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APPENDIX* 

On the Eigenvalues and Eigenfunctions 
of Certain Classes of Nonselfadjoint Equation s 

M. V. KELDYSH 

1. I n an appropriate Hilbert space, all the equations considered below 
can be reduced to the form 

y = L{X)y + f, L(X)=K 0 +  XKl + ---  + XnKn, (1 ) 

where y an d / ar e elements of the Hilber t space, A is a complex parameter, 
and the Kt ar e compact operators.* 

A compact operator R(X) i s the resolvent of L(X) i f (E+R)(E-L) =  E. 
If the resolvent exists for some A = A 0, it is a meromorphic function of A 
on the whole plane. W e say that y  i s an eigenelement for the eigenvalue 
A = c,  an d that y  \,..., y k ar e elements associated with i t (o r associated 
elements) if 

1 dL (c) l  d kL{c) , _ 
y = L(c)y,  y k =  L(c)y k +  v  -g^J>*- i +  '~+n  " " ^ T ^ & 

Note that if y i s an eigenelement and y\,..., y k ar e elements associated 
with it, then y(t)  =  e ct(yk +  y^it/ll  +  •  • • + yt k/k\) i s a solution of the 
equation y  =  KQy +  K{dy/dt +  •  • • + K ndny/dtn. 

If X -  c  i s a pole of th e resolvent R{X) 9 the n the principal part of the 
resolvent is a sum of terms of the for m (by yz w e understand the operator 
Af={f,*)y) 

y(»ZV) yW Z[i) + y[i)2W yii) ZW_l+yWzW_2 +  ...  +  y^ xZii) 

(X-c)™< (A-c) 1"'"1 X-c 

where y(/) and y\l),..., y$  {  are an eigenfunction and functions associated 
with it for equation (1) , while z (/) an d z[*K..., z$._ x ar e an eigenfunction 

*This appendix, appearing here under the direction of the Translations Committee of the 
American Mathematica l Society , i s a translation o f [150 ] (MR 12 , 835). 
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and functions associate d wit h i t fo r A =  c  fo r the adjoint equatio n z  = 
L*(A)z, where L*(X) i s the adjoint of L(l). 

For each eigenvalue , th e eigenfunctions an d associated function s tha t 
appear in the expression (3) for a pole of the resolvent can always be chosen 
so that, for k  = 0, . . . , m l? — 1 and / = 0 , . . . , m }? — 1 , all the eigenfunctions 
and associated functions of equation (1) satisf y 

(Ei'^^!")+(E(;)i'^rl.*,
1) 

E(/)^r'-z<J,)=*A-,-,-,. (i ) + ••• + 

where 

( £ - i ( A ^ ( I ^ +  (F 17F + -'- + ^7)= |y^ (5 ) 

The number N o f eigenfunctions and associated functions correspond-
ing to a  pole o f the resolvent i s called the multiplicity  of the eigenvalue. 
Note that the trace of the principal part of the operator {dL/dX)R(X)  for 
the pole A = c  is equal to N/(c -  A) . 

Starting from the eigenelements and associated elements satisfying (4) , 
we construct n  systems of eigenelements and associated elements 

DEFINITION. A  syste m o f eigenelement s an d associate d element s o f 
equation (1 ) i s said to be n-fold  complete if ever y syste m o f n  elements 
f \ , . . . , fn  of the Hilbert space can be represented as a limit of linear combi-
nations fy N) =  ]£^ ML'li ̂ , i> = 1, . . . , w, with coefficients no t depending 
on J/. 

In particular, for n = 1  w e have completeness in the usual sense. 
We remark that, if we set 

then 

BZM,)=^<W/+.-
i/=i 
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If the expansion 

oo m , - l 

/ - E E 4 ' ' ^ z/=l,2,...,« , (6 ) 

converges, then the coefficients ar e determined by » 

i/=0 

Hence, in particular, the expansions of the form (6 ) are unique. 

2. W e call an operator H complete  if the system of its eigenfunctions 
x = XHx, A ^ oo , is complete. 

THEOREM 1. Let  H be a complete selfadjoint operator, some power Hm of 
which has finite absolute norm, let  A be an arbitrary compact operator, and 
let 2?i,..., i?„_i be  bounded operators. Then  the system of eigenfunctions 
of the equation 

y = (A  + XHBX +  >-  + kn-lHBn-X +  XnH)y (7 ) 

{and also the adjoint equation) is  n-fold complete. The  eigenvalues of(l) 
asymptotically approach the rays argA = kn/n. 

