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Dedicated to 

Nikolai Ivanovich  Slobodchikov, 

my school teacher 

Foreword 

The problem o f findin g a n integral representatio n fo r an d computin g finit e 
and infinit e sum s (generatin g functions ) arise s i n th e mos t widel y disparat e 
areas o f mathematics : combinatoria l analysis , grap h theory , th e theor y o f 
algorithms an d programmin g o n a  computer , probabilit y theory , functio n 
theory, an d grou p theory , a s well a s in physics and othe r area s of knowledge . 
The present book contains a  systematization of know n ideas and methods and 
an exposition of new ones concerning this problem. 

Since th e appearance o f ou r book "Combinatoria l sum s an d th e method o f 
generating functions " (Krasnoyarsk , 1974) , w e hav e receive d man y usefu l 
comments fro m investigator s i n th e USS R an d abroad , th e book s o f Goul d 
(USA, 1972 ) and Kauck y (Czechoslovakia , 1975) , both wit h the title "Combi -
natorial identities" , hav e bee n published , an d man y ne w result s hav e bee n 
obtained. Al l thi s ha s enable d u s t o bette r understan d th e essenc e o f th e 
proposed method s an d ha s significantl y enriche d th e factua l materia l o n 
combinatorial identities. 

The formatio n o f th e author' s view s ha s bee n greatl y influence d b y hi s 
collaboration wit h th e grou p o f mathematician s le d b y L . A . Aizenber g 
(Kirenskii Institut e of Physics , Siberian Branch of th e Academy o f Science s of 
the USSR, Functio n Theory Laboratory), as well as by the group led for a long 
time b y Yu . M . Gorchako v (th e Grou p Theor y Laborator y o f th e sam e 
institute). This collaboration has contributed to the emergence of new applica -
tions of methods being developed in function theory and group theory. 

To understand th e content s o f th e book i t i s necessary t o stud y thoroughl y 
only Chapter 1 . The material in the remaining chapters may be read selectively 
according t o the interests and degree of preparation o f th e reader. Those fact s 
from th e theor y o f multidimensiona l residue s neede d t o rea d th e boo k ar e 
presented i n th e Supplement , writte n b y A . P . Yuzhakov . §6. 1 wa s writte n 
jointly with  L . A. Aizenberg , par t o f §4. 2 wit h B . I . Selivanov , an d §6. 4 wit h 
Yu. D. Ushakov . 

IX 



X FOREWORD 

The sections and formulas are numbered by chapters. For example, formula 
(5.20) is formula 20 in Chapter 5. Subsections, definitions, theorems , lemmas, 
and problems are numbered by sections according to the same scheme. Thus, 
"Theorem 4.5.2" means that this is the second theorem in §4.5. 

The author expresses his deep gratitude to the editor-in-chief G. P. Gavrilov, 
and to A. P. Yuzhakov, B. I. Selivanov, G. I. Zolotukhina, and E. K. Leinartas 
for a useful discussion and critial comments. V. K. Ivanov and K. A. Rybnikov 
made valuabl e remark s i n th e proces s o f familiarizin g themselve s wit h th e 
manuscript, and the author sincerely thanks them for this. 

The author is especially gratefu l t o A. M . Aronov fo r help in putting the 
finishing touche s o n th e tex t o f th e manuscript , an d i s als o thankfu l t o hi s 
students A. K. Avramenok, A. I. Karapetyan, A. V. Kurikov, N. I. Sereda, and 
E. M. Smirnova for help in preparing the manuscript. 
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SUPPLEMENT 

Facts from the Theory of Multidimensional Residues 

A. P . YUZHAKOV 

Introduction 
It i s wel l know n wha t numerou s application s th e theor y o f residue s o f 

analytic functions o f a single complex variables has. At its basis he the Cauchy 
integral theorem , permittin g u s t o replac e th e contou r o f integratio n i n th e 
integral of a holomorphic function by another simpler contour, and the residue 
formula, expressing the integral over a small contour about a singular point in 
terms of th e coefficient o f the corresponding Laurent series , and—in th e case 
of poles—in terms of the derivatives. 

The theory of multidimensional residues, which goes back to Poincare [173], 
is based on the general Stokes formula an d its corollary: the Cauchy-Poincare 
integral theorem. Serious topological difficulties aris e for analyti c functions of 
several complex variables in connection with the fact tha t the role of a singular 
point is now played by analytic sets (surfaces) in C, whic h have a complicated 
structure in the general case, and the apparatus of algebraic topology is needed 
to overcome these difficulties. Unlik e in the case of functions o f one variable, 
integrals over "elementary" cycles cannot always be computed completely even 
for poles . For example , the Leray residue formula [142 ] (see §2.4 below) only 
enables us to lower the order of th e integration i n th e general case. Although 
the theory of multidimensional residues evolved in a profound an d comprehen-
sive way in work of Leray [142], who developed a general theory of residues on 
a complex analytic manifold, and in work of Dolbeault, Martinelli, and others, 
it i s stil l fa r fro m complete . Multidimensional residue s hav e in recen t time s 
found importan t applications in the investigation of Feynman integrals [16], as 
well as in combinatorial analysis (see the present book). 

229 



230 SUPPLEMENT. MULTIDIMENSIONAL RESIDUE S 

In §1 below we present auxiliary concepts and fact s on which the theory of 
multidimensional residues is based. In §§2 and 3  we survey the main concepts 
and result s in this theory and give practical devices for computin g residues in 
some specia l cases useful i n applications . In § 4 we present th e theor y o f th e 
logarithmic residue in detail, and in §5 its application to a generalization of the 
Lagrange expansion to arbitrary implicit functions. The reader will find a  more 
complete exposition o f th e material given here, along with a  bibliography, i n 
the book [240]. 

§1. Integration of differential forms. The Stokes formula 

1.1. Differentiable and complex analytic manifolds. An n-dimensional manifold 
is define d t o b e a  connecte d Hausdorf f topologica l spac e X,  eac h poin t o f 
which ha s a  neighborhoo d homeomorphi c t o a  bal l i n th e ^-dimensiona l 
Euclidean spac e R".  A  pai r (U a, cp), where U a is a  neighborhoo d o f a  poin t 
a e  X  an d <p : Ua - > {/ e  R";  \t\  < 1 } is a  homeomorphism , i s calle d a  local 
coordinate system, and the values / = ( r „ . . ., t n) =  cp(x ) are called local coordi-
nates of a  point x  e  U a. Suppose that o n X  there is a family < 3r= {Ua9 <pa}ae/< 
of local coordinate systems satisfying the following conditions: 1 ) U  aeA U a = 
X\ 2 ) if (t/a, (pa), (l/p, (fy) e #an d U a n l/ p =* 0, the n the mapping <fy °  ̂i s 
r time s continuousl y differentiable ; 3 ) i f a  coordinat e syste m ([/ , cp) i s 
connected wit h an y coordinat e syste m (f/ a, cp a) e ^  b y conditio n 2) , the n 
( [ / ^ J e f . The n the pair (X, <&)  is called a differentiable mamfold of class @ r, 
0 <  r  < o o (i t i s assume d tha t r  = o o i n wha t follows) . A  differentiabl e 
manifold i s said to be orientable if ^can be partitioned into two classes in such 
a way that if two pairs (i/a, <pa), (6 ,̂ <fy) are in a single class and ( / o n ( / p * 0 , 
then th e Jacobian o f th e mapping ^ °  cp̂ 1 is positive. These classes are called 
(opposite) orientations of X. If X is a 2 n-dimensional manifold, the mapping 

«.: U.->{t- a, , . . , U  e  C - -|S|= (|S,|2 + • • • +IU 2)'/2 < 1} 

in (U a, <pa) e f  i s a  homeomorphism ont o a n ope n bal l o f th e w-dimensiona l 
complex spac e C w, an d q^ 0^"1 i s a  holomorphi c mapping , the n th e pai r 
(X, f ) i s calle d a n w-dimensiona l complex  analytic manifold. Obviously, a n 
A?-dimensional comple x analyti c manifol d i s a t th e sam e tim e a  (real ) 2n-
dimensional differential manifol d (an d orientable). Some examples of complex 
analytic manifolds ar e a domain in C", an analytic set without singularitie s in 
Cn (S  =  {z e  C:  F x(z) =  •  • • =  F k{z) =  0} , wher e F x,...,Fk ar e holomor -
phic functions with rankydiy'BzJI =  &) , Riemannian manifolds of multivalued 
analytic functions o f severa l complex variables , etc. (see [202], [5] and [234]) . 

1.2. Differential  forms. Differentia l form s ar e object s o f integratio n ove r 
multidimensional surfaces on a manifold an d are invariant with respect to the 
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choice o f a  loca l coordinat e system . A  differential  form  o f degre e p  (p  = 
0,1,.. .) o n a  differentiabl e manifol d X  i s define d t o b e a  skew-symmetri c 
covariant tenso r fiel d o f valenc e p  (se e [179]) . I n a  neighborhoo d o f a n 
arbitrary poin t a  e X  a  differentia l for m < o can b e uniquel y represente d i n 
local coordinates (x„ . . ., x n) b y an expression 

«(*) = E  %...t,(x)  dxu A * * * A  <**, y 0 ) 

where th e ^. . . / (x ) ar e function s o f (*„. . . , jc n) (whic h ar e differentiabl e 
sufficiently man y times), the dx},(j =  1,... , n)  are the differentials o f the local 
coordinates, an d A  i s th e sig n fo r exterio r multiplicatio n an d satisfie s th e 
anticommutativity condition 

dxt A  dxj =  -dxj  A  dxi9 dx t A  dx, =  0 . (2 ) 

In passing to other local coordinates (j>,,..., yn) th e expression (1) transform s 
to 

^ • • • j ^ i \  * i * ^ 7 Ji J h j 

E E  fl V--^)a/v
,,,''",\ Uy,A---A ^ (3 ) 

A differential for m of degree zero is understood to be an ordinary function w: 
X -* R\ C 1. A differential for m co is said to be regular if its coefficients i n any 
local representation o f th e form (1 ) are functions o f clas s @°° (differentiabl e 
any numbe r o f times) . Differentia l form s ca n b e adde d an d multiplie d b y 
numbers. The set of regula r form s o f degre e p o n a  manifold X  thus forms a 
vector space, denoted by J2 /7(X). 

The operation 

A :  tt p{X) X  Q«(X) - » ti p+q(X) 

of exterior multiplication is defined fo r forms; i t is realized in local coordinates 
by th e rule for multiplyin g polynomials, with the rule (2) taken into account . 
The following properties of the exterior product are obvious: 

1) to A  (c p +  \|/ ) =  a ) A  c p + t o A  \|/ . 

2) to A cp =  {-\) pw<p A  co, where p an d q  are th e degree s o f th e form s to 
and qp. 

The exterior differentiation operator 

d:tip(X)^Qp+x(X) 
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is defined in local coordinates by the formula 

dw = £  da ix..., (x) A  dx ix A • • • A dxt, (4 ) 

where 
n dag mi 

faux =  L  - 5 "^i -

The exterior differential has the following properties: 
1) d(u>x +  <o2) " ^wi +  ^w2-
2) rf(co A <p) = du> A  q^- l )^ A  dy, where/? is the degree of the form <o. 
3)</</<o = 0. 

A differential form w is said to be closed if du =  0, and exact if co = dcp for 
some form <p. The set of closed forms of degree/? is denoted by Zp(X\ an d the 
set of exact form s o f degree p by BP(X). B y properties 1 ) and 3 ) of the 
exterior differential, Zp(X) is a subgroup of the group Qp(X\ an d BP(X) is a 
subgroup of Zp(X). Th e factor group ZP{X)/BP{X) =  HP(X) is called the 
P'dimensional cohomology group  of X, an d its elements are called cohomology 
classes. Tw o closed forms Wj an d w2 belonging to the same cohomology class 
are said to be cohomologous (wj « co 2). Their difference c^ - w 2 is equal to dtp 
for some form <p e Q^~ !(X). A  mapping 

/ : * - 7 (5 ) 

of manifolds induces homomorphisms 

/: Q'(y) -*  Qp(X), /* : /P(Y) - + # ' ( * ), 

defined as follows. If (xlf..., x„ ) and (}>,,..., >>m) are local coordinates in the 
neighborhoods U a and K6 of the points A G I , 2 ? =/(fl ) e  Y  and the form 
to e Q ^ Y) is represented in Vb by the expression 

<*>= L <*it-i,(y)4yfl A • • • A </y/y 

then in J7fl 

(It i s assume d tha t (5 ) is a  mappin g o f clas s @°° , i.e., local coordinate s 
y!,..., y m are infinitely differentiate function s of the local coordinates xx, . . ., 
x„.) I t can be shown tha t d°f  =  f°d. Consequently , /  map s Z P(Y) int o 
Z^Z) an d BP(Y) into BP(X) and, thus, determines the homomorphism/*. 

