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SUPPLEMENT 

A Brief Survey o f Other Work 

Here w e wis h t o describ e briefl y som e result s i n multidimensiona l valu e 
distribution theor y whic h di d no t appea r i n th e mai n tex t o f th e book . W e 
begin wit h holomorphi c curves . Thi s i s the par t o f th e theor y whic h i s mos t 
closely connecte d t o th e one-dimensiona l theor y an d th e par t whic h i s bes t 
developed. 

The theor y o f entir e curve s / : C — > C n i s th e objec t o f th e wor k o f V . P . 
Petrenko [l]-[7 ] an d hi s student s (Krutin ' [1] , Krytov [1] , Babets [1 ] e t al.) . 
One aspec t o f thi s wor k i s tha t instea d o f th e proximit y functio n ra/(Z),r), 
which measure s th e deviatio n o f /  fro m th e hyperplan e D  i n th e integra l 
metric, th e functio n 

^•^HS'- iS ' {1 ) 

is introduced; i t evaluate s th e deviatio n i n a  stronger unifor m metri c ( a G  Cn 

is the vector defining D  a s a hyperplane in Pn _ 1 i n homogeneous coordinates) . 
Instead o f the defec t i n th e sens e o f Nevanlinna o r Valiron , th e quantit y 

0,(D) =  li m ^ M , (2 ) 

appears; i t i s called b y Petrenk o th e deviation  of  f  fro m D. 
It i s clea r tha t th e Nevanlinn a defec t Sf(D)  <  (3f(D),  whil e fo r curve s 

/ o f finite  lowe r orde r i t i s prove d tha t i f th e Valiro n defec t A/(D ) =  0 , 
then (3f(D)  =  0  also . Thu s th e researc h o n th e deviatio n carrie d ou t b y 
Petrenko an d hi s student s give s informatio n als o abou t th e defect s o f holo -
morphic curves . 

Holomorphic curve s ar e relate d t o algebroid  functions —that is , multi -
valued analyti c function s o f on e variabl e z  whic h ar e define d b y polynomia l 
equations i n w 

A0(z)wn +  --*  + An(z)=0 (3 ) 

with entir e coefficient s Aj.  T o every suc h functio n i s associated th e holomor -
phic curv e [AQ , . . ., A n]: C  —• P n . O n th e basi s o f thi s relation , Petrenk o ha s 
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206 SUPPLEMENT 

established a  numbe r o f propertie s o f algebroi d functions . H e ha s als o ap -
plied hi s result s t o th e stud y o f the asymptoti c behavio r o f solutions o f linea r 
differential equation s o f nt h orde r wit h entir e coefficient s an d t o th e stud y 
of algebroi d solution s o f algebrai c differentia l equations . On e ca n becom e 
acquainted wit h thi s researc h i n Petrenko' s boo k [6 ] and hi s late r pape r [7] . 

In the work of E. I . Nochka a  defect relatio n for holomorphic curve s / : C — > 
P n i s presented , whic h take s int o accoun t multiplicit y an d degeneracy . On e 
says tha t /  intersect s a  hyperplane D  =  {  [w] G  Pn :  CLQWO H +  a nwn —  0  } 
with multiplicit y v  i f al l the zero s o f the function s fn  =  (/ , a)  hav e order s a t 
least v  an d i f a t leas t on e zer o i s o f orde r v  (i f /(C ) c D o r /(C ) f l D =  0 , 
then v  i s considered t o b e oo) . Th e curv e /  i s called k-nondegenerate  i f / (C ) 
is contained i n some fc-dimensional  subspace of Pn bu t i s not containe d i n any 
subspaces o f lower dimension . The n thi s i s true : 

THEOREM. Let  a  k-nondegenerate  curve  / : C — > P n be  given and  let  the 
Dj C  P n be  q hyperplanes  in  general  position.  If  f  intersects  every  Dj  with 
multiplicity Vj,  then 

^ ( l - ^ ) < 2 n - f c +  l . (4 ) 

From thi s theore m Nochk a deduce d estimate s o f th e degre e o f degenerac y 
of holomorphic curves , i n particula r fo r th e cas e o f complete degeneration : i f 
in P n ther e ar e give n q  > 2n  hyperplane s i n genera l positio n an d q  number s 
Vj suc h tha t 5Z( 1 — n/vj)  >  n  +  1 , then ther e doe s no t exis t a  nonconstan t 
meromorphic curv e / : C —• P n intersectin g eac h Dj  wit h multiplicit y a t leas t 
Vj. Thi s sam e conditio n ensure s th e normalit y o f a  famil y o f holomorphi c 
curves i n th e dis k {\z\  <  1} ; this i s a  generalizatio n o f a  classica l theore m o f 
Schottky an d Mon t el. 

