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Preface 

Time passes , an d on e afte r anothe r th e classica l problem s o f lattice theor y 
are bein g solved . I t i s already know n tha t th e congruenc e lattice s o f algebra s 
are precisel y th e compactl y generate d lattice s (Gratze r an d Schmidt , 1963) , 
that th e variet y o f al l lattice s ca n b e define d b y a  singl e identit y (McKenzie , 
1970), tha t eac h finite  lattic e i s isomorphi c t o a  lattic e o f partition s o f a 
finite se t (Pudla k an d Tuma , 1977) , an d tha t th e finite  sublattice s o f a  fre e 
lattice ca n b e describe d b y th e quasi-identitie s o f semidistributivit y an d th e 
Whitman conditio n (Nation , 1982) . Apparentl y th e algorithmi c unsolvabilit y 
of th e wor d proble m fo r a  fre e modula r lattic e wit h fou r generator s wil l b e 
proved i n th e nea r future . 

Another proble m i n this serie s i s the on e pertaining t o the mysterious clas s 
of uniquely complemente d lattices . 

As earl y a s 1904 , whil e investigatin g variou s axio m system s fo r a  Boolea n 
algebra, Huntingto n suggeste d tha t i t probabl y coul d b e define d a s a  lattic e 
in whic h eac h elemen t ha s on e an d onl y on e complement . No t lon g before , 
German mathematician s (Schroder , Vogt , Liiroth, Korselt , an d Dedekind) , by 
a serie s of more an d mor e convincing counterexamples , finally  brok e the stub -
born resistanc e o f Peirce , wh o considere d al l lattice s t o b e distributive , an d 
a ne w attemp t t o eliminat e distributivit y fro m th e lis t o f Boolea n postulate s 
could not , o f course , remai n unnoticed . 

At th e en d o f th e 1930' s ther e wa s stil l neithe r a  proof no r a  refutatio n o f 
Huntington's conjecture , bu t i n th e fac e o f man y corroboratin g fact s (whe n 
additional conditions , suc h a s modularity , atomicity , an d D e Morgan' s laws , 
were imposed) , ther e wer e fe w wh o doubte d it s validity . I n 194 5 ther e ap -
peared mos t unexpectedl y a  theore m o f Dilworth : An y lattic e i s embeddabl e 
in a  uniquely complemente d lattice . 

The exceedingl y complicate d constructio n actuall y produce d nondistribu -
tive uniquely complemented lattices , but the y were obtained by a limit proces s 
and wer e so cumbersome that , fo r example , eac h suc h lattic e containe d a  fre e 
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lattice on a  countable number o f generators. I n the las t fort y year s Dilworth' s 
proof wa s essentiall y simplifie d thre e times , an d i n th e las t versio n (Adam s 
and Sichler ) i t seem s t o b e completel y accessible . Nevertheless , i t i s o f som e 
concern tha t a t presen t ther e i s no t eve n on e explici t example , outsid e th e 
class o f Boolea n algebras , o f a  uniquel y complemente d lattice—suc h lattice s 
have no t bee n encountere d i n mathematica l practice . 

A mor e importan t observatio n i s tha t th e existin g method s fo r construct -
ing nondistributive uniquel y complemente d lattice s do not preserv e complete -
ness. Therefor e i n th e clas s o f complete lattice s Huntington' s questio n i s stil l 
unanswered: D o there exis t complet e nondistributiv e uniquel y complemente d 
lattices? Thi s i s the proble m o f which w e spoke a t th e outset . 

The presen t boo k ca n b e briefl y characterize d a s lattic e theor y focused 
on on e problem . I t actuall y contain s al l o f th e informatio n fro m lattic e the -
ory, fro m th e ver y first  definitions , connecte d i n som e wa y wit h th e centra l 
problem. 