In the case of a complex analytic manifold we usually consider forms with 
complex coefficients, and in place of the differentials dxj and dyJ9j= ! , . . . , « , 
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we take the linear combinations dzj = dxj + / dyj and dzj = dxj - i  dyj (zj =  Xj 
+ iyj)  of them. A form w is said to be holomorphic if it does not contain terms 
with dzJ9j =  1,... , n, and its coefficients ar e holomorphic functions of zl 5 . . . , 

1.3. Singular  chains.  Homology.  Le t us consider integratio n o f differentia l 
forms over multidimensional oriented surfaces. It is most convenient to repre-
sent th e surface of integration in parametric form, wit h th e orientation given 
by the order o f the parameters. To be able to apply algebrai c topolog y we 
assume a partition o f the surface int o parts : singula r simplexe s or cubes. A 
smooth singular simplex  of dimensio n p  o n a differentiabl e manifol d X  is 
defined to be a pair o p = (A^, g), where Ap is a rectilinear simplex in Rp, say 
Ap = {/ e RP:  tj  ̂0 ; Ef t} < 1) , and g: A^ -> X is a continuously differentia -
ble mapping. We write (A^, g) = (A^, g') if there exists a diffeomorphism (a 
differentiable homeomorphism ) <p : Ap -» A'p with positive Jacobian suc h tha t 
g' © cp = g. Thus, c^ is determined to within a parametrization. The simplex op 

is assigned an orientation determined by the order of the coordinates tl9..., t p 

in Rp. If other coordinates iv..., i p are chosen in tf^, then they determine the 
same orientation if 3(f)/3(T) =  9(/,, . . ., t p)/d(*rl9..., *r p) >  0, and the oppo-
site orientation if 9 ( / ) / 3 ( T) <  0. The simplex ap, with the opposite orientation, 
is denoted by -op. A  finite linear combination 

cp = Zm  ̂(6 ) 

of oriente d singula r simplexes , where the m t are integers , is called a  singular 
chain or simpl y a  chain.  Chains ca n be added an d multiplied b y integers 
termwise. The set of singular chains thus forms an abelian group Cp{ X). 

The set lô l = g(Ap) is called th e support of the simple x o p = (A^, g), an d 
the se t \cp\ = U|a^ (/)| is the support o f the chain (6) . I f A (^_, i s a (p - 1)-
dimensional fac e o f th e simple x A^ , /  = 0,1,...,/?, the n th e (/ ? - 1)-
dimensional singula r simple x c ^ =  (A(^_j, g l A ^) i s called a  /ace o f th e 
simplex o p. We choose a  coordinat e syste m (*,,... , tp) = r in i*^ that de-
termines the orientation of op so that the face A(^}_, lies in the plane tx = 0, and 
tx < 0 at points / e i ^ , The n th e parameters t2,..., t p determine an orienta-
tion of a^}x tha t i s coherent wit h the orientatio n o f op. The boundary  of  the 
simplex op is defined to be the sum of its coherently oriented faces: 

The boundary of the chain (6) is defined by the formula 



234 SUPPLEMENT. MULTIDIMENSIONAL RESIDUES 

We have the property 

9dcp - 0 . (7 ) 

A chain 7 e  C p(X) i s called a  cycle i f dy  = 0 . The relation (7 ) means tha t 
the boundary of a chain is a cycle. Let 

Zp(X) =  { y e C p(X): dy  = 0) , B p(X) =  ( Y =  3 C , C E C p+l(X)}. 

The factor group 

Hp{X) =  Z p(X)/Bp(X) 

is called the p-dimensional homology group of X. Two cycles 7, and 72 belonging 
to th e sam e elemen t (homolog y class ) o f th e grou p H p(X) ar e sai d t o b e 
homologous (7, -  7 2). If 7 e  B p(X), the n 7 -  0 . A cycle 7 is said to be weakly 
homologous to  zero (7 *  0 ) if ky  -  0  for som e integer k.  Th e factor grou p of 
Zp( X) b y the subgroup of cycles weakly homologous to zero is called a  weak 
homology group. I n the cases of interest to us it coincides with Hp{X\ an d we 
denote i t als o b y H p(X). I f H p(X) i s a  finitel y generate d group , the n it s 
dimension (the number o f independent generators ) is called the p-dimensional 
Betti number  of th e manifol d X.  A  syste m {7.} c Z p(X) i s called a  p-dimen-
sional homology basis  i f each cycle y e  Z p(X) ca n be uniquely represented in 
the form 7 *  E . n^T,, where the m} are integers. The mapping (5) of manifold s 
induces a  homomorphis m / : C p(X) - > (^(7) define d b y specifyin g i t o n 
singular simplexes op = (A p, g) in A" as follows: / ( )̂ =  (A^ , / °  g). Obviously, 
3 °/ =  / ° 3. Thus , (5 ) induces a  homomorphism/* : H p(X) - > Hp(Y) o f th e 
homology groups. 

Other definition s o f homolog y groups , definitions equivalen t t o thos e pre-
sented here in the case of manifolds, along with methods for computing them, 
can be found in the books [216], [230], and [80]. 

1.4. Integration  of  differential  forms over  chains.  The integral  of a  form 
to e J2 /?(X) ove r an oriented singular simplex op = (A^ , g) is defined by 

/ « - / * ( « ) - / ^ ( 0 * i • • • * , , (8 ) 

where g(to) = y4(/) df, A  • • •  A d^ i s a  for m o n A ^ c RP\  if th e for m t o has 
the expression (1), then 
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The last integral in (8) is understood as an ordinary /?-fold integral in Rp. Th e 
integral of a form over the chain (6) is defined by 

/<o =  £m, . / <o . (9 ) 
Jc, i  S (,) 

REMARK 1 . We ofte n parametriz e a  chai n (surfac e o f integration ) i n th e 
large, withou t partitionin g i t int o simplexes . I n thi s cas e th e integra l i s 
computed by a  formula like (8), and then (9) becomes a consequence o f th e 
additive property of a multiple integral. 

THEOREM 1  (change o f variable s formula) . / / / : X  -*> Y  is  a  mapping  of 
manifolds, andy e  C p(X) andu  e  JK(Y) , then 

/ / ( " ) = / « . (10 ) 

In view of (9), it suffices to prove this for the case when y =  o p = (A p, g) is 
a simplex. Then 

\ \  X  X 
and 

/ « - / w  = / ( /^)(w ) = /w(/(g(0)). 

COROLLARY 2. Iff: X  -* Fua homeomorphism, then 

/ « - / A c o ) . 
•S V(Y ) 

REMARK 2. Theorem 1 enable s us to make a change of variables in /co when/ 
is not a homeomorphism, but either y =  f(y') o r id = /(w')-

1.5. Tft e general Stokes formula. Integration by parts. 

THEOREM 3. 7/<o e Q,P~  \X) andy  e  C/A) , then  Stokes' formula holds: 

COROLLARY 4. Ify e  Z_( X) andu  e  fl'(  Jf) , fAew 

Ju=jdu. (11 ) 

/ c o - 0 , 
^Y 

i.e., fAe integral of an exact  form over a cycle is equal to zero. 
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Indeed, to = dy  fo r some q> e  Q p~l(X) an d dy =  0, so, by Stokes' formula, 

J to = I  dy =  I  c p =  0. 

COROLLARY 5. The integral of a closed form over a cycle weakly homologous to 
zero is equal to zero. 

Indeed, if du =  0 and ky =  9c , where c e C p+ X(X), then 

/ to = T /  c o =  - r / co = -r/rfto =  0. 

COROLLARY 6. 7/Y «  Y j (cycles) andu =  to, -f rf<p (forms), then 

/ w = / w 

Thus, the integral o f a  closed for m t o over a  cycle y depend s onl y o n the 
weak homolog y clas s (y)  e  H p(X) t o which y  belong s an d the cohomology 
class {to} e H P(X) containin g to. It is therefore possible to define the integral 
of a  cohomology clas s (to) e H P(X) ove r a  homology clas s {y) e H P(X) b y 
the equality/(7){<o} = /Y«. 

As a special case of Corollary 4 we have 

COROLLARY 7 . If t o is a holomorphic form of  degree n  on an n-dimensional 
complex analytic manifold  X, and o is an (n + lydimensional  chain in  X, then 

It suffices t o show that to is a closed form. In local coordinates z = (z l 5 . . . , 
zn) th e form to can be written as 

f(z)dz =f(z l9...,zn)dzx A  ••• A  dzn, 

where/is a  holomorphic functio n (df/dzj  =  0 fory =  1,... , H ; see [202] and 
[5]). Then 

n df 
dto = df  A dzx A • • •  A dzn = £  ~^~^ zj A  ^ zi A  *' ' A  dz n = 0, 

because dz7 A dzj = 0. 
For X  = 2) c C  w e get 

THEOREM 8 (Cauchy-Poincare). Suppose that the function f(z) =  f(z,,..., z n) 
is holomorphic in a domain D c C" . Then for any (n + lydimensional  chain a in 
D 

f f{z)dz  =  f f(z l9...9zn)dzx A  ••• A</z „ = 0. 



§2. ELEMENTS OF THE GENERAL THEORY 237 

The following formulas for integration by parts are a consequence of Stokes' 
formula an d the property 2 of the exterior product . 

PROPOSITION 9. //<p e  Q*{X) 9 >|/ e Q* ( JSQ, andy e  C p+q+,(*), then 

(dy A \ | ; = f cpA\|;- (-I)7" fcp A <ty. 

IfyeZp+q+l(X),then 

fdy A ^ =  (-l) / ," l/"(p A  <h|/. 

PROPOSITION 10 . If f(z)  and  <p(z) ar e holomorphic  functions in a  domain 
D c C n andy e  Z„(D) , ften 

r 9 J — ^ L . , . , & « ( _ i ) — " + w - r / . J L J — _ ^ z . (13 ) 

EquaUty (12) follows from Stokes' formula and the equality 

where [j]  mean s tha t dz } i s omitte d i n dz l A  • • •  A dzn. Th e equalit y (13) 
follows from (12). 

§2. Elements of the general theory 
of multidimensional residues 

2.1. The  subject  of  the theory. I n a  narro w sense , the main proble m o f th e 
theory of multidimensional residues is the study and computation o f integral s 
of holomorphic functions o f n complex variables (*) over ^-dimensional cycles 
(closed /2-dimensional surfaces) in the domain of regularity of these functions . 
In a broad sense , it is the computation of integrals of closed differential form s 
over cycles on a complex analytic manifold. I t is common to consider integrals 
of form s havin g singularitie s on a n analyti c se t o f codimensio n 1  (such a  se t 
can be given by an equation g(z) =  0 , with g holomorphic, in a neighborhood 
of each of its points). 

The corollarie s o f Stokes ' theore m permi t u s t o replac e a n integra l o f a 
closed form over a cycle by an integral of a simpler form cohomologous to the 

(') Mor e precisely, of holomorphic form s o f degree n. 
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given one over a simpler cycle homologous to the initial one. From Corollaries 
5 and 6 of §1 we have 

PROPOSITION 1 . Let  ty) be  a  basis  for  the  p-dimensional homology of  a 
manifold X,  and  let co be a closed  form of  degree p on  X. Then  for any  cycle 
y e z p(X) 

/ « - I * y / u > , (14 ) 
Y j lj 

where the kj are  the expansion coefficients ofy in  the basis {yj}: y «  Ly/CyYy. 

The problem of computin g the integral of a  closed for m ove r a  cycle thus 
reduces to: 1 ) a study of the homology group of the manifold X  (determina-
tion of its dimension and construction of a  homology basis); 2 ) computation 
of th e integral s ove r th e basi s cycles ; 3 ) determinatio n o f th e expansio n 
coefficients o f th e cycle of integratio n in th e basis. Unlike in the one-dimen-
sional case , th e solutio n o f thes e problem s fo r th e multidimensiona l cas e 
involves considerable difficulties. Belo w we present some methods and results 
enabling us in many cases to solve these problems completely or in part. 

2.2. Application of Alexander-Pontryagin duality.i2) We give some facts fro m 
algebraic topolog y (see [152] and [6]) . Let X  b e a n ^-dimensiona l orientabl e 
manifold wit h fixed orientatio n determine d by th e order o f th e local coordi-
nates (x„ . . ., xn\ an d let vr = (A r, <p) and uq = (A^ , \p), r + q  = n,  be singu-
lar simplexe s in X  havin g a  common point x (0) "interior " t o both simplexe s 
and being "in general position" at this point. Then the intersection index  of the 
simplexes vr and uq is defined by 

x K , 0 =  sgn 
3 ( r „ . . . f / r , T „ . . . , T ) 

(15) 

where (*,,... , x n) ar e loca l coordinate s i n a  neighborhoo d o f th e poin t 
x(0) e X , an d (r„ . . . , f r) an d ( T J , . . . , ^ ) ar e coordinate s i n R r

 D  A r an d 
Rq D  A^ determining the orientation of the simplexes vr and u q (to say that vr 

and u q ar e "i n genera l position " a t x (0) mean s tha t th e Jacobia n i n (15 ) is 
nonzero). If \v r\ n \u q\ = 0 , the n we set \(vn u q) =  0 . The intersection index 
of two chains cr = L , n^0 an d lq =  L , mjUq

J) is defined by 

x(c r , / , )-En im,.X(i><'),«W)). 

