCTIONS 

IN CERTAIN SPECIAL CLASSES 

In this Appendix we assemble information o n certain important classes of analytic 
functions which we have used throughout the book t o illustrate the applications of the gen-
eral methods of various problems of constructive function theor y an d the classical moment 
problem. 

In particular, we shall deal with integral representations o f function s i n these classes. 
Some of th e representations (for th e classes € an d St ) are quite well known, and the proofs 
(Theorems A.1 an d A.2) will only b e outlined. 

1. Classes  C  and  St. A  function/(z) is in class C  i f 
1) /G O * holomorphic in \z\  < \,and 
2) Re/(z)>0/o r I z K l . 

THEOREM A.1 (F. RIESZ AND HERGLOTZ). A  junction f(z) is  in class £ 
if and only if it admits a representation 

f(z) -  «Im/(0 ) + \  fg+J-dTQ),  (A.1 ) 
0 

where T(0 ) IS a nondecreasing function. 

PROOF. Sufficienc y i s proved directly. Th e proof of necessity is simplest 
when the harmonic function u(z) = R e f(z) i s continuous in the closed disk 
I z K l . 

In that case, using the Poisson kernel (z = re**), 

l-r» R A /^L±il 
l-2rcos(e-<p) + r » " ~ n* U « _ « J  f 

we see that 

0 v  J 

whence we get (A.1) with r(0) = (1/2* ) jj u(e* e)dd. I n the general case one 
introduces functions /r(z) = f(rz) ( 0 < r  < 1 ) which, as just proved, admit rep-
resentations of type (A.1). Th e proof is completed by letting r —• 1 - 0  and 
using Helly's theorem. 

389 



390 APPENDIX 

P.A. 1. A  functio n f(z) e  £  take s real values on th e interva l (— 1, 1 ) of th e rea l axi s 
if an d onl y i f i t admit s the representation 

/<*>-$ i -2^*e+»» d T ( e ) ' 
0 

where r(0 ) i s a bounded nondecreasing function. 

A function F\z) is in class 3 1 i f 
1) F\z)  is holomorphic in the upper half-plane, and 
2) lmF{z)>0forlmz>0. 

THEOREM A.2 (R. NEVANLINNA). A  function F(z)  is in class 5t  if  and 
only if it admits an additive representation 

oo 

/(s) - a  + U + \  {-j^y -  T pr)«to0>. < A-2) 
- o o 

where a is a real number, / } > 0  and a(t)  is a nondecreasing Junction such that 
the integral JC ( 1 + J 2)""1 do(t) is  convergent. 

The proof is based on the relationship between the classes C  an d 31: 
F(z) G 31 if and only if/(J) € C , where f =  (z  - i)/(z  + / ) and /(f) =  ~iF(z). 

The representation (A.2) is derived from (A.l) via the substitution z —• 
(z - i)/(z  + i) , -cot(0/2) —* f, usin g the identity 

We mention without proof that the representation (A.2) is unique if the 
function a(t)  is normalized in some way, say, 

a (0 ) =  0 , a  (t)  =  y  [ a (* + 0 ) +  a  (* _ 0)] . 

Thus normalized, a(f) is determined in terms of /*(z) by the Stieltjes inversion 
formula: 

u 
(3 (*2) — (3 (*x) = - L lim ^  Im F (x + te ) do:. 

It is easily checked that 
P = li m lm F (it/) /y. 

y'-*+ oo 

It can also be shown that |3 is the sum of jumps of the function r  at the 
points 0 and 2n; the function o(f) in (A.2) is related to r(0) in (A.l) by 
(1 +  t 2T1do(t) =  dr{B),  where t =  -cot(0/2) and , suitably normalized, is given 
by the Stieltjes inversion formula: 
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e« 
T (62) - T  (60 = 4 - H m ^ Re / (p***) d<p (0 < 9 X < 6 2 < 2JI) . 

