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Preface 

This book is concerned with the theory of general orthogonal series. The 
theory originated at the beginning of the present century as a natural gen-
eralization, based on Lebesgue integration, of the theory of trigonometric 
series, but has been developed most actively in the past twenty-five years. 
By now it has become clear that: 

many propositions about properties of the trigonometric system are gen-
eral in nature and remain valid for a  broad class of orthonormal systems: 

the study of systems of functions mor e general than orthonormal sys-
tems frequently reduce s to the study of the latter: 

in many problems, nonclassical orthonormal systems turn out to be "bet-
ter" than classical systems: 

the result s an d method s o f th e theor y o f genera l orthogona l system s 
have a variety of applications outside this theory. 

These observations , whic h spea k t o the importanc e o f the systemati c 
study of the properties of a variety of orthonormal systems, are confirmed 
to a substantial extent by the contents of this book. W e note in this con-
nection tha t th e book does not clai m to be a complete treatment o f the 
subject, and does not even touch on some important topics. We have also 
not attempted to present results in their most general form. Ou r principal 
aim i s to present the main ideas and method s of the theory of orthogo-
nal series. Our choice of material has been much influenced by Men'shov 
and Ul'yanov' s semina r o n the theory o f rea l functions , whic h has long 
been active at Moscow University as a "continuous extension" of Luzin's 
twenty-five year seminar. W e have also used the lectures on the theory of 
orthogonal serie s that the first author gave at Moscow University during 
1979-1981. A significant number of the theorems proved in the book have 
not appeared i n the monographic literature , an d we hope that even spe-
cialists will find something new here. Nevertheless , we are largely oriented 
toward beginning mathematicians, and have therefore adhered to the rule 

IX 
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of proving all propositions that fall outside the scope of university courses. 
We assum e tha t th e reade r i s familia r wit h th e content s o f Kolmogoro v 
and Fomin's Elements of  the Theory  of Functions and Functional Analysis, 
and als o with the basic theory o f function s o f a  complex variable (fo r ex -
ample, with the conten t o f [107]) . Th e essentia l additiona l materia l fro m 
the theory of functions an d functiona l analysi s is presented in two appen -
dices. Informatio n o n th e sourc e o f th e result s presente d i n th e boo k i s 
given i n th e Notes , whic h als o contai n commentarie s an d th e proof s o f 
some additional facts . 

In addition, we thank our colleagues K. I. Oskolkov, A. A. Talalyan, K . 
Tandori, Z . Ciesielski , and P . Oswald fo r advic e and assistance . 

B. S.  Kashin 
A. A.  Saakyan 



Summary o f Notatio n 

We use, without explanation, a number of standard notations (used, in 
particular, in [89]), for example Rn

9 Z/(0,1), lp
9 and C(0,1). In addition: 

L°(0,1) and L°(Rl) ar e the spaces of functions that are measurable and 
finite almos t everywhere on [0,1] or R l. 

C(-7r, n) and Lp(-n, n)  are the spaces of functions of period 2n on R l, 
continuous or of summable pth power on [-n, n],  respectively. 

&N9 N  =  1,2,... , i s the TV-dimensiona l spac e o f piecewis e constan t 
functions define d on [0,1]: 

&N =  lf{x): f(x)  =  const = ct i f x e ( ^ ^ ' ^ ) ' i=  1 >~->N'> 

/(^) =  £ d T ± i ' Xl<i<N 9 f(0)  =  cu / ( l ) =  <*}. 

Similarly, for any interval [a9 b] 

&s(a9 b) = {/(*), x e  [a 9 b]: g(t) = f{a +  t(b - a))  e & N}. 

The norm o f th e matrix H  =  {hjj} 9 i  =  l,...,ra , j  =  l,...,/ z i s the 
number 

m n 

\\H\\ = su p Z^Z^M^; -
{*/>.to}: E : ^ 2 = E > , 2 = I / = I > I 

m(£") (o r |2s | if E  i s an interval (<z,6) ) is the Lebesgue measure of the 
set£ cR l. 

card E i s the number of elements of the finite set E. 
If x  i s an elemen t o f th e Banach spac e X  an d y  i s a  bounded linea r 

functional o n X, the n {x 9y) o r (y,* ) denote s the functional y  a t the ele-
ment x.  Whe n ^ i s a Hilbert space , (x 9y) i s sometimes used instead of 
(x,y). 

If /(*) i s a real or complex function, supp/(x ) =  {x:  f{x)  £  0}. 



xii SUMMAR Y OF NOTATION 

If { an}^L\ an d {b n}^Lx ar e tw o sequence s o f positiv e numbers , th e 
notation a n x  b n mean s tha t ther e ar e constant s C\ 9 Ci  >  0  suc h tha t 
C i<an / fc ,<C2,n =  l , 2 , . . . . 

We use the following abbreviations : 
An O.N.S. is an orthonormal system—recal l tha t a  system of function s 

{Pn(x)}%L\ c L 2(a,b) i s orthonormal  i f 

rb (  I  if  n  = m, 

J a 1 0 l f n ^ m , 

A C.O.N.S. i s a complete orthonormal system ; 
a.e.="almost everywhere. " 
A phrase o f the form "se e Theorem 5.1 " or "see §3.2" is a reference t o 

Theorem 1  of Chapte r 5  or t o § 2 of Chapte r 3 . Th e chapte r numbe r i s 
omitted fo r reference s withi n a  chapter . 

Translator's note.  Definitions , theorems , corollaries , an d proposition s 
are numbered consecutively (independentl y of each other) in each chapter . 
Lemmas are numbered consecutivel y fo r eac h theorem . 



APPENDIX 1 

Some Topics from the Theory of Functions 
of a Real Variable and Functional Analysi s 

§1. Equation s for integrals. Modul i of continuity 

1°. PROPOSITIO N 1 . Let  f  e  L l(0,1), and  for t  e R l let 

Xf{t) =  m{x  e  (0,1) : |/(.x) | > t};l f{t) =  m{x  <=  (0,1) : f(x) >  t}. 

Then 
p \ pOO 
/ f{x)dx  =  -  tdl f(t), (1 ) 

JO J-OQ 

and iff e  D>{0, 1), 0  < p <  oo , then 
p\ pOO  pOO 

I \f{x)y  dx  =  -  I  t p dXf{t) =p  t p-lXf(t)dt. 
Jo Jo  Jo 

(2) 

PROOF. Equatio n (1 ) follow s fro m the definitions o f the Lebesgue and 
Lebesgue-Stieltjes integrals : 

If {^JS-oo ' w  = 1,2,.. . ,  is a sequence o f partition s o f the real line: 

lim 
n—•oo 

sup (*!? , -  rj"> ) 
— oo</<oo 

= 0, 

then th e integral s ^f n{x)dx, wher e f n(x) =  t\ n) i f x  e  E\ n) = 
{x e  (0,1) : t\ n) <  f(x)  <  t\ n

+\}, i  =  0 ,±1,±2, . . . , ten d (a s n  ->  oo ) t o 
JQ f{x)  dx.  O n the other hand, 

1 o o 

fn(x)dx= £  ^ ]m{E^) L 
1 — — 00 

oo w poo 

= "  E  ^%^l\)-^M n))]-^ /  tdl f{t) as/i-.oo , 
i=-oo J-°° 

which proves (1). 

385 
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Now le t /  e  L p(0,1), 0  <  p  <  oo . B y (1) , i f w e use the equatio n 
A|/|(0 =  1  for t  < 0, we obtain 

rl rOO rOO 

/ \f(x)\»dx  =  - tdl m„{t) =  - /dA m , (0. (2' ) 
JO J-oo JO 

Since 

lm,(t) =  m{xe {0,1):  \f(x)\>>t} 

= m { x G ( 0 , l ) : | / W | > ^ } =  ^ n 

for /  >  0 , then fro m (2' ) (makin g the change o f variable t  =  (t f)p) w e at 
once obtain the first equation (2) . In addition, for every A > 0, 

A \ A A 

-f ?dx f{t)= -tn f{f)\ +  [ x f{t)df 
Jo |0 Jo 

rA 

= -  A pXf{A) +  p /  A/( 0 • J*"l rf*. 

To prov e the second equatio n i n (2) , it is enough t o let A —• oo in the 
preceding relation and use the inequality 

Anf(A)<[ \f(x)\ p dx  =  o(l) a s ,4->oo. 
J{x: \f(x)\>A} 

REMARK 1 . It is easy to see that the finiteness of the integra l 

r tp-{xf{t)dt 
Jo 

is equivalent t o having f(x) belon g to L p(0,1). 
REMARK 2 . I f f(x) i s defined o n i?1 then b y equation (2 ) for fk{x) = 

f{x +  k), x  e  (0,1) , k =  0, ± 1 , . . ., i f we use the equation 
oo 

kf(t) =  m{xeRl:\f(x)\>t} =  £  X fk{t) 
k=—oo 

we obtain 
oo 

/ \f(x)\"dx  =  f ) f\f k{x)\pdx J*' kt^Jo 

= £  P  r t^x fk{t)dt 
k=-oo J0 

= p f  t p-lXAt)dt, 0<p<oo.  (3 ) 
./o 
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2°. Moduli  of continuity. Le t there be given a function / e  C(0,1) (or 
f{x) e  Lp(0,l), 1  < p < oo). Th e modulus of continuity and the integral 
modulus of continuity are defined by the equations 

(o{8,f)= su p \f(x  + h)-f(x)\9 0<S<1 9 
0<x<x+h<\ 

0<h<S 

7{3,f) =  { su p f *  \f(x + h) - f{x)\ p dx]  ,  0  < 8 < 1 
^0</2<(5./0 J 

'(4) 
The modulu s of continuity of second orde r of a function /  e  C(0,1) , 
and the integral modulus of continuity of second order of a function /  e 
Lp(0,1), 1  <  p < oo, are defined by 

coM(S,f) = su p \f(x  + h) + f(x -h)- 2/(*)| , (5 ) 
0<jr-A<A:+A<l 

0</K<$ 

0 < 5 < {, and 

f f 1-* 1 1/P 

42)(^>/) = su p / \f(x  + h) + f{x -h)- 2f(x)\»  dx \ .  (5' ) 
\0<h<SJh J 

For periodic functions the moduli of continuity are denned somewhat dif-
ferently: 

If fix) i s denned on Rl and has period T > 0, then 
a) 

co(S,f)= su p \f(x + h) - f(x)\, 
0<h<S 
x€[0,T] 

aP\8,f)= su p \f(x + h) + f(x-h)-2f(x)\, 
0<h<S 
xeioj) 

S>0, feC(0,T); (6) 

b) 

42 ) 

cop(S, f) = \ su p f  \f(x+ h) -  f(x)\P dx] , 
[0<h<sJo ) 

(3, f) = ( su p f T \f(x  + h) + f{x - A ) - 2/(x)| > dx] , 
[o<h<dJo J 

3>0,feL"{0,T). (6' ) 
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We record the fundamental propertie s of moduli of continuity: 

(I) limco(SJ)=limco^(SJ) 

= li m (op(d9 f) =  lim 42)(<5, f) =  0, 
3—•() 5— *0 

(II) (o(28,f)<2a>(S,f), 
coW(26,f)<4coM(S,f), 
(op(2S,f)<2cop(S,f), 

a)p
2\2S,f)<4cop

2\d,f), (7 ) 
(III) G>W{8,f)<2a>(8,f), 

cop
2\d,f)<2cop(5,f). 

Relations (II) and (III) in (7) follow immediately from the definitions. 
When / e  C(0,1) , equations (I) follow at once from the uniform continu-
ity of / o n [0,1]. I f / e  1/(0,1), 1  <  p <  oo, then if we find, for a  given 
e > 0, a function g  e  C(0,1 ) such that \\g  - f\\ p <  e/3, we will have, for 
sufficiently smal l h > 0, 

||/(x -  h)  - /(X)||X, (O,I_A) <  ||/(x + h) - g(x  +  A)||̂ (o,i-A) 

+ U(x +  h) - g(x)\\ um-h) 
+ U(x) -  f(x)\\LPW-k)  <« , 

which proves that \ims^0cop{d,f) =  0. 