(2) Th e ide a o f applyin g Alexander-Pontryagi n dualit y i s du e t o Martinelli , wh o use d i t i n 
generalizing the Cauchy integral formula to holomorphic functions of n  complex variables and to 
(n +  /)-fol d integrals , where 0 < /  < n - 1  [152]. On the initiative of V. K. Ivanov this idea was 
developed by the author for multiple residues in [237], [238], and elsewhere. 
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The linking coefficient of two cycles or_, e  B r_ X(X) and yq e B q(X) suc h that 
r + q = n and \o r_ , | n  |Y J =  0  i s defined by 

^ (^ r - i»^ ) =  x(c r,Y<7) =  ( - l ) r x ( a r . | s / ^ + I ) , 

where dcr = a r_ j  and 9/̂ + x =  7^. 
The linking coefficient doe s not depend on the choice of the chains cr and 

/ + 1 .We not e the following properties of the Unking coefficient : 

2) ^B(m]o] + m2o2, y) = *!,»(<*„ 7) + w233(a2, y). 
3) If 0 * 0  in X\ \y\,  the n SB (a, y) = 0. 

THEOREM 2  (Alexander-Pontryagi n duality) . Let  S n be  an n-dimensional 
spherical manifold {a space homeomorphic to a sphere) and let T be a compact 
polyhedron (3) in Sn. Then  the  weak homology groups Hr_ X(T) and Hq{Sn \  T) 
are isomorphic for r,q  >  0, r + q = n. Moreover, for every basis al5..., op of 
the (r - lydimensional  homology of the polyhedron  T  there exists a correspond-
ing dual  basis yx,..., y p of the q-dimensional homology of the  set  S n\T such  that 

•<**>-%.-{£ iZ 
Let us apply Theorem 2 to the problem of computing the integrals (14). In 

Proposition 1  we set X = D = C" \ T , where T  is the singular set of the form 
co. Sinc e the space C" = R2n i s homeomorphic t o the 2«-dimensional spher e 
with a "deleted" point, Cn can be regarded as imbedded in the spherical space 
S2n =  Cn U {(00)}. The exterior o f any ball i n Cn is a neighborhood o f the 
point (00) in it. If T = T  U  {(00) } is a polyhedron in S2n, the n Theorem 2 can 
be applied to T and S2n\T =  Cw \ T  (it is sometimes expedient to replace Cn 

by a domain ficC"  homeomorphi c to a ball; the n we can supplement B  to 
form th e spherical spac e S 2n b y identifying th e boundary dB  with a  singl e 
point). To find th e ^-dimensional Bett i number of the domain D  (the dimen-
sion of the group H q{D)\ i t now suffices t o find th e dimension of the group 
Hr_{(T)9 wher e T  = r  U  ((00)) , r + q = 2n. Instead of a ^-dimensional basi s 
{yj}{ fo r the homology o f D  we can construct a n (r —  l)-dimensiona l basi s 
{oj}{ for the homology of the singular set T. The expansion coefficient s {kj}? 
for the integration cycle y e Z q(D) in the basis (yj) dual to (oj) are found as 
the linking coefficients : 

58(o,,Y) = »L £  k,y]  =  £ *,»(«, , Y/) =  I  Wji  =  kj. 

(3) S"  admits a  triangulatio n i n whic h T  i s a  subcomplex , i.e. , consist s o f finitel y man y 
simplexes. 
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To fin d th e integrals of the form < o ove r the basis cycle s yy it is also not 
necessary to determine directly the basis {yy} dual to {cry}. For this it suffices to 
choose p homologically independent ̂ -dimensional cycles Tx,..., T p in D over 
which the integrals of <o are as simple as possible. Then the integrals over the 
basis cycles can be found from the system of linear equations 

P 

/ " « " iikjtfu,  j=  1,...,/> , 
"T, 1- 1 J yt 

where k j( =  93(a, , T,), an d det||fc y7|| * 0  i s th e conditio n fo r th e cycle s Tj 
(j =  1,... , p) to be homologically independent. 

Now let q = r  = n  and w = /(z) dz = f(zl9..., z n) dzx A  • • •  A dz„, where/ 
is a  holomorphic functio n i n Z). The foregoing argument s and Proposition 2 
then gives us 

THEOREM 3 (on residues). Suppose that  f(z) is  a holomorphic function in  the 
domain D = C n \ T,  and the set T = T  U {(oo)} is a polyhedron in the space C", 
completed to form the sphere S2n =  C " U {(oo)} by a single point (oo) at infinity. 
If{<jj)f is a basis for the (n - 1)- dimensionalhomology of  the singular set T, and 
(7/}f w  the corresponding dual basis for the  n-dimensional homology of  D, then 
for any cycle y e  Z n(D) 

ff{z)dz =  {2<*i) nZkjRp 
y - i 

where 

(2TT0 \ 

By analogy with the one-variable case , Rj can be called the residue o f the 
function/(z) with respect to the basis cycle y.. 

Application o f Alexander-Pontryagi n dualit y i s especiall y efficien t whe n 
n = 2 , because in this case the study of the two-dimensional homology group 
of a domain in R4 reduces to the study of the one-dimensional homology group 
of a two-dimensional surface. 

EXAMPLE 1. Let/(w, z) be an entire function in C2, and m and n relatively 
prime integers. Then for any cycle y e Z 2(C

2 \ T\  wher e r={(w , z ) e C 2 : 
awm — bz n = 0} , we have 

/7(w, z)/{aw m -  bz n) dw  A dz = 0. 
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Indeed, the set T = T  U  {(oo) } is homeomorphic to the two-dimensional sphere 
S2, an d H x(S

2)=*0. Consequently , H 2(C
2\T)^0. I t remain s t o us e 

Corollary 5  in §1 . 
EXAMPLE 2. Let T = {(w , z) ( = C 2: wz - 1  = 0} . The n the set f =  T  U {(oo)} 

is homeomorphic to the two-dimensional sphere with two points identified (th e 
points a t z  = 0  and z  =  o o are identified wit h the point (oo)) . Consequently, 
the dimension of th e groups HX{T) = H 2(C

2 \  T)  i s equal t o 1 . As dual basis 
cycles we can take 

o =  {{w,z)  e  C 2: Imz =  Im w =  0 , Rez >  0 , wz = 1 } e  Z,(f ) 

and 

7 =  (H =  N  =  2}EZ 2 (c 2 \ r ) . 
Obviously, 93(a , y) = x(c , Y ) =  1 . wher e c  = {(w , z): |w | < 2,|z | =  2} . Th e 
residue o f th e function /(w , z)/(wz -  1) , where / i s an entir e function , wit h 
respect to the cycle y is 

1 r  f(w,z)dw  A  dz =  y  1  c  fdw A  dz 

~ (2™) 2 A  w z "  ] ~ ~ ko (2<TT/) 2 K  (wz) k+] 

= *  1  3 2*/(0,0) 

£ 0 (it!) 2 3w*az * ' 
See §3 below for furthe r examples . Residues of arbitrar y rationa l function s 

of tw o variables are considered i n [237] and [239 ] with th e use of Alexander -
Pontryagin duality. 

2.3. Application  of de Rham duality. Instead of Alexander-Pontryagin dualit y 
it is sometimes convenient t o use de Rham dualit y accordin g to an analogou s 
scheme. 

THEOREM 4  (d e Rha m duality ) [184] , [142] . For  any  homomorphism  y: 
Hp( X)  - > C1, where X is  a  differentiable manifold and C 1 is  the group  of complex 
numbers, there  exist  a unique  element  h*  = {w}  e H P{X) {here  HP(X) is  the 
cohomology group of  complex-valued differential forms on X) such  that  f hh* = 
/Ya> = \(h)for  any  h =  (y)  e  H p(X).(4) 

The d e Rha m theore m an d Stokes ' formul a (11 ) giv e u s th e followin g 
important corollaries . 

COROLLARY 5 . A cycle  y  e  Z p(X) is  weakly  homologous to  zero (y ~  0)  if 
and only if  jy t o =  0  for any  form  to e Z p{ X). 

(4) W e observ e tha t an y close d for m w  e Z P(X) (it s cohomolog y clas s (u ) e  H P(X)) de -
termines a  homomorphism X : Hp(X) ->  C 1 by the equality \(h)  =  f h{u). 
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COROLLARY 6 . A closed  form t o e Z p( X)  is  exact  if  and only  if j y t o = 0  for 
any cycle  y e  Z p(X). 

COROLLARY 7 . / / the  condition det||a^|| *= 0 holds  for the  cycles y,- e Z p(X), 
j =  1, . . . , ^ , and rAe closed forms to , e Z p(X),j =  1 , . . . , # , wAer e a^ =  /  to, , 
and if  any form t o e Z^A ^ to a  representation  to « JtfcjUjfor  some  complex 
numbers cx,...,cq, then  the cycles  yX9...9yq make  up  a basis  for the  p-dimen-
sional homology, and the forms to, , . . . , w ^ make up  a basis for the  p-dimensional 
cohomology of the manifold X. 

The base s {y.}f  an d {«y} f ar e sai d t o b e dual  in  the  de  Rham  sense  i f 

THEOREM 8  (o n residues) . If  y x,...,yq is  a  basis  for  the  p-dimensional 
homology, and toj , . . . , to ? is a basis for the  p-dimensional cohomology of X that  is 
dual to the former basis  in the de Rham sense, then for any  cycle y e  Z p( X)  and 
any closed form t o e Z P(X) 

r * 
fco =  £  NJRJ, 

where Nj = j y to y are the expansion coefficients of the cycle y in  the basis {yy}, i.e. 
y ~  JLjNjy j9 and Rj =  J y to is the residue (period) of  the form t o with respect  to 
the basis cycle  y,. 

In function theory , as a rule, we deal with domains of holomorphy in C an d 
their generalizations—Stei n manifold s (se e [79] , [202] and [5])—s o i t i s usefu l 
to bear in mind th e following theore m of Serre . 

THEOREM 9  [79] . / / X  is  a  Stein  manifold  (in  particular,  a  domain  of 
holomorphy in C") , then  for any  closed  regular  form t o e Z P(X) there  exists  a 
form cohomologous  to  it  that  is  holomorphic in X. 

Thus, in the de Rham theorem and its corollaries the form w e / i *e H P(X) 
can be assumed and be holomorphic in th e case of a  Stein manifold . 

COROLLARY 10 . If  X  is  a  Stein  manifold  of  complex  dimension  n,  then 
Hp(X) «  H p(X) «  Oforp  >  n. 

EXAMPLE 3. The form 

1 dz  dz  dz x dz n 

to, =  — ; —, wher e —  =  — L A  •  • •  A 

b 

(2«0" z z  z , z , 

and th e cycle Y, =  (|z, | =  •  • •  =  |z„ | = 1 } make up dual bases for the n-dimen-
sional cohomolog y an d homolog y i n th e domai n D  =  C\{z } •  • •  z„ = 0} . 
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Indeed, sinc e D  i s a  domai n o f holomorphy , an y for m c o e  Z n(D) i s b y 
Theorem 9 cohomologous to a holomorphic form, which can be expressed by 
/(z) dz,  with / a  holomorphic function i n D. The function /  ca n be expanded 
into a multiple Laurent series in D: 

/W = Ev«= t  <v. a/p •••*»"" • 
a 0 | , . . . ,a „ = -o o 

If a =  (a, , . . . , a„)* = - / =  (-1, . . .,-1), for example, ay *  -i,the n 

C^dz-d^-^fjZ? -.•Z?J+ X---ZHdzlA-.. [J]'--  A<fe„)«0 . 

Thus, c o  ̂f{z)dz  *  c_ r(dz/z). Obviously , i t remain s t o appl y Corollar y 7 . 
See [240], §13, for other examples of the use of de Rham duality. 

2.4. The  Leray theory  of residues  (1142] , [171]) . Froissart's  decomposition 
theorem [127]. Let A'be a complex analytic manifold, and S a complex analytic 
submanifold o f it with codimension 1  (it s dimension is smaller by 1) . We shall 
define the coboundary homomorphism 

S'-Cp(S)-+Cp+](X\S). (16 ) 

To d o this , w e assig n t o eac h poin t z  e S  a n oriente d curv e 8 z e X\S 
homeomorphic to a circle, in such a way that the following conditions hold: 

a) 85 = U  zeS 8 z is a smooth surface. 
b) If z(,) *  z (2), then 8z(1) n 8z (2) = 0 . 
c) In some neighborhoods Ua of a point a ^ S  there exists a local system of 

coordinates z,,.. . , z n i n whic h 5  n  (/ fl =  (z , =  0 } and 8 a =  {|zj | = e , z2 = 
• •  =  z w = 0) , where e is a sufficiently smal l positive number. 