Already i n th e 1930s , H . Carta n conjecture d tha t th e su m o f th e Nevan -
linna defect s Sf(Dj)  o f hyperplane s i n genera l positio n fo r fc-nondegenerate 
holomorphic curve s / : C  —• P n i s estimated b y th e sam e quantit y 2 n —  k  + 1 
which i s on th e righ t sid e o f (4).( x) Recently , Shen-Ha n Sun g [1 ] announce d 
that h e ha d prove d thi s conjecture . I n Noguch i [2 ] and Ochia i [2] , estimate s 
of defect s ar e give n fo r holomorphi c curve s whic h ar e no t i n P n bu t i n som e 
algebraic manifold . 

For holomorphic mappings preserving dimension ,  the defect relatio n count-
ing multiplicity  wa s earlie r obtaine d b y Saka i [1] . Namely , i f a  nondegener -
ate holomorphi c mappin g / : Cn — » Pn intersect s hyperplane s Dj  i n genera l 
position wit h multiplicitie s a t leas t Vj  (j  =  l,.. . ,qr ) (fo r th e definitio n se e 

(1)Certainly a  fc-nondegenerate  curv e i n P n ca n b e viewe d a s a  nondegenerat e curv e 
in P f c . However , on e canno t us e th e defec t relatio n fo r nondegenerat e curve s an d replac e 
2n —  fc+lbyfc-fl,  sinc e th e intersection s Dj  D  Pf c ma y no t b e i n genera l position . 
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Chapter I) , the n 

£ ( , - ! ) < „ +  !. ,5 ) 

For n  —  1 this inequality i s well known (see , for example , Hayma n [1] , §2.5.1); 
in particular , fo r n  —  1 it follow s fro m thi s tha t ther e ca n b e n o mor e tha n 
four branc h values for which Uj  > 2 , and i f there are precisely four the n Vj  —  2 
for eac h o f the m (thi s cas e i s achieved b y th e ellipti c functio n p). 

Sakai applie s hi s theorem t o th e functiona l equatio n 

Fu(z) =  z?+-.-  +  z:"+\l=l, (6 ) 

where v  —  (z/ i , . . ., vn+i) i s a  se t o f natura l numbers . H e proves tha t ther e i s 
no nondegenerat e holomorphi c mappin g fro m C n t o th e hypersurfac e A v = 
{ z e  C n + 1 :  F v(z) =  1 } i f 1/V i +  •  • •  +  1/i/n+ i <  1 . I n fac t i f ther e wer e 
such a  ma p / , the n g  — ( /J '1 , . . . , /n+Y) woul d b e a  nondegenerat e mappin g 
from C n t o th e hyperplan e H  =  {wi  4 - ••• +  w n+i =  1 } C  C n + 1 , whic h 
is biholomorphicall y equivalen t t o C n . I t clearl y intersect s th e hyperplane s 
H3• =  {  w G  H :  Wj• —  0  } with multiplicitie s a t leas t Vj  (j  =  1 , . . . , n +  1 ) an d 
in additio n omit s th e hyperplan e a t infinit y Hoc  =  P n \  C n . Therefore , th e 
sum o n th e left-han d sid e o f (5 ) i s equa l t o n  +  2  - (1/V i +  •  • •  + l / i / n+i), 
which b y th e assumption s o n th e Vj  i s greate r tha n n  +  1 . Thi s contradict s 
(5) an d prove s th e assertion . 

We observe tha t fo r n  =  1  the resul t i s precise: th e function s / i (z) —  cos z 
and $2  —  s m^ realiz e a  nondegenerat e holomorphi c mappin g fro m C  t o th e 
surface {z  £  C 2 :  z\  +  z\  —  1} ; her e th e su m o f th e 1/VJ  equal s 1 . A n 
analogous resul t fo r holomorphi c curve s was obtained earlie r b y Fujimot o [2] : 
if l/i^ i 4 - • • •  +  1/i^n+ i <  l / n ' t n e n give n a  mappin g / : C  —±  A u, th e imag e 
/(C) lie s i n som e submanifol d o f A u. 

