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Foreword to the English Translation 

This tex t differ s fro m th e Russia n origina l i n th e followin g respects . 
First, Chapter I has been completely reworked. Th e author has tried to give 
a more complete exposition of the preliminary facts needed for reading the 
main text. I n particular, complete proofs are presented for all the required 
properties o f Mobius mappings . I n Chapte r I I some errors in the origina l 
are corrected, and improvements in the text are introduced where it seemed 
possible b y sligh t change s to strengthe n individua l result s o r to mak e th e 
presentation mor e complete and clear . Moreover , §  12 is added to Chapte r 
II. I t contains a  survey of certain furthe r investigation s o f questions close 
to the main topic of the book. Her e the author has confined himself mainly 
to an account o f work carried ou t in Novosibirsk and little known outsid e 
the USSR. The bibliography ha s been enlarge d accordingly . 

Chapter II I remains almos t without changes . 



This page intentionally left blank



From the Author 

The book before th e reader is devoted to an exposition o f results of in-
vestigations carried out mainly over the last 10-15 years concerning certain 
questions i n the theory o f quasiconformal mappings . 

The principal objects o f investigation—mappings wit h bounded distor -
tion—are a  kin d o f w-spac e analogu e o f holomorphi c functions . A s i s 
known, ever y holomorphic functio n i s characterized geometricall y b y the 
fact tha t th e mapping o f a  planar domai n i t implements i s conformal. I n 
the H-spac e cas e the conditio n o f conformaht y single s out a  very narro w 
class o f mappings . A s Liouvill e showe d bac k i n 1850 , alread y i n three -
dimensional Euclidea n spac e ther e ar e n o conforma l mapping s beside s 
those whic h ar e composition s o f finitely  many inversion s wit h respec t t o 
spheres. Suc h mappings are called Mobius mappings.  The y form a  finite-
dimensional Li e group which include s the group o f motion s o f th e spac e 
R" an d i s only slightly broader than thi s group. However , i f one weakens 
the conditio n o f conformahty , replacin g i t by the conditio n o f quasicon -
formality, the n a  considerably broade r class of mappings emerges. 

To giv e th e reade r a n ide a abou t th e subjec t o f th e boo k w e presen t 
some explanation s (th e exac t definition s ar e contained i n th e mai n text) . 
A mappin g o f a  domai n i n a n A-dimensiona l space i s calle d a  mapping 
with bounded  distortion  i f i t satisfie s definit e requirement s o f regularity , 
preserves th e orientatio n o f ever y smal l domain , an d (th e mai n point ) 
satisfies th e followin g condition . Ther e exist s a  constan t q,  1  < q  <  oo, 
such tha t a n infinitesimall y smal l spher e i s transformed b y th e mappin g 
into either a  point o r an infinitesimally smal l ellipsoid fo r which the ratio 
of the larges t semiaxi s to the smalles t doe s not excee d the constant q.  If , 
moreover, th e mapping i s also topological ( a homeomorphism), the n i t i s 
said to be quasiconformal . 

The regularit y requiremen t mentione d her e i s tha t th e component s o f 
the vector-valued function determinin g the given mapping must have first-
order generalized derivatives that are locally integrable to the power n. Th e 

xiii 



XIV FROM THE AUTHOR 

condition about preserving the orientation of a small domain is analytically 
equivalent t o th e Jacobia n o f th e mappin g bein g nonnegative . Fo r a n 
arbitrary mapping with bounded distortion there can exist points such that 
the mapping is not a homeomorphism in any neighborhood of them. Thes e 
points are called branch points of the mapping. Th e dimension of the set of 
branch points does not exceed n - 2. Fo r example, the set of branch point s 
can be a curve in three-dimensional space . Fo r a holomorphic function o f 
a singl e variable the branch point s are simply the zeros of it s derivative . 

We note tha t i n th e two-dimensiona l cas e the stud y o f arbitrar y map -
pings wit h bounde d distortio n i s easil y reduce d t o th e consideratio n o f 
homeomorphic quasiconformal mapping s and holomorphic functions o f a 
single variable. 

The theory o f plana r quasiconforma l mapping s aros e at the end o f th e 
1920's i n wor k o f Grotzsc h an d M . A. Lavrent'ev . Thi s theor y i s now a 
far-advanced are a of the theory o f functions o f a  complex variable which 
has importan t application s bot h i n functio n theor y itsel f an d beyon d it s 
boundaries, i n particular , i n applied areas . 