It suffices t o define the homomorphism (16) for a singular simplex op. It can 
be assumed tha t \ap\ c  U a\ otherwise, we break up op into finer simplexes . We 
set 80^ = U  2Go 8 2, with the corresponding orientation (bop is homeomorphic 
to {|Zj | = e } X  op). Obviously , 38 ^ =  -$do p. Consequently , (16 ) induce s a 
homomorphism 8: Hp(S) - » Hp+ X(X\ S). 

Further, suppos e tha t th e for m u  e  Z P(X\S) ha s a  first-orde r pola r 
singularity on 5 . This means that i n a neighborhood U a o f a n arbitrar y poin t 
a G  S the form u(z) •  s(z), where s(z) i s a holomorphic function definin g 5 in 
Ua (S  D  Ua =  {z: s(z)  =  0}) , ca n b e extende d t o a  regula r (o f clas s (S 00) 
function in Ua. The form co has a representation 

, v  _  cp(z ) Atfe(z) .  , 
w(z) ^ — + e(z) 
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in U a, where cp and 8 are regular forms in U a. The form <p|5n(/ i s closed and 
does not depend on the choice of the local coordinate system and the function 
s(z) definin g S  i n U a. The form re s [to] e Z p~l(S) define d locall y b y the 
equality resjio}^ = <p|snt / IS  caUe(J the residue form of the form to. 

THEOREM 1 1 (Leray residu e formula) . If  y e  Z p_l(S) and  the form  to e 
ZP(X\ S ) has a first-order polar singularity on S, then 

( t o = 2ir/Jres[(o] . (17 ) 

THEOREM 12 (Leray [142]). For every form to e Z p( X\ S)  there exists a form 
& € {to } e H P(X\ S ) having a first-order polar singularity on S. 

The cohomology class (res [to]} e H P~\S) i s called the residue class  o f the 
cohomology clas s {to } e H P(X\S) an d denoted b y Re s [to]. Th e mapping 
Res: H p(X\S)-> H P~\S) i s a  homomorphism . Fro m (17 ) w e ge t th e 
formula 

I t o = 2ir/ j Re s [to]. 
' 6 Y 

Let Sj , . . ., S k be complex analytic submanifolds of codimension 1 whic h are 
"in general position". The latter means that at any point a e S Jx n  •  • •  n Sy, 
Oi , . . . , . / ; }c{ l , . . . ,£} , t h e vector s grad^(z)| fl, y  =y1?...,y;, wher e ^(z) , 
where s(z) is a holomorphic function definin g Sj  in a neighborhood U Q o f a 
(i.e., S7 n 1 4 = {^(z) = 0}), are Unearly independent. We define th e multiple 
coboundary homomorphism 

8*: Hp(St n---nS k)-+ H p+k(X\5, U  • • •  U 5,) 

as the composition of the homomorphisms 8: 

Hp(s, n---ns k)^#,+ 1 (S, n •  • • n Sk_, \ 5t ) 

- • • • # p + * _ , ( S A S 2 U - - - u S j - t f ; , + , ( X \ S 1 U - - - u S j . 

The multiple residue class Res* is defined as the composition 

Res 
H'+k(X\Sl U-- - VS k)-*Hp+k~l(Si\S2U •••  U Sk) 

_>... ^ / f />+ ' (s 1 n- - -ns / t _ 1 \S * ) -V (S 1 n- - -ns j . 
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For a form w e Z p+k(X\ S x U • • • U Sk) and a cycle Y e Z p(Sx n  -•  n  S k) 
we have the Leray multiple residue formula 

f u  =  {2<ni) k(Resk[u]. (18 ) 
Jbky J y 

An algorithm is given in [142] (Chapter VI) and in [171] (Chapter III, §4.3) for 
determining the residue class for semimeromorphi c forms (i.e. , form s having 
polar singularities on the submanifolds Su..., S k). 

THEOREM 1 3 (Froissart decompositio n theore m [127]) . Let  2 j , . . . , 2 m and 
SQ9 5 l 5 . . . , S k be  two families of  complex (n  - \)-dimensional  submanifolds of 
the complex projective space CPn which are in general position, with S0 = CP n~l 

a complex  hyperplane at  infinity,  CPn\S0 =  C n, and  X  = C n n  (P i ^2y). 
Then 

Hq(X\(Sx U  .-. U  Sk)) =  0  WH qJxn (  n  Sj)\ 

k 

= Hq(x) e  e  *H q_x(Sj) e e  8 2Hq_2(xn s t n Sj) e •  • •, 

where \h\is the number of elements in the set h, and © is the direct sum symbol. 

Froissart's decomposition theorem shows that in sufficiently nice cases every 
cycle y e  H q(X\ S x U • • •  U Sk) ca n be represented as a sum of coboundary 
cycles such that the integrals over them reduce (by the Leray residue formulas) 
to integrals over cycles of lower dimension on submanifolds. 

§3. Local residues of certain meromorphic functions 

We apply th e results o f th e preceding sectio n t o compute th e residues of 
certain meromorphi c function s wit h respec t t o cycle s lyin g i n a  sufficientl y 
small neighborhood of the singular set. 

3.1. The  case n  = 2  [239 ] (application  of  Alexander-Pontryagin  duality). 
Consider the integral 

4^4<*v A  dz, (19 ) i 
where/and g are holomorphic functions in a domain D c  C 2, T e Z 2(U\ T), 
T = {(w , z) e  C 2: g(w>, z) = 0} , and U  is a sufficiently smal l neighborhood of 
a point (a, b) e r . We assume that {a, b) = (0,0) . According to the Weierstrass 
preparation theorem [202], g can be represented in the form g = ^  •  J2 in some 
neighborhood t/o f (0,0) , where 9(w, z)  =  w m +  a x{z)wm~x +  •  • •  + a m(z) i s 
a Weierstrass polynomial, with a,(z) an d i2(w, z) holomorphic functions such 
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that fly(0) = 0 and Q(0,0) =*= 0. The Weierstrass polynomial 9  ca n be decom-
posed into a product of irreducible Weierstrass polynomials: 9 =  9[x • •  • 9 r

k
k, 

where 

")(*) -  £  b Jnz*""J. (20 ) 

The series (20) can be found with the help of a Newton diagram (see [45]). 
Note that only finitely many terms of this series are required. 

The irreducible polynomial 9j defines a  surface 7 J = (z e  U:  9-(z) = 0} in 
U tha t i s homeomorphi c t o a  dis k (m y-sheeted ove r th e z-plane). Th e set 
T n t / = U  f 7Jis thus homeomorphic to k disks with centers identified. We 
complete U  to form a four-dimensional sphere by identifying its boundary dU 
with a single point Q.  According to Theorem 2 in §2, we then have H 2(U\T) 
- H X(T), wher e f =  U  f 7}, 7} = 7 } U {£}. The set T is homeomorphic to fc 
two-dimensional spheres with two common points ((0,0) and Q). It is easy to 
compute (for example, with the help of the Euler-Poincare formula ; se e [80] 
and [216] ) tha t th e dimension o f th e group H X(T) is k  - 1 . In particular, 
H2(U\ T)  * H X(T) « 0  for k = 1. 

We construct dual bases for the groups HX{T) and H2(U\T). Le t tj be an 
oriented curve on 7} joining the point (0,0 ) with Q  = W  n  T , for example, 
fy =  {(H> , z): z = T , >v =  W 7(T), 0 < T  < T0,y = 1,... , k).  We take a, = t } - t k 

G Z,(7), j  =  1,... , A : -  1 , and , respectively , y , = {(H> , z): z  = e • e 1"*; w  = 
wj(ee'"* + 8e' e), 0  < <p <  2iTm y, 0  < 8 < 2  IT}, j =  1,... , k  - 1 . Fo r e suffi -
ciently small and 0 < 8 < e  we have 7y e Z 2(U\T). I t is easy to verify tha t 
*8(3> Yj) = 8, 5,y, J = 1,... , k - 1 . Thus, {o,}*-1 an d {Y/}*"1 for m dual bases 
in Tand U\T(see §3.2) . 

A residue with respect to a basis cycle can be found by repeated application 
of the residue formula for functions of a single complex variable with respect 
to a pole: 

- 1  f  fdw  A  dz _ 1  c  ,  r  fdw  A  dz 
J ~ (2-rrO 2 K 8  '  {2vif  W  t-^(z),- 6 V  ' ' • %* 

1 30- 1 / / • ( " - W ; ( * ) ) ° \ j | 
( r , - 1) ! 3wO- M 0  •  9," • • • 9; * = m, res 

7 2 - 0 
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3.2. The  case n ^ 2  (under  certain  additional assumptions).  Conside r th e 
integral 

JT g{z)  J T g(z, , . . . ,Z n) 

where/and g are holomorphic functions in a domain D c C Je Z n(U\ T\ 
T =  ( z e  Z) : g(z) = 0) , and 1 / is a sufficiently smal l neighborhood o f a  point 
a e r  (i t can be assumed that a = 0  = (0,... , 0)) . We examine the case where 
* - * P —  g*\g,(0 ) =  0,an d 

9 U v ••>£,„ ) 
8(z1 , . . . , z n) 

* 0 
o 

for any collection {j\,... ,y„ } c  {1, . . . , k). 
By our assumptions, for any n functions g ji9..., g Jn among gXi..., g k_ l there 

are functions <p],... , <p „ that are holomorphic in a sufficiently smal l neighbor-
hood U  of 0 and such that <fy(z) * 0  in 1 / and 

&(*) =  Sy,(<0<Pi(* ) + •  •  •  +  gy w(z)cpw(z). 

For this , it suffice s t o make the substitution $ v = g Jv(z), v  = 1,... , « , expan d 
ĝ  in a series in powers of £„. . ., £ n, and regroup. Then in U 

- £ - r^ _ _ • (22) 
*y. ' " * / • v» i *,-, • • • M • • • * ; , , & 

Using representations o f thi s form sufficientl y man y times , we represent th e 
fraction 1/ g i n the form 

1 =  y  +a, 3 

?ir' •  •  • 8k k
 ZP  s« p; •  •  •  si: 

where a =  {a„. . . , <x n) e  ( 1 , . . . , k) 9 a„ = /c , P = (P^ . . . , P J , an d P, +  •  •  •  + 
P„ = r , +  •  •  •  +  r k. Thus, computation of the integral (21) reduces to computa-
tion of integrals of the form 

7^=WT-••*»;(*)• (23) 

In precisely the same way as in Exampl e 3  of § 2 it ca n be show n tha t th e 
cycle 

Y«-{*el/: |gB i(z) |- . . - - k ( 0 | - « ) . 
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where e is a sufficiently smal l positive number, and the form 

1 dg a A  •  - - A rfg 
««, = a (2™) " ft.,""*., 

make up dua l (i n the de Rha m sense ) bases fo r th e n-dimensional homolog y 
and cohomology of the domain U a = U\  T ai U •  • • u  T Qn, wher e 2 } =  { z e  U: 
gj(z) =  0> . Consequently , in U a we have T ~  k aya, wher e ka =  / r<o0. Then the 
integral (23) is 

Wr ' r(3(ga)/3(^))gaV--g«p; 

t a 3,+ ...+&,- „ 

0 , - 1 ) ! •••(ft.-O J 9wf-- ' ...9wP . 
^ J 

Hga)/Hz) (0) 

where wj =  g aJ(z)J =  1,... , n  (w = g a(z)). 
33. Residues  of  meromorphic functions with  linear singularities (the  case of 

general position).(5) We consider a n integra l o f th e for m (21) , where / i s a n 
entire function , g  = g p •  • • g r

k
k, gj(z) =  L"ay vz, +  bj  (linea r function s suc h 

that th e analytic planes Sj  - {z  e  C" : g,(z ) =  0) , j r = 1,... , k,  ar e in genera l 
position), an d T  e Z„(C\S l U  •  • • U Sk). Theore m 1 3 of § 2 i s applicabl e 
under ou r assumptions . Since Hn(C) =  0  and H„_ p(Sj^ n  •  • • D S, )  = 0  fo r 
p < n, it follows that 

Hn(C\Sl U  •  • • U Sk) =  0  8"ffo(S« , n  •  • • n S j , 

where 4  i s th e se t o f ^-tuple s a  =  (o^,... , a„ ) e ( 1 , . . . , k)  fo r whic h S a 

n •  • • n S an = * 0 . Sinc e 5a | n  •  • • n 5 ttn = a a i s a point fo r <xG  A,  th e cycles 
7« = 8 X =  {|«a,( z)l = •  • = \g an(z)\ =  e} , a  e  ,4 , wher e e  i s sufficientl y 
small, for m a  basi s fo r th e n-dimensiona l homolog y o f th e domai n C n \ S^ 
U •  • • U Sk. Obviously , the forms 

1 < A - A dg an 

w =  a  £  A , 
a (2-n/) " g« , •  • • *«. 