A numbe r o f works , mostl y b y Japanes e mathematicians , ar e devote d t o 
multidimensional generalization s o f th e well-know n theore m o f Edre i an d 
Fuchs o n meromorphi c function s wit h maxima l defec t sum . Ther e i s a  re -
sult o f Mor i fo r th e cas e o f curve s whic h i s particularl y simpl e t o formu -
late. Le t a  nondegenerat e holomorphi c curv e / : C  — > P n o f finite  orde r p  b e 
given an d le t ther e b e q  >  n  hyperplane s D 3 C  P n i n genera l position , wit h 
ord Nf(Dj,r)  <  p. The n i f the su m o f the defect s 

£6f(Dj) =  n + l (7 ) 

i.e., i s maximal , i t follow s tha t th e orde r p  i s a n integer . I n Mor i [2 ] ther e 
is a  generalizatio n o f thi s resul t t o holomorphi c mapping s o f C n t o compac t 
complex manifolds on which positive line bundles are given. I n an earlier pape r 
of Noguch i [1] , an analogou s resul t wa s obtaine d fo r holomorphi c mapping s 
into comple x projectiv e space . 
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Now w e conside r th e uniqueness  problem  fo r holomorphi c mappings . Ac -
cording t o th e classica l resul t o f R . Nevanlinn a (see , fo r example , Hayma n 
[1], Theore m 2.6) , tw o nonconstan t meromorphi c function s /  an d g  ar e th e 
same functio n i f fo r five  distinc t point s aj  G  C  the y hav e identica l invers e 
images (no t countin g multiplicity) . (I n genera l i t i s no t possibl e t o replac e 
the numbe r 5  b y 4 , a s i s show n b y th e exampl e o f th e function s f(z)  —  e z 

and g(z)  —  e~ z an d th e point s 0 , oo, ±1.) A  multidimensiona l varian t o f thi s 
theorem fo r mapping s C m —>  P n wa s obtained b y Fujimot o [2] , [3]: If fo r tw o 
such mappings /  an d g  the inverse images (counting multiplicity) o f q = 3n+ 2 
hyperplanes Dj  i n genera l positio n coincide , wher e a t leas t on e o f th e map -
pings i s nondegenerat e an d neithe r o f th e image s o f C m lie s i n a  Dj,  the n 
f =  g.  I f we suppose i n additio n tha t /  an d g  are algebraicall y independent , 
then w e can tak e q  = 2n  +  3 . 

For mappings preserving dimension, a  better resul t was proved by Drouilhe t 
[1]. Le t /  an d g  be two nondegenerate holomorphi c mapping s fro m C n t o P n , 
and le t a  hypersurface D  cP n hav e self-intersection s i n genera l positio n an d 
degree q  =  n  +  4  (fo r instance , n  +  4  hyperplane s i n genera l position) . I f 
the invers e image s f~ 1(D) an d g~ x(D) coincid e a s set s (withou t countin g 
multiplicity) an d i f also / | / - i (D ) —  0lg-*(£>)> then /  =  g. 

For meromorphi c function s o n C m , a s fo r function s o f on e variable , i t i s 
sufficient tha t th e preimages o f five points aj  G  C coincide (se e Sadullaev an d 
Degtyar' [1]) . I t i s known tha t fo r rationa l function s o n C  i t i s sufficient tha t 
the preimages of four point s coincide (th e sharpness of this number i s affirme d 
by th e exampl e o f th e function s (z 2 -  z  -+ - l)/z an d (z 2 —  z  +  l ) / ^ 2 , wher e 
the preimage s o f 0,1 an d o o ar e th e same) ; fo r polynomials , tw o ar e enough . 
Nochka ha s extende d thi s resul t t o rationa l function s o n algebrai c manifolds . 

In the paper o f Sadullaev an d Degtyar ' cite d above it i s also proved that fo r 
holomorphic mapping s / : C m — • Pn th e se t o f proximity  divisors  { D c P n : 
l im^oo mf(D,r)  =  00 } ha s inne r P-capacit y 0 . The y hav e als o obtaine d 
a generalizatio n o f th e secon d mai n theore m t o meromorphi c function s o n 
C m , wher e instea d o f the distributio n o f preimages o f constants ^  G  C, the y 
consider th e distributio n o f set s {z  G  Cm :  f(z) =  dj(z) }, wher e th e aj  ar e 
meromorphic function s growin g slowl y i n compariso n wit h / , i.e. , T a.(r) = 

