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Preface t o th e America n editio n 

The presen t translatio n incorporate s a n Appendi x prepare d b y P.D.T.A . 
Elliott. I n additio n t o note s on the text , i t include s a  supplementary bibliog -
raphy o f 55 items. 
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This book  is dedicated 
to the  memory  of 

Vyacheslav VasiVevich  Stepanov 

Preface 

The literature o n analyti c number theor y i s very rich and naturall y reflect s 
the historica l developmen t o f thi s science . A s a n introductio n t o analyti c 
number theor y on e ca n loo k t o th e supplementar y materia l (problem s an d 
solutions) i n Vinogradov' s textbook , Elements  of  number  theory  [148] . Th e 
monograph Number  theory  [13 ] b y Borevic h an d Shafarevic h discusse s th e 
foundations o f the metho d o f Dirichlet generatin g serie s (applie d t o algebrai c 
number theory). Th e book Elementary  methods  in  analytic  number  theory  [60] 
by Gel'fon d an d Linni k ca n b e regarde d a s a n elementar y reade r o n th e sub -
ject. On e can find  book s i n Russia n dealin g with Diophantin e approximatio n 
(Cassels [17]) , th e approximatio n o f algebrai c an d transcendenta l number s 
(Gel'fond [59]) , th e metho d o f trigonometri c sum s (Vinogrado v [149]) , th e 
distribution o f prime s an d th e theor y o f Dirichle t L-function s (Ingha m [74] , 
Chudakov [20] , Titchmars h [139] , an d Pracha r [118]) , probabilisti c numbe r 
theory (Kubiliu s [87]) , an d s o on . Nevertheless , ther e ar e stil l som e funda -
mental question s i n analyti c numbe r theor y tha t hav e no t bee n adequatel y 
discussed in the literature i n any systematic way—these ar e questions directl y 
or indirectl y connecte d wit h th e concep t o f a  numerica l semigroup , i n othe r 
words, wit h genera l additiv e numbe r theory . I t i s t o thi s aspec t o f numbe r 
theory tha t th e presen t boo k i s devoted . 

It i s assume d tha t th e reade r i s familia r wit h th e fundamental s o f analy -
sis, number theory , an d probabilit y theory . Th e necessar y analysi s i s covered 
by Fikhtengol't s [48] , [49] , [50] , th e numbe r theor y b y Vinogrado v [148 ] o r 
Bukhshtab [16] , and th e probabilit y theor y b y the first  eigh t chapter s o f Gne-
denko [61] . 

The autho r thank s G . A . Freima n fo r hi s simpl e proo f o f th e Hardy -
Ramanujan asymptoti c formula . H e i s als o gratefu l t o K . Yu . Bulot a fo r 
taking o n the difficul t tas k o f editing thi s book ; hi s constructive criticis m wa s 
most helpful . Finally , th e autho r expresse s hi s sincer e gratitud e t o al l wh o 
helped i n the preparatio n o f thi s volume . 
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Standard Notation 

To avoi d bein g repetitiou s le t u s agre e o n the meanin g o f the followin g 
notation (unles s stated otherwise) : 

7 Euler' s constant , 
X4(n) th e nonprincipal characte r modul o 4, 
<p(n) Euler' s function , 
T(YI) th e number o f natural divisor s of n, 
a(n) th e sum of the natural divisor s of n, 
v(n) th e number o f distinct prim e divisor s of n, 
r(n) th e number o f representations o f n a s a sum of two squares , 

ap(n) th e exponent o f the prime p in the canonical factorizatio n o f ra, 
/i(n) th e Mobius function , 

{ In v 7i  ~ "pa 

(x) th e distance from th e real number x to the nearest integer , 
[x] th e integral par t o f the real numbe r x, 

{x} th e fractional par t o f x ({x}  =  x  — [x]) , 
T(s) th e gamma-function , 
$(s) th e zeta-function , 
ir(x) th e number o f primes not exceeding x. 
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P. D. T. A. Elliott 

Appendix 

Professor Postnikov' s boo k represent s a n interestin g persona l selectio n of 
a numbe r o f topics fro m analyti c numbe r theory . A t th e editor' s reques t I 
append her e som e furthe r references , includin g a  discussio n o f more recen t 
advances in areas close to those which he considers. 