(5) See [238] for the arbitrary case. 
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make up the dua l H-dimensiona l cohomology basis . The residue of the for m 
to = (f/g) dz with respect to the basis cycle ya is 

* „ = 1 r  1  d r*\+'"+r**-n 

(2-iri 

^ 5 a , 5 a 

where 

A-' X , . , . ) - d C"M;-. , . . ,a„; v = l,.. . ,n* 

§4. Multidimensiona l analogues of the logarithmic residue 

Just as the logarithmic residue is connected wit h the number of zeros of a 
holomorphic functio n i n the case of analytic function s o f a single comple x 
variable, th e multidimensiona l analogue s of the logarithmic residu e ar e con -
nected wit h th e number of common zeros of a system of holomorphic func -
tions. 

4.1. The  multiplicity of a common zero  of a system of  holomorphic functions. 
The theorem on the logarithmic residue inCn, connected with integration over the 
whole boundary ([33], [1571, [2021, [243]). Suppose that a system of n holomor-
phic functions 

H\ tj-fj(*)'s*fj(Z\-~>Zn)> J = ! > • • • > " > (24) 

or, i n other words , a  holomorphi c mappin g w  =/ (z), / = (/ , , . . . , /„), is 
defined in a domain G  c C n. A  point a = ( A „ . . ., a n) e G  is called a zero of 
the system (24) if fj(a) =  0,y = 1,..., n(f(a)  =  0). Let & f = {z e G:  fx{z) = 
• •  • =  fn(z) = 0} be the set of zeros of the system (24) in G. It is assumed that 
£y is discrete and the Jacobian 

3 ( / ) _ 3 ( / „ . . . , / n ) 
3(z) 3(z , , . . . ,z n) 

is not identically zero in G.  A zero a of the system (24) is said to be simple if 
0(/)/3(*))L * 0. 

PROPOSITION 1 . Let U a be a neighborhood of a zero a of the system  (24) such 
that U a O (£y\{a}) = 0. Tfte w /or any number  e > 0 f/iere exut e a  point 
I = « „ . . ., SM <  e OS I = (K,| 2 + ••• + \ln\

2)x/1), such  that the system 

w • / W - J - ( / i W - l i / ,W-! , ) (25) 
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has only simple zeros in Ua. Moreover, for e sufficiently small their number  does 
not depend on the choice of £. 

Under the hypotheses of this proposition the number of simple zeros of the 
system (25) is called the multiplicity of the zero a of the system (24). 

THEOREM 2  (on th e logarithmic residue) . Suppose  that the  system (24) of 
holomorphic functions has a  discrete set £y of zeros in the domain GcC" , and 
that 3(/) /3(z) ^  0 in G. Then the  number of  zeros (counting  their  multiplici-
ties)^) of  (24) in  a  domain  D <£  G  with  piecewise smooth boundary 3£> , 
3D n S y = 0 , is  determined by the formula 

N(f9D)-f « ( / (* ) ) , (26 ) 
JdD 

where 

« ( / ) -  ^ f 3 7 7 ^ t  fjdfj  A  dfx A dfx A ••• [j]  .- • A  dfn A df n 

(|/| =  (Z7|/ 7|2)I/2) is  the Martinelli-Bochner kernel (see [5] and  [202]). 

THEOREM 3 (the Rouche principle). Suppose that the system (24) satisfies the 
conditions of  Theorem  2 , while  the system g  = (gj , . . . , g n) of  holomorphic 
functions in G satisfies the inequality 

\g(z)\<\f(z)\ (o r ||g(z)||< 11/(7)11^/,^ Ml =max{/„. ..,/„}) (27 ) 

on dD. Then the system 

/ + S - ( / i + * ! . • • • . / „ +  &,) (28 ) 
of functions and  the system (24 ) have the same number of zeros in Z>, counting 
multiplicities. 

LEMMA 1. Suppose  that the conditions of Theorem 2 hold and neighborhoods U a 

of the points a e £ y n Dare chosen in such a way that Ua c D  and Ua n  U b= 0 
for a * 6 , a, b e & f n D. Then 

f « ( / ) - L  /  « ( / ) . (29 ) 

Indeed, it can be verified directly that the form <o(/(z)) is closed and regular 
in G \ & f. We have 

(6) Mor e precisely, the sum of the multiplicities of these zeros. 
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because 

dD E dU a =  d(D\ U  U a 

Thus, (29) follows by Corollary 5 in §1. 

LEMMA 2 (special case of Theorem 2). Suppose that the conditions of Theorem 
2 hold and all the zeros of  the system (24) in the domain D are simple. Then the 
number of these zeros is  determined by (26). 

PROOF. Take Ua to be the connected component of the set {z e  G:  \f(z)\  <  e) 
containing the point a  e & fn D,  where e is sufficiently small . By assumption, 
(3(/)/3(z))| f l *  0 , s o th e mappin g (24 ) i s biholomorphi c i n U a for e  suffi -
ciently small . Makin g th e chang e o f variable s (24 ) an d applyin g Stokes ' 
formula, we get 

/ c o ( / ( z ) ) = / «(w) 
JW„ J \w\-i 

" , , , » f  — n £  *j dwj A  dw \ A  dw \ A  •  • •  U]  •  • •  A rfw„ A 
j-l 

( » - l ) ! 1 
t2" " W e 

dw, A  dw,  A  •  • • A  </w „ A  cftv „ 
(2iri) t 2n J\w\* 

= 3 ^ / , ^ A f l C | A - A ^ A * „ =  - ^ F 2 „ ( e ) = l , (30 ) 
IT E  ' / |w|<e I T E 

where V 2n(i) = v ne2n/n\ i s the volume of the 2w-dimensional ball of radius E, 
and Wj  = Uj  + w y (y =  1 , . . . , « ) . ( 7 ) 

Lemma 2 follows from (29 ) and (30). 

LEMMA 3. Under the conditions of Theorem 3, 

/ « o ( / ) - / « ( / + g ) . (31 ) 

PROOF. Accordin g t o (27) , \f(z)  +  fg(z) | ^ |/(z) | -  f|g(z) | >  0( 8) fo r z  e 
dD and 0 < f  < 1 , so the form w(/(z ) +  fg(z) ) i s continuous on the compact 
set dD  x [0,1] . Consequently , th e integra l /(/ ) =  f dDu(f +  tg) i s a  continu-
ous functio n o f f  o n [0,1] . Bu t I(t)  i s a n integer , becaus e / 9Z)co(/ + tg)  = 
/(/+rg)3D«(w), (/ +  «)3^ > ^  " ( 0 *  (» G  C" : M =  1 } in C"\{0} (the domain 

(7) I t is assumed tha t the orientation of the space C^ -  R 2
(l v) i s determined b y the order of the 

coordinates a, , u, , . . . , u n, v„. 
(8) Th e inequality \\g{z)\\  < \\f(z)\\ als o implies that |/(z) +  fg(z) | >  0. 
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of regularity of the form ^(w)), wher e n(t) i s an integer, and /,w|-1 CO(H> ) = 1 
(see (30)). Consequently, I(t) =  const . Then 1(0) =  1(1%  i.e., (31) is valid. 

PROOF OF PROPOSITION 1. By Sard's theorem (see, for example, [184]), 

m e a s / | | z e G : | lZl =  o} ) = o. 
Hence, fo r an y e  > 0  ther e i s a  poin t £  = (Sp... , £„), |£ | < e , suc h tha t 
9(/)/9(*) *  0  for any z e  G  n f'\l).  Th e system (25) will have only simple 
zeros in G  for suc h a  point £ . I f E  < min ze8t/J/(z)|, the n S^ n  9f/ fl =  0 , 
and, according to Lemma 3, 

/ « ( / ) - / « ( / - » • (32) 

By Lemma 2, the integral /a£/f l«(/ —  I)  i s equal to the number of zeros of (25) 
in U a. The equalit y (32 ) implie s tha t thi s numbe r doe s no t depen d o n th e 
choice of £if l £ I <  min ze8t/J/(z)|. 

PROOF OF THEOREM 2. From the definition of the multiplicity of a zero and 
from (32) it follows that the multiplicity of a  zero of (24) is determined by 

ma=i «(/(*)) • (33 ) 

This and Lemma 1  give us Theorem 2. 
Theorem 3 is deduced from Theorem 2 and Lemma 3. Here the discreteness 

of th e set &f+gn D  follows from the fact that / +  g  =* = 0 on 92) (the compact 
analytic set S/+g i s discrete in the domain D c C") . 

REMARK 1 . Obviously, the multiplicity of a simple zero is equal to 1 . It can 
be shown that if (9(/)/9(z))|fl =  0 , a e f£ j9 then the multiplicity ma o f a  zero 
of (24) is greater than 1. 

THEOREM 4 (generalization of the logarithmic residue theorem). Suppose that 
the system  (24) and the  domain  D < s G satisfy the conditions  of Theorem 2, and cp 
is a holomorphic function in  G.  Then 

<p(z)«(/(z))= E  rnMa v), (34 ) I 
where mv is the multiplicity  of the zero  av of  (24) . 

PROOF. Sinc e c p is a  holomorphi c functio n an d w(/ ) i s a  close d for m 
containing the factor dz  = dz x A •  • • A dzn, i t follows tha t c p • co(/ ) i s also a 
closed form. Similarly, (29) gives us 

/ ? • « ( / ) - L  /  * •« ( / ) , (35 ) 
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where Uv is the connected component of the set {z e  G:  |/(z)| <  e ) containing 
AV, with e sufficiently small . By the continuity of <p(z), (33) implies that 

Urn /  <p(z)<o(/(z) ) =  li m /  <p(a v)to(/(z)) =  <P(< 0 *  "V 

This and (35) give us (34). 
4.2. Theorems  on the logarithmic residue in C\ connected  with n-fold integrals 

([153J, 1202], [215], [243]). 

THEOREM 5 (on the logarithmic residue). Under  the  conditions of  Theorem 2 
the number of zeros of the system (24) in the domain D is expressed by 

(2™) •' r /  (2™ ) J T j\(z)  f n(z) 

where T = {z  e  9Z) : |/2(z)| = •  • •  =  |/„(z) | = e} , wtt 0  < e  < min zeaz>||/(z)|| 
and H/l l = maxfl/,1,... , |/„|} . The  orientation  of  the  cycle  T is  chosen  to be 
coherent with  that of  the  surface {z  e  D\  |/ 2(z)| = •  •  • =  \f n(z)\ =  e) , as  de-
termined by the order of  the  parameters u l9 v { and 0 2,..., 8,, , where fx(z) =  u x 

+ iv x and  fj{z) =  e  • e'*J9j = 2, . . . , w , is the parametrization of  this surface at 
the points with 9(/) /3(z ) = * 0. 

We also have the following modification of Theorem 5. 

THEOREM 6. Suppose that the system (24) satisfies the conditions of Theorem 2, 
and D is a connected component (a union of finitely many connected components) 
of the set  {z e  G:  \fj(z)\ <  p j9j =  1,... , «} , D c c G. Then the number of zeros 
of the  system (24) in  D is  determined by  (36), where  T =  { z e D:  fj(z)\ =  p. , 
; =  ! , . . . , « } . 

THEOREM 7  (generalize d theore m o n th e logarithmi c residue) . If  c p is  a 
holomorphic function in the domain G , then under the  conditions of  Theorems 5 
and 6 

TTv  J> (z) i fr^= E  m*M> (37) 

(2irz) •' r f(z)  a vs&fnD 
where mv is the multiplicity of the zero av of the system (24), and 

df df x df n 

The next result turns out to be useful in applications. 

THEOREM 8. Suppose that the system of functions (24), the open set D, and the 
cycle T satisfy the conditions of Theorem 6, and the system 

* = ( * ! . • • • > & , ) (38) 
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of holomorphic functions in the domain G satisfies on T the inequalities 

| /y(*)-*y(*) |<| /;(*) |«P,. y « l , . . . , « . (39 ) 

Then the  systems (24 ) and  (38) have  the same number of  zeros in Z>, counting 
multiplicities. Moreover, for an arbitrary holomorphic function y(z) in G 

Fri'l'»7wv"A?w- £  "•»<« • (40 ) 

(2-IM) ̂ r giU ) g„U ) ^ n z > 

vv/iere S is  the set of zeros of  the system (38) , and mv is  the multiplicity of  the 
zero bv e &g. 

LEMMA 4. Under  the  conditions of  Theorem 8  there is  a number  8 0 > 0 such 
that ifO < 8 < 80, then 

r ~ 7 ( 8 ) - { z e Z > : | g l ( z ) | - . . . = |g , ( z ) |=8 } 

in the domain 

Gg = G \ { z e G :g l ( z ) . . . g „ ( z ) =  0} . 