Note that under the conditions o f Theorem 1  the expansion (6 ) doe s 
not necessarily converge. 

Suppose th e operato r H  i s positive . Le t (p(x)  denote th e numbe r of 
eigenvalues o f H  no t exceedin g x,  an d le t <p n(x) =  (p{x n). Denot e by 
y/y{x) th e numbe r o f eigenvalue s o f equatio n (7 ) situate d i n th e angl e 
(2v - \)n/n  <  argA < (2v  + l)n/n  an d not exceeding x i n modulus. 

THEOREM 2 . If  in the conditions of  Theorem 1  the operator is positive, 
then the eigenvalues of (7) asymptotically approach the rays argA = Ivn/n, 
and for any e> 0  there exist arbitrarily large values of x for which 

(1 - e)<p n(x) <  y/ v{x) <  (1 + e)p n(x). 

Imposing restrictions on (p{x), we can obtain a more precise proposition. 

THEOREM 3 . If,  in  the  conditions of Theorem  2,  <p n(x)/ca(x) - • 1  as 
x - • oo , where  o)(x)  is  an increasing continuously  differentiable  function 
satisfying aco{x) < xco'(x) < fico(x), fi < a  + 1 , then i//l/(x)/(pn(x) -» 1. 

The proof is based on the following Tauberian theorem. 
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THEOREM 4. Let  <p(x) and y/{x) be positive increasing functions, defined 
for x > 0, with  (p{x) — • o o and a(p(x) < xq>'(x) <  fitp(x)f j ? < a + l, and 
define 

m =  r d ^ gix)  = r d ^ 
where m is the integer  part of  /?. If  f(x)/g(x) — • 1 as x —*>  oo , then 
<p(x)/y/(x) 
-• 1  as x -+ oo. 

3. Th e results of §2 can be used to establish completeness of the sys-
tem of eigenfunctions, an d also to obtain asymptotic expression s for the 
eigenvalues of large classes of nonselfadjoint differentia l equations . 

As an example we consider elliptic partial differential equation s 

Mx(u)=^pikj^ (8 ) 

in a domain Z> , satisfying Lyapunov' s conditions , whos e coefficient s ar e 
continuously differentiable function s of x\ ,..., x m, an d where the pik and 
rn are real with rn > a and £a PnAAk  > P Xw £? in D f o r <*,$>$. 

THEOREM 5. For the equation Mx(u)  = 0 with the boundary condition 
u =  0  or Yli,k Pik(9u/dXi) cos(N,x^) - mi  = 0 , where  a is a continuous 
complex-valued function of a point of the boundary of the domain and N is 
the normal to the boundary ofD, the  following assertions are true: 

1) The  system of eigenfunctions and associated functions is n-fold com-
plete. 

2) The  eigenvalues lying in the angle {2v - \)n/n  < argA < (2z/ + \)n/n 
have the asymptotic expressions 

{
\ —If  nm 

°m f  dX\dXi  "dx n t  fc2/mn e2uni/n 

2">n»' JD y/A( Xl,X2 x n)f 
where am is  the volume of the m-dimensional unit ball and A(xi ,...txm) is 
the determinant of\p ik\. 

Note that for n = 1  assertio n 2) was established by Carleman in [64]. 
For ordinary differential equations, in some cases more precise theorems 

can be established. 
Consider the equation 

34(10 = ^ + ^ 1 ^ 

where Pk(x>X) i s a polynomial i n X of degree less than kn/m. 
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Under certain restrictions on the boundary conditions we can establish 
rc-fold completenes s of the system of eigenfunctions o f equation (9) , and, 
for m  < n, conditions for convergence of the w-fold expansions . 

For definiteness we indicate only two cases of boundary conditions : 

y*>(0) = y {k){\), k  = 0,1 m  - 1 , (10 ) 

and, for 0 < / < n, 

Y, 4"V*>(0 ) = 0, i / = 1 / ; 
( n ) 

m—1 

Yfilv)y{k)(l) =  0t i / = /+l,...,ro. 
A:=0 

THEOREM 6 . ** The system of  eigenfunctions of equation (9) under the 
boundary conditions (10) or (11) is n-fold complete. 

For m> n  the expansions 

^ =  E E « i ,^ i / = 1.2,...,ii f (12 ) 
/=i k 

are uniformly convergent  for n  arbitrary  m-times differentiable  functions 
satisfying the boundary conditions. 