PROPOSITION 2. Let  f(x), x  e R1, have period T and bounded variation 
on [0, T]. Then 

0)i(S,f)<4dV{f), 0<S<T, 

where V(f)  =  Vj'(f)  is  the total variation off(x) on  [0, T]. 

PROOF. Le t /,(*) =  V 0*{f), f2(x) =  A(x)-f(x), x  e  [0 , T]. Since /,(*) 
and fi{x) ar e nondecreasing functions, we obtain for h  e (0 , T), i  = 1,2 , 

rrt 1  rjr » I  rji  I 

f \Mx  + h)-fi(x)\dx= f  fi(x  + h)dx- f  fi{x)dx 
JO JQ JQ 

rT pT-h 
= /  fi{x)dx-  I  Mx)dx 

Jh Jo 
T h 

= f  fi{x)dx-  (  fi{x)dx 
JT-h JO 

<[fi{T)-fi(P)]h-
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Consequently fo r h  e (0 , T) 

I \f(x  + h)-f(x)\dx= I +[ 
Jo Jo  Jr-h 

<[ / i ( r ) - / i ( 0 ) +  / 2(r)-/2(0)]-A 
+ h su p \f(x)-f(x')\ 

x,jc7€[0,r] 

< [2{f {(T) -  /i(0) } + /(0) -  f(T)]h  +  h • V(f) 

< 4hV(f), 

as was to be proved . 
If co(d)  is convex upward an d co(0)  =  0 , we set 

He =  { /€ C(0,1) : co(S,f)  =  0(co(S))  a s 6 - 0} . (8) 

The class //$«, 0 < a  <  1  (Lipschitz clas s of order a) , i s denoted b y Lip a 
in the text . 

3°. I n studyin g propertie s o f th e partia l sum s o f Fourie r serie s i n or -
thonormal systems , there aris e the operator s 

S{f) =  S(f9x)= f  f(t)K(x,t)dt. 
Jo 

It i s clea r tha t i f th e kerne l K(x,  t)  e  C([0,1 ] x  [0,1]) , then S{f)  act s 
from C(0,1 ) t o C(0,1) . Moreover , i t i s easy to see that 

\\S\\C-,c =  su p ||5(/)||c (o,i)llc(o,i) =  ma x f  \K(x,t)\dt.  (9 ) 
ll/llc(o..)<i xeio,i]Jo 

It is also clear that when K(x, t)  e  L°°([0,1 ] x [0,1]), the operator S(f) 
acts from L l(0,1) t o L°°(0,1) . Le t us verify tha t i n this case 

\\S\\v->v =  su p \\S(f)\\ { = 
i < i 

fl\K{x9t)\ 
Jo 

dx (10) 

Set 7(0 =  / 0' \K{x, 0 | dx, wher e t  € [0,1] . I f ||/|| i <  1 , then 

\\S{f)h <  f  1/(0 1 / ' \K{x,t)\dxdt  <  ||/(0||oo, 

i.e., 

I|5| |L._L. <  / ' \K(x,t)\dx 
\\Jo 

(11) 



390 APPENDIX 1 . REA L FUNCTION S AN D FUNCTIONA L ANALYSI S 

To prove an inequality in the opposite direction , w e consider the set E 
of the points y e  (0,1 ) fo r whic h 

lim 2n 
ry+i/n 

Jy-l/n 

t)dt =  K(x,y)  fo r almos t al l x e  (0,1) . (12 ) 

By Lebesgue' s theore m o n th e differentiatio n o f absolutel y continuou s 
functions an d Fubini' s theorem , 

m(E) =  l.  (13 ) 

For a  given y e E  w e set 

| 2 n ifte(y-l/n,y  +  \ / n ) 9 

T h e n \\f n(t)\\\ =  I,  n  = 1 92,...9 an d by applying Fatou's theore m we find 
that fo r ever y y e  E 

I(y)= [  \K(x,y)\dy<  li m /  Yin  I K(x,t)dt 
JO n -^°°Jo Jy-l/n 

dx 

•i /- i 
= li m f  \f  f n(t)K(xJ)dt n-^°°Jo L/ o 

dx= li m | |S(/ B) | | i<| |S| |L .^L . . 

Therefore (se e (13)) ||/(y)||o o <  \\S\\ Li->Li and (als o see (11)) we obtain 
inequality (10) , as required . 

§2. T h e maxima l functio n an d interpolatio n theorem s 

1° . Marcinkiewicz's  interpolation  theorem. 
DEFINITION 1 . A n operato r T  fro m L p(Rl) ( 1 <  p  <  oo) t o L°(R l) i s 

an operator of weak type (p,p)  i f 

m{xGRl: \T{f,x)\>y}  <  y^fW^y  f*U(R x), (14 ) 

for every y >  0 , and an operator of type (p,p)  i f 

\\TU)\\i,W)<M\\f\\i,W)> / e L ' t l ? 1 ) (15 ) 

(the constants Af in (14 ) and (15 ) are independent o f f{x)).  I f p =  oo , we 
say that T  i s of weak  type (p,p)  i f i t is of type (/?,/?) . 

It follows immediately from Chebyshev' s inequality that an operator of 
type (p,p)  i s also of weak type (p,p).  W e have the following theorem . 
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THEOREM 1 . If  a  linear operator T has  weak type (p\,p\) and  also weak 
type (p 2,p2) ( 1 <  Pi  <  Pi  <  oo) , then  t  has  type  (p,p)  for  every  p on  the 
interval (p\,Pi). 

REMARK. W e assume tha t T  ca n b e extende d t o a  linear operato r o n 
the space 

I/*(Rl) ©  U»{Rl) =  {/(*): fix) =  / i W + / 2 ( 4 
fi(x)el/*(Rl)9f2(x)eU*(Rl)}9 

i.e., (see (16)) T(f,x)  =  T(f ,x) +  T(f2,x) fo r every function f  E  ^(R l) 
®LP2(Rl). I t is easy to see that this definition o f T(f,x)  i s independent of 
the choic e o f f{x)  an d f 2{x) i n (16) . Sinc e LP(Ri)  c  LP*{R l)®LF(Rl), 
P\ <  P < Pi, i t follows tha t T  i s also defined o n L p(Rl). 

PROOF. W e carry ou t th e proo f o f Theore m 1  on th e assumptio n tha t 
p2 <  oo (i t i s onl y thi s cas e tha t w e actually us e i n th e text) . I f p2 =  o o 
the proof require s a few changes (in fact, th e necessary discussion is given 
below in the proof o f Theorem 2) . 

We consider a  function /  G  Lp(0,1) an d a  number /  >  0 , and estimat e 
the functio n 

l{t) =  m{xeRx\ | r ( / , j c ) |> r} . 

For x G  R\ se t 

(f(x) i f | / ( * ) | > « , ,  ,  , , ,  . , , 
h{x) =  \o  i f | / ( * ) | < r , *<* > = '<*>-*<*> • 

Then A  G ^ ( H1 ) , £  G  L^CR1), and T(/ ,x ) =  r(A,x ) +  r (g ,x ) . Conse -
quently 

A(0 < m{ x G  i?1: |r(A, JC)| > f/2 } +  m{x  e  R l: | r (g ,x) | >  t/2}. 

Hence, using the inequalities for weak types {p\,P\)  an d [pi,Pi)  (se e (14)), 
we find that when t  >  0 

m <  ^ /  MXT  dx+££> /^ î (x)r ax 

= ^r I  l/(*>l * dx 

P" J{x€R>: \f(x)\>t} 

+ ^r[ \f(x)r>dx. 
tn J{x€R': \f(x)\<t} 
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From th e preceding inequality an d (3 ) we obtain 
/•OO 

WT(f))\UR')=PJ0 t'~
lk{t)dt 

roo tp-\ r 

<p2"Mt l —\ \mrdxdt 
JO tP ' J{x€R': \f(x)\>t} 

+ p2^M2r
t-^-f \f{x)\*dxdt 

J0 t n J{x€Rl: \f{x)\>t) 

= p2P>Mi  /  \f{x)\ p> /  t p-pt~ldtdx 
JR> JO 

+ p2^M2! \f{x)\ p> P  t p-p*-ldtdx 
JR> J\f(x)\ 

p-2P'Mi f  ...  ...  ,  p-2^M 2 f  ..  ...  , 
= n  n  /  \f(x)\ pdx +  y ; / f(x)\ pdx 

P-Pi JRI  \PI\  -  \P\  J& 

i.e., T  has type (p,p).  Thi s completes the proof o f Theorem 1. 

2°. The  maximal function. 
DEFINITION 2 . Le t f{x)9 x  e  R\  b e summable o n every interva l 

(-A,A), A  > 0. Th e maximal  function  o f f(x) i s the functio n 

M(/ ,x) =  sup | / | -1 f\f(t)\dt,  xeR 1, 

where the supremum i s taken ove r all intervals I tha t contai n x. 

THEOREM 2 . a ) Iff{x) e  L l(Rl), then  for every  t > 0 

m{xeRl:M(f,x)>t}<^ f  \f(x)\dx. 
t JR* 

b) Iff(x) e  LP{R{), 1  < /? < oo, then 

\\M{f)\\um <  C p\\f\\um, 

where Cp is  a constant that  depends only on p. 

LEMMA 1 . Let  E  c  R{ be a measurable set and {Ia} a  family of  intervals 
of bounded length which cover E: E  c \Ja Ia. Then  we can extract from this 
family a  sequence IXt h,...  ofpairwise  disjoint  intervals  (finite or infinite) 
such that 

Y.\h\>\m(E). (17 ) 
k 

PROOF O F LEMMA 1 . W e wil l construc t th e interval s I\,  h,...,  in -
ductively. A t th e first  ste p w e selec t fro m {/ a} an interval I\  for which 
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\I\\ >  j sup a | / a | . No w suppos e tha t I\,...,I k hav e alread y bee n con -
structed; we find an interva l I k+\, disjoin t fro m Ii,...,I k, wit h 

14+11 > i sup{|/Q|: Ia n Ij = 0, j  =  1, . . . , k}. 

If there is no such interval , the construction stops . 
We have no w define d th e sequenc e I\, h, Le t u s prov e (17) . W e 

need t o conside r onl y the cas e when ^2 k \I k\ <  oo . Le t I£  b e a n interva l 
with th e sam e midpoin t a s Ik but five times a s long : |/£ | = 5\Ik\. Le t u s 
show tha t 

Ec\Jrk. (18 ) 
k 

It i s enough to verify tha t every / i n {I a} i s contained i n U^ Ik> 
Since ^2 k \I k\ <  oo, we have lim^—oo \h\ —  0 a nd, fo r sufficientl y larg e 

k, 
| / * + i l> | / | / 2 . (19 ) 

Let ko  (1 < ko < oo) be the smalles t k satisfying (19) . B y construction, / 
intersects one of the intervals /i,...,Iko, i.e. , fo r som e j w e have 1  < j < 
fc0, Inlj  ^  0 , an d £|/ | <  \Ij\. Bu t then I c I J an d we have obtained (18) . 
Finally, from (18 ) we have 

m(E)<J2\I*k\ =  5£|/*|. 
k k 

PROOF O F THEORE M 2. Le t f(x) e Ll(Rl). Choos e a number / > 0  and 
set 

Et =  {xGR l:M(f,x)>t}. 

By th e definitio n o f th e maxima l function , fo r ever y x e Et there i s a n 
interval Ix such tha t 

Ix3x an d f  \f(u)\du>t\I x\. (20 ) 

The family {I x}xeE, o f bounded interval s (se e (20)) covers Et. B y Lemma 
1 there is a sequence {I k} o f disjoin t interval s wit h 

'£\Ik\>\m{El). (21 ) 
k 

Since (see (20) ) 

E l'* l <  7 E / l/MI dM * 7 / l/MI rfM-
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it follows fro m (21 ) tha t m{E t) i s finite and 

m( i{Et)<- i  \f(u)\du. 
1 JR i 

Now w e can prov e Propositio n b) . Fo r p =  o o the inequalit y b ) (wit h 
Coo = 1 ) is evident. I f 1  < p <  oo, then with a  given t  > 0 we obtain 

(f(x) i f | / ( x ) | > ~ , 
h(x)={ ]  xeR 1. 

