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Foreword to the English Translation

This text differs from the Russian original in the following respects.
First, Chapter I has been completely reworked. The author has tried to give
a more complete exposition of the preliminary facts needed for reading the
main text. In particular, complete proofs are presented for all the required
properties of M6bius mappings. In Chapter II some errors in the original
are corrected, and improvements in the text are introduced where it seemed
possible by slight changes to strengthen individual results or to make the
presentation more complete and clear. Moreover, §12 is added to Chapter
IL. It contains a survey of certain further investigations of questions close
to the main topic of the book. Here the author has confined himself mainly
to an account of work carried out in Novosibirsk and little known outside
the USSR. The bibliography has been enlarged accordingly .

Chapter III remains almost without changes.

xi
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From the Author

The book before the reader is devoted to an exposition of results of in-
vestigations carried out mainly over the last 10-15 years concerning certain
questions in the theory of quasiconformal mappings.

The principal objects of investigation—mappings with bounded distor-
tion—are a kind of n-space analogue of holomorphic functions. As is
known, every holomorphic function is characterized geometrically by the
fact that the mapping of a planar domain it implements is conformal. In
the n-space case the condition of conformality singles out a very narrow
class of mappings. As Liouville showed back in 1850, already in three-
dimensional Euclidean space there are no conformal mappings besides
those which are compositions of finitely many inversions with respect to
spheres. Such mappings are called Mébius mappings. They form a finite-
dimensional Lie group which includes the group of motions of the space
R” and is only slightly broader than this group. However, if one weakens
the condition of conformality, replacing it by the condition of quasicon-
formality, then a considerably broader class of mappings emerges.

To give the reader an idea about the subject of the book we present
some explanations (the exact definitions are contained in the main text).
A mapping of a domain in an n-dimensional space is called a mapping
with bounded distortion if it satisfies definite requirements of regularity,
preserves the orientation of every small domain, and (the main point)
satisfies the following condition. There exists a constant g, 1 < g < oo,
such that an infinitesimally small sphere is transformed by the mapping
into either a point or an infinitesimally small ellipsoid for which the ratio
of the largest semiaxis to the smallest does not exceed the constant g. If,
moreover, the mapping is also topological (a homeomorphism), then it is
said to be quasiconformal.

The regularity requirement mentioned here is that the components of
the vector-valued function determining the given mapping must have first-
order generalized derivatives that are locally integrable to the power n. The

xiii



xiv FROM THE AUTHOR

condition about preserving the orientation of a small domain is analytically
equivalent to the Jacobian of the mapping being nonnegative. For an
arbitrary mapping with bounded distortion there can exist points such that
the mapping is not a homeomorphism in any neighborhood of them. These
points are called branch points of the mapping. The dimension of the set of
branch points does not exceed n — 2. For example, the set of branch points
can be a curve in three-dimensional space. For a holomorphic function of
a single variable the branch points are simply the zeros of its derivative.

We note that in the two-dimensional case the study of arbitrary map-
pings with bounded distortion is easily reduced to the consideration of
homeomorphic quasiconformal mappings and holomorphic functions of a
single variable.

The theory of planar quasiconformal mappings arose at the end of the
1920’s in work of Grotzsch and M. A. Lavrent'ev. This theory is now a
far-advanced area of the theory of functions of a complex variable which
has important applications both in function theory itself and beyond its
boundaries, in particular, in applied areas.

The concept of a quasiconformal mapping in n-space introduced by
Lavrent’ev in 1938 in searching for a suitable tool to construct mathemat-
ical models of certain hydrodynamics phenomena. He formulated also a
number of problems whose solutions later played an essential role in the
development of the theory of quasiconformal mappings in n-space. How-
ever, the beginning of intensive investigations in this area dates from 1960.
Further, as in the planar case, only homeomorphic quasiconformal map-
pings were considered at first. The systematic study of general mappings
with bounded distortion was begun in 1966.

There are two basic methods in the theory of mappings with bounded
distortion. One of them goes back to the classical work of Grotzsch and
is based on the use of a certain quantity characterizing a family of curves
or surfaces in space and called the modulus of the family. This method
depends on inequalities describing the behavior of the modulus of a family
of curves or surfaces when the family is transformed by a given mapping,
as well as on certain estimates for the moduli.

The other method consists in the use of a certain apparatus in the the-
ory of differential equations. As is known, the real and imaginary parts
of a holomorphic function of a complex variable are harmonic functions.
Analogously, the components of a vector-valued function representing a
mapping with bounded distortion are solutions of a certain elliptic partial
differential equation. The method consists in the use of this fact (and



FROM THE AUTHOR Xv

certain generalizations of it) and properties of elliptic equations, in partic-
ular, the maximum principle for elliptic equations, Harnack’s inequality,
etc. Some estimates relating to the concept of the capacity of a capacitor
are also used.

In this monograph the second method is used to study mappings with
bounded distortion. All the needed facts about elliptic equations are given.
A significant part of the book is devoted to an exposition of material that is
auxiliary with respect to the main topic, though it is definitely of indepen-
dent interest. In particular, a proof is given of the well-known theorem of
Moser and Serrin on Harnack’s inequality for elliptic equations; theorems
are proved on semicontinuity and convergence with a functional for func-
tionals of the calculus of variations; the necessary facts are given about the
concept of the degree of a mapping and the metric properties of mappings
connected with these facts; etc. In this connection the author hopes that
the book will prove to be useful not only for specialists in the theory of
mappings in zn-space, but also for a broader circle of readers.

The investigation of mappings with bounded distortion is based on the
concept of the generalized differential of an exterior form [146]. In par-
ticular, a detailed study is made of the properties of the generalized differ-
ential, and this, in the author’s opinion, can be of interest, for example, in
connection with certain recent investigations of the topology of Lipschitz
manifolds by analytic means [49].

Quasiconformal mappings in n-space have been used in the theory of
spaces of functions with generalized derivatives ([177], [178], [46]), as well
as in investigations of compact Riemannian spaces of constant negative
curvature [106]. The theory of mappings in n-space with bounded distor-
tion is one of the areas in the general metric theory of space mappings
that is being intensively developed at present. Among the investigations
in this area one can cite work on the theory of quasi-isometric mappings
[60], the theory of quasi-Lorentz mappings [51], a series of investigations
in the theory of Kleinian groups in space [75], papers on the theory of
homeomorphisms of class W,! ([165], [112]), and other publications.

Many interesting questions in the theory of mappings in n-space close
to the topic of the book had to be omitted for lack of space. In choos-
ing the material the author was oriented toward results used in studying
the problem of stability in Liouville’s theorem on conformal mappings in
space.

Yu. G. Reshetnyak
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