THEOREM A3. Any  function of class 5 t not  identically zero admits a 
unique multiplicative representation 

oo 

F (*) = C  exp J  (-j+rr -  T-lp- ) / (0 d«, < A3> 
—oo 

w/iere C> 0 , f(t) is  a summable function such that  0 < f(t)  <  1  almost every-
where and JCO (1 +  t 2Tlf(i)dt <  ~ . 

PROOF. Th e function 

lnF(z) =  I n | F (x ) | + iar gF(z) 

is in class 91 , since it is holomorphic in the upper half-plane^) and its imaginary 
part is nonnegative there because, by definition, 0 < ar g F(z) < xr . Therefore , 

oo 

lnF(z) = a  + Pz + 5 ( - l T r - - r ^_)dT(/ ) . 
—oo 

By the inversion formula {tx <  t 2), 
u 

0 < T  (*2) — t (^) = li m — \  arg F (x + IE ) dx < * 2 — /r. 

Thus r(t) is absolutely continuous, and almost everywhere 

o</(*>«-3P-0-
Now, since 0 < ar g F{z) < n,  we have 

P = limapgjP(ij/)/j / =  0 . 
17-M-oo 

Thus, 

- o o 

where 0 < /(/) <  1  almost everywhere. Thi s implies (A.3). 
(!)P.A.2. F(z)  G  *  i f an d onl y i f -  1/F(z)  € St . 

2. Class  S . A  function F(z) is in class S  if 
1) F(z)  is in class JR , am * 
2) /^z ) « holomorphic  and nonnegative on the negative real  axis (-«>, 0). 

(*)It i s easil y seen fro m (A.2 ) that F(z)  #  0  for I m z >  0 , excep t i n th e trivia l case 
F(z) s  o . 
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THEOREM A.4 . A  function  F(z)  is  in class §  if  and only if  it  admits  a 
representation 

o 
where 7 > 0  and  JJ° (1 +  if 1 da(f)  <  °° . 

PROOF. Sufficienc y i s obvious. T o prove necessity, let F\z) G  S. Sinc e 
P(z) E  3t , we have a representation o f typ e (A.2). 

Since F(z) i s holomorphic an d real on the negative rea l axis, it follow s via 
the inversion formula tha t o(i)  i s constant there . Sinc e a(-0) =  a(0 ) =  0 , we 
have 

00 

F(z) =  a+tz +  \(-^ T-T±w)d<3(t). 
0 

Set z =  -a,  wher e a > 1 . B y assumption, 

F{-a) =  a-Va  +  l  {t+ \^+^ de{t)>0. 
0 

Therefore, 

c ° - a + S («+!ui+«•> d g <'> >p f l + S 0+«)7 i V *>d q <*> » 
0 1 

so that /to < C fl. Sinc e /} >0 an d C fl i s bounded a s a — * °° , it follow s tha t 0  = 
0. Now , fo r al l N> 1 , 

1 

whence 
N 

Consequently, th e integral /J° /( l +  t 2) l  do(i)  i s convergent, and hence s o i s the 
integral /0~ ( 1 +  t)~ l do(t). 

Thus, 

J 0 - T +  S-7 rfo(f) 

0 

where 7 =  a  -  /J ° f( l 4 - r2)""1 do(t). Sinc e 7  =  l i m ^ . ^ F(x),  w e have 7  >  0 , 
and the proof is complete. 

(!)P.A.3. A  functio n G(z)  ha s th e propertie s G(z)  e  S t an d G(z ) =  - G ( - 7 ) i f an d 

only i f C?(r ) =  *F(z 2), where F(z ) G  S . 
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THEOREM AJ>.  A function F(z) is in class & if and only if  both  F(z)  and 
zf{z) are  in class 31. 