[0 i f | / ( x ) | < 2 > 

Then | /(JC) | <  |A(JC) | + t/2  an d M(fx)  <  M{h,x) +  t/2, xeR 1. Conse -
quently 

Et =  {x e  R l: M(f,x)  >t}c{xeR [: M{h,x)  >  t/2} 

and (se e a)) 

m(Et)<^\\h\\vm =  ^ [  \f{x)\dx. 
1 l  J{xeR ]: \f(x)\>t/2} 

Finally, we use (3): 

f M p{fx)dx=p f  t p~xm{Et)dt 
JRi JO 

<io/> r v - 1 ) / \nx)\dx 
JO l  J{xeR ] :  \f(x)\>t/2} 

= lOp  /  | / (* ) | /  t p~2dtdx =  Cp /  \f(x)\ pdx. 
JRI JO  JR 1 

REMARK. Lebesgue' s theore m o n th e differentiability a.e . o f a n indefi -
nite integral i s easily deduced fro m par t a ) o f Theorem 2 . 

§3. Som e topics from functional analysi s 

1°. DEFINITIO N 3 . Le t <E > =  {Vn(x)}^_ { c  L 2(E) b e a  system o f func -
tions defined o n a  set E (E  c  R 2,1 <  N  <  oo). Th e Gram  matrix  o f O  i s 
the matri x 

G =  Gq>  = {Un tj)nJ=\y w h e r e u nJ =  /  <Pn(x)<Pj(x)dx. 
JE 

It is not difficult t o verify (thi s is done for all Euclidean spaces in courses 
on linear algebra ) the following proposition . 

PROPOSITION 3 . A  system  <J > =  {(p nYn=\ c  L2 (E)> *   ̂N  <  °°> w linearly 
independent if  and only  if  the determinant de t G®  ^  0 . 

PROPOSITION 4. Let  there  be given in L2(E) two  systems O = {(p n{x)}^x 

and * F =  {y/n(x)}™=\  of  functions, 1  <  N  <  oo , and  let  L<p,  L y be  the 



§3. TOPIC S FROM FUNCTIONAL ANALYSIS 39 5 

subspaces spanned by the functions {<p n}%={ and  {vn}%=\> respectively.  Then 
(/*4> and  *¥  have  equal  Gram  matrices  (G<p  =  Gy),  there  is  an  isometry 
T: L * -  Ly  (i.e.,  \\T(f)\\ LHE) =  \\f\\ L2{E) iffeL*)  such  that 

T(<pn)^¥n, n=l,...,N.  (22 ) 

2°. Minimax  theorem. 

THEOREM (VO N NEUMANN) . Let  A  =  {<z/j } (a^j  >  0 ; 1  < /  <  m,  1  < 
j <ri)  be  a matrix  with  nonnegative elements and 

m 

am =  {xeRm:x =  (xi,...,xm)9Xi >  0 , ^ X/ =  1}. 
i=\ 

Then the  quadratic form 
m n 

F{x,y) =  ^^atjXiyj  {x  = {Xi},y  =  {yj}) 
i = l ; = 1 

satisfies 
minmaxF(x,y) =  maxmin F(x,y). (23 ) 
y€a„ x€am x€am y€on 

PROOF. Le t y  and p  denot e the left-hand an d right-han d side s of (23) . 
The inequalit y y  >  p  ca n b e verifie d ver y simply . I n fact , i f x 0 € o m 

is a  poin t suc h tha t min y€<7nF(xo,y) =  /> , then b y usin g th e inequalit y 
maxx€£7w F(x,y) >  F(x0,y)9 y  e  a n, w e obtain 

y = minmaxi7(;c, v) >  mmF(xo,y)  =  p. 
v€on x€crm y€an 

To prove the converse inequality y  < p we consider the closed set s 

A{x,e) =  {y G  on\ F(x,y)  <  p + e}, x  e  cr m, e  > 0 . 

It i s enough to show that fo r eac h e  > 0 
s 

f)A(x»,e)^0, 5 = 1 , 2 , . . . , (24 ) 

where x u =  {Xp.. . , x^), v  -  1,2,... , i s a  sequence which i s everywher e 
dense in am. I n fact, i f follows from (24 ) and the fact that A(x, e)  is closed 
that ther e i s a point yo  G an suc h that y 0 € ^(x", e) for v  -  1,2,... , i.e. , 

max F(x",yo)  <  p + e. (25 ) 
\<u<oo 

Since F(x9y) i s continuous, i t follows fro m (25 ) tha t max xGcTm F(x,yo) < 
p + e, whence, since e  > 0 is arbitrary, w e obtain th e inequality y  < p. 
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Let the numbers s  = 1,2,.. . an d e  > 0 be given, and le t 

P =  {(Zu---,Zs)eR s:Zv<P +  e,v =  l,...,s}. 

In addition , le t Q  c R s b e the set o f vectors of the for m 

(F(x\y),F(x2,y),...,F(xs,y)), y€an. 

It i s clear that Q  is convex, closed and bounded. Le t us show that 

PnQ^0. (26 ) 

Suppose, o n th e contrary , tha t P  n Q  =  0 . The n b y a corollar y o f th e 
Hahn-Banach theore m th e convex set s P  an d Q  are separated b y a  linear 
functional: Ther e are a vector (a\ ,..., a s) e  R s an d a number aeR1 suc h 
that 

1)X>„| = 1; 

2 ) £ < * „ & < a  i f « ! , . . . ,&)€ /> ; (27 ) 

3 ) X > „ £ , > a i f ( £ , , . . . , & ) € & 

Since the vectors ( 0 , . . . , 0 , ^ , 0,. . . ,0) e  P  i f {„ <  / ? and 1  < i / <  s , i t 
follows fro m (27) , 2) that a „ >  0 , i / =  1,...,s . Conside r the vector 

(i.e., xf =  X)t= i avxii)- Sinc e a^ >  0  and x u e  a m, 1  < v  <  s, then x^  >  0 
and (se e 1) ) 

E*?=E^E< = E^ = 1 > 
/=i P=\  /= i i/= i 

i.e., x° G  (Jm. 
On the other hand, since the ^-component vecto r (p  + e,...,/? +  c) G P, 

we can deduc e from 2 ) and 3 ) that fo r ever y y 
s s 

F(x°,y) = £ a ^ F ^ , y) >  a > £>„(/> + e) > P> 

which contradict s the definition o f /? . Consequentl y (26 ) i s established . 
We now take a n arbitrary vecto r ({°, . . . , £5°) e P  n (? . The n £° <  / > T £ 

and £ £ =  F(x l/,y°), u  =  l,...,s,  y°  e  a n (se e th e definitio n o f P  an d 
<2), i.e., y°  e  A(x u

9e)9 v  =  l , . . . , s . Thi s establishe s (24 ) an d henc e th e 
theorem i s proved . 
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3°. Proof  of Theorem 1. 6 (see §1.4). 
Necessity. Le t {x n}%L{ be a basi s i n the Banach spac e X,  i.e. , ther e 

exists, for every x e  X,  a.  unique serie s 
oo 

^an{x)xn =  x, 
n=\ 

that converge s to x i n the norm of X. 
It i s clear tha t {x n} i s dense i n X.  Conside r th e set Y  o f sequence s 

of number s A  =  {a n}^Lx fo r which the series J ^ ti a nxn converge s in the 
norm of X. Fo r A = {an}eY, se t 

N 

\\A\\Y= su p 
\<N«x> 

Y,a"Xn 
n=l 

(28) 

It i s easily see n tha t (28 ) defines a  norm o n the linear spac e Y.  Le t us 
show that Y  i s a Banach spac e under the norm (28). 

Let AW = {f l^)~ , € r , fc = 1,2,... , and 

p(*) -^ (*+r t | | r _>o i f * - o o f /? = 1,2,... . 

Then by (28), for every e  > 0 there i s a number fco such that , fo r N9 R, 
P = 1,2,... , 

\N+R N+R  I 

\n=N n=N  I  . _ 

It follows , i n particular, fro m (29 ) that th e limit lim^o o a^ =  an exist s 
for n  = 1,2 , I f we fix fc, N, an d R i n (29) and let p ten d to infinity , 
we find 

\N+R N+R 

< fi,  i f k >  fco. (29) 

] T a {n]Xn -  J2  a n*n 

n=N n=N 

< e , k>ko,  N 9R= 1,2, . (30) 

Since {tf„ 0} e 7 , we have, for sufficiently larg e N0 = No(e), 
\N+R 

1 <e , i f N> N 0, R=  1,2,. . 

It follows fro m thi s and from (30 ) that when N >  N0 

\N+R I 

\J2anXn\ 
n=N 

<2e, i ? = l , 2 , . . . , 

i.e., th e serie s Yl^Lx  anXn converge s i n X,  an d that A  =  {a n} e  Y.  In -
equality (30 ) shows tha t lim||^ (/:) -  A\\ Y =  0 . Therefor e Y  i s a Banac h 
space. 
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Now we consider th e linea r operato r T:  Y  — • X  whic h assign s to eac h 
element A  =  {a n} e  Y  th e sum (i n X)  Y^L\  a n*n\ tha t is , 

T(A) = T({an}) = Yl a»xn-

From th e fac t tha t {Xn}^  i s a basis in X  an d fro m th e definition o f th e 
norm i n Y  (se e (28) ) i t follow s immediatel y tha t T  i s a  bounde d linea r 
operator which provides a one-to-one mapping of Y  ont o X.  B y Banach's 
theorem on inverse operators, T~~x i s also bounded, i.e. , there is a constant 
M >  0 such tha t 

sup 
\<N<oo 

N 

Y^Cln{x)'Xn 

«=1 

< M\\x\\ x, xeX. (31) 

Hence we have shown that th e basis {x n}
<£=l satisfies conditio n c ) (see the 

statement o f Theorem 1.6) . 
In addition, it follows from (31 ) that the linear functional a n (x), x  e  X, 

n =  1,2,... , ar e bounded , an d therefor e (se e Theorem 1.2 ) tha t {x n}^L{ 

is minimal. 
Sufficiency. Le t {**}£=! be complete and minimal in X, an d let {y n}%L\ 

C X*  b e th e syste m dua l t o {x n} (th e existenc e an d uniquenes s o f {y n} 
was established i n Chapter 1) . I n addition , le t there be a number M  suc h 
that fo r ever y x eX 

N 

J2(y»>x)x" 
«=i 

<M\\x\\x, «  = 1,2, . (32) 

Let us sho w that {x n} i s a basis in X.  Choos e an elemen t x i n l an d a n 
e >  0 . Sinc e {x n} i s complete , ther e i s a  polynomia l P  =  J2n=i  UnXn * n 

this system fo r whic h 

\\P-x\\x<*. (33 ) 

Since T,n=\&n,P)Xn  =  p  i f N  *•  &>  we find  f r o m ( 32) a n d ( 3 3 ) t h a t 

l / i = l J  II x I I \ n = \ 
x)x\-P + \\P-x\\x 

< 
N 

Y,(yn,X~P)Xn 
n=l 

X 

-he 

< M\\x  -  P\\ x +  £ < {M  +  l)e , i f A T > i?, 
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i.e., th e serie s J2T=\(yn> x)xn converge s t o x  i n X.  Th e uniqueness o f 
this serie s follow s fro m th e biorthonormality o f the system {x n,yn}: i f 
D^Li anXn converges to x, then for n = 1,2,... , 

/ o o \  o o 

{yn,x) =  (y n^akxk )  = ^ak{yn9xk) =  "n-
\ k=\  I  k=\ 

This completes the proof o f the theorem . 
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APPENDIX 2 

Some Topics from the Theory of Functions 
of a Complex Variable 

Here we prove som e results from th e theory o f function s o f a  complex 
variable which ar e used i n the text (i n §§5.2 , 5.3, and 6.5) , but which fal l 
outside the limits of the usual university curriculum . 