For n = m there is a subsequence of partial sums of (12) which converges 
uniformly. 

Note tha t fo r n  =  1  this resul t wa s obtained b y Birkhoff [370] . Fo r 
n — m  Tamarkin [335] , [336] established a number of propositions on the 
expansion of a function i n a series of eigenfunctions . 

** Added in  translation by A. S.  Markus. I n [155] it is shown that the second assertion of 
this theorem is false for the boundary conditions (11) when n  = 1  and / ^  m  — /. 
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Brief Comments on the Literature 

§1. Lemma s 1.7-1,1 0 are taken from [236] . 

§3. Se e also [103], Chapter V, §7. Lemma s 3.4 and 3.5 are taken from 
[235]. 

§4, Th e proof of Theorem 4.2 is taken from [153] . Keldys h posed the 
question of the sufficiency of a condition for the order of the operator H in 
Theorem 4.2 to be finite (see [153], p. I l l , an d [249]). A  positive answer 
to this question along with precise (i n a certain sense) restrictions on H 
can be found in {249]. 

Of the numerous results on completeness of the root vectors of a non-
selfadjoint operator we mention [71], Chapter XI, §§6 and 9, [72], Chapter 
XIX, §5 , [103] , Chapte r V, [153] , [179] , [210] , [211] , [246] , [247] , an d 
[275]. 

§5. Lemm a 5.6 i s taken from [233 ] (see also [148] , Theore m III.1.2). 
In place of the term "p-subordinate" the term "subordinate with order p" 
is also used [188]. 

§6. Se e [103] and [278] about bases in spaces. 
In this sectio n w e follow th e paper [233] . Theore m 6.1 2 wa s proved 

earlier in [148 ] (Theore m III.4.1 ) unde r the condition tha t the operator 
B i s subordinate to the operator G p. Th e reference [148 ] was preceded 
by th e articl e [221] , wher e i t wa s establishe d unde r somewha t stronge r 
restrictions that the root vectors of A  form a Bari basis with parentheses 
(see [177] and [220]). 

It was shown in [148] (Theorem IIL5.1) that the conditions in Theorem 
6.12 cannot be weakened. 

Diverse results on convergence of expansions in root vectors of an oper-
ator close to a selfadjoint operator were obtained in [25]-[27], [68], [84] , 
[85], an d [147] . Perturbatio n theor y fo r spectra l operator s was investi -
gated in [54], [72], Chapters XIX and XX, [173] , and [321]. A  significant 
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number of source s have been devoted to the study o f the basis property 
for the root vectors of dissipativ e operator s and contractions (se e [103] , 
Chapter VI, and [278], Lectures VI-X). 

§7. Lemma s 7.2 and 7.3 are taken from [235] . 

§8. Her e we follow [235] . Th e proof of Theore m 8. 4 (unde r the con-
ditions (8.31 ) an d (8.32) ) obtaine d b y Keldys h [150 ] wa s based o n hi s 
Tauberian theorem [151 ] (se e also [103] , Chapte r V, §11 , and [234] and 
[252]). 

§9. W e follow [235] . Som e application s o f th e result s in thi s sectio n 
to the determination o f spectra l asymptotics for differential an d pseudo-
differential operator s are indicated in [62] , [171], [172] , an d [207] , Th e 
references [231] , [232] , [234] , and 1263] are connected with the contents 
of §9. 

§10. Se e th e surve y [58 ] and the monograph [138 ] about th e spectra l 
asymptotics o f selfadjoin t differentia l operators . Birkhof f [56 ] found the 
asymptotic behavior of the eigenvalues of nonselfadjoin t ordinar y differ-
ential operator s fo r regula r boundary condition s (se e als o [72] , Chapter 
XIX, §4, and [277], Chapter II, §4). The first theorems on the asymptotic 
behavior of the spectrum of a nonselfadjoint ellipti c differential operato r 
were obtained by Carleman [64]; see [24], [170], [232], [234], [244], [263], 
[264], [269] , [270] , [285] , [312] , [318] , [339] , an d [357 ] for subsequen t 
results. 

