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PREFACE 

The general concepts of a  statistical decision and a statistical decision rule 
are basi c fo r al l o f moder n statistica l theory . Accordin g t o Wald , ever y 
particular statistical problem is a problem of decision-making: the statistician, 
having processed certain observational material, must draw conclusions as to 
the observed phenomenon. Since the outcome of each observation is random, 
one cannot usually expect these conclusions to be absolutely accurate. It is a 
job fo r th e theory t o ascertai n th e minimal unavoidabl e uncertaint y o f th e 
conclusions in the problem and to indicate an optimal decision rule. 

In classica l problem s o f mathematica l statistics , on e i s require d t o de -
termine the (unknown) probability distribution of th e outcomes on the basis 
of independen t observation s an d certain additiona l information . Whe n th e 
number o f observation s use d i n suc h case s increases , on e ca n establis h 
various simple and quite general asymptotic relationships. 

In an y theory , a  genera l la w shoul d be amenabl e t o equivalen t formula -
tions; that is to say, the statement of the law should not vary when a situation 
is replaced by another one, equivalent to the former (within the framework of 
that theory); otherwise it would not be a general law. In classical geometry, 
such "change s o f situation " for m a  group . I n mathematica l statistic s th e 
description of the set of equivalent situations is more complicated. 

The syste m o f al l statistica l decisio n rule s fo r al l conceivabl e statistica l 
problems, togethe r wit h th e natura l operatio n o f composition , form s a n 
algebraic category. This category generates a uniform geometry of families of 
probability laws , in which th e "figures" are the familie s an d the "motions" 
are th e decisio n rules . Tw o familie s ar e "congruent " i f an d onl y i f the y 
possess equivalent statistical properties. 

An ap t nam e fo r th e subjec t o f thi s monograp h migh t b e "geometrica l 
statistics". Th e algebr a o f decisio n rule s an d th e natura l geometr y tha t i t 
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Vlll PREFACE 

generates ar e studie d her e fro m a  statistica l standpoint . Th e geometrica l 
methods an d language tha t w e develo p ar e then applied t o th e equivariant 
theory of optimal estimates. 

The book is intended for specialists in mathematical statistics, information 
theory an d gam e theory , an d als o fo r thos e intereste d i n application s o f 
probability-theoretical methods . Th e reade r i s expecte d t o b e familia r wit h 
probability theor y an d measur e theory , t o th e exten t o f Kohnogorov' s 
Grundbegriffe der  Wahrscheinlichkeitsrechnung  and Halmos' Measure Theory, 
or Neveu's Bases Mathematiques  du  Calcul des Probabilites. Formall y speak-
ing, a knowledge of statistic s is not assumed; all the necessary concepts are 
introduced an d explaine d i n § 1 o f th e Introduction . Als o include d i n th e 
Introduction i s th e requisite materia l fro m the theor y o f smoot h manifold s 
and category theory. 

My interest in the "uncertainty" of statistica l estimate s aros e when I  was 
engaged in the development of computer-oriented methods for the estimation 
of unknow n densities ; furthe r encouragemen t cam e from my teacher N. V . 
Smirnov. Without his approval, I  would probably not have risked taking my 
research so far from orthodox statistics. 

My discussions with Ju. V. Linnik had considerable influence on my work. 
Many o f th e theorem s prove d her e ar e answer s t o hi s clearl y phrase d 
questions. I am indebted to him for his unflagging interest in my research and 
his kind attention. 

I had many useful discussions with experts concerning both the basic ideas 
of th e theory and individual results ; thanks are due in this respect to L. N. 
Bol'sev, B. N. Delone, I . M. Gel'fand, B. V. Gnedenko, A. M. Kagan, A. N. 
Kolmogorov, A . A . Ljapunov , Ju . V. Prohorov , Richar d Sacksteder , Ju . M. 
Smirnov, Charles Stein and V. S. Vladimirov. 

It i s my pleasure t o than k Elen a Aleksandrovn a Morozov a fo r he r great 
help an d valuabl e advic e o n geometrica l matters , an d t o Fridri h Izrailevi c 
Karpelevic for numerous profound and important remarks. 

Finally, I  wish to thank the book's editor, A. V. Cernavskii, who read the 
manuscript attentively and helped to eliminate various shortcomings. 

JV. N. Cencav 



NOTES AN D COMMENT S 

§1 

A genera l descriptio n o f equivalen t statistica l problem s wa s give n b y Blackwel l [2 , 1951] , 
[3, 1953] . At the same time, similar ideas were developed by Stein [1951, oral communication; se e 
3] an d Sherma n [1 , 1951] , Earlie r wor k ha d considere d onl y equivalen t reductio n o f statistica l 
problems connecte d wit h th e transitio n t o sufficien t statistics ; se e Fishe r [3 , 1925] , an d als o 
Halmos an d Savag e [1 , 1949] , Bahadu r [1 , 1954], Burkholder [1] , and LeCa m [2 , 1964] , [3, 1969] . 
Cencov [5 , 1965 ] and Morse and Sackstede r [1 , 1966] noticed tha t thi s equivalence relatio n was, 
roughly speaking , generate d b y th e categor y o f statistica l decisio n rules . Thi s enable d the m t o 
"algebraicize" certain concepts o f statistics . Further steps in this direction were taken by Romie r 
and coworkers in their "Introduction  a la  statistique mathematique"  (Romier [2] , [3], Littaye-Petit 
et al . [1] , Martin an d Vaguelsy [1] , Laurant e t al . [1] , Martin e t al . [1]) . The ide a o f considerin g 
families o f probabilit y distribution s no t a s object s o n thei r ow n bu t a s "figures " in a  Kleinia n 
geometry with a category of transformations i s due to the author [5], [7]. 

The systemati c investigatio n o f statistica l propertie s whic h ar e invarian t (equivariant ) i n th e 
category o f statistica l decisio n rule s was initiated by Sackstede r and Cencov. Attention was paid 
previously onl y t o invarianc e determine d b y th e (group ) symmetr y o f a  specifi c problem ; se e 
Lehmann [1]; also Berk [1] and Brillinger [1]. 

( , ) Th e histor y o f statistic s a s th e scienc e o f statistica l inferenc e usuall y begin s with  th e 
amusing episode recounted by Bertran d in the preface t o his course "Calcul  des  probabilites" [1]: 

"One da y i n Naple s th e reveren d Galian i sa w a  ma n fro m th e Basilicat a 
who, shakin g thre e dic e i n a  cup , wagere d t o thro w thre e sixe s . . . . Suc h 
luck i s possible, you say . Yet th e man succeeded a  second time , and the bet 
was repeated . H e pu t bac k th e dic e i n th e cup , three , four , fiv e times , an d 
each tim e h e produce d thre e sixes . "Sangu e d i Bacco" , exclaime d th e 
reverend, *the dice are loaded!* And they were . . ." [Quote d from G. Polya , 
Patterns of  Plausible Inference.] 