§1. Th e Poisson integral 

If f(x) an d g(x), x  e  R l, ar e summable on [-7T, n], periodic with period 
2n, an d complex-valued , we denote by /* g(x)  th e convolutio n 

f*g(x) =  ^f* f(x  +  t)g(t)dt. 

It follow s easil y fro m Fubini' s theore m tha t a  convolutio n o f summabl e 
functions i s also summable on [-7T , n] and 

Cn(f*g) =  Cn(f)-C-n{g), rt =  0 ,± l ,±2 , . . . , (1 ) 

where {c n(f)} ar e the Fourier coefficients o f f(x): 

cn(f) = ^J* f(t)e- intdt, / i = 0,±l,±2,... . 

Let /  e  L l(-n, n).  Fo r 0  < r  < 1  we consider the functio n 

/ , ( * )= f ; c n{f)rWeinx
9 •  xe[-7t,nl  (2 ) 

n——oo 

where the series on the right of (2) converges uniformly in x fo r every given 
r, 0  < r  < 1 . The Fourie r coefficient s o f f r(x) ar e c n(fr) =  cn(f) •  r'"', n  = 
0, ±1, ±2 , . . .; an d this means, because of (1) , that fr(x) ca n be represented 
as a convolution : 

fr(x) = JiJ*f(X +  t)Pr(t)dt9 (3 ) 

401 
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where 
oo 

Pr(t)= £  r^e"",  te[-n,n).  (4 ) 
n-—oo 

The function P r(r) of two variables, 0 < r  < 1 , t € [-7r , ft], is the Poisson 
kernel, an d the integral (3 ) is the Poisson integral. I t is easily verified tha t 

Prif) = Re 

Consequently 

Pr(t) = 

1 + 2 £ V V 
n=\ 

= R e 
1 + re'7 

1 - re" ' 

1 - r 2 

l +  r 2 - 2 r c o s £ ' 
0 < r  <  1 , ? e [-;r , 7T] . (5) 

If /  G  L {(-n,7i) i s a  rea l function , the n sinc e C- n(f) =  <;„(/) , w  = 
0, ± 1, ± 2 , . . ., w e find from (2 ) tha t 

where 

frix) = Coif) + X>(/VV"* + EC«(/)rV"'"' 

= \[F{re ix) +  F{reix)] =  ReF(re ix), 

F(z) =  co(f)  +  2 J c„if)r"e inx (z  =  re ix) 

(6) 

(7) 

is analyti c i n th e uni t disk . Equatio n (6 ) show s tha t fo r ever y rea l /  e 
L{(-n, n)  th e Poisson integra l (3 ) defines a  harmonic function i n the uni t 
disk, 

u(z) =  f r(e
ix), z  =  re ix, 0  < r  < 1 , x  e  [-n,  n]. 

Moreover, the harmonic conjugate v(z)  o f u(z),  wit h v(0) =  0, is given by 
the formul a 

v(z) =  ImF(z)  =  £  [-i(sgnn)r^c n(f)]einx, (8 ) 

where, as usual , 

sgn a =  < 

a 

R 
if a  ±  0 , 

(9) aeR1 

1 0 i f a  =  0, 

PROPOSITION 1 . Let  w(z) be harmonic (or analytic) in the disk \z\ <  1  +e 
(e > 0) , and let  fix) =  uie ix), x  e  [-7r , re]. 77ze« 

uiz) =  ±j K_fix +  t)Prit)dt (z =  re' x, |z | < 1) . (10) 
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Since the Poisson kernel is a real function, i t is enough to verify (10 ) in 
the case when u{z) is an analytic function : 

oo 

u{z) = ^cnz
n, \z\<  1+e . 

n=0 

But then 

and (10) follows at once from (2 ) and (3). 
Before we turn to the investigation of the behavior of f r(x) a s r —> 1 , 

we note some properties of the Poisson kernel: 

a) P r(t)>0, <r<l,  te[-n,n]. 

b) ^j npr(t)dt=l, 0<r<L  (11 ) 

c) fo r every S > 0 
//j(r)= su p P r(t) = o(\) a s r -> l . 

S<\t\<7l 

Relations a) and c) follow at once from (5); and to prove (b) it is enough 
to set f(x) =  1  i n (2) and (3). 

THEOREM 1 . For every (complex-valued)  function f € LP(-n,n),  1  < 
p < oo, we have the equation 

l im| | / - / r | | L p ( _^ ) =  0 

[see (3)]; if also f(x) is  continuous on [-n, n]  and f{-n) =  f{n), then 
l im| | / - / r | | c ( -^) =  0. 
r—*\ 

PROOF. B y (3) and property b) of the Poisson kernel, 

/,(*) - /(* ) =  ^  f[f{x  +  t) - f(x)]P r(t) dt.  (12 ) 

For every g e L g(-n, n),  ±  + I =  1 , ||g||L«(-7r,7r) = 1 , we can use Holder's 
inequality and the positivity of the Poisson kernel (see a)) to obtain 

[*lMx)-Ax)]g(x)dx 
J -71 

=  ̂f*  {/V( * +  t) - f(x)]g(X) dx} Pr(t) dt 

< - ^ / ^ U(X  +  t)-  f{x)\\v (-n,n)\\g\\m-n,n)Pr{t) dt 

<^f <*p{\t\,f)Pr{t)dt. 
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Consequently 

Wfr-fUi-n*) <^f(O p(\t\,f)Pr{t)dt9 

and if for a  given e > 0 we find a number S =  3(e)  such that cop{t, f) <  e/2 
for /  G (0,5), then fo r r  sufficiently clos e to 1  we obtain (se e a)-c) ) 

l | /r-/lb(-*,K) <  ±Z  I  CO p{\t\J)Pr{t)dt 
171 J\t\<6 

+ ±  I  CD p{\t\J)Pr(t)dt 
171 J&<\t\<n 

< 5 +  2 | | / | |LP( -^ ) -^ ( r )<e . 

Similarly, the second statement in Theorem 1  follow s from th e inequal-
ity (se e (12) , and a) , b)) 

ll/r-/llc(-«.*) <  ^f nCO(\t\,f)Pr(t)dt. 

This completes the proof o f Theorem 1 . 

THEOREM 2 . (FATOU) . Let  f(x)  be  a  complex-valued  element  of 
L{{-7t9n). Then 

lim fr(x) =  f(x)  for  almost  all  x  e  [-JT , n]. 

PROOF. Le t us show that, fo r x  e  [-n,  n]  and 0  < r  < 1, 

/ r W < C M ( / , 4 (13 ) 

where C  i s an absolute constant an d M(f,x)  i s the maximal functio n fo r 
f(x)(l) (se e Definitio n 2  i n Appendi x 1) . Fo r thi s purpos e w e us e th e 
inequality 

P r W - * F T ? ' fi=l-r,  0 < r < l , te[-n,7i] 

which i s easily derived from (5 ) (A T i s an absolute constant) . 

(*)We suppose that f(x) ha s been continued with preservation of periodicity to [-In, 2n] 
(i.e., f(x) =  f(y)  i f x,y  € [-In,In],  x~y  =  2n,  and f(x) =  0  if \x\  > In. 
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Let k 0 =  k 0(e) b e a  numbe r suc h tha t 2 k°e <  n  <  2 /c°+1e. The n fo r 
x e  [-n,n] 

< ^ E /  \Xx  + t)\Pr(t) 

+ i / \f(X  + t)\Pr(t)dt 
£7t J2 k0t<\t\<n 

171
 t rL- '2*Ki/i<2*+"6 /e=—oo * 

oo 

|f|<2*+'e e 2 +  f 2 

< %- Y  ->  *L •>  I  e\f{x  + t)\dt 

This complete s th e proo f o f (13) . Now , usin g th e operato r f(x)  — > 
M(f,x) o f weak type (1,1) (se e Theorem 2 in Appendix 1) , we can find a 
sequence {f {n)(x)}%L{, xeR {, suc h that 

/<">(*) e C ( - 2 *, 2K) , 
fl"\x) =  0  i f |X|>2TC , W  =  1,2,... , 

lim fl n\x) =  f(x)  an d li m M(f^  -  / , JC ) = 0 
n—*oo n—»-o o 

for almost all x e  {-2n,  2n). 

(14) 

By (13), for x e  {-n,n), 

\fr{x)-f{x)\<\fr{x)-jjn){x)\ 

+ l/r (W)(X) ~  /W(X)\ +  |/<">(* ) - f( X)\ 

< C  •  M(fW -f,x)  +  \rt"\x)  -  f( n\x)\ 

+ \f w(x)-f(x)\. 

We obtain the conclusion of Theorem 2 by using the preceding inequality 
and (14), and taking account of the fact that, by Theorem 1 , limr_i fr n\x) 
= / (w)(*) fo r each x e  [-TT , n], 
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REMARK. I f we use, instead of (13), the stronger inequalit y (59 ) which 
we shal l prov e i n §3 , we can show tha t f r(t) — • f(x) fo r almos t al l x e 
[-71, n] when re lt approache s e ix o n a path that is not tangent to the circle 
\z\ = 1  (for details see §3). 

§2. H p space s 

DEFINITION 1 . The space Hp ( 1 < p <  oo) is the collection of function s 
F(z) tha t are analytic in the unit dis k and have finit e nor m 

\F{reu)\pdt\ .  (15 ) 

Let the complex-valued function ®(x)  e L p{-n, n)  satisfy th e condition 

<&(t)eintdt = 0, n=  1,2,... , (16 ) 

then the function F(z)  define d by 

F(z) =  9r{x) =  ± £  * ( * + 0 ^ (0 dt (z  = reix\ (17 ) 

belongs to Hp, and 
\\F\\HP =  | | * | | i ,( - „ ) . (18 ) 

In fact, i t follows fro m (16 ) and (2) that F(z) i s analytic. Moreover , by 
the inequalit y 

\\f *  g\\LP{-n,n) <  2^\\f\\LP(-n,n)\\g\\v(-n,n) 

(see, fo r example, the proof o f 4.(16)), we have 

\\F\\HP <  ^\\n^n,K)'^Pr(t)dt  =  \\nv(-n,*). 

Finally, b y Theorem 1  (and for p =  oo , by Theorem 2 ) ||0||J>(„ WJW) < 
\\F\\HP9 an d we obtain (18). 

We shal l sho w below tha t ever y function F  e  H p ( 1 < p <  oo) can be 
represented in the form (17) . Fo r this purpose we shall need the following 
theorem. 

THEOREM 3 . Let the  complex-valued function <p(t)  have  bounded varia-
tion on [-n^n], be  continuous on the left on (-n,7t], and  satisfy 

i. 
K 

int, eintd<p(t) = 0 for  n = 1,2,.... (19 ) 

Then <p(t)  is  absolutely continuous on  [-n,n]. 
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REMARK. I n (19) , and later , w e use a  Lebesgue-Stieltje s integra l wit h 
respect t o a  complex-valued functio n <p(t)  o f bounde d variation . W e say 
that (p{t)  =  u(t)  + iv(t) ha s bounded variation (o r is absolutely continuous ) 
if both u(t) and v(t) hav e bounded variation (or are absolutely continuous). 
Then the integra l 

f f(t)d<p(t)  = f  f(t)du(t)  +  i f  f(t)dv(t) 
J —71  J—71  J—  71 

is defined fo r every f(t) whic h is continuous on [-n,  n],  and also if / ( /) = 
XF(t) is the characteristic functio n o f a  closed se t F  c  [-n,  n], 

PROOF O F THEORE M 3 . I t i s enough t o verify tha t 

/ : 

oo; 

XF(t)dq>(t) = 0 (20 ) 
f —71 

for ever y close d se t F  c  (-7i,n)  wit h m(F)  =  0 . (I n fact , i t follow s 
from (20 ) tha t tp  is absolutel y continuou s o n (-n,7i),  an d consequentl y 
?K0 =  9\{t)  +s(t),  wher e cp\  i s absolutely continuou s on [-n,n],  s(t)  =  0 
for /  G (-71,71],  an d s(—n)  = L  Bu t the n 

0 = J*  e intd<p{t)= f  e intd(px{t)-Xe-inn =  o(\)-Xe~ inn, 
J—71 J—71 

that is , X = 0 and (p(t)  i s absolutely continuou s on [-7t,n].) 
We need the following lemma . 