The whol e first  chapte r an d part s o f th e secon d an d thir d ar e auxiliar y 
in nature : i n the m w e introduc e th e basi c concept s an d prov e som e result s 
needed fo r th e subsequen t development . Genera l algebrai c construction s an d 
the correspondin g propertie s ar e assume d t o b e known . Fro m amon g th e as -
sertions on the foundations o f the theory o f ordered set s we take as a postulat e 
the Hausdorf f principl e an d deduc e fro m i t th e Kuratowski-Zor n lemma , Zer -
melo's theorem , an d th e theore m o n the existenc e o f a  choice function . Al l of 
these ar e constantl y an d explicitl y use d i n proofs . 

Being narrowl y focused , th e above-mentione d section s ca n mak e n o pre -
tense t o constitutin g a  genera l introductio n t o th e theor y o f lattice s an d 
Boolean algebras ; fo r thi s th e reade r shoul d tur n t o th e book s o f Skornyako v 
[1] and Vladimiro v [1] . 

The secon d chapte r ca n b e regarde d a s a  mathematica l histor y o f Hunt -
ington's problem . Uniquel y complemente d lattice s aros e i n th e investigatio n 
of the axiomatic s o f Boolean algebra s (Huntington' s theorem) . Startin g fro m 
the definitio n o f a  Boolea n algebr a an d Peirce' s theorem , w e will run throug h 
a whole series of propositions establishin g distributivit y o f a uniquely comple -
mented lattic e unde r variou s conditions . A  ne w criterio n fo r distributivit y o f 
such lattice s (Theore m 13 ) enable s u s t o presen t al l suc h result s i n a  rathe r 
simple an d unifor m way . Th e tex t contain s man y figures;  the y hel p t o enlis t 
one's geometri c intuitio n i n verifyin g nonobviou s calculations . Th e chapte r 
ends wit h a  proo f o f Dilworth' s theore m an d a n example , du e t o Adam s an d 
Sichler, o f a  prope r lattic e variet y containin g nondistributiv e uniquel y com -
plemented lattices . 
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In the thir d chapte r we consider various attempts a t progres s i n solving th e 
main problem . Alon g wit h know n result s (distributivit y o f compactl y gener -
ated and , i n general , continuou s uniquel y complemente d lattices , th e decom -
position o f a  complet e uniquel y complemente d lattic e int o a  direc t produc t 
of a n atomi c an d a n atomles s component , an d th e completio n o f a  Boolea n 
algebra b y cuts ) w e discus s som e ne w approaches , mainl y connecte d wit h 
the searc h fo r suitabl e representation s o f complet e lattices . Se e Theore m 2 3 
on th e realizatio n o f a  complet e lattic e a s th e lattic e o f al l F-subalgebra s o f 
an elementar y unar y P-algebra , Theore m 3 8 o n direc t decomposition s o f a 
complete uniquel y complemente d lattic e b y mean s o f regula r elements , an d 
the interpretatio n o f propertie s o f complete lattice s i n th e languag e o f lattic e 
transformations o f set s (§7) . Som e importan t result s o n complet e Boolea n 
algebras ca n b e prove d withou t usin g distributivity , an d the n the y becom e 
theorems for the entire class of complete uniquely complemente d lattice s (e.g. , 
Theorems 26 , 31, and 32) . 

I woul d lik e t o than k Professo r L . A . Skornyako v fo r hi s comments , som e 
of which turne d ou t t o b e ver y significant . 

This boo k end s wit h a  lis t o f te n problem s wit h reference s t o th e contex t 
in whic h the y arose , an d wit h a  bibiliograph y containin g item s o f particula r 
interest t o thos e concerne d wit h uniquel y complemente d lattices . 

As history shows , the definitive solutio n o f difficult algebrai c problems doe s 
not alway s have consequences equivalen t t o the mathematica l value s achieve d 
in th e cours e o f attainin g th e goal . Th e above-mentione d problem s wer e no t 
exceptional i n thi s sense , an d w e can stat e i n advanc e tha t neithe r a  proof o f 
distributivity o f complet e uniquel y complemente d lattice s no r th e discover y 
of a  counterexampl e wi l elici t far-reachin g change s i n lattic e theory . Bu t 
the apparen t inaccessibilit y o f th e proble m unde r discussio n testifie s t o th e 
lack o f suitabl e method s fo r attackin g it , an d therefor e w e can hop e that , a s 
has ofte n happened , th e creatio n o f such method s wil l stimulat e ne w fruitfu l 
investigations. 

