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Foreword 

The theor y o f Kleinia n group s wa s establishe d a s fa r bac k a s th e en d o f 
the las t century , mainl y i n wor k o f Klei n an d Poincare . Thi s theor y wa s 
created an d develope d du e t o th e need s o f various area s o f mathematics : th e 
theory o f differentia l equations , functio n theory , geometry , topology , numbe r 
theory, an d s o on. Th e theor y o f Kleinian group s an d function s automorphi c 
with respec t t o the m i s now on e o f th e mos t beautifu l area s o f mathematic s 
and ha s progresse d ver y far . On e o f th e stimul i promotin g th e evolutio n o f 
this theor y wa s th e classica l proble m o f uniformizatio n o f Rieman n surface s 
and multivalen t analyti c functions , solve d wit h differen t method s b y Klein , 
Poincare, an d Koebe . Thi s ha s bee n a  sourc e fo r th e developmen t o f man y 
fruitful idea s an d method s i n mathematics . 

In th e pas t 2 0 year s th e theor y o f genera l Kleinia n group s an d th e cor -
responding theor y o f uniformizatio n hav e experience d a  rejuvenation . Th e 
reawakened interes t i n these question s wa s due, in particular , t o th e develop -
ment o f new powerfu l method s i n topology , th e theor y o f functions o f severa l 
complex variables , an d th e theor y o f quasiconforma l mappings . 

The numbe r o f paper s i n thi s are a i s constantl y growing , an d i t i s diffi -
cult t o imagin e a  boo k tha t coul d completel y reflec t th e moder n stat e o f th e 
theory. Althoug h ther e ar e goo d exposition s o f it s foundation s i n th e well -
known monograph s b y Frick e an d Klein , Ford , Appel l an d Goursat , Lehner , 
Nevanlinna, an d others , non e o f the m i s entirel y satifactor y fo r th e moder n 
reader. 

Our se t purpos e i s t o giv e th e reade r th e mai n contour s o f thi s extensiv e 
area o f research , wit h specia l emphasi s o n example s an d problem s (which , 
as a  rule , ar e passe d ove r i n th e establishe d form s o f exposition) . The y ar e 
of varyin g degree s o f difficult y and , i n ou r view , clea r u p nicel y som e subtl e 
points o f the theory . Mos t o f the example s ar e als o of independen t interest . 

We count on an active and critica l reader , an d a s food fo r reflection w e pro-
vide a large number o f exercises, problems , and eve n unsolve d problems . Th e 
exercises bea r a n academi c characte r o n th e whole , bu t th e problem s presen t 
more essentia l result s no t mentione d i n th e genera l theory , wit h th e origina l 
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viii FOREWORD 

sources indicated . Th e larg e numbe r o f example s an d problem s enabl e u s t o 
quickly introduc e th e reader , no t onl y t o the actual stat e of the contemporar y 
theory, bu t als o t o th e problem s an d method s whic h th e theor y uses . 

The mai n par t o f th e materia l presente d i s als o containe d i n numerou s 
journal articles . Som e o f th e material , especiall y th e examples , i s presente d 
for th e first  time . Th e sam e applie s t o man y o f th e exercises . Th e boo k 
was conceive d fro m variou s specia l course s an d semina r discussion s a t th e 
Institute o f Mathematic s o f th e Siberia n Branc h o f th e Academ y o f Science s 
of th e USS R an d a t Novosibirs k Stat e University . 

We hop e tha t thi s boo k wil l enabl e beginnin g mathematician s t o rapidl y 
enter th e contemporary circl e of problems, and a t th e same time will be usefu l 
both t o specialist s i n th e are a an d t o mathematician s workin g i n man y othe r 
areas. 