LEMMA 1 . Let  F be  a closed set, V  an open set, and let F c  V  c  (~n,  n) 
and m(F)  =  0 . Then  for every  e, 0  <  e  <  1/3 , there  is a function g(t)  G 
C°° (-n,n) of  the form 

oo 

g(t) = J2c"(s)einl, (21 ) 

with the following properties: 

a) | s ( 0 - l | < 3 e ifteF; 
b) |*(f)l<3 e i f ^ F ; (22 ) 
c) \\g\\ci-*,*)  < 3. 

We first deduce (20 ) fro m Lemm a 1 , and then prove Lemma 1 . 
Let (-7t,n)\F  =  \J k(ak,bk), wher e (a k,bk), k  =  1,2,... , i s th e finite 

or infinite sequenc e of complementary interval s of F, an d fo r r  — 1,2,... 
and v  =  3,4,. . . , le t 

Vr,y =  (-7i,7t)\ (J U k +  -(&* - a k),bk -  ~(b k -  a k) J . 
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It i s eviden t tha t V rtl/ i s a n ope n se t an d F  c  V rtl/. Fo r a  give n e  >  0 
and r,v  =  3,4, . . . , conside r th e functio n g(t)  =  ge^it),  constructe d i n 
Lemma 1  for th e number e  and the se t J^„ . The n i t i s easy to verify tha t 
if r  —• oo, v — • oo, and £  —• 0, then the differenc e 

T XJP(0</«K 0 -  r  g*,rAt)d<p(t)  -  0 . (23 ) 
«/—ft J—% 

But by (19 ) and the uniform convergenc e o f (21) , 

/ geMt)d<p(t)  =  J2 Cn(ge,r,v) f  e int d<p{t)  =  0, 

and (se e (23) ) we obtain (20) . 
PROOF O F LEMM A 1 . Le t f(t)  b e a  continuous functio n o n [-n,n]  fo r 

which \\f\\c(-n,n)  <  1 , f{t) =  1  if t  € F,  an d /(* ) =  0  i f t  <£ V.  Sinc e the 
Fejer means a^if, t)  (see (4.12)), N =  1,2,... , converge uniformly t o /(*) 
and | |<7N(/,0IIC(-*,* ) <  ll/||c(-7r,7r) 5 there i s a trigonometric polynomia l 

G(t) = ] T a ^ " ' (24 ) 
l«l<w 

such tha t 
l|G||C(-«,*) ^  } > 

| G ( 0 - l | < c if^Gi 7 , (25 ) 

|G(r) |<c i f / g K 
Let e  = e"^(i 4 >  1) . Fo r eac h 8  >  0 consider a  function /zj(/ ) e  C(-n,  n) 
such tha t 

hs(t) =  -2A +  l ifteF, 

-2A +  |  <  MO <  0  fo r al l *  6 (-7r,7r) , 

I I M 0 I I L « ( - * . * ) < * 

The function h(t)  ca n be constructed i n the following way : selec t a  closed 
set B c  [-7t,  n], BC\F =  0,7r , -7 r G  5, with the measure m(B)  sufficientl y 
close to 2n,  an d se t 

Since 

p(t,E)=mi\t-y\). 
yEE 

£ Mhs)\  <  (2m  +  1 ) | | M L ' ( - * , « ) <  (2m  +  1)3 
\n\<m 
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(here m  i s the same as in (24)) , for sufficientl y smal l S >  0 the functio n 
h{t) = hs{t) - Z\n\<m cn(hs)eint satisfie s 

\h(t) + 2A\<e ifteF, 
-2A <  h(t) <  e , t  G  [-7T, n\. 

(26) 

Moreover, c w(/z) =  0  if \n\  < m.  The n th e Fejer mean s GN{h,t)  o f h{t) 
have the form 

- m - l TV 

P(O = MM =  E  £«*" " + E &*"" 
n=—N n=m+\ 

and for sufficiently larg e JV (see (26)) 

\P(t) + 2A\<e, te  F,  -2A <  P(t) < e, t  e [-n,  n]. 

Set 
N -m-\ 

P+(t)= E  Pne in\P~(t)= E  fi* eint-

(27) 

(28) 
«=m+l n=-N 

Since /z(f) is real-valued, cn(h) = c_„(A) and /?„ = /?_„, n = 0,±1,±2, 
Therefore 

P+(t) = p-(t) an d ReP +(0 = 2 ' 
* € [—7T , 7T] . (29) 

We can now define the required function g(t): 

g(t) =  G(t)[l - cxp{P +(t)}] =  -G{t)  £  ¥1ML. 
V=\ 

It is clear that g(t)  e  C°°(-7r,7r) , and i t follows from (24 ) and (28 ) that 
Cn(g) =  0 for n  < 0, i.e., 

g(t) =  "£c n(g)eint. (30) 
7 2 = 1 

For t e F,  by (25), (27), and (29) we have 

\g(t)-l\<\g(t)-G(t)\ +  \G(t)-l\ 
<exp{RejP+(r)} + € 

< exp | - ^ I  + e < exp | ~^ +  ^ j +  £ < 3e, 

and for te [-n,7t]\V, 

|g(0|<£[l+exp{ReP+(0}] =  £ ^{^i <3e. 
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Finally, for ever y t  G [—n, n] 

|g( /) |<l-fexp{Rei>+( / )}<3. 

Consequently g(t)  ha s the required properties (see (22)). Lemm a 1 , and 
with i t Theore m 3 , are established . 

THEOREM 4 . Let  F  e  H?  ( 1 < p <  oo). Then  the  limit 

limF{reix) =  <S>{x). (31 ) 

exists for almost  every  x G  [-n, n].  Moreover, 

1) F(re ix) =  ®r(x) =  £  ! \ * ( * + t)P r{t) dt, 
0 <  r  < 1, x  e  [-n,n]\ 

2) l i m ^ ! \\F(re ix) -  4>(*)IILP(-«,* ) =  0  (1 <  p <  oo); 
3) \\F\\HP  =  \\nw-*.*)U<P<°o). 

PROOF. I t i s enough t o sho w that fo r ever y F e  H [ ther e i s a functio n 
O G L 1 (-7i,  n)  suc h that 1 ) holds. I n fact, i f / e  H p, 1  < p <  oo, then als o 
F G  H] an d (31) follows from 1 ) and Theorem 2 for almost all x G  [-n, n]. 
Moreover, 

H^Hz^-*,*) <  su p ||i 7(re^)||Lp (_^ ) <  oo, 
0<r<l 

and by Theorem 1 

lim \\F(re ix) -  <D(x)|| L,(_^) =  0  ( 1 <  p <  oo). 
r—*1 

Finally, i t follows fro m 1 ) (also see (2) ) tha t 

J <&(x)e inxdx =  0, n  =  1,2,... , 
.7—71 

and the n (se e (18) ) 
||F||tf, =  ||0|| Lp(_7r,7r). 

Let F  e  H [. T o construct th e required functio n O  G L l(-n, n),  w e set 

q>r{t) =  /  F(re /JC) rf;c,  t  G [-n, 7r] , 0  < r  < 1. 

The function p r(f), 0  < r  <  1 , has bounded variatio n o n [-n,  n\. 

V{-nX]{<pr)< f  \F(re u)\dt<\\F\\w. 
J — n 

By using the definition o f the Stieltjes integra l and Helly's theorem, it is 
easy to deduc e fro m th e precedin g relatio n tha t ther e ar e a  function tp{i) 
of bounde d variation , continuou s o n th e lef t o n (-n,n],  an d a  sequenc e 
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{rk}, 0  <  r k <  1 , k  =  \,2,...,\\m k_>00rk =  1 , such tha t <p rk(t) - > <p(t)  a t 
each t  G [-7c,7r] and 

f ^( 0 <M0 =  li m f  *(* ) d(prk (0 =  li m f  ^ (0F( r^ r t ) d t (32 ) 
J—7t k-+ooJ_ n k-+ooJ__ n 

for ever y function #  G  C(-n,  n).  Moreove r (se e (32)) , for n  = 1,2,... , 

r e intd(p(t) =  li m T  e intF(rke
H)dt =  0 

(we used th e analyticit y o f F(z ) i n th e uni t disk ) an d consequentl y (se e 
Theorem 3 ) (p(t)  i s absolutel y continuous : ther e i s a  functio n O  G 
Ll(-n,n) fo r whic h 

<p(t)=l ^>{u)du,  te  [-n,7i]. 
J-n 

Then (se e (32) ) 

T * ( 0 * M </ * = li m / " *  W * * ' " ') ^  S  € C(-TT , TT) . (33 ) 
J-n k->ooJ_ n 

Select a  numbe r r , 0  <  r  <  1 . Th e function s i^(z ) =  F(r kz), k  = 
1,2,..., ar e analyti c i n th e dis k |z | <  1/r * (1/r * >  1) , and consequently , 
by Proposition 1 , 

F{rkreix) =  ^ f  / W W -  x)  dt, x  G  [-TT , TI]. 

In the limit a s k — • oo, it follow s fro m th e preceding equation tha t 

F{reix) =  ^ /  P,( f -  JC)*( 0 <// 

1 f n 

= 7T-  $>(x  + t)Pr(t)dt, 0 < r <  1 , xe[-n,n]. 

This establishes equatio n 1) , and with i t also Theorem 4 . 
We denote by Hp ( 1 < p <  oo) the class of functions 4>(JC) , X  G  [-7T, 7r], 

which ar e boundary values  o f element s o f H p, i.e. , ca n be represented i n 
the form (se e (31) ) 

O(JC) =  limF{re ix) fo r almos t al l x G  [-7r,7r], F  G  i/p . 
r—»1 

By part s 2 ) an d 3 ) o f Theore m 4 , ^  c  L p(-n,7z), an d ever y functio n 
$ € F satisfie s (16) . O n the othe r hand , w e showed abov e that , fo r an y 
O G  Lp(-n,7t), unde r conditio n (16 ) th e Poisso n integra l (17 ) define s a n 
element o f H p'. Consequentl y (als o the Theorem 2 ) 

tf' =  i$>eL p(-7t,7t): p  ®{x)e inxdx =  0, n  = 1,2,.. . j . (34 ) 
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It follows fro m (34 ) tha t M p i s a  (closed) subspac e of LP(-n,n),  an d H p 

is a Banach space with the norm (15) (als o see Theorem 4, 3). 
Let 1  < p <  oo . Se t 

Hp =  {F  G  Hp:lmF(0) =  0}, 

Mp
0 =  j o € )/ p: r  Im<D(x ) rfx = 0  j 

and 

Re)/" =  { / (JC):/(X ) =  ReO(;c) , x  € [-7t,7r] , O e F } . (35 ) 

We have the following theorem. 

THEOREM 5 . For  1 <  p <  oo , the following conditions are equivalent : 

a) *(* ) G  *$; 
b) 0(* ) € Z/(-TT , TT) , /* „ Im<J>(jc) dx =  0 , 

/ ! , $(*)*'" * dx =  0 , n  = 1,2, . . . ; 
b) F(re- ) =  <J> * /»,(*) = £  / : , <D( x + W) ^  € H&; 
d) O(x ) =  / (x) +  if(x),  where  f e  Z/(-?r , a) 

w a real function whose  conjugate f(x) (see  Definition 5.2) also  belongs to 
l/(-n,n): 

~m =  I / * -M^,. I  r&LjgU, e U(-n,n).  (36 ) y v y  n  J-n2tan*f± nj_ n 2 t a n ^ v  J  v  ; 

PROOF. Th e equivalenc e o f a ) an d b) follow s immediatel y fro m (34) , 
and the equivalence of a) and c) follows from Theorems 4 and 2. 