PROOF. Le t F(z) be in S. B y definition, it is also in 31 . I n addition, it 
follows fro m (3.4 ) (z = x  +  ry,  y >  0 ) that 

Im zF (z) = yy  +  jj ' ^-J-^tda (t)  > 0 , 
0 

so that zf(z)€ fl. 
Now suppose that Ffz)  and zi^z) are in JR . W e must show tha t Z*Xz) e $ • 
Since /^z) has a representation (A.2) , it follows that for z = x  +  (y (y > 0 ) 

ImF(«)-y(p+ S l ^ r ) > 0 < A 5> 
—oo 

and 
oo 

Im (zF (z)) = < / (a + 2f c + $  (ji4jf ~  TTu)<da W ) > ° - ( A 6 ) 

- o o 

We claim that JC (r - x)~ 2 do(t) is convergent for all x <  0 . 
Let £°oo if  - x 0T

2 do(t)  = +oo , where x0 <  0 . Then , for sufficientl y 
small e > 0 , 

Since 

Im(zF(Z)) = r,(«+2p*+ /(,,) + J  pjff i . , . ) , 

where /(y) remains bounded a s y — • 4- 0, it follows that Im(z/*Xz)) < 0  for suf-
ficiently small y >  0 , and this is impossible. Thu s XH. (r - x)~ 2 do(t) is indeed 
convergent fo r all x <  0 . Usin g this, we at once infer from (A.5) that 

lim I m F (x  +  iy)  =  0 

as y — • + 0, for all x <  0 . Thi s in turn means that the function a(t)  is constant 
for t <  0  (see the inversion formula) . Lettin g x —-• ~°° in (A.6), we now find 
that p = 0 . Now , as in the proof of Theorem A.4 , we observe tha t the integral 
Jo° *0 +  t 2)~l da(t)  is convergent, and it then follow s fro m (A.6) that 

o 

Consequently, th e function t\z)  admit s a representation (A.4) , Q.E.D . 
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(!)P.A.4. A  function F(z)  admit s a representation 

o o 

—-oo —oo 

if an d onl y i f both F(z)  an d (—z)F(z)  ar e in class 8. 

3. Class  %[a,  b]. A  function F(z)  i s in class fR[a , b] i f 
1) F(z)  is  in class !R, and 
2) fl(z ) is  holomorphic and positive in  the interval  (-<», a),  and holo-

morphic and negative in the interval  (b, +  °°). 

THEOREM A.6. A  function  F(z)  is  in class 9([a,  b] if and only if  it  admits 
a representation 

a 

where o(t) is  a bounded nondecreasing  function. 

PROOF. Sufficienc y i s verified directly . W e prove necessity . Sinc e F(z) 
is holomorphic an d rea l for z = x < a and for z = x > b,  it follows fro m the 
inversion formula tha t the functio n a(t)  i n (A.2) i s constant fo r t < a  and t > b, 
so that it is indeed bounded . Thu s 

*<*) = T + P * + 5-£g- . 
a 

where /} > 0 . I t is easy to see that if 0 > 0 , the n F(z) i s positive fo r sufficientl y 
large z = x > a,  whic h is impossible. Thu s 0 = 0. Now , if y =£ 0, then fo r suf-
ficiently large x > 0 the values of F(x) an d F(-x) must have opposite signs , 
which is also impossible. Thu s 7 = 0. 

(!)P.A.S. A  function F(z)  i s in clas s %[a,  b]  i f and onl y i f both ( z - a)F(z)  an d 

(b - z ) F ( z ) ar e in S L 

Hint. T o prov e sufficiency , se t z  =  z - a,  f^z') =  F(z) , z"  = z - b  and / 2(2") = 

F(z), an d us e th e fac t tha t f x(z'), z'f 1(z'),f2(z") an d {-z")f 2(z") al l belon g to JR . 

(!)P.A.6. Th e value s of all th e function s F(z)  G  %[a,  b) a t a fixed poin t z  (Im z > 0) 

fill ou t th e angl e 4>(z ) between th e ray s 

W =  — 7 ( 0 < T < - f oo ) 

and 

iv = -^^r  ( 0 < t < + x)) . 