Chapter 2 . §2.4 . Linni k [42],  [48]*  an d A . I . Vinogradov [55]  applie d 
estimates for trigonometric sums involving powers gx o f an integer g  to show, 
in particular , tha t ever y sufficientl y larg e eve n intege r ma y b e expresse d a s 
the sum of two primes and a  bounded numbe r o f powers o f 2. Fo r a  refine d 
treatment o f these and related results , see Gallagher [SI], 

§2.6. Thi s sectio n i s modelled o n a  Selber g versio n o f th e firs t elemen -
tary proo f o f the Prim e Numbe r Theorem . Fo r a n accoun t o f the latte r see 
Elliott [i7] , Chapter 19 . For a discussion of appropriate analogues of Tcheby-
shev's classical bounds for 7r(x), within the format o f generalized integers, see 
Diamond [8]. 

§2.7. Hard y an d Ramanuja n gav e a n asymptoti c expansio n fo r p(n)  i n 
terms o f familia r (hyperbolic ) functions . B y slightl y modifyin g thei r choic e 
of representing function, Rademache r replaced their asymptotic series by one 
that converged . A n account o f this may be found i n Rademacher [46], 

Chapter 3 . §3.3 . Th e theor y o f almost periodi c function s i n analysi s 
was invented b y H . Bohr . A n accoun t o f this theory , togethe r wit h variou s 
generalisations i n analysis , may be found i n Besicovitch [3].  For discussions 
of generalisation s o f th e notio n o f almos t periodi c function s appropriat e t o 
the stud y o f arithmeti c function s i n numbe r theory , se e Schwar z [50]  an d 
Mauclaire [44]. 

'References cite d i n italic wil l be found i n the bibliography a t th e end o f this appendix. 
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For a  >  1 we define a  seminorm  \\  \\a on complex-valued arithmeti c func -
tions /  b y 

l/a 
= l imsupfx- l 5^ | / (n )r ) ° . 

Those function s fo r which thi s seminor m i s finite form a  linear spac e L a ove r 
the complex numbers. Factorin g out the functions wit h a  seminorm zer o the n 
gives a  Banach space . 

We say that /  i s almost periodic  Ba i f for each e > 0 there is a trigonometric 
polynomial 

pe{t) =  Y, aie2*i0jt 

J = l 

with rea l @j,  so tha t | | / -  P e\\ <  e.  I f th e polynomia l P e ma y be chose n 
periodic i n £, then w e say that /  i s limit-periodic B a. 

For any arithmetic functio n / , th e Fourier-Bohr spectru m i s the set of real 
/? (mo d 1) such tha t 

lim sup x 
X—KX> 

- 1 .e-27rin/? > 0 . 

A complete characterisation o f multiplicative function s g  which, for a given 
a >  1 , ar e almos t periodi c B a wit h a  nonempt y spectru m wa s given b y 
Daboussi [4]: 

It is  necessary  and  sufficient that  there  be  a Dirichlet character  x  so  that 
the series 

lx(p)g(p)-H 
P 

\9(P)\Q v - \g(p kW 

J2P'1(X(P)9(P)-1), £ 
\g{p)\<* 

E \y\P)\ v ^ 

p '  ^  p k ' 
\g(p)[>2 y  P , * > 2 F 

taken over  the  prime numbers,  converge.  When  this  condition  is  satisfied the 
function g  is actually  limit-periodic  B a. 

For thos e multiplicative function s g  satisfying \g(n)\  <  1, Daboussi showe d 
that th e Fourier-Boh r spectru m canno t contai n irrational s (mo d 1). Th e 
restriction o n the size of g was later weakene d b y Daboussi an d Delange [7] 
to membershi p o f the class La fo r some a  >  1. 

Various result s o f thi s an d related type s ma y be foun d i n th e survey of 
Schwarz [50].  See also Indlekofe r [85]. 

§§3.4 an d 3.5. Fo r an application o f Novoselov's construction , see  Babu 
[2]. On the whole, the approach o f Novoselov ha s not been widel y adopted . 



APPENDIX (P . D . T . A . ELLIOTT ) 313 

The axiom of choice readily guarantees th e existence of a finitely additive 
measure on the natural integers, which assigns to every infinite sequence with 
an asymptotic density that density as measure. However , it remains a problem 
to relate such a measure to a specific arithmeti c function . 