Let u s sho w tha t d ) implie s b) . I t i s enoug h t o sho w tha t whe n th e 
function an d its conjugate are summable (i.e. , / , / e  L l(-n,n)) w e have 
the equations 

cn(f) =  /(sgn«)c„(/) , n  = 0 ,±1,±2, . .. (37 ) 

(see (9)) . A  direct calculation from (36 ) show s that cosnx  =  sinnx,  n  = 
0 ,1 , . . . , an d that sin nx =  -  co s nx, n  = 1,2.. . —in this case 

EL1. 
2 tan£( f -x ) 

Consequently (37 ) i s satisfied for every trigonometric polynomial . 
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Let th e numbe r n  = 0,±1,±2, . . . b e given . Fo r a n arbitrar y /  e 
Ll(-n,n) an d k = 1,2,... , we set 

1 k 

y=-A:+l 

where */ = ,̂ y = -A : + 1 , -A: + 2 , . . . , k. 
Let us show that fo r a  given index n  equation (37 ) i s a consequence of 

the following propertie s o f If >x{t) an d I} k(i) (tha t Ifj^it)  an d /? fc(0 hav e 
these properties wil l be established later) : 

\)m{te (-* , TT) : \lfJk{t)\ >  £} > ill/||L.<-«.,) , « > 0, *  = 1,2,.... 
2) As /c —• oo the function If k(t), t  e (-n, n),  converge s in measure t o 

nt) =  ^Slxf{x)dx^ const . ' 
3) m{t  E  (-7r,7c):|/;,(0 | >  e} < £  | | / | |L» ( - , ,« ) , fi > 0 , fc = 1,2,... , 

where C  >  0  is an absolute constant . 
Thus we assume that 1 ) and 3 ) hold. 
It i s easily see n tha t I} tk{t) =  Igtk{t)9 wher e g(x)  = f(x)e~ inx e 

Ll(-n,n)\ henc e 2 ) implie s th e convergenc e i n measur e o f th e sequenc e 
of functions If tk(t), k  = 1,2,...: 

I}tk{t) - » cn(f) i n measiire (k  - * oo). (38 ) 

For an arbitrar y a  e (0,1), w e can find a  trigonometric polynomia l f\(x) 
such tha t 

Ax) =  fi(x) + f2{x\ | | / 2 | |L . (-„) <  4 ^ T f )• (39 ) 

Then by 3 ) 

m [t  e ( -* ,*): 7^(01 >  5} <  ^ | | / 2 | I L . ( - „ > ) 0 <  5 (40 ) 

and (se e (38) ) fo r k > k0 

m[te{-n,n):\Ilk{t)-cn{m>e-}<^. (41 ) 

Since f\{x)  i s a polynomial, w e hav e c n(f\) —  -i(sgnn)cn(f\) an d (se e 
(39)) 

cn(A) +  /(sgnn)c(/)| <  |c„(/, ) - c„(/) | 
e (42 ) 

= \Cn(f 2)\ < | | /2 |L.(-^) <  |-
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Using the equation I}k =  I}x k+If2k> anc* inequalities (40)-(42) , we obtain 

m{t e  (-7r , n)\ \I}k{t)+i(sgnn)cn{f)\ >  e} < e, k  >  ko, 

which, with (38) , establishes (37) . 
We no w sho w tha t ever y functio n /  e  L {(-n,n) satisfie s l)-3) . In -

equality 1 ) follows a t once from TchebychefF s inequality , sinc e 

1 * 
P/,*(0IIL«(-«,*) <  Jk E  H/( ^ + OllL«(-Jr.«) = ll/llLi(-^). (43 ) 

To prove 2), we take an arbitrary e  e (0,1 ) and represent f(x)  i n the for m 

e2 

f(x) =  g{x)  +  h{x\  g  e  C{-n,  n),  | | A | | L I ( - „ ) <  y . 

Since g  i s continuous, i t follows easil y tha t 

\imoIg>k(t) = ±J* ng(x)dx 

uniformly i n t  e  (-n 9n). Therefore , fo r sufficientl y larg e k  (k  >  k')  w e 
will have, taking account o f (43) , 

/,,*(') -  - ^ f_  fix)  dx\  <  \l gJk{t) -  - L J*  g(x)  dx 

1 I  f n 

+ dx\ <•=,  t  e (—n,n). 

In addition , by 1 ) and (43 ) 

m [t € (-*,*):\IhJc(t)\ >  §} <  JI|A|IL'(-«,«) < «; 

it follows for m thi s inequality an d (44 ) that when k  >  k' 

m It  e  {-n,n):\l ftk{t) -  ^  J  f{x)dx\  > e | 

</n{*€( - j r , j r ) : | / A i / t (OI>!}<e . 

To prove 3) , we observe tha t 

(44) 

l'/,*WI I E  fixj  +  t)e-"> 
2k 

where 

j=-k+l 

k 

= \F(t)\, 

Fw =  jk  E  n*i  +  t)e-inx>. 
; = - * + l 
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We obtai n 3 ) b y applyin g inequalit y a ) fro m Theore m 5. 3 t o F(t)  an d 
using the inequalit y ||JF|| LI(_WIK) <  ||/||L'(-K,IO -

Properties l)-3 ) ar e no w established . Henc e w e have establishe d tha t 
condition d ) of Theorem 5  implies b). T o complete the proof o f Theore m 
5, i t i s enough to show that c ) implies d) . 

Let O(x ) =  f(x)  +  ig(x)  (x  e  (-7i,n),  f  =  ReO , g  =  ImO ) an d 
F(reix) =  O * Pr(x) e  Hg.  The n fg  e  LP{-n 97i) (se e Theorem 4) , an d 
we need onl y prove that g(x)  =  f(x) fo r almos t al l x e  (-n,  ri). 

Since th e Poisso n kerne l i s a  rea l function , w e ma y suppos e tha t fo r 
0 <  r  < 1  and x  e  [-n,  n]  (see (3) ) 

u(reix) =  RcF(reix) =  f r(x), v(re ix) =  lmF(reix) =  g r{x). 

On th e othe r hand , i t follow s fro m (2) , (8) , an d (37 ) tha t fo r ever y r , 
0<r< 1 , 

8r{x) =  f(x),  X  E (-71,7l).  (45 ) 

By Theorem 1 , 

lim | |/ -  f r\\v{-n,n) =  lim \\g  -  g r\\o(-n,n) =  0. (46 ) 

In addition , by Theorem 5.3 , it follows fro m th e limit f r - 4 f(r  — > 1) that 
/ ( JC) converge s t o / (x ) i n measure . Therefor e (se e (45) ) g r(x) — • / (x) 
in measur e ( r — • 1) , an d henc e (se e (46) ) g(x)  =  f(x)  fo r almos t al l 
x e  [-n,  n].  Thi s completes the proof o f Theorem 5 . 

COROLLARY 1 . a ) / / / e R e ) /1 , then  fe  Re# ! . 
b) / / / € Re X{ and  f* n f(x)  dx  =  0 then f =  -(f). 
c) Iff e  R e W and  g  e  R e #*, w/*m ? I +  I  =  l  anr f 1  < /? <  oo , r/ze« 

f /(*)*(* ) dx =  -[* f(x)g(x)  dx.  (47 ) 

PROOF. Relation s a ) an d b ) follo w a t onc e fro m th e equivalenc e o f 
conditions a ) and d ) o f Theorem 5 . 

To obtain c) , we set 

F(reix) =  {f+if}*P,{x), 

G(reix) =  {g +  ig}*P r(x). 

According to Theorem 5 , we have F  e  Hfi  and G  e Hfj,  and consequentl y 
F < 7 € //Q 1 . But then (fo r almos t al l x e  (-n,  n)) 

<b{x) =  ( / + if)(g  +  ig)  =  limF(re ix)G(reix) e  *<} , 
r — • ! 
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and we obtain (se e the definition o f MQ) 

lm®{x)dx =  0. (48 ) 
/ : ' —n 

Equation (47 ) follows immediatel y fro m (48) . 
REMARK 1 . I f 1  <  p <  oo, then by , Theorem 5 , d) and Theorem 5.3 , 

the spac e ReH p coincide s with L p(-n,7t). Fo r p =  1  this is not the case. 
The space Re# ! i s narrower than L x(-n,n) an d consists (see Theorem 5, 
d)) of the functions fo r which f e  L l(-n,n). Th e space Re )il i s a Banach 
space with the norm 

imiRo/^imiLK-^ + n/iiLK-^). (49 ) 
(The completeness of Re J/ 1 wit h the norm (49 ) follows from Theore m 5.3 
and th e completeness o f L x(-n,n): i f \\f n - /mlkew i - + 0 as «,m - > oo, 

then f n - 4 /, f n ^  g,  and /, g € L l(-n, n)\  and since /„ -> / i n measure 
as n -• oo, we have g = f an d \\fn - / | | R e *i - + 0 as n -• oo.) 

REMARK 2 . Accordin g t o Remark 1 , equation (47 ) is satisfied, i n par -
ticular, in the case when / e  L p(-n, n)  and g e  L q(-n, n),  \jp  +l/q=  1 , 
1 <p <  oo. 

We also notice that i f we take f(x)  i n (47) instead o f f(x) an d use b), 
we obtain 

[* f(x)g(x)  dx  =  [*  f(x)g(x)  dx,  i f f  f(x)  dx  =  0. 
J—7t J—  n J—  7i 

(50) 

§3. Th e Blaschke product 
and the nontangential maximal functio n 

Let a  sequenc e {an}^  o f nonzer o comple x number s (no t necessaril y 
all different) satisf y th e condition 

oo 

| a „ | < l , n  = 1,2,... , 2 ( l - | a w | ) < o o . (51 ) 

We consider the product {Blaschke  product) 
OO — OO 

For a given r,  0 < r  < 1 , we have, for |z | < r , 

n #,/„/ , ^  i/ , I I *  ~ \ an\2 ^  2( 1 - \a n\) 
|1 - *(z , «„) •  |4,| | = y j - ^ i <  j _ r .  (53 ) 
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Since th e series in (51 ) converges, i t is easily see n fro m (53 ) that the 
product (52 ) converges absolutel y an d uniformly i n the disk \z\  <  r, i.e., 
B(z) i s analytic in the unit disk and has zeros at the points an, n = 1,2,... , 
and onl y at these points . Moreover , by using the inequality \b(z,a n)\ <  1 
(\z\ < \,n =  1,2,... ) w e obtain 

\B(z)\<h | z | < l . (54 ) 

Suppose now that a\, a .̂.. (\a n \ < 1) are the zeros of a function F(z)  e 
Hl wit h F(0) j=-  0, and that each an is repeated according to its multiplicity. 
Let us show that then (51 ) converges. Set 

*•<*>-n£s? "- 1-2-
. , i - "•* 

The function B m(z) (m  = 1,2,...) i s analytic in a disk of radius greater 
than 1 , and \Bm{z)\ =  1  if \z\ =  1. Consequently Fm(z) =  F{z)-(B m{z))-{ 

e H x an d (see Theorem 4 , 3)) \\Fm\\w =  | |JF||#I . Bu t then 

^(0) 
n«=l an wm-kV-s-iy)'" < \\Fm\\w  =  \\F\\w 

and 

f l l^ |>™->0, m=l,2,... . (55 ) 

Since \a n\ < 1? n = 1,2,... , i t follows fro m (55 ) that the product 7rf°|fl„ | 
converges, and therefore tha t the series (51) converges. 

Let F(z)  b e analytic i n the disk \z\  <  1  and let an, n  =  1,2,.. . ( 0 < 
\an\ < 1) be its zeros, counted accordin g to multiplicity. Als o let p >  0 be 
the multiplicity of the zero of F a t z  = 0. The product (se e (52) ) 

B{z) =  z>l[b(z9an) (56 ) 
n 

is the Blaschke product of F(z). 
We have the following theorem . 