Birkhoff [56 ] began th e investigatio n o f completenes s o f roo t vectors 
and convergence of expansions in them for nonselfadjoint ordinary differ-
ential operators (see also [277], Chapter II, §§5 and 9). Th e first theorems 
on completeness of the root functions for nonselfadjoint ellipti c differen-
tial operator s are due to Keldys h [150 ] and Browder [63 ] (se e also [71], 
Theorem XIV.6.28). Variou s results on completeness and convergence of 
expansions in root functions of differential operators are contained in [23], 
[25], [26] , [28], [29], [59], [72], [77], [84], [85], [115], [132H134] , [148] , 
[153]-[155], [173] , 1192] , [210]-[212] , [221] , [233] , [265] , [275]-[277] , 
[307], [308] , [321] , [324] , [325] , [327] , and [341]. 

§11. Th e concept o f a  chain o f a n eigenvector an d associated vectors 
and the concept o f the multiplicity o f a n eigenvalue ar e due to Keldysh 
[150]. Variou s properties of the multiplicity of an eigenvalue of a holomor-
phic operator-valued functio n wer e established i n [60] , [79] , [80] , [113] , 
[152], [219] , [238], [240] , [332] , and [367]. Th e definition o f a generating 
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polynomial (roo t function) wa s introduced independently  by S. G. Krein 
and Trofimov [340 ] and by Matsaev and Palant [284] . 

§12, Linearizatio n o f a  polynomia l penci l wa s considere d a s fa r bac k 
as Keldysh [152] . Se e [274] about Theore m 12.9 . A  more general resul t 
relating to holomorphi c operator-value d function s i s contained i n [103] , 
Theorem 1.5.1, and [309] , Theorem VI. 14. 

See 197], [125], [139] , [230], and [337 ] about differen t method s for lin -
earizing holomorphic operator-valued functions . 

§13. A  general approach to the study of completeness of derived chains 
corresponding to various boundary value problems was developed in [290], 
[292], [293] , [295] , [296] , [299] , [300] , and [303] . Thes e references wer e 
preceded by [186 ] and [90]-[92] , where the concep t o f completenes s fo r 
boundary value problems on a half-line were studied, and by [347], which 
dealt with the concept of completeness for boundary value problems on a 
finite interval . 

§14. Lemma s 14. 7 and 14. 8 were established i n [284] , 

§15. Theorem s 15. 4 an d 15. 5 wer e prove d b y Keldys h i n [150 ] an d 
[152]. 

Theorems 15. 6 and 15. 7 were also established by Keldysh [150 ] under 
certain additional restriction s (se e Remark 15.9) , but his proofs were not 
published. Her e w e follow [235] . Theore m 15.1 3 was proved i n [234] . 
Various analogues and generalizations of the Keldysh theorems on asymp-
totics were obtained in [44] , [45], [234], [236], [250]-[252], and [302] . 

§16. Theore m 16. 3 was established in [150] and [152] . 

§17. Theore m 17. 3 and Lemma 17. 4 were obtained in [150] and [152] . 
Theorem 17.1 0 was proved in [223] . Variou s results on convergence of 

multiple expansions for Keldysh pencils were established in [34], [36], [37], 
[73], 1351], and [362] . Th e basi s property wa s investigated i n [291 ] and 
[301] for derive d chain s correspondin g t o variou s boundar y valu e prob-
lems. 

§18. Furthe r result s on multiple completeness for Keldys h pencils and 
pencils close to them were obtained in [32] , {34], [38], [137], [248] , [272], 
[273], [283] , [284] , [289] , [290] , [292] , [297] , [299] , [300] , and [354 ] (see 
also the survey [303]). 

§19. Th e contents o f this section ar e taken fro m [293 ] (a more general 
result i s obtained there) . Divers e result s on completeness , multipl e com -
pleteness, and completeness I multiple completeness) with finite defect for a 
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part of the eigenvectors and associated vectors of a pencil were established 
in [90]-[92] , 1135] , [137] , [267] , [268] , [289] , [294]-[296] , [298]-[300] , 
and [303] . Th e proble m o f minimalit y (multipl e minimality ) o f a  par t 
of the eigenvectors and associated vectors was considered in [167] , [304], 
[305], [352], and [353]. 

§20. Theore m 20. 8 wa s proved  i n [351 ] unde r certai n additiona l as -
sumptions (se e also [73]). Convergence of multiple expansions for pencils 
with unbounded coefficient s wa s considered in [291] , [301], and [362]. 

§21. Keldys h [150 ] obtained th e first results on multipl e completenes s 
and o n the asymptotic behavior o f the spectrum fo r pencil s generated by 
elliptic differentia l operator s (fo r m  =  1  and under certai n additiona l re-
strictions he established the assertions of Theorem 21.1 on multiple com-
pleteness and on the principal term o f the spectral asymptotics) . 