The theor y o f valu e distributio n fo r holomorphi c mapping s describe d i n 
the mai n par t o f thi s boo k ca n withou t particula r difficult y b e extende d t o 
meromorphic mappings.  A  mappin g betwee n comple x manifold s A  an d M  i s 
said to be meromorphic i f there exists an analytic subset S  C  A  o f codimension 
at leas t 2  (the indeterminacy se t of /) suc h that / : A\S  — » M  i s a holomorphi c 
mapping an d th e closur e i n A  x  M  o f th e grap h {(z,f(z))  :  z  G  A \ S  } i s 
an analyti c subse t o f A  x  M. Th e extension t o meromorphic mapping s o f th e 
results i n Griffith s an d Kin g (wit h th e sam e assumption s o n th e manifold s 
and divisors ) ca n b e foun d i n Shiffma n [3] . 
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Further, i n th e mai n tex t w e presente d th e secon d mai n theore m an d th e 
defect relatio n fo r mapping s preservin g dimension . Thi s method extend s eas -
ily to mappings f:A—>M  whic h lower dimension: her e A i s an m-dimensiona l 
affine manifol d an d M  i s a n n-dimensiona l compac t algebrai c manifol d wit h 
ra >  n . Fo r suc h a n extensio n i t suffice s t o conside r instea d o f M  th e man -
ifold M  x  C m ~ n an d exten d /  b y th e identit y ma p wit h respec t t o th e ne w 
coordinates, i.e. , replace /  b y the mapping /  =  (/ , z\  071",... , 2m_no7r), wher e 
7r: A — • Cm i s a  prope r projection . Fo r th e detail s o f this , se e Griffith s an d 
King [1 ] or Shiffma n [3] . 

The method whic h we have considered doe s not exten d t o mappings whic h 
raise dimension.  W e observe that alread y i n the 50s Stoll [1 ] had proved a  sec-
ond mai n theore m an d defec t relatio n fo r holomorphi c mapping s / : Cm — > P n 

and invers e images o f hyperplanes fo r an y dimension s m  an d n . However , hi s 
proof i s very complicate d (th e pape r take s u p 16 0 pages i n Act a Mathemat-
ica). Recentl y Vitte r [1 ] found a  substantially simple r approac h t o this result . 
His method i s based on the generalization t o meromorphic function s o f several 
variables o f th e lemma  on  the  logarithmic  derivative,  usin g whic h R . Nevan -
linna prove d hi s classica l secon d mai n theorem : le t /  =  [/o , /1] : Cm — > P 1 b e 
a meromorphi c function ; the n fo r an y j  =  1 , . . . , ra  an d an y r  >  0, excep t fo r 
r i n a n a t mos t countabl e unio n o f interval s o f finite tota l length , 

/ in + \ dfldzo\ a = f  ^Ifodfi/dzj-hdfo/dzjl^ 
Jsr l/ l Js r I/0/1 1 (8 ) 

< ai  +  a2l n r  +  a 3ln Tf(r), 

where ai , a%  an d as  ar e constants . 
In th e cas e o f mapping s whic h rais e dimension , th e res t o f Vitter' s proo f 

follows a  plan which generalize s a n earlie r proo f o f H. Cartan [1] , who consid -
ered th e cas e o f meromorphic curve s abou t te n year s befor e Ahlfors . B y thi s 
route Vitte r obtain s a  secon d mai n theore m fo r nondegenerat e meromorphi c 
mappings / : Cm — • P n fo r arbitrar y m  an d n:  fo r an y q  > n  +  1  hyperplanes 
Dj C  P n i n genera l positio n an d an y r  >  0 , excep t fo r thos e i n a n a t mos t 
countable unio n o f interval s o f finit e tota l length , 

Q 

^NfiD^r) >(q-n-  l)T f(r) +  N(S,r)  -  ^ l n r  -  6 2, (9 ) 
i=i 

where S  i s the diviso r o f stationarity an d b\  an d 6 2 are constant s (cf . (33 ) i n 
§5). Fro m this , fo r arbitrar y dimensions , h e prove s i n th e standar d manne r 
the usua l defec t relation : th e su m o f th e defect s Sf(Dj)  o f hyperplane s i n 
general positio n doe s no t excee d n  + 1 . 