The concep t o f a  quasiconforma l mappin g i n tt-space  introduce d b y 
Lavrent'ev in 193 8 in searching for a  suitable tool to construct mathemat -
ical model s o f certai n hydrodynamic s phenomena . H e formulate d als o a 
number o f problem s whos e solution s late r playe d a n essentia l rol e i n th e 
development o f the theory of quasiconformal mapping s in rc-space. How-
ever, the beginning of intensive investigations in this area dates from 1960 . 
Further, a s in the plana r case , only homeomorphi c quasiconforma l map -
pings were considered a t first . Th e systemati c stud y o f genera l mapping s 
with bounded distortio n wa s begun in 1966 . 

There ar e two basic method s i n the theory o f mapping s with bounde d 
distortion. On e o f the m goe s back t o th e classica l wor k o f Grotzsc h an d 
is based on the use of a  certain quantit y characterizing a  family o f curve s 
or surface s i n spac e an d calle d th e modulus  o f th e family . Thi s metho d 
depends on inequalities describing the behavior of the modulus of a family 
of curves or surfaces whe n the family i s transformed b y a given mapping , 
as well as on certain estimate s fo r th e moduli . 

The other method consist s in the use of a  certain apparatu s i n the the-
ory o f differentia l equations . A s i s known , th e rea l an d imaginar y part s 
of a  holomorphic functio n o f a  complex variable are harmonic functions . 
Analogously, th e component s o f a  vector-value d functio n representin g a 
mapping with bounded distortion ar e solutions of a certain ellipti c partial 
differential equation . Th e metho d consist s i n th e us e o f thi s fac t (an d 



FROM THE AUTHOR xv 

certain generalizations of it) and properties of elliptic equations, in partic-
ular, th e maximu m principl e fo r ellipti c equations , Harnack' s inequality , 
etc. Som e estimates relating to the concept o f the capacity o f a  capacito r 
are also used. 

In thi s monograph th e secon d metho d i s used t o stud y mapping s wit h 
bounded distortion. Al l the needed facts about elliptic equations are given. 
A significant par t of the book is devoted to an exposition of material that is 
auxiliary with respect to the main topic, though i t is definitely o f indepen-
dent interest . I n particular, a  proof i s given of the well-known theorem of 
Moser and Serrin on Harnack's inequality for ellipti c equations; theorems 
are proved on semicontinuity an d convergence with a functional fo r func -
tional o f the calculus of variations; the necessary facts are given about the 
concept of the degree of a mapping and the metric properties of mappings 
connected wit h thes e facts ; etc . I n thi s connectio n th e autho r hope s tha t 
the boo k wil l prov e t o b e usefu l no t onl y fo r specialist s i n th e theor y o f 
mappings i n H-space , but als o for a  broader circl e of readers . 

The investigation o f mappings with bounded distortio n i s based on the 
concept o f th e generalize d differentia l o f a n exterio r for m [146] . I n par -
ticular, a  detailed study is made of the properties of the generalized differ -
ential, and this, in the author's opinion, can be of interest, for example, in 
connection wit h certai n recen t investigation s o f th e topology o f Lipschit z 
manifolds b y analytic means [49]. 

Quasiconformal mapping s i n n  -space hav e been use d i n th e theor y o f 
spaces of functions with generalized derivatives ([177], [178], [46]), as well 
as i n investigation s o f compac t Riemannia n space s o f constan t negativ e 
curvature [106] . Th e theory o f mappings in n-spac e with bounded distor -
tion i s on e o f th e area s i n th e genera l metri c theor y o f spac e mapping s 
that i s being intensivel y develope d a t present . Amon g th e investigation s 
in thi s area on e can cit e work o n the theory o f quasi-isometri c mapping s 
[60], the theory o f quasi-Lorentz mapping s [51] , a series of investigation s 
in th e theor y o f Kleinia n group s i n spac e [75] , paper s o n th e theor y o f 
homeomorphisms o f class W\  ([165] , [112]), and other publications . 

Many interestin g question s i n th e theory o f mapping s i n w-spac e close 
to th e topi c o f th e boo k ha d t o b e omitte d fo r lac k o f space . I n choos -
ing the materia l th e autho r wa s oriented towar d result s use d i n studyin g 
the problem o f stabilit y in Liouville' s theorem o n conformal mapping s in 
space. 

Yu. G.  Reshetnyak 
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