There ar e variou s assertion s abou t th e distributio n o f th e spectrum , 
(multiple) completeness , an d convergenc e o f (multiple ) expansion s fo r 
pencils generate d b y differentia l operator s i n [25] , [75] , [76] , [78] , [93], 
[94], [130], [131], [218], [282], [326], [335], [336], [344], and [351]. 

Boundary value problems for differential equations containing a spectral 
parameter in the boundary conditions have been studied in [25], [26], [88], 
[127], [169], [175], [253], [282], [319], [320], [328], [335], [336], and [356]. 

§22. Factorizatio n o f a  penci l an d operato r root s wer e first  use d b y 
M. G . Krei n an d Lange r i n [186] , where Lemma s 22. 9 an d 22.1 0 wer e 
obtained (fo r a  quadratic pencil). 

See [66] and [108] about canonica l factorization . 

§23. Theore m 23. 3 (know n a s the Masani  lemm a o r the basi c factor -
ization lemma ) first  appeare d (i n a  somewha t differen t form ) i n [245] . 
Diverse variants and generalizations of it are found in many papers. Her e 
we follow [96] , Chapter I , Lemma 5.1. 

The results in subsections 4 and 5  were obtained (b y other methods) in 
[224], [225], and [289] ; see also [87], [116], [117], [136], [161], [163], and 
[346]. 

§24. Theore m 24.2 was proved in [109] (for any Wiener operator-valued 
function). W e present another proof. Lemm a 24.4 was also established in 
[109]. 

§25. Theore m 25. 3 was established i n [108]. 

§26. Th e proo f give n fo r th e Toeplitz-Hausdorf f theore m wa s take n 
from [306] . The set W{A)  i s sometimes called the numerical range or the 
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Hausdorff se t of A.  Th e term "numerical range " ("numerical domain" ) i s 
also used (se e [137] and [281] ) for the set R(A)  whic h we have called the 
root domain o f an operator-valued functio n A(A). 

Theorem 26. 6 is contained in [350] , and Theorem 26.7 is in [241] (see 
also [137] and [281]). 

The condition (26.8 ) was first considered i n [333] , where it was shown 
that unde r thi s condition a  Holde r matrix-value d functio n A(t)  (t  G  T0) 
admits a factorization o f the form A(t)  =  t kA+(t)A-{t). 

The results in subsections 5  and 6  were established in [226] and [227] . 

§27. Th e result s in thi s section wer e obtained i n [228 ] (Theorem 27. 6 
was established there in a  less precise formulation). Tha t pape r was pre-
ceded b y [349] , wher e a  weakened varian t o f Theore m 27. 5 was proved 
(without restrictions on the size of the matrices under consideration) . 

The monographs [107] , [149], and [193] are devoted to matrix pencils. 

§28. Th e connection in Theorem 28.2 between operator roots of a pencil 
and specia l invarian t subspace s o f th e linearize r i s one o f the importan t 
elements of the Krein-Langer method (se e [186], §5). 

Theorem 28.2 was established in [198], Lemma 28.6 in [237] , and The-
orem 28.8 in [254] and [256]. Generalization s of Theorems 28.2 and 28.8 
to divisors of arbitrary order were obtained in [142] and [202]. Analogou s 
results wer e prove d fo r holomorphi c operator-value d function s i n [230 ] 
and [337] . 

§29. Th e content s o f thi s section wer e taken fro m [237] . Th e startin g 
point for this paper was the concept, introduced by M. G. Krein and Heinz 
Langer [186] , o f a  complet e pai r o f operato r roots . I n vie w o f Remar k 
29.14, Theorems 29.6 and 29.8 follow fro m result s in [186] when n  = 2. 

Generalizations of the results in §29 to divisors of arbitrary order were 
established in [101 ] and [142] . Variou s theorems on factorization o f pen-
cils were obtained in [50], [53], [98]-[102], [104]-[107], [110H112], [136], 
[254], [257], [261], [262], [313], [317], [337] , [363], [366] , and [367] . 

§30. Theore m 30. 4 and Corollary 30.5 were proved in [226], Theorems 
30.6 an d 30.1 1 i n [350] , an d Corollar y 30. 8 i n [198 ] an d [350] . Thes e 
references were preceded by the papers [239] and [343] . 

Diverse results on Riesz bases are contained i n [52] , [103], and [278] . 