We observ e als o tha t Griffith s an d Kin g [1 ] giv e a  generalizatio n o f th e 
concept o f the logarithmi c derivativ e t o holomorphic mappings . Le t M  b e a n 
n-dimensional comple x manifold an d le t fi  be a  meromorphic (n , 0)-form o n i t 
whose polar divisor D  ha s self-intersections i n general position. (I n the case of 
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M —  Pn wit h homogeneou s coordinate s [Wo,  • • •  , ^1 an d affin e coordinate s 
(wi,..., w n), on e ca n tak e 

1 n 

^ =  Wr  HT  Yi-iyWvdWo  A  • • • A  dW^_i A  dW„+1 A  • • •  A  d ^ n 
W0 ' ' '  ^n Q 

_ d ^ i A  • • •  A  dt^n , 

Wi •  • •  W n 

For a  holomorphi c mappin g / : C n —>  M  th e pullbac k /*(£) ) =  A/(2 ) d^i A 
• • • A  dzn an d th e quantit y 

uf[r) =  f  ln+\\ f\a (10 ) 
JSr 

replaces the integral which appears in the lemma on the logarithmic derivativ e 
(for mapping s / : C  — • P 1 w e clearl y hav e Xf(z)  =  f'(z)/f(z)).  Fo r thi s 
quantity, i n Griffith s an d Kin g [1] , p. 211 , an estimat e i s obtained , whic h i s 
however weake r tha n (9) . 

For th e cas e of curvilinear  divisors,  th e defec t relatio n fo r mapping s whic h 
raise dimensio n i s stil l insufficientl y worke d out . On e o f th e firs t result s i n 
this directio n i s due t o Shiffma n [4] . Le t q  distinct irreducibl e hypersurface s 
Dj b e given in Pn whic h are defined b y homogeneous polynomial s o f degree p; 
suppose furthe r tha t th e Dj  intersec t i n genera l position , i n particula r tha t 
no more than n  o f them pas s through an y given point . Th e Veronese mappin g 
(see Shaferevich [1] , Chapter I,§4) , which is realized by monomials of degree p, 
imbeds P n i n th e spac e P N , wher e N  =  ( n + p) —  1 , so tha t th e image s o f th e 
Dj li e o n hyperplanes . Therefore , regardin g th e nondegenerat e holomorphi c 
mapping / : Cm — • P n a s a  mappin g t o P N, an d usin g th e defec t relatio n fo r 
hyperplane divisors , w e obtain th e trivia l estimat e 

plm<(nl')- (I D 
This estimat e i s clearly no t optimal . Th e optima l estimat e fo r th e su m o f 

the defect s fo r a  nonconstant holomorphi c mappin g / : C m — • Pn i s clearly 2 n 
(see th e right-han d sid e o f (4 ) fo r k  =  1) . However , i n Shiffma n [4 ] thi s i s 
proved onl y fo r a n extremel y specia l clas s o f mappings . 

In conclusion , w e briefly indicat e som e work where holomorphy i s replaced 
by some metric-topological conditions . Th e first  researc h in this direction wa s 
done by Ahlfors [1] , who built u p a  theory o f covering surfaces—a geometrica l 
analog o f Nevanlinna theory—whic h i s true no t onl y fo r conforma l mapping s 
but als o fo r th e mor e genera l quasiconforma l mapping s o f Rieman n surfaces . 
Schwartz [1] , [2] , extende d som e o f th e result s o f thi s theor y t o th e cas e o f 
multidimensional rea l manifolds . 
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I. M. Dektyarev [l]-[4 ] considered mappings from ope n orientable manifold s 
to compac t Riemannia n manifold s o f th e sam e dimension , wher e condition s 
close t o quasiconformalit y wer e impose d o n th e mappings . I n particular , h e 
obtained sufficien t condition s fo r quasi-surjectivit y o f suc h mappings ; sev -
eral o f hi s result s ar e relate d t o comple x manifold s an d holomorphi c map -
pings. Ronki n [2 ] considere d manifold s wit h mixe d structure—real-analyti c 
fiber bundles over real-analytic manifolds whose fibers are complex lines. Suc h 
bundles ar e mapped real-analyticall y t o compac t comple x manifolds , an d th e 
mappings ar e assume d t o b e holomorphi c o n eac h fiber.  I n thi s situatio n h e 
obtains a  generalization o f the first  mai n theore m i n the for m o f Griffiths an d 
proves a  theore m abou t th e se t o f defectiv e divisor s i n th e sens e o f Valiro n 
(see subsection 3  of Chapte r V) . 
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