The authors 
Akademgorodok, 
Novosibirsk, 
November 197 9 



Editor's Preface to the English Translatio n 

This mos t unusua l boo k i s bot h a  lis t o f basi c fact s concernin g Kleinia n 
groups and uniformization , an d a  comprehensive compendiu m o f the primar y 
literature i n thes e an d relate d topics . W e expec t i t t o b e a  ver y valuabl e 
resource—as a  lis t o f importan t results , man y o f whic h ar e no t elsewher e 
in print , a s a  genera l guid e t o th e literature , an d a s a  specifi c guid e t o th e 
Russian literature , whic h i s not a s wel l know n her e a s i t deserve s t o be . Th e 
mathematical communit y owe s a  deb t o f gratitude t o th e thre e authors . 

The book covers an enormous amount o f material; whil e the statements ar e 
in general clearly written, almos t al l of them come without proof . Th e author s 
provide reference s t o primar y source s fo r mos t o f the material ; howeve r som e 
of thei r statement s ar e unsupported . 

The edito r ha s trie d t o find  th e appropriat e balanc e betwee n respectin g 
the flavor  o f the original , an d seein g t o i t (a s bes t h e can ) tha t th e boo k no t 
only i s correct , bu t als o doe s no t mislea d th e unwary . Whil e th e edito r ha s 
tried t o mak e appropriat e comment s wher e h e foun d incorrec t o r misleadin g 
statements, h e canno t guarante e tha t h e ha s foun d the m all , especiall y sinc e 
some o f th e error s o r gap s ma y occu r i n th e origina l literature . Clearly , th e 
specialist shoul d consul t th e primar y sources , wit h th e usua l caution . 

IX 
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kind, 4 

Schottky, 5 , 13 , 14 5 
, classical , 14 5 

generalized, 13 1 
web, 7 , 73 , 9 2 

Handlebody, 57 , 9 8 
Hausdorff dimension , 78 , 12 3 
Heegaard splitting , 57 , 11 5 
Homotopy o f loops , free , 3 3 

of paths , 3 0 
Hyperbolic metric , 3 , 6 , 8 

space: dis k model , 6 
: Poincare model , 8 
: projective model , 10 9 
: pseudo-Euclidea n 

model, 8 

Icosahedron space , 11 7 
Isometric circle , 6 

sphere, 8 

Klein bottle , solid , 14 0 
Knot, figure-eight,  107 , 1 1 

, polygonal , 12 4 
, tame , 12 5 
, torus , 11 5 
, trifolium , 14 0 
, wild , 12 4 

Lens space , 57 , 113 , 13 9 
Lifting paths , 3 1 
Link, "chai n o f fou r links" , 10 3 

, "chai n o f si x links" , 10 4 
, m-component , 111 , 11 2 
, Whitehead , 100 , 11 2 

Loop, 30 , 5 5 
, simple , 5 5 

Manifold, aspherical , 54 , 12 7 
, conformal, 58 , 12 4 
, conformally Euclidean , 59 , 12 4 
, contractible , 9 0 
, fibered  ove r a  circle , 10 6 
, homologicall y flat,  17 3 
, hyperbolic , 9 7 
, irreducible , 54 , 12 7 
, Poincare , 5 4 
, prime, 16 8 
, sufficiently large , 55 , 16 8 
, topological , 3 2 
, uniformizable , b y a  Kleinia n 

group, 6 1 
Mapping, hyperbolic , 1 , 8 

, loxodromic , 1 , 8 
of loxodromi c type , 8 
of paraboli c type , 8 
, parabolic , 1 , 8 
, quasicoformal , 16 , 2 0 
with bounde d distortion , 2 4 

Measure, Hausdorff , 7 8 
, ,  of dimension a , 7 8 
, probability , 8 1 

Metric, Caratheodory , 16 1 
, Kobayashi , 4 6 
, Teichmiiller , 42 , 4 4 
, Weil-Petersson , 16 1 
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Modular group , 43 , 63 , 6 4 
of a  Teichmulle r space , 43 , 4 4 