PROOF. Le t r } = maxze^y;(z) - gj(z)\J  =  1,... , /* . The inequality 7; < p y 

follows from (39) and the fact tha t the maximum modulus of a holomorphic 
function in the Weil polyhedron D is attained on its distinguished boundary T 
(see [79] , §15). Take 80 = min{p, - r„. . . , p „ - r n), 8 < 80, an d consider the 
family of w-dimensional cycle s T p = {z e Z) : |g y(z)| = 8, y = 1,... , p\ \f v(z)\ 
= p „ v = p +  1,... , A?},/ ? = 0,1,. . ., n.  Obviously, |X̂ | c G g, because gy(z) *= 
0 o n T p by th e choice of 8. We have T = T0 ~ Tx ~ •  • ~  Tn = 7(8) i n G g. 
Indeed, r , - T p+l = 35,, wher e ^  =  {z e £ : |g y(z)| = 8, 7  = 1 p  -
1; 1 (̂̂ )1 > 8,|^(z)|<P/,;|/v(z)| =  Pv, v=/ > + l , . . . ,n }cGg . Th e lemma is 
proved. 

PROOF O F THEORE M 6. W e enclose each point a v e £ y n D  i n a  neighbor-
hood t7 v c D , with Uv n f/^ = 0 fo r v * p. . Take 

0 < e < _min ||/(z)| | 
D\UV£/V 

(note tha t / (z) * 0 in Z)/U v (/v). The n eac h connecte d componen t o f the 
cycle 7(e) = {z e Z) : |/i(z)| = •  • •  = |/„(z)| = e} falls in one of the neighbor-
hoods Uv. Let 

avG&fDD 
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We have T ~ 7(e) in Gy = {z e G:  fx(z\..., f n(z) = 0}, since T - y(e ) = dB, 
where B = { z € D : \fjU)\  =  £T + py(l -  T) , 0  < T  ̂1 , j =  1,... , n).  By the 
Cauchy-Poincare theorem, 

(2̂ r i 7" flv Ĵ  (2̂  -t 7 • (41 ) 

If av is a simple zero of (24), then the neighborhood U v ca n be chosen small 
enough that the mapping (24) is biholomorphic in it. Then, making the change 
of variables w = /(z), we obtain 

1 f  fel  =  _ L_ f  dw  = 
(2TT/)n A, / (*) (2lTl) " "V.I-. W  K  J 

Let av be a zero of multiplicity mv. By Proposition 1, there is a point J e Q, 
US|| < e, such that (25) has wv simple zeros in Uv9 namely , avj,j =  1,... , mv. 
According to Lemma 4 (with g(z) =  /(z) -  £) > 

7 , - { i e £4:1/^)1 - •- • =|/,(z)|=e ) 

- 7 V(8) - ( z e C/ v: |/y(z) -  $ y| = 8,; « 1,... , n) 

in G^ when 0 < 8 < e - | | 5 | | . Fo r 8 sufficiently smal l th e cycle 7V(8) split s 
into connected components yvjJ =  1,... , m v, each of which lies in a neighbor-
hood U vj of some zero avj of (25) in which the system (25) is biholomorphic. 
Using (42), we then get that 

1 ,  d{f{z)-l)  _  1  f  <*(/-£ ) 

(2iri)"-\. M~t  (2n/) " \(») / " J 

= E  — — • /" 
7t, (2n/)" ^ / - £ 

Passing to the limit as 5 -> 0, we have 

71—77 /  7  -  l ™ —— /  V  W  =  m,. (43 ) 

Theorem 6 follows from (41) and (43). 
PROOF OF THEOREM 5. First of all, note that V c G f under the conditions of 

Theorem 5. Indeed, |/2(z)| = •  • • =  |/„(z)| = e > 0 and \fx(z)\ >  e > 0 at the 
points of T, since ||/|| > e on dD. Take D{ =  {z <= D:  \fj(z)\ <  e, j: = 1,... , ri) 
and T, = (z e D:  |/,(z)| = •  • •  =  |/„(z)| = E} . Obviously, ^ n S ^ Dn & f. 



256 SUPPLEMENT. MULTIDIMENSIONAL RESIDUES 

We have T ~ T , in G /5 because r -  T , = 6£ , where B  =  { Z G B : | / , (Z) | >  e , 
l/2(z)l =  •' ' =  \f n(z)\ =  e )- By the Cauchy-Poincare theorem and Theorem 6, 
applied to Dx and T,, this gives us Theorem 5. 

Theorem 7 can be proved in the same way as Theorems 5 and 6. Instead of 
(42) we then get 

(2iri) \  / U ) (2TT/- ) ^ - I - E w 

and instead of (43) 

—— ]  y - j = h m — — J  < p v / w 

(2iu) ^  /  £- o (2TT/ ) 'y , y  5 > 

= li m D<p(fl ?i/)-/»i,-q)(ov). 

PROOF O F THEORE M 8. As we remarked in the proof o f Lemm a 4, \fj{z) -
g7(z)| <  p y in D. Consequently, 

\W) -  s{z)\\<\W)\\  on8Z ) = . U {z  e  aZ):/ ;(z) =  p,}, 

and, by Theorem 3 (see the remark in parentheses), the systems (24) and (38) 
thus have the same number of zeros in D. Since (see Lemma 4) &g D D =  & g n 
Z), fo r 8  < 8 0, wher e Dx = ( z e  D:  \gj(z)\  <  8 , j =  1,... , n),  Lemm a 4 and 
Theorem 6 give us that 

(2<ITZ) ̂ r g  ( 2 I N ) ^(6 ) £  Ae^n D 

i.e., (40). 
§5. Application of the multiple logarithmic residue 

for determining implicit functions 
and inverting hoiomorphic mappings 

With the help of th e logarithmic residue for hoiomorphic function s o f on e 
variable i t i s eas y t o deriv e th e Lagrang e expansio n [236 ] (th e Biirmann -
Lagrange expansion [202]) of a hoiomorphic function/(z) in a series of powers 
of a variable £ connected with z by the equation z =  a  + $ty(z).  Similarly, the 
multiple logarithmic residue can be used to generalize the Lagrange expansion 
to the multidimensional case (see [88], [173] and [241]; some generalizations are 
obtained in [169], [196], and elsewhere without using residues). Such a generali-
zation is given below for arbitrary implicit functions. 
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5.1. Generalization of the Lagrange expansion to  systems of implicit functions 
(|241]f 1242]) . We solve the following problem. Suppose that 

Fj(w,z)9 j  =  1,... , n, 

and $ ( H \ Z ) ar e holomorphic functions o f the variables w = (w,,. . 
z = (zj , . . . , z„)  in a neighborhood of the point (0,0) e C ('" V}', with 

/v(0,0) =  0 , 7 = l , . . . , / i , 
9(z) 

a^,...,^) 
(0,0) 9 ( * i > • • - . * « ) 

(44) 

wm) and 

* 0 . 
(0,0) 

It i s require d t o fin d a n explici t representatio n o f th e functio n $(w , <p(w)), 
where z  = cp(vv) , q> =  (<p,,... , <pw), is a n implici t vector-value d functio n de -
termined by the system of equations 

Fj(w9z) =  0, j=  l , . . . ,w , (45 ) 

in a neighborhood of the point (0,0) e C (™.*". In particular (for $(w, z) = z-) , 
it is required to find implici t functions z y = <py(w),. / = 1,... , /? , determined by 
(45). We shall assume that 

3/5(0,0) 
dzk 

= 8 
'y* ' 7,/: =  1,... , w, (46) 

where 8-^ is the Kronecker symbol—otherwise , we replace (45) by the equiva-
lent system 

9^(0,0) 

**k 
F(w,z) =  0. 

The following theorem s hold under thes e assumptions. 

THEOREM 1 . There  exist numbers  8 > 0  and  e  > 0  such  that in  the  closed 
polydisk V b = {w ^ C m: |w- | ^ 8 , j =  1,... , m)  the  function 0(w, cp(vv)) has 
the integral representation 

<t>(w, cp(vv)) = 
(2<TT/ 0" -X 

<D(w,n(3 (^) /3 (0 )^ 
F(>v,0 

(47) 

where F  = F , •  •  •  /-,, T £ = < £ e C" : |^ | =  •  • •  =  |£ J =  e) , am / </ £ = <H X 

A • •  •  A </£„. 7/<J>(w, z) =  ZjJ  =  1,... , w , f/zefl (47) gives an integral represen-
tation of the  implicit  functions  zy = (^(w ) =  cp^w,,... , w n) determined  by  the 
system (45) . 
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THEOREM 2 . Let h{w) =  (h }(w)9..., h n(w)) be  a system of functions holomor-
phic in a neighborhood of the point 0 e C m, h(Q)  = 0 . Then  in  some neighbor-
hood of 0 the  function $(w , <p(w)) can be expressed by the  following uniformly 
and absolutely  convergent function series: 

*( i  w  v  (-0 IPI 9 |PI •(„,,). e«W) |^ . , (48) 
z = h(w) 

where p  = (0„ . . . , ft,)  is  a multi-index, fy > 0 , |0 | = P , +  •  • • + ft,,  p ! = P, 
pn!,al$l/92p -  3 ,p|/(92?' •• • 3 # ) , anr f 

^(w, z) - z y + hj(w),j  =  1  « . 
9f' •  • •  V' , w/r A 6/w , z ) = 

REMARK 1 . It is most often convenient to take either hj(w) -  0  or hj(w) = 
-Fj(w,0). 

THEOREM 3 . In a neighborhood of the point 0 = (0,.. . , 0 ) e C m the  function 
$(w>, y>(w)) can be  represented by a  multiple power series 

<P(w, cp(vv) ) = £  d aw° =  £  d a A w? •  • • <«, (49 ) 
a>0 a , an^ O 

w/iaye coefficients are determined  by the  formula 

*a= L «»! 9 w^[^ ( V V ' Z ) ^ ( V V ' Z ) l (7 | 
w/iereg13 = gf ' •• • g£ \ g y(w, z) = fj(w , z ) - z.J  =  1,... , n . 

I0l<2|a| 

(50) 
(0,0) 

REMARK 2 . The coefficient s (50 ) ca n b e represente d i n integra l for m (se e 
(52)). 

For n  = 1  formula s (48 ) an d (50 ) ca n b e transforme d t o a  for m mor e 
convenient for computations. 

PROPOSITION 4 . Suppose  that  F(w, z), $(w,  z)  and  h(w) are  holomorphic 
functions of the variables  w  = (w,,... , w m) e C m and  z  e  C 1 //i a neighborhood 
of the  point (0,0 ) = (0,... , 0;0 ) e  C m+I, wir t F(0,0 ) -  0  a/ir f i\'(0,0 ) =  1 . 
77zefl the  function $(w , q>(w)), vvAere z = q>(w ) = <p(w,,... , w m) is an implicit 
function determined by the equation F(w, z) = 0  in a neighborhood of (0,0), aw 
be represented by the function series 

$(>v,(p(w)) =  $(w , /i(w) ) 
00 

+ E 
(_i)* a*- 1 

* ! 3z*" 
[$; (w,z)e*(w,z) ] | r = A ( l v ) , (48') 
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where 0(w, z) =  F(w, z) -  z  +  h(w\ and  also by a power series of the form (49) 
whose coefficients are determined by 

= 1 3 N * ( 0 , 0 ) + g j z l l ! a**"" 1 [ y . ^ l l (50 0 
^ a ! 3w « + ^ *'<* ' 3 w a 3 z * - l L z g  Jl(0 '0)' (  j 

w/iere g(w, z) = F(w , z) — z. 

PROOF. Unde r th e assumption s JFJ(0,0 ) =  0  an d (46 ) i t follow s tha t th e 
Taylor serie s of th e function gj(w,  z ) =  Fj(w,  z) -  z j (j  =  1,... , n)  doe s not 
contain a  fre e ter m no r term s i n th e firs t power s of th e variable s z h . . . , z n. 
Consequently, there exist real numbers e > 0  and 8 > 0  such that |g7( w, z)| < e , 
j = 1,... , n,  fo r an y w  e v b an d z  e i/ £ =  { z e C : |z ;| < e , j =  1,... , w}. 
Since th e syste m o f function s z  - (z„ . . . , z„ ) ha s a  uniqu e simpl e zero (th e 
point 0  = (0,... , 0) ) and th e inequalities |g y(w, £)| < |£ | = e  holdjfor w  e F 6 

and J  e T £, i t follow s fro m Theore m 8  in § 4 tha t fo r an y W G F 8 ther e i s a 
unique point z = cp(vv ) E [ /E =  ( Z G C" : \ZJ\  <  e, 7 = 1,... , n)  satisfying (45), 
and the equality (47) holds by (40). 