(2) Thi s approach was first put forth explicitly by Neyman and Pearson [1, 1928 ] in their theory 
of hypothesi s testing. 

(3) Essentially , thi s i s a  specia l cas e o f th e game-theoretica l approach . Lon g ag o Laplac e 
[1, 1820 ] likene d th e derivatio n o f a n estimat e t o a  gam e o f chanc e i n whic h th e statisticia n 
suffers defea t i f his estimates are inferior. 

A detaile d descriptio n o f th e concep t o f "statistica l problem " accordin g t o Wal d [1] , [3] was 
given by Lehmann [1]. See also Birnbaum [1], De Groot and Rao [1], and Hoeffding [1]. 

465 



466 NOTES AND COMMENT S 

(4) Choic e o f actio n base d o n result s o f a n auxiliar y experimen t wa s firs t systematicall y 
considered b y vo n Neuman n i n gam e theory . Se e vo n Neuman n [1 , 1928] , an d als o vo n 
Neumann and Morgenstern [1] and Blackwell and Girshick [1] (cf. footnote (3) , above). 

(5) The statisticia n deal s directl y wit h th e outcome s o f th e experimen t onl y i n th e simples t 
problems, involving a discrete sample space. The slightest additional complication in the problem 
leads to distortion of th e experimenta l result , du e to measurement errors and grouping (when of 
necessity th e measuremen t i s rounde d off) . I n suc h situation s th e decisio n i s describe d b y a 
compound decisio n rul e Instrumen t °  ̂ processing* wher e th e firs t facto r i s independen t o f th e 
statistician. In this book we shall consider only the ideal situation, in which the distortions due to 
instrument m*y be neglected. 

§2 
(1) Cap =  Collectio n of Al l Probability distributions. 
(2) I n all topological concepts we follow Kelley [1]. 
(3) I n §13 we shall introduce the Hellinger integrals of th e Radon-Nikodym derivative, such as 

f[(dQ/dP)(<u)]2 P  {</«}, a s th e limit s o f integra l sum s o f a  specia l form , with  specifi c conven -
tions for resolution of the indeterminacy o o •  0, different from the usual. 

(4) Se e th e work o f C . Ionesc u Tulcea , unde r whose "lifting " P{ •}-»/>(•)> t o a  (finite ) linea r 
combination of laws corresponds the linear combination of th e densities, and to a geodesic mean 
(see Definition 18.2 ) corresponds the normalized geometric mean of the densities. The correspon-
dence may fail for countable linear combinations (see end of §9.4) . 

(5) The possibilit y o f modifyin g almos t prope r conditiona l distribution s t o obtai n prope r 
distributions depends only on the properties of th e mapping/. I f there exists a proper conditional 
distribution for at least one g, i t will serve to modify an y P {• | / } . 

Blackwell an d Ryll-Nardzewsk i [1 ] prove d tha t no t ever y almos t prope r Bore l conditiona l 
distribution ca n b e modifie d b y a  Bore l procedur e t o obtai n a  proper conditional distribution . 
Their argument s rel y o n th e fact , estabhshe d b y Noviko v [1] , tha t i t i s no t possibl e t o 
B-uniformize an arbitrary Borel function (see subsection 14). 

(6) Thi s approac h t o th e theor y o f stochasti c processe s wa s develope d b y Lev y [1] ; see als o 
Wiener [1] , For th e connectio n wit h th e theor y o f Mont e Carl o methods , se e Gel'fand , Frolo v 
and Cencov [1] , Rankin [1] and Cencov [11] . A simila r approach was suggested by Blackwel l [4 ] 
(see also Sazonov [1]). 

(7) Provide d tha t the initial functio n i s not many-valued . Nevertheless , any B-function ma y b e 
uniformized b y an A(B)-function, wher e A(B) is the a-algebra generate d by th e analytic sets (see 
Saks [1]) B c  A(B ) c  B \ Se e also Luzin [1], Luzin and Novikov [1] , and Luzin and Sierpinski [1]. 

(8) The proof s o f Lemm a 5.1 1 an d al l othe r assertion s o f § 5 rel y onl y o n genera l fact s o f 
measure theor y an d make no use o f th e concep t o f a  constructive measure . Therefore th e proo f 
given here of Lemma 2.15 contains no vicious circle. 

§3 
(1) Applying the Taylor formula with integral remainder to the function/(JC) —  f(<p~l(x)) o f th e 

local coordinates (x( I ) , . .  . , x (n)), we can write (see Helgason [1]) 

/(*) =  /(*<,) + £  (* (,) - 4'>)&(*) > 

where g,(x ) i s a  differentiabl e function , g t(x) «  XJ(x\  g t(x^ =  (X tf)p9 an d x 0 =  <p a(p). I t 
follows at once from conditions (3.3) and (3.4) that 

W), = 2 (*,/),• (**<'>)(/>)• 

This gives (3.10). 
(2) The concep t o f affin e (linear ) connectio n i s du e t o Levi-Civit a [1] ; se e als o Wey l [1] . 

Originally th e definitio n o f linea r connectio n referre d t o surface s i n euclidea n space , an d th e 
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concept was then carried over to Riemannian spaces . Any Riemannian differential metri c define s 
a torsion-fre e linear connection (see, for example, Favard [1]). 

§4 

The invariant s o f a  family o f probabilit y law s were firs t considere d a s invariants o f a n objec t 
of a  category by Morse and Sacksteder [I] ; see also Sacksteder [1], [2]; monoton e invariants were 
first studie d b y th e autho r i n [7J . Covariant s i n geometr y (wit h th e grou p o f motions ) wer e 
investigated b y Rozenferd [1]. 

(1) Ye t anothe r exampl e o f a  categor y i s the categor y o f al l measurabl e space s (Q , S) wit h al l 
measurable mapping s of on e into the other . There is a closure operation (ft , S ) -> (ft, S* ) fo r th e 
objects of thi s category. By Lemma 2.1 thi s operation is a functor. 