V. Salii 
Saratov, Ma y 198 2 
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Problems 

I. I s i t tru e tha t i f fo r an y elemen t x  o f a  uniquel y complemente d lattic e 
L eac h elemen t o f th e o-subse t Z(x)  =  {y  G  L:  x  A  y  =  x'  A  y  =  0 } i s 
contained i n som e maxima l elemen t an d Z{x)  ha s onl y a  finite  numbe r o f 
maximal elements , the n L  i s distributive? (II.4.8 ) 

II. I s th e variet y o f p-modula r lattice s th e smalles t o f th e nondistributiv e 
Dilworth varieties ? (II.5.3 ) 

III. Giv e a n explici t exampl e o f a  nondistributiv e uniquel y complemente d 
lattice. (II.5.4 ) 

IV. I s th e propert y o f uniquenes s o f complement s preserve d unde r cut -
completion? (III.2.3 ) 

V. I s i t possibl e t o prov e Theore m 2 8 without usin g th e axio m o f choice ? 
(III.5.4) 

VI. I s ever y A-continuou s uniquel y complemente d lattic e distributive ? 
(III.5.7) 

VII. I s a  uniquel y complemente d lattic e distributiv e i f i t i s both A-contin -
uous an d (dually ) V-continuous ? (III.5.7 ) 

VIII. Find an internal characterization o f the class of completely collectivel y 
complemented lattices . (III.6.3 ) 

IX. Ca n ever y associatio n b e (isomorphically ) embedde d i n som e associ -
ation o f th e for m KL{A),  wher e A  i s a  nonempt y se t an d L  a  completel y 
complemented lattice ? (III.7.5 ) 

X. Does  there  exist  a  complete  nondistributive  uniquely  complemented 
lattice? 

103 
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F-operative 6 6 

Filter o f a  lattic e 1 6 
Generator fo r a  P-operativ e 6 6 
Glivenko's theore m 6 3 
Greatest elemen t 3 
Greatest lowe r boun d o f a  subse t 1 0 
HausdorfF principl e 4 
Homomorphism 2 

canonical 7 9 

Huntington's axiom s 33,3 6 
Huntington's theore m 3 3 
Ideal o f a  lattic e 1 5 

closed 6 2 
dual 1 6 
maximal 1 7 
prime 1 6 
principal (correspondin g t o a n 

element) 1 6 
proper 1 6 

Independent orthogona l syste m 8 5 
Induced orde r 2 
Inductive conditio n 4 
InfX 1 0 
Infinitely distributiv e complet e lattic e 7 7 
Initially complemente d lattic e 4 6 
Interval 3 

covering a n interva l 3 
simple 3 

Inversely isoton e mappin g 2 
Irregular elemen t o f a  UC-lattic e 4 3 
Isotone mappin g 2,1 4 

inversely 2 
Join 13,6 1 
Kuratowski-Zorn lemm a 7 
L-relations 8 6 

binary 8 6 
inverse o f 9 1 
product o f 8 6 
superposition o f 8 6 
univalent 8 7 

L-transformation 8 7 
complete 9 2 
one-to-one 9 1 

Lattice 1 0 
algebra associate d wit h 1 1 
algebraic 6 8 
atomic 2 7 
Boolean 3 0 
canonical imag e o f 7 9 
collectively complemente d 7 8 

completely 7 9 
complemented 2 7 

for subheading s se e Complemente d 
lattice 

complete 10,5 9 
for subheading s se e Complet e lattic e 

continuous 7 5 
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cut-completion o f 6 3 
Dedekind 1 9 
distributive 2 1 
duality principl e 1 5 
ideal o f 1 5 

principle (correspondin g t o a n 
element) 1 6 

proper 1 6 
initially complemente d 4 6 
modular 1 9 
O-modular 5 0 
O-semimodular 5 0 
of partition s 1 3 
orthomodular 4 9 
p-modular 5 5 
principal idea l o f 1 6 
proper idea l o f 1 6 
relations 8 6 
relatively complemente d 4 7 
Scott topolog y o n 7 4 
sectionally complemente d 4 6 
semimodular 5 0 
U C - 3 9 
uniquely complemente d 2 7 