It i s natural to employ the limit a s N — • oo of the frequencie s 

i/jsr(n;n€j4) =  —  ^  1 
n<N,n€A 

which appear in §3.3. Thi s affords an immediate realisation of the idea of Kac 
that, suitably interpreted , divisibilit y of an integer by differing prime s repre-
sents independent events , A  similar philosophy underlies the first theorem of 
§3.4. Unfortunately , whe n considerin g multiplicative functions , fo r example , 
this approach i s fruitful onl y i f the functio n become s rapidly smalle r o n the 
larger primes. Replacin g the asymptotic frequencies b y the use of a particular 
i/jv allow s only the approximat e independenc e o f divisibility b y primes. Th e 
study o f arithmeti c function s withi n th e aestheti c o f th e classica l theor y of 
probability, with it s emphasi s on sums and products o f independent rando m 
variables, therefor e involve s a  carefu l balanc e betwee n th e convenienc e o f a 
measure, with respect t o which appropriate event s are independent, an d th e 
loss of generalit y fo r th e clas s o f function s whic h ma y b e considered . Thi s 
dilemma i s succinctly summe d up by Galambos [80],  i n his recent revie w of 
a paper by Nanopoulos [45]. 

For works related to §3.4 see Schwarz and Spilker [51]  an d Mauclaire [44], 
where th e introductio n o f Riesz representations form s a n attractiv e feature . 
For works which allow a larger class of functions to be considered, but involve a 
less obvious construction of an appropriate measure, see Kubilius [87\  (whic h 
is an improved version of reference [87] in Postnikov's bibliography) and Elliott 
[17). 

Chapter 4 . §4.2 . I t i s interesting t o note tha t Erdo s and Shapir o [28] 
proved that th e frequencie s 

/ Y ^ 0(m ) 6 n \ 
N m<n  ' 

possess a continuous limiting distribution a s N  — » oo. 
§4.3. Thi s result o f Wirsing prompted muc h research. A n important fea -

ture is the consideration o f /(n)logn, rathe r tha n f(n)  directly . 
§§4.5 an d 4.6 . Fo r a n extensiv e discussion o f the theorem s o f Delange, 

Wirsing and Hal&sz , see Elliott [17],  Chapte r 6 . Th e mean-value theorem of 
Delange has the following generalisation . 
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Let a >  1 . A  multiplicative  function g  belongs  to  the  space L a and  has a 
nonzero mean value 

lim x" 1 Y ^ g(n) 
n<x 

if and  only if the series 

£ p-'m-M 2, £  P-'MPW, 
lff(p)l<3/2 lff(p)I>3/ 2 

££p-fciff(pfc)r, E P - 1 ^ ) - ! ) , 
p,fc>2 

tafcen ove r £A e prtme numbers,  converge, and  if for each  prime  p, 

fc=l 

WTien fftese conditions  are satisfied, the limit 

n<x 

actually exists. 

For a  =  2  this was first proved b y Elliot t [15].  Alternativ e proof s o f the 
necessity of the conditions on the primes were given by Daboussi and Delange 
[0], an d o f their sufficienc y b y Schwarz an d Spilke r [52].  Generalisation s t o 
a >  1 were given independently by Elliott [18]  and Daboussi [5],  using quite 
different methods . 

Not surprisingly , the consideration o f multiplicative functions g,  with lim-
iting mean-value zero, causes more difficulty . 

Suppose that g belongs to  La for  some  a >  1. Then  in order  that 

n<x 

it is  necessary and  sufficient that  one of the following four conditions  be sat-
isfied: 

(i) One  of the series 

£ p^ii-i^p)!! 2, £  p- l\i-\g(p)\\Q 

| | f f (p) | - l |< l /2 | | s ( p ) | - l | > l / 2 

diverges. 

(ii) The  condition (i) fails, but  for each  real value of t the  series 

£p-1(|ff(p)|-Re0(p)p") 
diverges. 
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(iii) The  conditions (i) and  (ii) fail, but there is  a real t so  that the series 
in condition (ii) converges and 

f>(p*)P- f c (1+ i t ) = -i 

for some prime p. 
(iv) The  conditions (i), (ii), and (iii) fail, but 

p<x P 
oo 

as x —• oo. 

This theorem was proved by Elliott [18]. 
For multiplicative functions g  which assume only nonnegative real values, 

the following result of Elliott [80]  may be compared with that of Wirsing in 
§4.3. 