§5 
(1) A transitio n probability distribution describes not only a decision rule but also, for example, 

a communication channe l with random noise, with "input alphabet" ft and "output alphabet" S . 
Thus, a s remarke d b y Dobrusin , th e categor y o f Marko v morphism s i s a t th e sam e tim e a 
category o f statistica l communicatio n channel s withou t memor y etc . (see als o Csiszar [5]) . Not e 
that Theorem 9.1 (on sufficient statistics ) has a very graphic interpretation in terms of a  two-way 
communication channel . I n fact , i t wa s show n b y Wrighto n [1 ] tha t i n a  certai n sens e th e 
problem o f statistica l inferenc e i s a  degenerat e proble m o f communicatio n i n th e presenc e o f 
noise. 

(2) I t can be shown that the integrals (5.5) are equal to the double integral 

ff P{du)'}n{w';du>" }/(w"), 

BxQ" 

understood as a limit of Darboux-Youn g integral sums 

2 P{B}nw B,A)f(»A) 
(BXA) 

with respec t t o th e filte r o f finit e partition s o f th e spac e ft' X  ft"  into measurabl e rectangle s 
B X  A, B  G  S', A  e  S" . T o prov e th e existenc e o f th e limit , on e mus t conside r th e lowe r an d 
upper Lebesgue integral sums for the partition with 

Ak =  {<*":  kn~ l <  f(u")  <  (k  +  l )*" 1} , k  -  0 , 1 , . . . , n; 

Bp -  yu'ijn- 2 <  I7(a>'; Ak) <  (j  +  l)n~ 2}, j  *  0 , 1 , . .. ,  n\ 

and then let n -» oo. 
(3) Incidentally , th e usua l fl-function  define s a  functiona l o n continuou s functions , whil e an y 

measurable functio n ca n b e integrate d wit h respec t t o a  fi-measure. Hence the y defin e distinc t 
functionals. 

§6 

<*> For example , le t | p „ Q x \>\P 2, Q 2\ (^12 ) and , conversely , | p „ g , | < 

J£?2> ̂ 2} (n 2l). I t is readily checke d tha t then J  Pv Q x }^{^2» C2 } (^12* #21 °  ^12 °  #21)* and 

| * i . e i )~JC > *i)<n 1 2 •  J*2i> n1 2 . n 21). 

§7 
(1) All the auxiliary lemmas of § 5 were proved for bounded functions. They carry over trivially 

to nonnegative functions which may take the value 4 - 00 . 
(2) I n Mors e an d Sackstede r [1 ] th e integra l invariant s wer e no t introduced , an d thei r argu -

ments were therefore a little more complicated. 
(3) Or weakly continuous Markov chains with compact state space (see Bebutov [1]). 
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§8 
(1) I n contrast t o the ter m "divergence" (see Kullbac k [3]) , "deviation" reflects th e asymmetri c 

way in which the probability measures enter. 
(2) A similar assertion was  made (without proof ) by Rosenblatt-Roth i n the text of [1] . A mor e 

general statement , using slightly different terminology , was however proved earlier by Csiszar [5]. 
(3) O f course , fo r arbitrar y pair s th e equality  I[Q\P]  ~  I[Q'\P'\  doe s no t impl y equivalence . 

We published (8.6) in [7]. 
(4) Th e functional x 2(£?> P)  w a s studie d by Kagan [1] as a measure of the difference betwee n Q 

and P (and called the divergence of P  an d Q).  Th e functional (8.10 ) was studied by Perez [1] and 
Onicescu [1], under the name of information energy. 

(5) I n the same way as Shannon's entropy i Sh describe s the exponential growth exp[MSh] of th e 
number o f highl y probable message s whe n th e length N  o f th e message i s increased . Recal l tha t 
for a  discrete space  Q  = {«, , .  . . , <o m}, uniform distributio n Q++(l/m, . .  . , l/m)  o f outcome s 
and distribution P <-• (/*„ .  . ., p m) w e have 

W l -  "  2  Pk  mPk -  I n m -  I[Q\P). 

(6) The proo f o f (8.21 ) goe s bac k t o a n unpublishe d pape r o f Stei n [3 ] and th e dissertatio n o f 
Joshi [1] (in this connection Chemoff [2 ] and Kullback [3]) . The relation (8.22) is due to Chemof f 
[1], whose proof relie s on a  rather delicate limi t theorem of Crame r [3]. Formula (8.23) is due t o 
N. P . Salihov. Saliho v has recently proved tha t in testing several hypotheses / > , , . . . , P m th e rate 
of exponential decrease of th e maximum probability of error is given by 

/ « m i n in f max{/[/>,!A] , l[P k\R]). 
j,k / J e C a p h l  J  J  * ' J J 

^ I f th e quantile falls on an atom of th e distribution offN(e), P^e:  f N(e) - * kN) >  0 , then, as 
usual, randomizatio n i s carrie d ou t (se e Lehman n [1] , Chapter 3) , s o tha t th e hypothesi s P l i s 
rejected invariably tff N(e) <  k N an d with a certain probability q iffN(e) ~  k N, wher e 

P?{*'-fA*) < M +  qP?{KfM  -  M  -  *>• 
(8) The convergenc e k N -+  -I[PQ\P{\ als o occur s i f -I[P Q\P{\ «  -oo , sinc e th e differenc e 

ln/>!(w) —  ln/> 0(w) i s P,-quasi-integrable . A  rigorou s proo f o f thi s versio n o f th e la w o f larg e 
numbers for the likelihood function is contained in the proof o f Lemm a 27.18. 

(9) I f / *  - f oo , the estimation from below is trivial. 
(10) The asymptoti c behavio r describe d b y Mourie r an d Sakaguch i (se e Kullbac k [3] ) i s 

apparently erroneous. 
(11) Thus, Reny i [1 ] considered th e invariants ln/ t t an d dlnJu/du, relate d t o th e informatio n 

deviations b y (8.25 ) an d (8.26) . Th e integra l J\/-^P,  Q)  was , however , investigate d b y Bhat -
tacharyya[l, 1943] . 

A concep t closel y relate d t o informatio n deviatio n i s tha t o f informatio n (containe d i n on e 
random variable relative to another); see Kolmogorov [5] and Gel'fand, Kolmogorov and Jaglom 
[1]. I f F l2 i s th e joint distributio n la w o f tw o rando m variable s £  « x(w ) an d rj •• >»(w), and F x 

and F2 are the marginal laws , then / ~  I[F X X  F 2\Fl2]. 
It is worth mentioning tha t 2 arccos / i /2 ( ^ , Q)  i s the distance between P  an d Q in the natural 

Riemannian metric defined b y the Fisher information tenso r (see §11 and §12.9). 