The magnitude of this angle is 
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fc —  z 
<p (2) «  a r g __ ( 0 <  < p ( s ) <  n)  X ) (2 ) 

Mnf. I t follows from  P.A. 4 tha t 

0 < ar g [(z - a)  F (z)] < JI , 0  < ar g [(6 - z)  F  (z)J < JI . 

4. Cto w S[a , Z>] . A  function P(z)  i s in class S[a , 6 ] if 
1) F(z)  is  in class 51, and 
2) F(z)  is  holomorphic and positive in  the intervals  (-«>, a)  and (b,  +<») . 

THEOREM A7 . A  function  Hz) is  in class §[a,  b]  if  and only if  it  admits 
a representation 

F(*)-(6-«)5-g2_, (A.8 ) 
a 

where o(t) is  a bounded nondecreasing  function. 

PROOF. Sufficienc y i s proved directly . I n proving necessity, we ma y as-
sume without los s of generality that a = 0. W e set f = bz/(b -  z)  an d /(f) = 
Hz)> and observe tha t Hz) € &[a,  b] if and only if/(f ) € S . Thus , 

i •' l ° ( T + T — z ) ( 6 + s ) 
F(*) = 

Now set 

0 

so that dcr(f) = dr(s)/(b +  5). The n 
6-0 

J(,),T + ( 6 - , ) $ - * & . . 
0 

If we extend th e definition o f r(/) t o b by setting 

0 

we see tha t th e jump of a(t)  a t £ is y, and we may write 

*«-(*-.>S-g?-. 
a 

as required. 

(2)It i s an interestin g fac t tha t th e angl e 4>(z ) is equal  to the angl e a t th e verte x z 
of th e triangl e wit h vertice s a t a,  b  and z. 



396 APPENDIX 

(!)P.A.7. A  functio n F(z ) i s i n clas s $[a,  b]  i f an d onl y i f th e function s F(z)  an d 

z —  a 

are i n clas s $ . 

Hint I t follow s fro m Theorem s A. 6 an d A. 7 tha t F(z)  € 8[a , b]  i f an d onl y i f 

(!)P.A.8. Th e values o f al l th e function s F(z)  e  S(a , b)  a t a  fixe d poin t z  (I m z  >  0 ) 

fill ou t th e angl e >£(z ) betwee n th e ray s W  = T ( 0 < T < + * > ) an d w  =  r(f t — 2)/(A —  z) ( 0 < 

T <  +  «>) . Th e magnitud e o f thi s angl e i s 

b — * * to =  ar g - ^y ( 0 < i| > (z) < JI ) . 

(!)P.A.9. IfF(z)< = S[a , ft],  the n 

l / t ( a - ~ z ) F ( z ) ] e ^ [ a , 61 . 

Conversely, if F(z)  e S t [a, ft],  the n 

l/[(a —*)"/•(*)] S * l «. 6] . 

5. Qass  &(E m). Le t (a ;., fy) (/ =  1 , . .  .  ,  m) be m  nonoverlappin g inter-
vals on the rea l axis (-«>, oo) . W e let Em denot e the set remainin g from 
(—°°, °°) after remova l o f these intervals. 

A function F{z)  i s in class §(£„, ) i f 
1) F(z)  is  in class 31, and 
2) F(z)  is  holomorphic and positive in  the intervals (ay, fy) (/ =  1 , .  .  .  , 

m). 

THEOREM A8. A  function  F(z)  is  in class &(Em) if  and only if  it  admits 

a multiplicative  representation 

F(z) = Cex p J  (-pLj- -  T q L r ) / ( « ) ^ , (A.9 ) 
E m 

where O0and0< f(t)  <  1  a.e.  on  E m. 

PROOF. Sufficienc y i s verified directly . Necessit y wil l follo w if  we can 
show that whenever JF\z) G &(Em) th e function f(t) i n (A.3) vanishes in the 
intervals (ay, j3;) (/ =  1 , .  . . ,  m). Thi s is easily seen , noting that since the func -
tion In F(z) i s holomorphic th e inversion formul a fo r In Hz) i n these intervals 
is 

and since Ht) >  0  i t follow s tha t f(t) =  0  for t  € (oy , fy,  Q.E.D . 
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We now introduce the notation 

f - ^ — - i f -  o o < a ; < fa  <  oo . 
a. — z 

3 
CDj(*) =  S z —(J;- i f a ; = —  co , 

1 _ i f p . = +  oo . 