Moduli o f Rieman n surfaces , 41 , 16 0 
, proble m of , 4 1 

Normal fundamenta l polyhedro n 
(polygon) o f Dirichlet , 6 , 1 0 

subgroup spanne d b y loops , 3 3 

Octahedron space , hyperbolic , 10 9 
, spherical , 11 7 

Orbit, 1 
Osgood's curve , 8 2 

Parabolic regio n belongin g t o a  fixed 
point, 13 1 

vertex, 10 , 6 4 
Path, 3 0 
Picard group , 6 4 
Point o f approximation , 1 0 

, Weierstrass , 16 0 
Precisely invarian t disk , 1 3 

set, 3 7 
Product, Lie , 106 
Projective space , 11 4 
Punctured cylinder , open , 56 , 9 7 

torus, 56 , 9 8 
, open, 5 6 

Quasicircle, 1 9 
Quasiconformal deformatio n o f a 

Kleinian group , 2 0 
mapping, 16 , 21 , 2 5 
stability o f a  Kleinia n group , 

24, 146 
Quasisphere, 8 3 

Riemann-Hurwitz formula , 51 , 13 5 
Riemann surface , marked , 4 2 

with nodes , 16 2 

Schwarzian derivative , 4 5 
Seifert fibering,  11 1 
Set, limit , 1 , 7 , 77 , 9 3 

, ,  residual , 7 , 77 , 9 3 
of discontinuity , 1 , 7 

surface, 2 
. uniformization, 3 6 

Similar functio n groups , 14 7 
Space o f quasiconforma l deformation s o f 

a Kleinia n grou p o n th e plane , 16 3 
Poincare, 11 5 
Riemann, 43 , 4 6 

, completed, 16 3 
Schottky, 16 4 
Teichmuller, completed , 16 2 

, of Fuchsia n 
groups, 4 3 

, of Rieman n 

Signature o f a  finitely  generate d Kleinia n 
group, 126 , 14 7 

Fuchsian group , 2 , 11 8 

surfaces, 42, 43, 46, 15 1 
Sphere wit h handles , 12 2 
Stabilizer o f a  component , 2 

point, 1 
Subgroups, commensurable , 13 3 

of th e Picar d group , 100 , 101 , 
103, 10 5 

Sum o f manifolds , connected , 5 6 
disk, 5 6 

Surface, close d nonorientable , 7 5 
, closed orientable , 7 6 
, incompressible , 16 8 
of ellipti c type , 3 4 
of finite  type , 2 , 15 1 
of hyperboli c type , 3 4 
of paraboli c type , 3 4 
, planar , 3 2 
, universa l Riemann , 11 7 

Theorem, Ahlfor s finiteness,  2 1 
, area , 2 2 
, cylinder , 5 5 
, decomposition , 3 7 
, Hurwitz , o n automorphism s o f 

a Rieman n surface , 136 , 15 0 
, Klein-Poincar e 

uniformization, 3 , 34 
, Kneser's , 5 5 
, Koeb e uniformization , 3 5 
, loop , 5 5 
, Maskit , o n plana r 

coverings, 3 3 
, Mostow , 48 , 8 4 
on standar d uniformization , 5 , 3 8 
, Poincare , o n a  fundamenta l 

polygon (polyhedron) , 14 2 
, sphere , 5 5 
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van Kampen's , 5 5 
Topological equivalenc e o f discret e 

groups, 87 , 8 9 
Torus, 12 2 

, solid , 9 7 

Uniformization, genera l definitio n of , 2 7 
of a  closed nonorientabl e 

surface, 13 7 
of a  conformally Euclidea n 

manifold, 59 , 6 0 
of a  Rieman n surface , 

standard, 3 8 
of a  surface , 33 , 13 7 

, topological , 3 3 
of differentials , simultaneous , 4 7 
of surfaces , simultaneous , 3 5 
principle, general , 3 5 

Uniformizations, conformall y 
equivalent, 3 8 

Winding wit h respec t t o loop s o n a 
surface, 15 0 
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