§9 
(1) Her e lies the essential difference betwee n the semigroup of Marko v transformations an d the 

semigroup o f al l linea r transformations ; i n th e latte r almos t al l transformation s ar e invertibl e 
(within the semigroup). 

(2) Lemm a 9. 4 has been know n fo r a  lon g time , and no t onl y t o specialists in Markov chains . 
See, for example, Krein and Rutman [1] or Bebutov [1] , The sets € of outcomes o> described in the 
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condition ar e (except fo r e 0) sets o f communicatin g recurrent state s of th e Marko v chai n 17 . We 
have omitte d th e statement  an d proo f o f th e fac t tha t ever y suc h se t ha s it s ow n stationar y 
distribution. 

§10 
(1> Let C/ =  {us: /(w) > y } n  A p C~  «  Aj  -  C / . Then , since Aj is an atom, either C/ o r C~ 

is a Z-set . B y induction, i t follows tha t for any finit e sequenc e -o o = * y0 <y x <  •  • •  <y N —  + 
oo only one of the sets {<*> : yk_ Y  < / ( «) <  y k) n  Aj  is not a Z-set. Consider a countable sequenc e 
of numbers , dens e i n th e rea l line , wit h x 0 • = -oo an d x , «  +  oo . Subjec t t o reordering , ever y 
finite subsequenc e x 0, x x, . . . , x N define s a  partitio n o f th e rea l lin e int o half-close d intervals . 
Applying th e previous reasoning , w e se e that only one o f th e intervals does no t correspond t o a 
Z-set, and with increasing N  thi s interval becomes smaller . As TV -• o o these half-closed interval s 
(1'N> *&)  shrin k t o a  point , whic h w e denot e b y T . Denoting B N =  {w : t' N <j{u>) <  /# } D  Ap  w e 
have Aj  -  B N -  C N G  Z. Sinc e Z  i s a  o-ideal , i t follows  tha t UJ ° C N -  C  Q  Aj an d C  e  Z , 
whence Aj  ^  C.  Thus H * B N —  B  ^  Aj  -  C  is  not empty . The function /(<*>) takes th e value T 
on the set B, and A}, -  ^  «  C  e  Z . 

(2) Fo r any ( /! , . . . , / w ) ther e is a corresponding class of equivalent S-measurable functions , a 
suitable representativ e o f whic h i s th e functio n /(« ) =  fi  fo r «  e  ^ y., wher e A v .  .. ,A m i s a 
canonical partition of ft into atoms. The function v{  •} defined on the o-algebra S  by 

is a  /i-dominate d measure , independen t o f th e specifi c choic e o f /  fro m it s equivalenc e class . 
Obviously, 

vj =  v {Aj) " / / ( ^ ) K ^ ) ^Z 7 X  M y 
Aj 

Thus any S-measurable function/(• ) determine s a linear transformation o f th e cone of measures , 
Z-equivalent functions determining the same transformation. 

(3) I n a  finite-dimensiona l spac e al l norm s ar e equivalen t (se e (14.3)) . Here , therefore , th e 
expression o(r)  ha s a n absolut e meaning . Th e fac t tha t thi s i s no t s o i n infinite-dimensiona l 
spaces makes it difficult t o define smoot h families (see §§13 and 14). 

(4) ^ "function-measure " in the terminology o f Bogoljubov [1]. 
(5) Computationa l formula s o f thi s type are used, for example, in Gel'fand, Frolo v and Cenco v 

(6) The categor y IT  CAP o f collection s Cap f wit h th e syste m o f positiv e centrally-projectiv e 
homomorphisms was  mentione d i n Cenco v [5 ] in connectio n wit h th e stud y o f natura l equiva -
lences of families . The connected group of invertible positive centrally-projective transformation s 
is the translation group. 

§11 

Various author s hav e repeatedl y expresse d th e opinio n tha t th e Fishe r informatio n tenso r 
defines a  natural Riemannian metric in the manifold of mutually absolutely continuous probabil-
ity distribution s (see , fo r example , Kullbac k [2] , [3]). However , seriou s result s i n thi s are a wer e 
obtained only by Kozlov [1] , whose work stimulated our own investigations. 

(1) Congruent embedding s o f th e simplexe s Cap f ar e describe d b y linea r mapping s i n bot h 
natural an d canonica l coordinates . Fo r thi s reaso n th e statemen t o f th e lemm a i s tru e fo r an y 
index value s whic h var y accordin g t o a  tenso r la w unde r (linear ) transformatio n fro m on e 
canonical (o r natural) coordinate syste m to another. This argument i s applied in Lemm a 11. 4 to 
the matri x o f secon d derivative s i n canonica l coordinates , an d i t ma y b e applie d t o field s o f 
differential operators . 

Note tha t sinc e th e geometry i s almost homogeneous , equivarian t scala r fields , (contra)vecto r 
fields an d tenso r contravalen t field s vanis h identicall y i f the y vanis h a t som e point . Thi s i s no t 
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the cas e fo r covalen t tenso r field s (sinc e the y ar e "carrie d backward " b y th e mappings , no t 
"taken out") . 

(2) The geometrie s o f th e simple x Cap h i n natura l an d canonica l coordinate s ar e ver y remi -
niscent o f intrinsi c geometrie s o f th e firs t an d secon d kin d o f th e simple x a s hypersurface i n th e 
enveloping m-dimensiona l spac e Var(S2, Sw) equippe d (se e Norden [1] ) with a  unique equivarian t 
field o f normals n(P) -/><-> P. 

It i s highly importan t tha t th e equivarian t tenso r g  coincide s fo r "tangent " measure s wit h th e 
Radon-Nikodym tensor , whic h convert s a  measure o n S  int o a n S-measurabl e function , i.e . int o 
an elemen t o f th e dual space . 

(3) Th e gradient s o f a n invarian t functio n o n differen t object s ar e represente d b y covector s o f 
different dimensions . I n th e cas e o f congruen t embedding , however , th e scala r produc t o f an y 
embedded tangen t vecto r wit h th e gradient remain s unchanged , sinc e i t is equal t o th e derivativ e 
in the appropriate direction . This implies that the gradient is equivariant . 

§12 

I a m indebte d t o E . A . Morozov a fo r advisin g m e t o see k th e natura l geometr y o f a  linea r 
connection. Theorem 12. 3 provides the answer t o a question put t o the author by Ju. V. Linnik. I 
am indebte d t o F. I. Karpelevic fo r sharpening it s formulation . 

( , ) G . an d G . G . Vrancean u [1 ] associat e a  certai n generalize d affin e connectio n wit h ever y 
time-continuous Marko v proces s havin g finitel y man y states . Thei r formulatio n o f th e proble m 
differs fro m ours . 