Suppose that  a finite limiting mean-value 

lim aT 1 Y^ g(n) 
x—>oo * - * 

n<x 

exists. Then  for each 6, 0 < 6 < 1,  so does 

lim x^Y^gin) 6. 
n<x 

Moreover, these  new  limits  are  all  zero, unless the  series  X)P~1(^(P)1^2 ~ 1)2> 
taken over the prime numbers, converges. 

As shown in that same reference, this result has an interesting application 
to Ramanujan's modular coefficient functio n r(n). 

In his work on multiplicative functions Wirsing used approximate integral 
equations. Fo r real-valued function s satisfyin g \g(n)\  <  1  he was able to 
establish the existence of a limiting mean-value, so settling an old conjecture 
of Erd5s and Wintner. Thi s same result can be obtained by the method of 
Hal£sz (ref. [63] o f Postnikov), using Dirichlet series. Fo r a proof of that result 
along lines quite different from those of Wirsing or Haldsz, see Hildebrand [84]* 

§4.4. Othe r proofs of the Turdn-Kubiliu s inequality may be found in Elliott 
[ijgj, [16].  I n the notation of Postnikov, let XN denot e the supremum of 

N 

TmN)T.\'M-MN)f 
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taken ove r al l complex-value d additiv e function s no t identicall y zer o o n th e 
interval 1  <  n  <  N.  Th e Tur&n-Kubiliu s inequalit y guarantee s a  unifor m 
bound fo r X^. 

The asymptoti c bes t valu e 3/ 2 +  o(l ) fo r th e constan t wa s obtaine d b y 
Kubilius (announce d i n a  198 1 Budapest conferenc e o n number theory) , [38], 
[39], an d (wit h a  differen t method ) b y Hildebran d [32].  I n fac t Kubilius ' 
method le d t o th e sharpe r estimat e X N =  3/ 2 +  0((lo g JV)"1/2). Thi s he ha s 
recently improved [40],  by replacing the exponent —1/ 2 in the error term wit h 
- 1 . 

The Turan-Kubiliu s inequalit y ma y b e viewe d withi n th e forma t o f func -
tional analysis , s o tha t i t ha s a  dual : 

I N  1  N  I 2 

p<N n = l P ~ ! pK<N 
nS-O(modp) k>2 

N 

J2 a * 
n = l 

n=*0(modp f c ) 

2 N 

<ciE 
n = l 

valid fo r al l complex o n . Her e n  =  0  (mo d p k) denote s tha t p k divide s n , bu t 
pk+1 doe s not . Th e us e o f a  dua l Turan-Kubiliu s inequalit y t o stud y arith -
metic function s seem s t o hav e begu n wit h Elliot t [14].  Explicitly o r implicit y 
such a  notio n underlie s man y o f th e recen t development s mentione d i n th e 
commentary o n Chapte r 3  and o n the presen t chapter . A n extensive overvie w 
of these matters , includin g th e relatio n o f the Turan-Kubiliu s inequalit y t o a 
certain Hermitia n operator , an d variou s generalisation s o f i t involvin g differ -
ing norms , i s given i n Elliot t [22].  Se e als o Elliot t [13]  for a  connectio n wit h 
the larg e sieve . 

Generalisations o f th e Turan-Kubiliu s inequalit y o n th e integer s an d in -
volving power s othe r tha n square s ma y b e foun d i n Elliot t [19],  [22],  [23], 
See als o Ruzs a [47],  [48]  and Hildebran d [S3].  Beside s this , on e ma y giv e 
generalisations i n whic h th e argumen t n  i n th e additiv e functio n / (n ) i s re -
placed b y othe r sequence s o f arithmeti c interest , suc h a s th e shifte d prime s 
p -f 1 , or polynomial s i n n , a s i n Elliot t [17],  Chapter 4 , and Allad i [1]. 

§4.7. Anothe r derivatio n o f Levy' s criterio n fo r a n infinit e convolutio n t o 
be continuou s ma y b e foun d i n Elliot t [17],  Lemm a 1.22 . I t goe s b y wa y 
of a  concentratio n functio n estimate , fro m th e theor y o f probability , du e t o 
Kolmogorov an d Rogozin . 