Moreover, th e number s e  an d 8  ca n b e chose n i n suc h a  wa y tha t th e 
inequalities \hj(w)\  < e/2 an d |0 y(w, $)l = |g,-(w , 5) - hj(w)\  <  e/2, i.e. , th e 
inequalities |£ 7- - fc,(>v)|/|6,(w, £)| < 1,. / = 1,... , w , hold fo r w  e F 6 and J  e 
T£. If we expand the fraction 

1 1  1 

= 1 

K-*W][i-«KO/(5-*W)] 

under the integral sign in (47) in a  multiple geometric series, which converges 
uniformly an d absolutel y o n V b X TE, and integrat e termwise , w e ge t th e 
expansion 

where 3 + /  =  (3 , +  1,... , ft, + 1) , or (48). 
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To represen t $(w , <p(w) ) a s a  power serie s w e appl y th e Taylo r expansio n 
with coefficients i n integral form ([5] , [202] ) to (51) for h(w) =  0 . This gives the 
series (49) with coefficient s 

d = 
1 f  A(co , <p((o)) rfco 

(2iri)m4 a + 7 

p>o (2IT/ 

\_T_r 
0m+" Vr. 

*(« , i ; )g p (« , i ; ) (9(^) /9( i ; ) )rf«A^ 
0+/0B + / W°+/P 

(52) 

where 7s = ( w e  C m: |co,| = •  • • =  | « J =  8 } and rfco = rfto, A  •  • • A  rf« m. 
Taking accoun t o f th e fact s tha t g 7(0,0) =  0 , tha t th e Taylo r serie s o f th e 

difference gj(w,z)-  gy(w,0 ) doe s no t hav e term s o f orde r zer o o r one , an d 
that J yiXTt. coagp rfuArfJ*0  onl y whe n (3 , =  •  • • =  ft, -  a , =  •  • • =  a w = 
- 1 , w e easil y sho w tha t th e term s o f (52 ) ar e equa l t o zer o whe n |f$ | > 2|<x| . 
Thus, (52) can be written in the form (50). 

For n = 1  formula (48) can be represented in the form 

•K«P(HO)- L  ^ h 

= $(w , h(w)) 

$ ( w > z ) - e * ( w , z ) ( i + g ) J 
•h(w) 

(-\)k 3 k~\ 

^r(* •*")-!, 
(-0* 3 A - l 

*f, kl  8 z *-n '  ,f , * I 9 ^ 1 $ 3eA 

«-A<») 

or (48'). In exactly the same way, (50') follows fro m (50). 
5.2. Local  inversion  of  a  holomorphic  mapping  in  C" , Th e followin g i s a 

special case of th e preceding problem. Let 

w = / ( z ) = / ( z 1 , . . . , z j , / = ( / „ . . . , / „ ) , (53 ) 

be a holomorphic mapping in a neighborhood of th e point 0 e  C" , with 

/ y«»-o, ^ - » y * . y . * - i . (54) 

It i s require d t o fin d th e expansio n o f a  functio n $ ( z ) holomorphi c i n a 
neighborhood o f 0 in a series of powers of th e functions (53) and, in particular, 
a power series expansion of th e mapping 

z =  cp(vv ) =  cp(>Vj,... , w j, < p = (<p , %) (55) 
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inverse to the mapping (53) in a neighborhood of 0. We have 

THEOREM 5 ([169], [241]). Under (he  above  assumptions the  function  $(cp(>v) ) 
can be  represented  as the  function series 

•Mw)).Ei#.^U(z)e3(z)M{i' 
p»o P! 9z" a(z) 

w/jere9p = ef ' f", 9,(2 ) = ^(z) -  Zj,  as  well as by  the power  series 

a^O a , a „ =  0 
W" H>u 

with coefficients 

< * . - E 
IPK M 

( - l ) | p | 9I0I+IP I 

a!P ! 9Z«+P 
$ ( z ) e 3 ( z ) l ( 7 | 

(56) 

(57) 

(58) 

PROOF. If m = w , /i7(w) = w y, and /^(w, z) =  fj(z) -  w-  i n Theorem 2, then 
(56) follows . Applyin g th e Taylor expansion t o (56) and takin g into account 
that 9,(0 ) = d%j(0)/dz k =  0 , y, k =  1,... , « , w e ge t th e serie s (57 ) wit h th e 
coefficients i n (58). 

COROLLARY 6. / / $(z ) =  z y, 7 = 1,... , /? , r/*ew (56) as well as  (57) 0/irf (58) 
give formulas for inverting the mapping (53). 

THEOREM 7 ([88], [173], [243]). If the  components  of the mapping  (52) have the 
form 

vv,=/y(z) =  z,^.(z) , + y-(0)*0, 7 = 1 , . . . , / i , 

f/zefl the  following expansion is  valid: 

p»o P - 92 p[ ^ ( z ) 

PROOF. The system (59) can be written in the form 

(59) 

(60) 
Jz = 0 

z -
Wj 

Mz) 
= 0, l , . . . , / i . 

Then (60) follows from (48) with 8y(w, z) = -(w/ty(z) ) an d hj(w) =  0 . 
5.3. Expression  of the power  series coefficients of implicit functions in  terms  of 

the power series coefficients  of  the original functions. Inversion  formulas for a 
system of power series. Suppose that the functions (44) are given in the form of 
power series 

FJ(w,z) =  zJ+Z'aJlxvw*z\ j=l  n.  (61 ) 
r ^ l ' 



262 SUPPLEMENT . MULTIDIMENSIONAL RESIDUES 

It i s assume d her e an d belo w tha t th e multi-indice s jj i = (jjL 1,...,fjtm) an d 
v = (v j , . . . , v n) in E^ v, IT^ and { >^v range throug h al l possibl e tuple s o f 
nonnegative integers such that either |§JL| + |v |  ̂2  or v = 0  = (0 , . . . , 0) , |JJL| = 1 . 
Let 

* ( w , z ) =  £  b a3w«z*. (62 ) 
(a,3)>(0,0) 

THEOREM 8.( 9) The  coefficients  of  the  power  series  expansion  (49) of 
$(w, <p(w)), where z =  <p(w)  is an implicit vector-valued function determined by 
(45), can  be expressed in terms of the coefficients of (61) and (62) by the formula 

da- E  (^P SKb^-I>(S)tl[p(Sj)-l}l-n'r-i(aj^\ 
(T\,T),S y - i ^ v >" • 

(63) 

where S =  ( 5 , , . . . , S n), Sj = {Sj^}'^  is  a collection of nonnegative integers s Jilv, 
only finitely many  of which are nonzero, 

p(S) =  ( p ( S 1 ) , . . . , p(S r)), p{Sj)  =  L  s Jilv, 

Z)(5) =  det| |8, ;p(Sy)-a,(5y)l, f t . l i . . i n , 

vv/zere o k(Sj) —  E^ v v * ^, a/ 2 J 8^ y w f/?e Kronecker symbol; the  summation in 
E(lltT)t5 &  over all  multi-indices  *n =  (Th,...,Ti m) an ^ T  =  ( Ti>-• • > T *)> a^ a ^ 
systems S  = ( 5 l s . . . , S„ ) satisfying the conditions 

n 

•n* + E  M 5 ; ) =  «* , fc«l,...,m, 

where \k(Sj) =  E ,̂ „ \iksj)lf. Moreover,  if  S contains  an Sj for which  p(S,) = 0 
(i.e., s Jilt =  0  for all  Sj^ e  Sj),  then the product 

murt te replaced by 1  w //ze corresponding term of (63), and SkJ - p(Sj) -  o k(Sj) 
by bkJ in D(S). 

(9) Theore m 8 was obtained by the author jointly with V. A. Bolotov. The proof given here is 
due to the author. Bolotov obtained (63) from (58). 
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REMARK 3 . If $(w , z) = zp j  =  1,... , n,  then (63 ) yields formula s fo r the 
power serie s coefficients o f the implicit function s determine d by (45). In this 
case the summation over i\ and T disappears in (63), and (64) takes the form 

n 

(65) 
»,* + I **($ ) = P(SJ, k=l, ...,». 

7 - 1 

PROOF. Startin g wit h th e integral representatio n (47 ) and th e first o f the 
equalities (52), w e get the following formula for the coefficients da in (49): 

d =  i  r  *{<*MHF)Ms))d aAds ,  . 
a (2*i) m+n 4 x r £ F ( w , | ; ) -«o a + / ' 

For suitable choices of e > 0 and 8 > 0 the function 

/Kl) { A ) HI)  (67 ) 

is holomorphic on the (m + rc)-circular compact set Vb X TE c C m+W, and can 
be expande d o n this se t in an absolutely an d uniformly convergen t multipl e 
Laurent series . I t follow s fro m (66 ) that th e coefficien t d a i s equa l t o the 
coefficient o f <oa£~7 = w? ' • • •  w ^f *  •  • •  S;1 in this series. The Laurent series 
expansion of the function (67 ) can be found directly . Taking into account that 
the inequalities |g y(w, 01 < IS/I = e , y = 1,... , w , hold fo r co e F 8 and $ G T, 
we get the expansions 

lni<.(w ,0 =  lnS, + l n ( l + ^ ^ j 

- l n 5 , + £  ^ F H M W « S ) ] ' > 7 - ! , . . . , « . (68 ) 

Substituting 

into (68), and then the resulting expansions and the series (62) into (67), we get 
the desired Lauren t serie s after appropriat e transformations , and this gives us 
(63). 

As a consequence of the theorems in §5.1 we obtain formula s fo r inverting 
systems of power series. 
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Suppose that the functions of the system (53) and $(z) ar e given in the form 
of power series 

Wj=fj(z) =  zj+  I  a j0Lz\ y - 1 , . . . , / i , (69 ) 

* ( * ) - E f t / , (70 ) 

where a =  (a l f . . . , a n). We have 

THEOREM 9 ([43], [196] , [225]). The  expansion  coefficients  in  the power  series 
(57) for the  function  $(q>(w)) , where  z  =  cp(w> ) is the  inverse of  the mapping 
(53), can  be  expressed in terms  of the coefficients  of the power  series (69) and (70 ) 
by the formula 

(71) 

w/iere S =  (S„. . . , S„),  S , = {* /v)M>2 «
 a  collection  of nonnegative integers sJt, 

v = (v,,. . . , v„) , of  which only  finitely many are nonzero, p(S ) = (p(5,), . . . , 
P(5„)), 

A(5) =  det]8*,[a , +  p(S,) ] -  o , ( S , ) | ^ „ , 

artd ^(5 , ) =  E| V|>2
vik'Sf>» ./ » ^ =  l>--- > w; ^ e summation  in  £ T 5 w  0t>e r a/ / 

possible multHndices T  = (T^ . . . , T n), ^  >  0 , atf d a/ / collections  5 , p(S ) ^  0 , 
satisfying the conditions  7 k + E",, , aA(5y) = o ^ + p(S*) , A : = 1,... , n.  More-
over, ifp(Sj) =  0  andoLj =  0 , f/iert the  product 

[pte) + «y-i]!n rifs)' " 
mŵ r 6e replaced by 1  //i //ie corresponding term of {1\), and  8A -[a - + p(S 7)] -
ok(Sj) must  be replaced by §kj in  the determinant h(S). 

REMARK 4 . I f $(z ) =  z pj =  1,... , n,  the n (57 ) an d (71 ) give formulas fo r 
inverting the system of power series (69). 

5.4. A case  of isolating a single-valued regular branch of  a system of implicit 
functions |241J . We consider withou t proo f a  case of isolatin g a  single-value d 
branch o f a n implici t vector-valued functio n determine d b y the system (45) in 
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a neighborhood of the poini (0,0) e C (™.+" when 

9(F) 

9(*) 
= 0. 