(2) Thi s follows fro m th e uniqueness theore m fo r th e solution o f syste m (12.18) or o f th e syste m 
of second-orde r equations obtained by eliminating the parameters . 

(3) A  geodesi c i s a trajector y o f a  one-parameter subgrou p o f th e translation group . Accordin g 
to th e supplemen t t o Lemm a 10.2 , thi s grou p i s simpl y transitive , whil e th e correspondenc e 
between th e coordinate s  and th e law P i s unique in view of Lemm a 10.3 . 

§13 

The monotonicit y o f th e approximatin g sum s fo r th e informatio n deviatio n wa s apparentl y 
first pointe d ou t b y Sano v [1 ] (se e als o th e proo f i n Kallianpu r [1]) . A genera l approximatio n 
theory fo r functiona l o f th e for m (13.18 ) ha s bee n develope d b y Csisza r [2] , [3] an d indepen -
dently b y Ghury e [1 ] and Cenco v [12] , [13]. Special subclasse s o f suc h functiona l hav e also bee n 
investigated b y other authors ; se e Martin an d Ohei x [1] and thei r subsequent publications . 

(1) Translations , a s projectiv e transformation s o f a  simplex , ar e als o fractional-linear . Passag e 
to a  conditiona l distributio n ma y b e describe d a s a  limi t o f translation s whe n th e canonica l 
parameter become s infinite (se e §21.8). 

(2) Fo r th e definition o f projectiv e an d inductiv e limits, see Palamodov [1] and also Scheffer [1] . 
(3) Recal l tha t in view of th e conventions (13.23 ) the second integra l i s a Lebesgu e integral onl y 

when Q  »  P.  Bu t if 

P{t*:(dQ/dP)(o) =  0}  >  0 , 
then th e g-integra l o f an infinit e function ove r this set is put equa l to +oo . 

§14 
(1) Sinc e th e functio n /  ma y no t b e one-to-one , th e surfac e define d b y it s imag e ma y b e 

self-intersecting. Th e tangen t plan e i s a  loca l concept . I f f(xx) • • f(x£ * = y&  the n ther e ar e tw o 
tangents a t th e sam e point y0 o f th e space , corresponding t o differen t point s (*, , y^)  an d (jr 2, y^ 
of th e surface . 

It shoul d b e note d tha t conditio n (14.5 ) i s quit e restrictive . I t i s certainl y no t satisfie d whe n 
dim X  >  di m Y  (i.e . th e dimensio n o f a  smoot h surfac e canno t excee d th e dimensio n o f th e 
enveloping space) . 

(2) However , thi s situatio n i s typica l eve n i n linea r topologica l space s (se e Averbu h an d 
Smoljanov [1]) . One the n ha s to be content wit h functiona l whic h are differentiate wit h respec t 
to the subspace of increments of a  finite "norm" . 
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Note tha t the weakest £ l(P)-metric (whic h coincides with variation for dominated measures) is 
too wea k fo r u s (se e above , subsectio n 3) , whil e th e stronges t ^ ( /^metr i c define d b y th e 
essential supremu m o f th e Radon-Nikody m derivativ e i s fa r to o strong-eve n th e famil y o f 
normal laws is not continuous in it. 

(3) A  definitio n simila r to £ 2(i>)-differentiabihty, fo r familie s o f on e rea l parameter , was give n 
by Schmetterer[l]. 

(4) Thi s follow s fro m well-know n theorem s o f classica l analysis . W e shal l no t presen t th e 
proofs, sinc e th e correspondin g propositio n i s easie r t o stat e an d t o prov e fo r continuousl y 
differentiable surface s (see Lemma 16.3) . 

§15 

<]) It i s natura l t o confin e th e stud y o f single-fol d differentiabilit y t o differentiabilit y i n th e 
field o f £ 2(P)-metrics. However , n-fol d differentiabilit y shoul d b e considere d i n th e stronge r 
£"(P)-metrics, or , more precisely , i n a hierarchy o f metric s (se e §26.5) ; otherwise suc h "analyti c 
functions" as I[Q\P] tur n out to be nondifferentiable . 

(2) That is, we obtain an estimate for the squared norm in the quotient space of L 2(P) by a  line 
of constant s (cf . Schmettere r [1 ] an d Cenco v [9]) . Th e correspondin g induce d metri c wa s 
introduced by Gerfand (see Hille [1]). 

(3) (15.12) and (15.14) are known as the (one-dimensional) informatio n inequalities . Associate d 
with thei r rigorous proofs ar e such names as Cramer [1], [2], C. R. Rao [1], Darmois [1] , Frechet 
[1], as well as Dugue [1] and many others (see van der Waerden [1]). 

<4> See Cramer [1], and C. R. Rao [2]. 
(5) Fo r example , P'"  etc . (se e Bhattacharyy a [2] , Bol'sev [1 ] or Seth [1]) . The more th e la w P 

admits unbiased estimators/(co) for zero, MF/(i»>) = 0 , the larger the lower bound for the variance 
of th e unbiased estimator (see Kagan [4] and C. R. Rao [3]). 

(6) The definition o f a n efficient estimato r goes back to Fisher [1], [2]. Regarding estimators for 
which the risk coincides with the bound (15.23), see De Groot and M. Rao [1]. 

^ Thi s theore m wa s considere d wit h n o clearl y formulate d smoothnes s condition s b y Bhat -
tacharyya [2] . A logica l erro r has slipped into th e proof give n by Kullback [3 , Chapter 3] . Fraser 
[1] gives the proof fo r one parameter only. In contradistinction to the authors just listed, we have 
not presume d th e existenc e o f smoot h densities , an d w e allo w th e appearanc e o f forma l 
estimators. A stronge r version of thi s theorem is Theorem 23.6. 

§16 
(1) Bu t convergenc e (16.2 ) i n th e £ 2-metric follow s fro m th e trut h o f conditio n (16.1 ) i n th e 

^-metric (cf . §26. 5 and footnote 4 to §26). 
<2) Or as the limit of Riemann sums in the local £ w-metric. 
(3) A  related fact was actually used in the proof o f Lemma 16.1. 
(4) A  fortiori , accordin g t o Corollary 1  to Lemm a 16.1 , differentiable wit h wt h moment i n th e 

sense of Definition 14.3 . 
(5) Continuity o f />/(« ; i)  i s no t require d here . Neithe r i s measurabilit y o f i<w) , sinc e th e 

measurability of 

(/fo(«; *<«))) • |* - 1\-l[p(t*\ t) - />(*>; $)} 

follows from the definition. 
(6) Integra l corollarie s fro m th e informatio n inequalit y fo r one-paramete r familie s wer e firs t 

obtained by Blyth [1], Girshick and Savage [1], and Hodges and Lehmann [1]; see also Karlin [1]. 
The examples of Stei n [1] , [2] show that thes e corollarie s do not carry over to n >  3  parameters. 
This is why Kiefer [1], in his fundamental revie w of the theory of optimal multivariate estimators, 
expressed doubt as to the applicability o f th e information inequalit y a s a tool for construction o f 
optimal estimators. The theorem stated here was proved by the present author in [9]. 