Least uppe r boun d o f a  subse t 9 
Linearly ordere d se t 4 
Lower boun d o f a  subse t 7 
Lower semilattic e 1 0 
M 3 2 2 
MacNeille's theore m 6 2 
Mapping 

anti-isotone 2 
inversely isoton e 2 
isotone 2,1 4 

Maximal chai n 4 
Maximal conditio n 5 
Maximal elemen t 3 
Maximal idea l 1 7 
McLaughlin's theore m 2 7 
Meet 13,6 1 
Meet-continuous complet e lattic e 7 7 
Minimal conditio n 4 
Minimal elemen t 2 
Modular lattic e 1 9 
Modular la w 1 9 
N5 2 0 
Noncomparable elemen t 4 
O-modular lattic e 5 0 
O-semimodular lattic e 5 0 
o-set 1 

bounded 3 
diagram o f 5 

downward directe d 9 
duality principl e 2 
dually isomorphi c 2 
imbedding o f 2 
isomorphism o f 2 
length o f 5 
linearly ordere d 4 
trivially ordere d 5 
upward directe d 9 
width o f 5 

o-subset 2 
Open subse t o f a  complet e lattic e 7 4 
Order relatio n 1 

dual 2 
induced 2 

Ordered se t 1 
Ordered subse t 2 
Ordering 1 
Orthogonal syste m 8 2 

complete 9 2 
independent 8 5 

Ortholattice 4 9 
Orthomodular lattic e 4 9 
P-algebra 6 0 
p-modular lattic e 5 5 
P-operation 6 0 
P-operative 6 0 

elementary 6 6 
generator fo r 6 6 
singly generate d 6 6 

P-suboperative 6 5 
Partial choic e functio n 7 
Partially ordere d se t 1 
Peirce's theore m 3 8 
Pentagon 7V 5 2 0 
Prime idea l 1 6 
Principal idea l correspondin g t o a n 

element 1 6 
Product o f L-relation s 8 6 
Proper idea l 1 6 
Regular elemen t o f a  UC-lattic e 4 3 
Regular semigrou p 8 9 
Regular subse t o f a  topologica l spac e 10 0 
Relations 

Boolean 8 6 
L -86 

for subheading s se e L-relation s 
lattice 8 6 

Relatively complemente d lattic e 4 7 
Rhombus M 3 2 2 
Scott topolog y o n a  lattic e 7 4 
Scott's theore m 7 7 
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Sectionally complemente d lattic e 4 6 
Self-dual syste m o f axiom s 1 5 
Semigroup, regula r 8 9 
Semilattice 

lower 1 0 
upper 1 0 

Semimodular lattic e 5 0 
Simple interva l 3 
Singly generate d P-operativ e 6 6 
Smallest elemen t 2 
Stone's theore m 3 2 
Sub ^ 6 5 
Sublattice, complet e 6 1 
Subset 

closed 6 4 
distinguished 8 
greatest lowe r boun d 1 0 
least uppe r boun d 9 
lower boun d 7 
regular (o f a  topologica l space ) 10 0 
upper boun d 7 
wide 8 

S u p X 9 
Superposition o f L-relation s 8 6 

Theorem—see separat e Inde x o f 
Theorems 

Topological space , regula r subse t o f 10 0 
Topology, Scot t 7 4 
Transformation, L-  se e L- transformation 
Trivially ordere d se t 5 
UC-lattice 3 9 

irregular elemen t o f 4 3 
regular elemen t o f 4 3 

Uniquely complemente d lattic e 2 7 
Unit 3 
Univalent L-relatio n 8 7 
Upper boun d o f a  subse t 7 
Upper semilattic e 1 0 
Upward directe d o-se t 9 
Variety, Dilwort h 5 4 
Well-ordered se t 8 
Whitehead's axiom s 3 3 
Wide subse t 8 
Width 

of a n antichai n 5 
of a n o-se t 5 

Zermelo's theore m 8 
Zero 3 
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