§31. Th e mai n propertie s o f quadrati c hyperboli c pencil s (strongl y 
damped pencils ) wer e established by Krein an d Lange r ([186] , [196]; see 
also §35). The corresponding results for matrix pencils were obtained ear-
lier in [69]. 
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Lemma 31. 2 was proved i n {191] . Theore m 31. 3 was established fo r 
quadratic matri x pencil s i n [69] , for quadrati c operato r pencil s i n [186 ] 
and [196], and for the general case in [241 ]. Theorem s 31.5 and 31.10 were 
obtained i n [199] , Theorems 31.11 , 31.14 , and 31.1 6 in [241] , Theorem 
31.17 in [51] and [237] , Theorem 31.1 8 in [237], Theorem 31.19 in [141], 
and the results in subsections 8-10 i n [241]. 

Theorem 31.2 7 wa s proved unde r th e additiona l conditio n B  >  0  i n 
[182] and [18-6] . Plu s an d minus eigenvector s an d eigenvalue s were first 
considered i n these articles (th e terms "eigenvector s (eigenvalues ) o f th e 
first and second kinds" were used there). 

The term "spectra l zone " was used i n [241 ] instead o f the term "roo t 
zone" taken here. 

Theorem 31.1 9 was carried ove r to weakly hyperbolic pencils in [230]. 
Other results on decomposition of pencils into linear and nonlinear factor s 
were established in [101], [255], and [258]-[260]. See also [281] and [287] 
about hyperbolic pencils and operator-valued functions . 

The clas s o f quadrati c pencils , a s the mos t importan t clas s fo r appli -
cations a s well as the simples t class , has attracted th e attentio n o f man y 
authors ([43] , [74] , [114] , [116]-[118] , [164] , [165] , [167] , [168] , [182], 
[186], [204], [266], [280], [296], [304], [305], [326], [360], and [361]) . We 
mention separately references which consider the pencil M-A-X2B, wher e 
A and B  ar e selfadjoin t compac t operator s ("S . G. Krein pencils") : [36] , 
[41], [42] , [46] , [78] , [86] , [87] , [119] , [120] , [161] , [163] , [182] , [186], 
[187], [203] , [204] , [224] , [225] , [241] , [272] , [273] , [289] , [342] , [343], 
[358], and [369]. 

§32. Variationa l methods for nonlinear spectra l problems were studied 
in [l]-[22], [69], [122], [123], [191], [196], [208], [314], [315], [342], [343], 
and [359 ] (see also the bibliography o f [22]). 

Theorems 32.8 , 32.9, and 32.1 6 are apparently ne w results in this sec-
tion. 

The articles [144], [145], and [338] are devoted to approximation meth-
ods for determinin g the eigenvalues and eigenvectors of operator pencils. 

§33. Th e results in this section were obtained by V. I. Matsaev and the 
author [369] , Corollary 33. 7 answers a question posed by Kopachevskii. 

§34. Quadrati c elliptic pencils (weakly damped pencils) were first stud-
ied by M. G. Krein and Heinz Langer in [182] and [186] . Factorization of 
nonnegative operator-valued functions ha s numerous applications in anal-
ysis and probability theory, and a number of papers have been devoted to 
it (se e [67], [316], and [334]) . 
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Theorem 34. 3 was proved by Matsae v (se e [40]) . Theore m 34. 5 was 
established by Ginzburg [95] , and the proof given is due to Matsaev (see 
also [348]). Lemm a 34.12 was obtained in [316] (without the requirement 
that A(Xo) be invertible). 

§35. Ther e is a good introduction to the theory of operators acting in 
Krein spaces in [182] , an d a systematic exposition o f this theory in [48] 
and [365]. 

Lemma 35.2 was established by Phillips [286]. 
Theorem 35. 3 wa s prove d by Lange r [194] , [195] . Theore m 35. 4 i s 

contained in [197]. Th e simplified presentations of the proofs of Theorems 
35.3 and 35.4 given here were constructed by T. Ya. Azizo v on the basis 
of [61 ] and {197]. Theore m 35. 6 was established in [194] and [196] , but 
it was obtained earlier under certain additional assumptions in [186]. 

A generalization of Theorem 35.6 to weakly hyperbolic pencils of arbi-
trary order was given in [200], [229] , and [230]. Furthe r developments of 
the Krein-Langer method [186] are contained in [107], [124], [164] , [165], 
[198]-[202], and [366]. 
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