Integral corollaries for the variance of a n asymptotically normal law were obtained by LeCa m 
[1] and Schmetterer [1] , in the case n = 1 . 
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§17 
(1) This definition was  apparently firs t give n by Minty [1] . For further research o n the subject , 

see Rockafellar[l] . 
(2) Any one-to-on e continuou s mappin g o f th e rea l lin e int o itself , with  continuou s inverse , i s 

automatically monoton e an d take s monoton e function s t o monoton e functions . Thi s i s no t th e 
case for multidimensional spaces . 

§18 

Exponent familie s ar e perhap s th e mos t importan t an d well-studie d clas s o f families . Sys -
tematic investigatio n o f thei r genera l theor y bega n wit h Koopma n [1 , 1936] , wh o characterize d 
them a s familie s havin g finitel y man y sufficien t statistic s (se e als o Dynki n [1 , 1951]) . The y 
appeared independently in problems of statistica l physics (see Khintchine [1]). 

An accoun t o f th e genera l theor y o f exponen t familie s wa s give n i n Kullbac k [3 , 1959] and 
Lehmann [1 , I960] . Genera l analytica l approache s t o th e theor y o f paramete r estimatio n an d 
hypothesis discriminatio n fo r thes e familie s wer e proposed i n monograph s b y Linni k [2] , [3]. A 
number o f fundamenta l problem s o f th e theor y wer e als o touche d upo n i n Blackwel l an d 
Girschick [1 ] and Robbins [1] . Our own researc h has dealt mainly with the "geometrical " aspect 
of th e theory (see Cencov [4] , [6]). 

(1) The componen t o f th e identit y o f th e grou p o f centrally-projectiv e transformation s o f 
Caph(J2,Sm, (ID ) into itself, see §10. 

(2) Mor e precisely, the statistics ^ ( w ) , . . ., q n{u>) and q0(w) =  i(w ) are linearly independent . 
(3) Though thi s density may determin e a  random functiona l o n smoot h functions , i.e . define a 

generalized random variable in Gel'fand's sense [2]. 
(4) Though the dimension of th e family of generalized random variables is n. 
(5) These limit s for m th e Vorob'ev-Faddee v fin e boundar y o f th e simple x Caph(Q , Sm, ®) . 

Under these conditions , t o eac h strictl y dominate d la w corresponds a  whol e manifol d o f limits . 
The point is that the simplex Caph(Q, Sm, <Q)) , as a homogeneous manifold o f zero curvature, has 
no natura l boundar y (se e Gel'fan d an d Grae v [1]) . Th e boundary , obtaine d b y Vorob'e v an d 
Faddeev [1 ] fro m othe r considerations , ma y b e obtaine d b y th e geometrica l method s o f 
Karpelevicfl]. 

(6) This means tha t the correspondenc e s  ->> P^  determine d by (18.1 ) and (18.2) defines a  chart 
of the family. 

(7) Recal l that , in any semiordere d space , first-order homogeneou s function s ar e defined i n an 
invariant manner (see Kantorovic, Vulih and Pinsker [1]). 

(8) The desirability o f presentin g a  direct proof fo r thi s theorem was pointed out t o the author 
by Ju. V. Linnik. 

The theorem may also be derived from the general results of §7 . 
(9) Thi s equation is transformed t o a form more convenient fo r our purposes (cf. Bernstei n [1]). 

Regarding the equation p'{x) —  sg'(x)p(x),  se e also Mathai [1]. 

§19 
(1) The canonical affin e paramete r of a  geodesic (see Favard [1]) , or the canonical variabl e (see 

Khintchine [1]) . This terminology is more "canonical" than that adopted by Linnik [2]. 
(2) The transformatio n fro m canonica l t o natura l paramete r i n statistica l physic s i s associate d 

with th e introductio n o f th e notio n o f temperatur e (Khintchin e [1]) . A  natura l paramete r wa s 
considered a s a n ancillar y too l b y Bhattacharyy a [2 ] an d Kullbac k [3] . Th e ter m "natura l 
parameter" itsel f i s du e t o th e autho r [6] . The mai n resul t o f th e sectio n wer e publishe d i n th e 
indicated papers. 

(3) See , for example, Dieudonne [1]. 
(4) Since for j ( 2 ) >  0  th e integral o f th e positive function exp[.y (2);t2 +  s^x]  fro m -o o t o +o e i s 

identically equal to +oo . 
(5) Uniqu e wit h probabilit y one , sinc e bot h q(u>)  an d />(«; s) ar e define d u p to value s o n an y 

Z-set. 



NOTES AND COMMENT S 473 

§20 
(1) Formul a (20.8 ) i s du e t o Huzurbaza r [1] . (20.9 ) was  prove d b y Kullbac k [3] , wh o als o 

provides reference s t o th e wor k o f othe r authors . I n th e multidimensiona l cas e th e Legendr e 
conjugacy o f th e parameters, and , accordingly , (20.10) , was firs t explicitl y considere d in Cenco v 
[6]. Th e Youn g inequalit y (20.12 ) wa s prove d muc h earlie r b y Sanov , b y niinimizatio n o f a 
suitable expression. 

(2> Since I[P\R]  »  +  o o when P  doe s no t dominat e R,  formula s (20.15 ) an d (20.16) permit a 
description of the geodesic hull spanned by mutually absolutely continuous laws Pif a s the family 
of probabilit y distributions JPAJ wher e eac h P A*= R  minimize s a  su m 2 , €tfI[Pf\R]. Formul a 
(20.15) recalls th e expression for th e moment o f inerti a about a n arbitrary point i n term s of th e 
moment of inertia about the center of gravity . (And when the "masses" of points vary, the center 
of gravit y runs over the entire linear span. ) 

<3) For nonconstructiv e families , al l tha t on e ca n asser t i s wea k equivalenc e i n th e sens e o f 
Morse and Sacksteder (see above, Definition 6.4) . 