(0,0) 

Suppose tha t th e function s o f th e syste m (44 ) ca n b e represente d i n a 
neighborhood of (0,0) in the form 

Fj{w, z) =  zj9j{w,  z)  +  6,.(w, z), y  = 1  /i , (72 ) 

where z - • ^(w , z ) i s th e homogeneou s polynomia l o f lowes t degre e i n th e 
expansion of Fj  at (0,0) in a series of homogeneous polynomials, ^(w,0) &  0 ; 
let w x<» = w x>' •  • •  w^m be the leading term of ^(w,0) i n the lexicographical 
order o f it s term s (the conditions a x =  \ y J , . . . , a k_x =  X 7 A_, hol d fo r som e 
k, 1 < k  <  m , for an y term flyaw

a other than w x<»). The coefficient o f w x<;> is 
assumed to be 1. Let 

gj(w,z) =  /;(w , z ) -z ;w
xo), j  =  1  AI , 

\ ( p +  /) =  ( X H O , +  I ) + •  • • + \Mn +  1),... , x ^ O, +  i ) 

Y 6 ^ c o e C ™ : | ^ = 8 j = l , . . . , m } , 

where 8 and e are sufficiently smal l positive numbers. Under these assumptions 
we have 

THEOREM 10 [241]. For the existence of a system of holomorphic functions 

Zj =  <pj(w) =  <p 7(w,,..., w m), 7  = 1,... , /i , (73 ) 

satisfying the system (45 ) /« a neighborhoood of the point (0,0) e C (™ *," a Airf //ze 
conditions 

9<P,(0) 
<p,(0) = 0 , - ^ - =  0 , 7 , * - l , . . . , W , (74 ) 

it is necessary and sufficient that 

• (-i)'P ' ,  S >g lW)(a(F)/3(S))*oA</i; = 

pto (2^)" ' + " V r , | ;P +/wxo+/ ,+ .+/ I 75) 

/or a/ / integer  multi-indices  a  =  (a, , . . . , a m), -0 0 <  a y <  00 , such that |a| ^ 2 
aw/ a ; <  0  for  at  least  one  j ' 6 (l 4  Under  the conditions  (75) the 
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. ( 7 7 ) 
(0,0) 

expansion coefficients in the power series 

* K ?(») ) =  E  d aW = t  d a , „ wj" • • • <»', (76 ) 
ot>0 a|,. . . ,o l l""0 

w/zere $(w , z ) w  a  homomorphic  function in  a  neighborhood  of  the  point 
(0,0) e  C (™*/J 0/iJ cp = ((p,, . . . , <p„ ) ij f/ie .system (73), are determined by 

y ( - l ) l W
 913KtX Q  + /)^al r ^ ( f ) 

° 3>o P![X(p + / ) + a]! azP3w«+^+/) [ ' g 9 (z ) 

(There are  only finitely many  nonzero terms in  (75) <zn</ (77).) 

COROLLARY 11 . Under  the conditions of Theorem  10 and the conditions (75), a 
single-valued branch  (73) of the implicit vector-valued function determined by the 
system (45 ) is  represented by power series of the form (76) , where the coefficients 
are determined  by  (77) with  $(w, z ) =  Zy. 

COROLLARY 12 . If m  =  1  />? //i e conditions of Theorem  10, f/iert rft e conditions 
(71) a/way s /10W , z'.e. , f/ier e exwt e w i implicit  vector-valued  function  satisfying 
(45) aw/(74) . 

5.5. Examples.  1 . Fin d a n implici t functio n z  =  cp(vv ) determine d i n a 
neighborhood of the point (0,0) e  C 2 by the equation 

z -  w  + z'w * =  0 . 
Setting m =  1 , $(H>, z ) =  z , and g(w, z ) =  -w  +  z^w * in (49) and (50), we get 

00 

z =  <P(H>) = J ] c„w n, 

where 

^ ^ ' ifn=pr  +  qr-r+  l , r =  0 , l , . . . , 

otherwise. 

That is, 

r_o r\(pr-r-  1) ! 

2. Fin d regular branches of the implicit function determined by the equation 
z3 -  3w z +  w 3 =  0  i n a  neighborhood o f th e point (0,0 ) e  C 2. Accordin g t o 
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Corollaries 1 1 and 12, a  single-valued branc h o f th e desire d implici t functio n 
tangent t o the line z =  0  is represented by th e serie s 

00 

where 

i r  S(S 3 + H > 3 ) V - $ 2 ) ^ A ^ 

|w| = o 

^A:.J IA: + /i + 2 

that is, 

£ (3r) ! 3r+ 2 u> 2 w 5 w 8 4w " 

r=o 3 3 r + 1 r ! ( 2 r + l ) ! 3  3
4 3 6 3 9 
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Table M. 
Integral Representations of Numbers 

Suppose tha t a  i s a n arbitrar y comple x number , m  an d k  ar e positiv e 
integers, an d n,  n^.. ., n k =  0 , ±  1 , ± 2 , . . . , an d le t (a) n =  a ( a -  1 ) •  • • 
( a - w +  l ) , ( a ) 0 = 1 . 

I. The binomial coefficient . 
a). The  one-dimensional case. 

Definition. 1 ) Arbitrary case : 

( 1 , i  =  0 , 

( ; ) - • < - ' > • • • ( " • " ) , . . , . 2 . 3 . . . . . 

10, »  1 , - 2 , - 3 , . . . ; 

2) a =  m: 

M , w = 0, 

lm)=l u
 m ' .. . « = 1 , 2 , 3 , . . . , m , 

\ w  / j  Ai!( m -  n)\ 

[0, n  =  - 1 , - 2 , - 3 , . . . or  n >  m\ 

3) a =  -w : 

( T ) - H ) " ( ' B + ; - 1 ) . «=0,±1,±2,. . . ; 

4)a =  -1/2 : 

Integral representation,  the  formula M x =  M^vv) . 

1) 

( « ) =  r e s ( l +  w ) ^ " " - 1 = ^ - r / " ( 1 +  w) aw-"~xdw, 

0 <  p  <  1 ; 

269 
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2) 

(™) =  res( l +  w) mw~"-1 =  ^-  f  ( 1 +  w) mw-"~ldw9 

0 <  p  < oo , 

or, the identity (") =  („,_„) , a frequently used representation is 

(™) =  res( l +  w) mw-m+n-1 -  ^- r f  ( 1 +  w) mw-m+n~l dw, 

0 < p < oo; 

3) 

- 7 T - : f  ( 1 - w)" wW , ,-1Av, 0 < p  < 1 , 
2 IT/ ^lu;l- n ' M - p 

or, th e identity ( m+"~1) = ( mm-i 1 )> a frequentl y use d representatio n i s (n 

0 ,1 , . . . ) , 

( m + £ ~ M - r e s O -  w)- n'lw-m 

= ^- r / " ( 1 -  w)""" lw-,,,dw, 0  <  p  < 1 ; 
2lTZ./,H,i„p 

4) 

(2;) =  res(l-4w)- "V-
- A / " ( 1 -4>v)"1/2w-rt-1Jw, 0  < p < 1. 

2#TT/ ' M - P ' M - P 

b) Multidimensional case. 
Definition. 1 ) Arbitrary case: 

[*,,...,*J \ 

(1, « , =  n 2 = •  •  •  =  n k =  0 , 

a(a —  1 ) • • •  (a -  n x — •  • •  — n k +  1 ) 

n,!n2! - - - n , ! ' 

/ i , , . . . , w * = 0 , 1 , . . . , 1  < W j + •• • +  n k, 

10, otherwise ; 
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2) a —  m: 

( 1, n x =  n 2 =  •• • =  n k =  0 , 
m\ 

n{\ -*-n k\(m-nx n k)\ ' 

/?!, n2,..., n k =  0 , 1 , 2 , . . . , 1  < « j +  •  • • + Wf c < m , 

VO, otherwise ; 

3) a =  -w : 

/ J 1 , A ? 2 , . . . , n k =  0 , ± 1 , ± 2 , . . . . 

Integral representation, the formula Mx =  M x(wl9..., w k): 

1) 

( )  =  re s ( l + w 1 +  . • . +  wJ aw^' , ," , •• • w,'^" 1 

(2TT0 r ( p ) 

where T(p) =  { w =  (w, , . . . , w k); |w, | = p „ 0 <  p , < 1 , z = 1, . . . , A:} , the skele-

ton of a polydisk; 

2) 

L , . m , / J = re s ( 1 +  ^-f ... +  wj 
\ * ' '  *  /  v v , , . . . , w k 

mw7"i-] . . . wr"*" 1 

1 
f ( 1 - f w , +  •• • +  w A)mwf"l_1 •• • w k

nk~] dw, 
JT(P) (2<ni)kjnp 

where I \p ) =  { w =  (w„ . . . , w^) ; |H>, | = p, , 0  <  p , <  oo , z = l , . . . , / c } , th e 
skeleton of a  polydisk; 

3) 

/ m +  w , +  •  • •  + n k —  1 

\ » I , . . . , H * 

= re s ( 1 -  w , w A.)"m»vf"l~1 •• • w;" i _ 1 

1 
- /" ( 1 -  w , Wft)" mwr"1"1 •• • tt£"* -,<fti>, 

where T(p) =  { w =  (w„ . . . , w*) ; |w,| = p „ 0 <  p y < 1 , z = 1, . . . , k),  th e skele-
ton of a  polydisk. 
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II. Th e expansion coefficients o f the logarithmic function —  ln(l —  w). 
Definition and  integral representation, the  formula M 2 =  M 2(w): 

?>„, ::,°i,3,...}-'?<-to<> - » - • - ' 
= - •=- -7 / ln( l -  w)w' n'1 dw,  0 < p < l . 

III. Th e expansion coefficients o f the exponential function exp(ctw). 
Definition and  integral representation, the  formula M 3 =  M 3(w): 

n\ w  2™ J\w\-p 

0 <  p  <  00, n =  0 , 1 ,2 , . . . . 

IV. The (ordinary) Euler numbers En, n  =  0,1,2 , 
Definition and  integral representation, the  formula M 4 =  Af 4(u>): 

£„ =  /j!rescosh"' 1(vv)w""',~1 =  / IS -T T /  cosh _1(w)w""~1 dw, 
w 2*niJ\ w\„p 

0 <  p  <  00,  n  =  0 , 1 , 2 , . . . . 

V. The Bernoulli numbers 2?„, n  =  0,1,2 , 
Definition and  integral representation, the  formula M 5 =  M 5(w): 

1 
9„ = Ai!res(e w- 1 ) ~ V " =  — - f  (e w -  l )"V"rf iv , 

w> 2lT J .AH/I- D 

0 < p < 00, A? = 0 ,1 ,2 , . . . . 

VI. The  Stirling numbers sx{m, n)  of the first kind, n =  0,1,2 , 
Definition: 

00 

(w) m - E ^ i K " ) " " , J,(0,0) = 1 . 
/ i - 0 

Integral representation,  the  formula  M 6 —  M 6(w): 

sx(m,n) =  res(>v) m>v"w~1 =  — ^resflnO +  w)]"w" m~1 

w n\  w 

= ^TT^f  M l +  w)]"w- m~ldw, 0 < p < l , n =  0 ,1 ,2 , . 
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VII. The Stirling numbers s2{m, n)  of the second kind, n =  0,1,2 , 
Definition: 

w " = I  5 2(m, * ) ( * ) „ , J 2 (0 ,0)= 1 . 

Integral representation,  the formula M-,  =  M 7(w): 

0 <  p  <  oo , m = 0 ,1 ,2 , . . . . 

VIII. The gamma function T{z). 
Definition {integral  representation), the  formula M 8 =  M 8(s): 

T ( z ) = re- ssz-lds, R e z ^ O ; 

a particular case  is 

n\ =  r ( n + 1 ) = f°°e- ssnds, n  =  0 ,1 ,2 , . . . . 

IX. The beta function B{u, v). 
Definition {integral  representation), the  formula M 9 =  M 9{t): 

B{u,v)= J {U)T{V\, -  [ lt-l(l-t)v-ldt, R e w > 0 , R e i > > 0 ; v }  T{u  +  v  +  1 ) ̂ o 

a particular case  is 

nlml
 x  =B{n+  l , w + 1 ) = / V ( l - 0 m ^ n, m =  0 ,1 ,2 , . . 

(A? +  m  +  1) ! •' o 

X. Th e generalize d Stirlin g number s s^\m,  n,k)  o f th e secon d kind , n 
0 ,1 , . . . , an d k is a positive integer ([129], [208]). 

Definition {integral  representation), the  formula M 10 =  M l0{w): 

* ! ™ . ( * * w - l ) " 4 a ) ( m , n,  k)  =  — p rese 
w 

w! 1 

0 <  p  <  oo,  n =  0 ,1 ,2 , . . . . 

w! 2wJ }wlmmo 
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XI. The  generalize d Bernoull i number s £„ (m), n  =  0,1,2, . . . ([54] , Chapte r 
15). 

Definition {integral  representation), the  formula M  n =  M n(w): 

J9M
(m) = n\res(e w- O ' V " ^ " 1 

w 

= / 2 ! ^ - T f  (e w- \Y mw-n+m-xdwy 0 < p  <  oo, * =  0 , 1 , 2 , . . . . 

XII. The Euler numbers £n
(m) of mth order, n =  0 ,1 ,2 , . . . [34] . 

Definition (integral  representation),  the  formula M n =  M n(w): 

E<;m) = ^2!res(coshw)" mw- , ,-1 =  * ! ^ - r f  (coshu^""*-"- 1 </w, 
H, Z lTWi^i^p 

0 <  p  <  oo, H = 0 , 1 , 2 , . . . . 

XIII. The generalized Euler numbers A(n, k\  n,  k  =  0,1,2, . . . [41] . 
Definition (integral  representation),  the  formula M l3 =  M 13(vt>, z): 

n+1 

>I(/I,A:) = /1!res-^A 
W,2 (Z e -  1 ) 

w - n - l z - * - l 

ft! / • ( z —  l) w J w A  dz 

l*l~P 2 

0 <  p , <  oo, 0 <  p 2 <  1,* , A : =  0 ,1 ,2 , . 
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