THEOREM 6 . Every  function F  e  H l can  be represented in the form 

F(z)=B(z)-G(z), 

where G(z) has no zeros in the disk \z\  < 1 and 

and B(z) is  the Blaschke product ofF(z). 
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PROOF. Le t a„,  n  =  1,2,.. . ( 0 <  \a n\ <  1) , b e th e zero s o f F  (or , 
equivalently, o f F/z p € H l). Then , a s we noticed above , B(z)  i s analyti c 
in the disk \z\  <  1 , and 

\B(z)\ <  1 , | z | < l . (57) 

Moreover, G{z)  =  F(z)/B(z)  i s also analyti c in the uni t dis k an d ha s n o 
zeros there, and (se e (57) ) \\G\\ Hi > \\F\\ Hi. 

To prove the inequality in the opposite direction, we consider the partial 
products o f (56) : 

m 

Bm(z) =  z"]Jb(z,a n)> m  = l,2,...,\z\<  1 . 
n=\ 

Since \B m(eix)\ —  1  for ever y x € [-n,  n],  then by Theorem 4 

F 
B„ = \\F\\w 

H> 

and 

/ . 

F{reix) 
-K\Bm{reix) 

dx<\\F\\w, i f O < r < l . 

If w e le t m  ten d t o infinit y i n th e precedin g inequalit y an d us e th e fac t 
that B m(re'x) -*  B(re ix) a s m  - K » , uniforml y fo r x  e [-n,  n],  we obtai n 

/ 

\F(reix) 
-n\B{re") 

dx< \\F\\ Hx, 0<r<  1 , 

i.e., G  G H l an d \\G\\ H\ = \\F\\Hi. Thi s completes the proof o f Theorem 6 . 
Let a , 0  <  a  <  1 , b e a n arbitrar y number . W e denot e b y Cl a(x)9 

x e  [-7T , 7r], th e regio n bounde d b y tw o tangent s t o th e circl e \z\  =  a 
from e ix an d th e longe r ar c o f th e circl e include d betwee n th e point s o f 
tangency (whe n a  =  0,  Q CT(x) degenerates t o a  radiu s o f th e uni t disk) . 
For /  e  L 1 (-7T, n) w e set 

/ ;(*) =  SU P \f r{0)\, X  e  [-71,71], 
re*eQ.o{x) 

where f r(x) i s the Poisson integra l o f f(x)  (se e (3)). 
The functio n f*(x)  i s the nontangential maxima l functio n o f f(x).  B y 

Theorem 2 , 

| / (* ) | <  fa  (*) fo r almos t al l x e  [-n,  n\. (58) 
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We shall show that for any / e  L l(-n,n) th e number J£(x) doe s not 
exceed (in order) the value of the maximal function M(f)( 2) a t x, i.e. , 

fi{x) <  CaM(f,x), x  e [~n,n].  (59 ) 

Let reid e  £la{x) and x-d =  {. B y the definition of the Poisson integral, 

MO) = -^ J' f(0  + t)Pr[t) dt=± j * f(X  + t)Pr{t + £) dt. 

Let F{t) = /0
r / (X +  w) du. The n we will have 

2nfr(6) =  f  P r(r + 0 rfF(0 =  />,(* + {)F(K) 
.7-71 

- />,(- » + Z)F(-n) - f  F(t)Pfr  + 0 dt 
J—n 

and, by the inequality \F(t)\ < \t\-M(f, x), t  e [-it,  n],  and the periodicity 
of Pr(t), 

2n\fr(d)\<M(f,x) 2nPr(n + Z)+ p  \tP' r{t + £,)\dt 
J —71 

(60) 

Since the functions g(t)  = -t an d g\(t) =  P'r(t) are positive for t  e (-&,0 ) 
and negative for t  e(09n) (se e (5)), then, assuming without loss of gener-
ality that { > 0, we obtain 

\tP'r{t + Q\dt =  -  +  -  +  tPft  +  Qdt. (6 1 
-7t J-71  J-Z  JO  Jn-Z 

For -n <  a < b < n we have the inequalities 

2n> f  P r{t + Z)dt =  Pr(t + C)t\ba- f tPft  +  Qdt, 
J a J  a 

f 
\Ja 

tP'r{t + £,)dt <2n +  \b\Pr(b + $) + \a\Pr(a + t;). 

Consequently (see (60) and (61)), in order to prove (59) it is enough to 
verify tha t 

\t\Pr(t + £)<Ca fo r t = -n, -£,  0 , n - £ , an d n 

if re* € Cla(x). Le t t = -£; then 

\t\Pr(t + S)=SP r{0)<2^<Ca. 

(62) 

(2)Since M(f,x)  wa s defined i n Appendix 1  for a  function f  define d o n R l> we also set 
f(x) =  0  i f \x\  >  2n,  f(x)  =  f{x  +  In)  fo r -In  <  x  <  n,  an d f(x)  =  f(x  -  In)  fo r 
n < x <2n. 
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In th e remainin g cases , (62 ) i s evident . I t follow s fro m (58) , (59) , an d 
Theorem 2  of Appendix 1  that fo r ever y /  G  Lp{—n, n),  1  < p <  oo, 

H/IIL^-W,*) <  \\fa\\LP(-7t,7i)  <  Catp\\f\\Lp(-ntn), (63 ) 

where C0sP i s a constant dependin g only on a  an d p. 

THEOREM 7 . Let  F(z)  e  H?  ( 1 <  p  <  oo) , 0  <  a  <  1 , and 

F*(x) =  su p |F(z)| , xe[-n,n]. 

Then F*(x)  G  Lp(-7t,n) and 

l | i r l l ^< l l^ l lL , ( -^ )<C P ) ( 7 | | F | | ^ . (64 ) 

PROOF. I n the case 1  < p <  oo, Theorem 7  is a direct corollar y o f (63 ) 
and Theore m 4 . No w le t F(z)  G  Hl. B y Theore m 6  w e hav e F(z)  = 
B(z) •  <7(z) , where |5(z) | <  1 , G{z)  ^  0  i f |z | <  1 , and \\G\\ W =  HF^ , . 
We may take the square roo t o f G(z):  ther e i s a function £(z ) G  7/2 suc h 
that E 2(z) =  G(z) an d consequentl y (se e (64 ) for p  =  2) 

f F;{x)dx<  f  G* a(x)dx= T  [EZ(x)] 2dx 

<Cl2\\E\\2m =  C a\\G\\w=C0\\F\\w. 

The lowe r boun d fo r H/^HL^-W,* ) follow s fro m (58) . Thi s complete s th e 
proof o f Theorem 7 . 



Notes 

First o f al l we observe that the theory of orthogonal serie s is treated i n 
a numbe r o f books : Kaczmar z an d Steinhau s [64 ] (firs t editio n i n 1935 , 
in German ; Russia n translation , supplemente d b y a  wide r surve y o f th e 
literature, b y R . S . Gute r an d P . L . Ul'yanov , i n 1958) , Alexit s [2 ] an d 
Olevskii [38] . Thes e book s thro w ligh t o n severa l topic s o n whic h w e 
hardly touc h (fo r example , summabilit y o f orthogona l series , an d serie s 
and Fourie r coefficient s o f functions i n LP,  p ^  2 , with respec t to genera l 
O.N.S.). I n [38 ] there i s als o a  surve y o f a  numbe r o f direction s i n th e 
theory o f orthogona l serie s tha t wer e developed betwee n 196 0 and 1975 . 
In thi s connection , w e should sa y tha t th e monographi c literatur e o n th e 
theory of general orthogona l serie s can hardly be called extensive . I t doe s 
not fill all the gaps in the material that has been investigated, and this book, 
in particular, represent s only to a  small extent th e work of the Hungaria n 
school of the theory of orthogona l series . 

We now giv e bibliographic reference s t o th e materia l tha t w e do con -
sider. 

Chapter 1 

This chapte r i s introductory ; th e result s presente d her e w e obtaine d 
before 1935 . W e restrict ourselve s to brief indications . 

Theorem 1  was proved b y Orlicz [143] . Theore m 2  was probably firs t 
published i n [64 ] (se e [64] , p . 264) . Theorem s 3  an d 4  belon g t o th e 
foundations o f th e theor y o f rea l function s an d ar e alway s include d i n 
university curricula ; fo r thei r histor y se e [2] . Theore m 5  was obtaine d 
as earl y a s 190 9 b y Lebesgu e (se e [2] , Chapte r IV , §1) . Theore m 6  was 
proved by Banach [9] , to whom also belongs (in essentials) Theorem 7  (for 
details se e [170 ] and [35]) . Theore m 8  was actually prove d b y Haar [54 ] 
as early as 1910 , although the concept of a basis was itself introduced late r 

421 
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by Schauder (see [9] and [170]). A special case of Theorem 9  (for the Haar 
system; se e Chapter 3 ) was discussed by Schaude r [164] ; the proof i n th e 
general cas e i s similar . Theore m 1 0 is a  simpl e corollar y o f Theorem s 6 
and 1 . Finally , fo r Theore m 1 1 see the notes on Chapter 2 . 

Chapter 2 

In § 1 and § 2 we introduc e an d stud y sequence s o f independen t func -
tions. I n th e languag e o f probabilit y theory , th e fundamenta l definitio n 
of thi s chapter , Definitio n 1 , i s nothing bu t th e definitio n o f a  se t o f in -
dependent rando m variables {f n} define d o n a probability space (Q,F,P), 
where Q  =  (0,1) , F  i s the syste m o f Bore l sets , an d P  i s Lebesgue mea -
sure on (0,1) . Al l the theorems o f § 1 and § 2 are very often formulate d i n 
probabilistic language . Fo r example , Theore m 4  state s tha t th e expecta -
tion of the product of two independent random variables is the product o f 
their expectations. Th e method that we used for constructing sequences of 
independent function s wer e used i n th e 1930' s in the wor k o f th e Polis h 
school (Steinhaus , Marcinkiewicz, Zygmund , etc. ; for detail s see [105] , p . 
235, an d [64]) ; an d fo r th e discret e cas e b y Khinchi n an d Kolmogoro v 
[83]. Thi s metho d (possibl y somewha t ou t o f date ) i s closel y relate d t o 
the theory of functions an d has the advantage that i t does not require any 
additional knowledge of measure theory. Theorem s 1-1 0 o f §1 and § 2 are 
related to the general theory of probability; for detailed comments on them 
we refer the reader to monographs on this theory. W e restrict ourselves to 
a fe w remarks . 

The Rademacher functions r n(x), n  = 1,2,... , were introduced i n 192 2 
by Rademache r [157] , bu t th e behavio r o f th e sum s ]T} f rn(x) a s N  — • 
oo and fo r x  e  (0,1 ) wa s investigate d considerabl y earlie r i n connectio n 
with binary decompositions o f the real line (see, for example , [97] , p. 42). 
Theorems 5  and 6  were obtained fo r th e specia l cas e o f th e Rademache r 
system by Khinchin [82 ] in 1923 , and later were extended to other systems 
of independent functions (i n the most general form, Khinchin' s inequalit y 
(Theorem 6 ) wa s prove d i n 193 7 b y Marcinkiewic z an d Zygmun d (se e 
[105], p . 257) . Theore m 7  wa s obtaine d b y Pale y an d Zygmun d [147 ] 
as a n immediat e corollar y o f Khinchin' s inequalit y an d th e simple , bu t 
important, Lemma 1  (see Theorem 7), which was probably first formulated 
in [147] . Theore m 8  is due to Kolmogoro v [83 ] (inequalit y (47 ) wa s no t 
mentioned i n [83] , but, like the statement o f Theorem 7 , is easily deduced 
form the results of §3 of [83]). Theore m 9  was also proved by Kolmogorov 
[87] (th e cas e o f th e Rademache r syste m ha d alread y bee n discusse d i n 
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[157]). I n [87 ] there appears the inequality (Kolmogorov' s inequality ) 

m{x e  (0 , l):S;({an}) >  y} <  ^ X>„ 2;y >  °> (* ) 

which is hardly less precise than (47) . I t should be noticed that the method 
of estimatin g th e majorant , propose d i n [87 ] for provin g (*) , ha s turne d 
out t o b e very importan t i n both probabilit y theor y an d functio n theory . 
We often us e it in Chapter 3 . Inequality (47 ) in Theorem 9  was proved by 
Marcinkiewicz an d Zygmund (se e [105], p. 238), but follows a t once fro m 
a version o f (* ) tha t was obtained i n [88]. 