§21 
(1) This simple example shows that the natural chart of an infinite-dimensional exponen t famil y 

has a more intricate structure than one migh t expec t at first glance . Example 6 (below) is due t o 
the author [12]. 

(2> See also Basu [1], Doss [1] and Kale [1]. 
(3) This boundary i s th e most economical . Th e finer an d therefor e mor e massive boundary o f 

Vorob'ev an d Faddeev [1] converts the simplex Caph(&2, Sm, © ) int o a compact set on which the 
conditional probabilitie s o f eac h even t relativ e t o an y nonempt y hypothesi s ar e everywher e 
continuous. 

§22 
(1) The theorem may be slightly generalized by allowing the law to be a  point of th e boundary 

at infinity . 
(2) The fac t tha t th e maximu m likelihoo d metho d coincide s with  th e metho d o f minimu m 

information deviation has been noticed by many authors, among them Kullback and Cencov; see 
also Kriz and Talacko [1], and Hartigan [1]. 

§23 
(1) I t is convex by Lemma 19.1 . Thus, for exponent families y  wit h domain G y satisfyin g (23.4) , 

the domain of the natural parameter is convex. 
(2) Definitio n 27. 4 o f a  smoot h famil y i s a  substitute , sinc e i t demand s tha t th e densities , no t 

the measures themselves, be smooth. 
(3) B y Lemma 28.5, it is smooth in the sense of Definitio n 27.5 . The definitions themselves were 

sought s o tha t geodesi c (exponent ) familie s satisf y the m (an d fo r differentiat e families , b y 
analogy with  finite-dimensiona l manifold s Caph , th e informatio n inequalit y b e automaticall y 
valid). 

(4) The inequalit y betwee n th e firs t an d las t member s i n (23.12 ) follow s a t once fro m (26.20) . 
The direct proof i s also quite easy. 

<5) If th e functiona l /  ^{(dQ/dP){ui)]P{diid} i wher e q> i s a  conve x function , i s not continuou s 
on Caph(Q , S, Z) in variation |  p|, then according to Csiszar [2] , [4] it does no t define a  unifor m 
topology (evidently , a  topolog y ca n b e define d onl y b y a  hierarch y o f suc h functionals ; se e 
§26.5). The terms used here are therefore conditional . 

§24 
(1) By §27.5 , estimator s o f th e for m P a, wher e a  i s a  paramete r estimator , fo r a n exponen t 

family 9 1 wit h Gaussia n los s function , for m a  complet e class . I n regar d t o thi s proble m ou r 
formulation i s clos e t o tha t o f D e Groo t an d M . M . Ra o [1 ] and M . M . Ra o [1] ; see als o D e 
Groot [1]. 
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(2) Lemm a 24.1 an d it s corollary ar e essentially rephrase d version s o f a  well-known inequalit y 
of Blackwel l [1], Kolmogorov [4] and C. R. Rao [1]; see also M. M Rao [1J. 

(3) The proo f give n i n ou r pape r [9 ] is base d no t o n Theore m 16. 1 bu t o n a  simple r version , 
dealing specifically with  the family 91. 

(4) The autho r arrive d a t th e "nonsymmetri c Pythagorea n geometry " o f §§2 2 an d 2 3 i n [10 ] 
when he trie d to generalize th e geometry o f th e Gaussian method o f leas t square s (see Gauss [1 ] 
and Linnik [1]) to arbitrary geodesic (exponent) families . The actual statement of Lemm a 24.4, in 
some for m o r another , ha s frequentl y bee n use d b y statistician s t o improv e decisio n rule s (se e 
Thompson [1]). 

(5) We pu t asid e th e ver y importan t an d interestin g (bu t muc h mor e complicated ) Bayesia n 
formulation o f Robbins [1], [2] (see also Neyman [2]). 

(6) Note tha t if L(P t Q)  i s monotone an d admits both expansions (24.24) and (26.10), then th e 
constants cJ[L]  in bot h formula s ar e equal , bu t withou t th e additiona l assumption s o f unifor m 
differentiability on e cannot assert that the constants c[L] are equal. 

§25 
(1) See also Frolov and Cencov [1] , and the following publications: Van Ryzin [1], Schwartz [1], 

Kronmal an d Tarter [1], Bosq [1], [2], [3], Sesan et al. [1], and Sizova [1]. Estimators of typ e (25.1) 
have been discussed earlier by Rosenblatt [1] ; see also Schuster [1]. 

(2) I t i s eas y t o se e tha t 2 , M[a,(£)] 2 i s independen t o f th e choic e o f th e orthonorma l basi s 
<Pi(x),.. . , y n(x) i n £"„ , sinc e fo r eac h x  th e su m 2 k[<pk(x)f i s invarian t unde r orthonorma l 
changes of basis . 

(3) The integrand in (25.31) is also independent of the choice of basis (cf. footnot e 2 , above). 
(4) The nor m of th e deviation o f th e histogram from th e graph of th e density, in th e metric of 

the spac e C , ha s been estimate d b y Smirno v [1] , [2] (see als o Tumanja n [1]) . I f th e groupin g i s 
optimal, i t decreases almost like N~1/3 (u p to a logarithmic factor). 

(5) Se e also Rosenblatt [1]. 
(6) These constraint s ma y b e relaxe d somewha t b y makin g the m close r t o quasi-homogeneit y 

conditions (see Definition 28.1) . 
^ W e used this argument in [3]. It leads to a less precise accuracy bound than the inequality of 

Lemma 16.6 , and is applicable onl y when th e quality o f th e estimator i s measured by maximu m 
risk. On th e othe r hand , i t work s unde r weake r constraints , an d thi s i s essentia l i n th e cas e o f 
infinite-dimensional families . 

(8) We ar e assuming her e tha t al l th e moment s /  <p k(x)p*(x)n{dx) o f th e initia l estimato r p* 
are measurable , whic h implie s that/> * i s measurabl e an d henc e (b y Lemm a 17.14 ) tha t IT*  is 
measurable. 

(9) Unde r very weak restrictions (cf. Tumanja n [1]) the squared norm (25.10) of the deviation of 
the estimato r i s asymptoticall y norma l (se e Bos q [2] , also [1]) . Henc e on e ca n obtai n sharpe r 
results for asymptotic confidence limit s than we obtained in Cencov [3] , [12]. 

( , 0 ) Th e questio n o f statistica l estimatio n o f a  smoot h curv e i s very timel y (se e Tuke y [2 ] and 
Whittle [1]). 