It is readily checked that 

co, W -  C s exp J  ( ^ -  - j ^ ) A  f <
AJ0> 

& 

where C;. > 0 . 
P.A. 10. A  functio n F(z)  i s in clas s &(£ m) i f an d onl y i f bot h function s F(z)  an d 

Wj(z) •  • • wm(z)F(z) ar e i n clas s St . 

Hint. Us e th e representation s (A.9 ) an d (A.10) . 

P.A.11. A  function F(z)  o f clas s C , holomorphi c o n th e ar c z  =  e™  (r <  0  <  2ir  — 

r), assume s pur e imaginar y value s on thi s ar c such tha t (l/OFfc^ ) =  I m F(e i$) >  0  ( r <  0 

< 2t r ~ r ) i f an d onl y i f 

*(i)»l|*(0)|exp{-4-* S  !*~I /(*>*} » (A,H ) 

— t 

where - 1 <  /(f ) <  1  fo r ~ r <  r  < r . 

P.A.I 2- Th e representation (A . l l ) i s valid i f an d onl y i f bot h function s 

z —  e ix 

F{z) an d —  F (z) 
1 — ze 

are in clas s € . 

P.A.13 (Lowner) . Le t %(K^ t K 2) denot e th e clas s o f function s holomorphi c i n a n 

open dis k JCj , mapping i t int o a  disk K 2. Le t S(7j » 7 2 ) denot e th e clas s o f al l f(z)  G 

S(ATj, K2) whic h ar e holomorphi c o n a n ar c y 1 o f th e circumferenc e o f K^  an d ma p i t int o 

an ar c y 2 o f th e circumferenc e o f K 2> Le t 7|(£ ) b e a n ar c throug h a n endpoin t o f 7 j an d 

a fixe d poin t f E ^ j , an d 72(f ) a n a r c throug h a n endpoin t o f y 2, withi n K 2* formin g 

with 7 2 a n angl e equa l t o th e angl e betwee n 7j(£ ) an d 7 j . The  set  of  values  of  all  functions 

/(*) e  %(y x, y 2) at  £  fills out  the  lune  bounded  by  y 2 and  y 2<£)-

Hint. Us e P.A. 7 o r P.A.12 . 

Notes on the Appendix 
Theorems A. 1 an d A. 2 an d th e Stieltje s inversion'formul a ar e classica l an d nee d n o 

comment. 

Ahiezer an d Krei n [  2) gav e th e firs t characterizatio n o f th e classe s o f function s indi -

cated i n P.A. I 1, using a  facto r o f th e typ e LJAZ)  (se e P.A.12) ; they use d a  multiplicativ e 

representation o f th e function s i n thi s class . Thi s approach wa s suggeste d b y a  pape r o f 

Markov [8 ] an d provide d a  ne w approac h t o Lttwner' s result s (se e Ahieze r an d KreT n [ 8 ] , 

and als o P.A.13) . 
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The clas s S  and it s various characterization s wer e introduce d an d use d systematicall y 

by Krel n [ 6 ] , [12] , [13 ] i n connectio n wit h th e theor y o f generalize d resolvent s an d spec -

tral function s o f a  string. 

The classe s %[a,  b]  an d $[a,  b]  als o aros e naturall y i n investigation s o f th e powe r 

moment proble m o n a  finit e interva l (se e Chapte r IV , §7) . Th e clas s $[a , b]  i s also im -

portant i n describin g th e extension s o f a  hermitia n operator , unde r th e assumptio n tha t it s 

norm canno t excee d som e prescribe d uppe r boun d (se e Krel n [8] ) . 
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