A direct proof that the divergence of the series Y1P~1 ( / ( P ) 7 ^ 0) guarantee s 
the continuit y o f th e limi t la w fo r VN(n\f{n)  5 5 z),  whe n tha t exists , wa s 
indicated b y Sziis z i n [53]  and a  lette r t o th e presen t author . I t employ s 
Wiener's criterion fo r characteristi c functions , an d Tchebyshev' s inequalit y i n 
the theor y o f probability . A  detaile d accoun t ma y b e foun d i n Elliot t [17], 
[21]. At presen t ther e doe s not see m to be an y trul y shor t proo f o f this result . 
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There i s a generalisation o f this last result , due to Erdos [26],  Elliot t an d 
Ryavec [24],  a s i n Elliot t [17],  whic h show s tha t suitabl y interprete d i t re -
mains true even if the frequencies i</v(n ; f(n) <  z) d o not posses s a limiting 
distribution a s N — > oo. 

§4.8. Erdo s [27]  prove d tha t ther e i s an absolut e constan t c  so that th e 
inequality 

holds uniformly fo r al l real a > 0 , 2 < £ < A T . Thi s concentration functio n 
estimate is better than the one employed in the text b y Postnikov, and leads 
(see Elliott [17],  Chapte r 5 ) to the sharper estimat e 

It was conjectured b y Erd5s that thi s error term should be 0((logiV)~ 1). 
The elementary bu t ingeniou s method o f Erdos yields an upper boun d of 

the for m Ci(log(x/£-))~ 1 fo r $(x  +  ex)  -  $(x),  provide d 0  <  e  <  x  <  1 . 
Diamond an d Rhoad s [11]  improve d thi s t o a n estimat e fo r th e modulu s of 
continuity o f $(x), with a  bound C2(log(l/£)) _1 t o hold uniformly i n x  >  0, 
0 < £  < 1 . For this they employ characteristic functions . 

§4.9. Fo r other applications to number theory of the theory of products of 
random variables, see Elliott [17],  Chapter 7 . Thi s includes results of Galam-
bos [29]  concernin g the convergence of frequencies z/Ar(n ; g{n) < z) t o a sym-
metric limit law , and of Levin, Timofeev, an d Tuliaganov [41]  characterizin g 
those multiplicative functions g  for which the frequencies J/N(^\  g{n)~a{N)  < 
z(3{N)) converge when the renormalising constants a(N),/3(N)  >  0 are suit-
ably chosen. 

The valu e distributio n o f positive-value d arithmeti c function s h  ma y b e 
studied i n terms o f frequencies z//v(n;log/i(n ) —  a(N) <  zfi(N)).  Fo r thos e 
which grow rapidly ther e i s another perspective . Le t N(y)  denot e the num-
ber o f integer s n  fo r whic h h(n)  <  y,  an d characteriz e thos e h  fo r whic h 
6 =  \imy~ 1N(y), y  — • oo, exist s an d i s positive . Fo r example , whe n h  i s 
Euler's totien t function , 6  =  f(2)f(3)/^(6) , i n term s o f th e Rieman n zet a 
function. Thi s is already asserte d i n Erdos [25].  Fo r a sharpening o f this re-
sult see Diamond [9],  A  detailed account of a general theory for multiplicative 
functions h,  employing the method of Halasz (ref . [63 ] of Postnikov), is given 
by Diamond an d Erdos [10]. 

§4.10. Th e important pioneerin g result s state d i n this sectio n have been 
improved o r generalise d b y man y authors , an d for m par t o f a n extensiv e 
and rapidl y growin g are a know n a s Probabilisti c Numbe r Theory . Fo r a n 
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account o f suc h matter s u p unti l 198 0 see Elliot t [17];  se e als o Elliot t [SI] 
(especially the Supplement) , Bab u [£] , and Allad i [1],  There are , moreover , 
many interesting recent developments . 

§4.11. I t i s interesting to compare the treatmen t o f the integra l equation 
(7) in Postnikov's account of the method of Levin and Fainleib, with the proof 
of Lemma 4  which he give s in §4. 3 when establishing Wirsing's theorem o n 
mean values. 

§4.12. Fo r further result s concerning the Riemann zeta function an d divi -
sor problems see Ivic [36], and the remarks of Heath-Brown in the new edition 
of the well-known book of Titchmarsh [54], 
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