§26 
(1) Random measure s hav e bee n introduce d i n man y publication s a s rando m functional s (i.e . 

random generalize d functions) ; se e Prohoro v [1 ] an d Gel'fan d [2] . Discrete empirica l rando m 
measures (25.9) have also been considered. Both concepts admit an effective definition . 

(2) At firs t sigh t i t might  see m natural , followin g Laplac e [1] , to adop t a s los s functio n som e 
invariant metric or a substitute thereof (see the review of Adhikari and Joshi [1], where more than 
ten such function s ar e listed). However , a s Gauss noted [1] , the theory i s much simplified i f on e 
takes a quadratic loss function (se e LeCam [1]) . This is why our loss function i s a nonsymmetri c 
analog 2I[P\P*\  o f th e square d euclidea n distance-a n analytic , "approximatel y quadratic " 
functional fo r whic h th e nonsymmetri c Pythagorea n theore m an d variou s othe r geometrica l 
theorems are valid (see subsection 5). 
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An interesting unsolved problem is to describe all natural matrix loss functions (see Kagan [4]). 
(3) Thi s follows from a result of Csiszar [2], [4] (see footnote 5 to §23). 
(4) For example, 

ii* -  j>ii (A2) < ii * -  eii(p^ ) + li e -  P\VPI) 

< [lieil(P,3)] 3/4ll* - C l l ^ +  lie - Phpiy 
<5> Moreover, P{A'}I[P ,\R'] s  I[P\R]asA'  ?  Q. 

§27 
(1) This is a way of using an argument of Blackwell , Kolmogoro v and Rao (see footnot e 2  to 

§24). 
<2) Under our assumptions , we can no longer assert that the majorant 

*,(«){*(«)+ 3[A(«) f +  [A(«)]3} 

for the third derivatives is integrable. 
(3) Th e statement of the corollary follows from the theory of §16, since the smooth families are 

contained in the class of continuously differentiable families . 
(4) This class contains all compact exponent families corresponding to a compact subdomain of 

the canonical parameter (see Lemma 28.5). 
(5) If th e dimension n  i s large , thes e estimator s becom e nontrivia l onl y fo r large N.  I f one 

assumes that the higher moments of the majorant are bounded, the estimators become efficient at 
values as low as n ~ N 2+6. 

(6) Another possible procedure for localizing the root is used in the proof of Theorem 27.3. 
^ Unles s restriction s are imposed on the compactness of the family an d of the maximization 

domain, th e optimalit y an d even consistenc y o f th e maximu m likelihoo d estimato r becom e 
problematic. Linni k and Mitrofanova [1 ] give a very delicate proof tha t the matimum likelihoo d 
estimator is efficient fo r a certain subclass of the exponent families . 

§28 
(1) A brief account of the contents of this section was given in our note [8] (see also [12]). 
(2) Of course, only the rate of decrease of the quantity n X r(N) i s determined; n itself may be 

fixed arbitrarily within certain bounds. 
(3) Recal l tha t the indices for the information matri x in canonical coordinate s S* are written as 

subscripts: v^. The notation w* k is reserved for the information matri x in natural coordinates tj. 

§29 
The definition of a random probability measure (on the unit interval or on the whole real line) 

by it s random distributio n functio n goe s bac k t o Kolmogorov [1] . Dubins an d Freedman [1] 
systematically considere d th e definition o f a random distributio n functio n F\t)  as a monotone 
stochastic process on the real line, i.e. in terms of probabilities of quasi-intervals: 

* |«Sf< /U)<«5rV- . l f . . . , * ) . 
These probabilities define a Baire distribution and, according to Kakutani [1 ] (see Halmos [1]), a 
unique regula r Bore l distribution , whic h i s easil y show n t o b e concentrate d o n monoton e 
functions F(().  However , as follows from a well-known result of the author [1], this distribution is 
generally not concentrated on distribution functions , sinc e the set of all distribution functions is 
neither a  Bore l se t no r absolutel y measurabl e (althoug h th e se t o f continuou s distributio n 
functions ha s thes e properties) . W e therefor e hav e t o prov e th e existenc e o f a  non-Bore l 
extension <3 \ concentrate d o n th e distributio n functions , jus t a s i n th e theor y o f Marko v 
processes one has to prove the existence of a canonical modificatio n o f the process (see Ito [1] , 
and also Doob [2]). 

(1) Th e clas s o f Bo(S)-set s i s fairl y small . I f the algebra S  i s uncountable , i t does no t even 
contain "singleton subfamilies". Sinc e every family consisting of a single set function is closed in 
the product topology, they are all B(S)-sets. 
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(2) I f S  ha s countabl y man y generators , ther e i s a  substantia l differenc e betwee n th e algebra s 
B0(S) an d B^S) . Fo r example , al l "singleton " familie s ar e measurabl e i n B^S) , sinc e ever y 
o-additive measur e i s completely determine d b y it s values o n countabl y man y generators , whil e 
an arbitrary set function is determined by its values on the whole algebra S. 

(3) Each o f condition s l ° -3 ° o f syste m (2.5 ) (fo r fixe d set s H,  H x an d H^)  describes a  close d 
B^S^subset o f the space Xs. Henc e axioms l° -3° , which define the collection of al l normalize d 
finitely-additive se t functions , describ e a  close d B(S)-se t a s th e intersectio n o f th e above -
mentioned close d Bo(S)-sets . The descriptiv e natur e of th e set o f al l normalized countably-addi -
tive se t function s (i.e . probabilit y measures ) i s a s ye t unknown , notwithstandin g severa l inter -
esting studies (see Freedman [1]). 

By virtue of the well-known continuity property of an y finite measur e relative to a dominatin g 
measure, an d th e a-additivity o f an y finitely-additiv e measur e whic h i s continuou s relativ e t o a 
a-additive measur e (cf . th e proof o f Lemm a 14.1) , the collection Capd(Q, S, Z ) is a  family o f th e 
type Frf in Xs, an d hence B(S)-measurable, although it is not B 0(S)-measurable. 

(4) I n vie w o f condition s l ° -3° , conditio n 4 ° (convergenc e wit h probabilit y one ) ma y b e 
replaced by convergence in probability: 

For any e >  0  and every fixed sequence  Hk \  0 , H k E  S , 

(5) Note tha t Lebesgu e collection s Capd(& , S, Z)  ar e no t onl y B(S)-measurabl e i n X s (se e 
footnote 3 , above) but also K-measurable, also corresponding to an F^-set i n the sector W. 

(6) A n analogou s statement  i s readil y prove d fo r othe r functiona l (13.18 ) satisfyin g th e 
conditions o f Theore m 13.1 . 
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