The applicatio n o f propertie s o f system s o f independen t function s t o 
the study of series of functions wa s initiated almos t simultaneously by Or-
licz [140]—[142] and Paley and Zygmund [146] , [147] (see also Littlewood 
[100], [101]) . A t the present time , random serie s play a  fundamental rol e 
in th e theor y o f orthogona l serie s an d i n functiona l analysi s (se e i n par -
ticular [65] , [17], [169], and [107]) , and are frequently use d in the present 
book. 

In Theorem 1 1 the implication 2 ) => 3) was proved by Orlicz [142], and 
3) = > 1) , by Pale y an d Zygmun d [146] . Corollar y 4  was given by Orlic z 
[142]. I n Theorem 1 2 the necessity o f condition (72 ) fo r th e convergenc e 
of the series J2T f n(x) i n LP for almost all choices of signs was obtained by 
Orlicz [143] , and the sufficienc y (i n the slightly weaker form o f Corollar y 
5) by Paley an d Zygmun d [146] . Theore m 1.11 , state d i n Chapte r 1  and 
proved i n §2.3 , follows easil y fro m Theorem s 1 2 and 1.10 . Theore m 1 2 
is Pelczyriski' s [151 ] (ou r proof i s close to tha t give n in [122]) . Theore m 
14 and Corollar y 6  were proved by Kashin [70] . Th e simila r resul t abou t 
convergence i n measur e (se e th e remar k a t th e en d o f §3 ) wa s obtaine d 
in [70 ] an d independentl y b y Maure y an d Pisie r [113] . Lemm a 1  fro m 
Theorem 1 4 (with an inexact constant in (84)) is contained in Drobot [38] 
(also see Theorem 10.5) . Ou r proof provide s the exac t constan t i n (84) . 

The stud y o f rando m rearrangement s o f serie s o f function s (se e §4 ) 
was initiated b y Garsi a [48] , [49]. Theore m 1 6 was proved by Garsi a i n 
[48], an d Corollar y 8  an d par t b ) o f Corollar y 7 , i n [49] . Theore m 1 5 
and Corollar y 7 , a ) (se e [80] , Russian p . 386 , English p . 51) , represent a 
sharpening o f estimates in [49] . The approach use d here (an d in [49] ) fo r 
the stud y o f rando m permutation s o f set s o f numbers , base d o n analog y 
with th e proo f o f Kolmogorov' s inequalit y (*) , wa s suggeste d b y Rose n 
[159]. 
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Chapter 3 

The Haar system was introduced in Haar's dissertation (se e [54]) and is 
now widely used in the theory of functions, a s well as in probability theor y 
and numerical mathematics. Fro m the point of view of probability theor y 
the partial sums SN(X),  N  =  1,2,..., of an arbitrary series 5ZT° anXn{x) i n 
the Haar system are a special case of a sequence of random variables tha t 
form a  martingale (o n martingales see , for example, [36] , [169]). Martin -
gales are extensively used in probability theory , and some of the theorems 
proved in Chapter 3 were first established in probabilistic terms for martin-
gales. W e also notice that in many cases propositions on properties of the 
Haar system can be generalized to martingales without the introduction of 
essentially new ideas. 

The formulas for the partial sums of Fourier-Haar serie s were obtained 
by Haar himself [54] . Inequalitie s for Fourier-Haar coefficients (se e Theo-
rem 1) were noticed for / e  C(0,1 ) by Ciesielski [24], and for / E  Z7(0,1), 
I <  P < oo, by Ul'yanov [189] , who initiated th e systematic stud y o f the 
Haar system in the USSR. The uniform convergenc e of the Fourier-Haar 
series o f continuou s function s (se e Theorem 2 ) was established b y Haa r 
(the construction o f an O.N.S. with thi s property was one of Haar's orig -
inal objectives ; see [54]); inequality (14 ) in Theorem 2  was noticed by B. 
Szokefalvi-Nagy i n [175] , which wa s devoted t o general O.N.S . Tha t the 
Haar syste m form s a  basis i n Z/(0,1) , 1  < p  <  oo (see Theorem 3 ) was 
established by Schauder [164] , and inequality (17) by Ul'yanov [189] . The 
convergence a.e. of arbitrary Fourier-Haa r serie s (see Theorem 4 ) was es-
tablished by Haar [54] , and the properties o f the majorants o f the partia l 
sums o f these serie s were observed by Marcinkiewicz (se e [105], p. 310). 
Theorem 5  was proved b y Golubo v [50] , and Theorem 6  by Bochkare v 
[11] (also see [17]). 

The stud y o f unconditiona l convergenc e o f Fourier-Haa r serie s i n 
1/(0,1) (se e §3) was initiated b y Marcinkiewicz (se e [105], p . 308), wh o 
obtained th e statement o f Theorem 8  and inequality 2 ) of Theorem 9  as 
direct consequence s o f Paley' s result s o n the Walsh system . Theore m 7 
and inequality 1 ) in Theorem 9  were established by Yano [200]; our proof 
of Theore m 7  was given by Watari [196 ] (also see [61]). I n Theorem 10 , 
statement 2) follows from Theorem 2.13, and 3) was obtained by Ul'yanov 
[191] and then extended by Olevskii (see [138], p. 75) to general C.O.N.S . 
Theorem 1 1 was proved at the same time for matrices by Burkholder and 
Gundy [  18] and Davis [34]. We note that the method of proof of Theorem 
II (see , in particular, Lemm a 1 ) is a typical method of martingale theory , 
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and has features i n common wit h the classical proof o f Kolmogorov' s in -
equality (see Theorem 2.9 and the notes to Chapter 2). Theore m 1 2 can be 
obtained a s a corollary of general interpolation theorems ; the direct proo f 
in th e tex t wa s suggeste d b y Saakyan . Theore m 1 3 was proved indepen -
dently by Arutyunyan [4 ] and (fo r martingales ) b y Gundy [53] , Theore m 
14 follows from result s of Chow [23] on martingales and was also obtained 
by Arutyunyan [4 ] (also see [53] and [180]) . 

The first  resul t o n the unconditiona l convergenc e a.e . o f Fourier-Haa r 
series was obtained b y Ul'yanov : i n [184 ] he proved Corollarie s 6  and 7 
(see §5) . Theore m 1 5 was prove d b y Nikishi n an d Ul'yano v [130] , an d 
Theorem 1 6 by Olevski l [132] , [133] . Theore m 1 7 and Corollar y 8  were 
established by Ul'yanov [ 187], [ 188], [ 192]; and Theorem 18 , by Bochkarev 
[12]. 

Transformations o f th e Haa r syste m simila r t o those considere d i n §6 
were already used by Schauder [164] for the construction of bases in LP{QL) 

(where Q  i s a  bounde d domai n i n R n). Corollar y 9  wa s obtaine d b y 
Olevskil (se e [138] , p. 61, and also the remarks on Chapter 9 , below). 

In conclusion, we note that a  number of results on the Haar system, not 
included here , are given in the survey by Golubov [51]. 

Chapter 4 

We consider the trigonometric system in §§1-4. There is immense liter-
ature on trigonometric series, including the important monographs of Bari 
[10] and Zygmun d [201] , both o f which contain extensiv e bibliographies . 

In Chapter 4 , §1 consists of standard material . Theore m 5  (see §2) was 
proved b y Jackson i n 1911 . Jackso n actuall y considere d onl y continuou s 
functions, bu t hi s proof applie s without essentia l change s to function s i n 
Lp(~n, n),  1  < p <  oo (for detail s see [201] and [156]) . Ou r proof o f The-
orem 3  is close t o tha t i n [22] , and i s based o n propertie s o f th e Vallee -
Poussin means . W e not e tha t th e Vallee-Poussi n means , introduce d b y 
Vallee-Poussin i n 1918 , play a n extremel y importan t rol e i n approxima -
tion theory (se e [202], "Vallee-Poussin metho d of summation," and [39]) . 

Theorem 4 was proved by M. Riesz (see [10], Chapter VIII, § 19). Corol -
lary 3  was proved independentl y b y Konyagi n [93 ] and McGehee , Pign o 
and Smit h [114] . Theore m 5  was also obtaine d i n [114] , whos e metho d 
we follow . Carleson' s theore m wa s prove d i n [19] . Later , Hun t [60 ] 
proved b y Carleson' s metho d tha t th e Fourie r serie s of ever y functio n i n 
Lp(-7t,n), p  >  1 , converges almos t everywhere . Th e existenc e o f a  func -
tion /  G  Ll(-7t,n) whos e Fourie r serie s diverge s a.e . wa s discovere d b y 
Kolmogorov a s early as 192 3 (se e [10] , Chapter V , §17) . Theore m 6  was 
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obtained i n 192 5 b y Kolmogoro v an d Seliverstov , an d als o b y Plessne r 
(see [10] , Chapter V , §2). 

Theorem 7  was obtained i n the las t century by Din i and Lipschitz (se e 
[202], "Dini-Lipschit z test") . Th e stud y o f th e stron g summabilit y o f 
Fourier serie s wa s initiate d b y Hard y an d Littlewood ; th e fundamenta l 
results on strong summability were obtained by Marcinkiewicz; for detail s 
see [10], Chapter VII , §6; Theorem 8  was proved by Alexits and Kralik [3 ] 
(also se e [66]) . Theore m 9  was prove d b y H . Boh r b y complex-variabl e 
methods; ou r proo f wa s suggeste d b y Saakya n [160 ] (als o se e [161 ] an d 
[66]). Theore m 1 0 was obtained by Paley and Zygmund (se e [10], Chapter 
IV, §13) ; generalizations o f Theorem 1 0 and Propositio n 2  were given i n 
[106]. Theore m 1 1 was proved independentl y b y Shapir o an d b y Rudi n 
(see [67] , p . 133) . Corollar y 5  was establishe d b y S . N. Bernstein , an d 
Corollary 6  b y Zygmund ; generalization s o f th e result s o f Theore m 1 2 
were obtained b y Szasz (fo r detail s see [10], Chapter IX , §2). 

The Walsh system was introduced by Walsh [195] in 1923 ; at present, i t 
is used i n many branches o f mathematics , and especially in applied prob -
lems. Th e enumeration o f the Walsh functions use d in §5 (and in most of 
the work on the Walsh system) wa s suggested by Paley [145] , who proved 
many o f th e fundamenta l propertie s o f th e Wals h syste m (i n particular , 
Theorem 15) . Inequalit y (115 ) fo r th e Lebesgu e function s o f th e Wals h 
system was obtained by Vilenkin [ 194], and Corollary 7 by Fine [44]. Man y 
properties o f th e Wals h syste m (see , fo r example , Theorem s 1 3 and 14 ) 
are analogs of properties of the trigonometric system, a fact which is ofte n 
explained by the observation that both systems are character systems of lo-
cally compact Abelian groups. Mor e information o n the Walsh system and 
character systems can be found in the survey by Balashov and Rubinshtei n 
[8]; also in [1]. 

Chapter 5 

The Hilbert transform an d matrix (see (27)) were introduced by Hilbert 
around 1900 . Hilber t himsel f (se e [57] , [56] ) prove d tha t th e Hilber t 
transform i s a  bounde d operato r fro m L 2(Rl) t o L 2(R[). Subsequentl y 
the concep t o f conjugat e function , whic h i s closely relate d t o the Hilber t 
transform, wa s introduced b y Luzi n [102 ] in th e theor y o f trigonometri c 
series. I n the problems that we consider, the study of the Hilbert transfor m 
and o f the operato r o f conjugation ar e equivalent . 

The existenc e an d finiteness  fo r a.e . x  e  R l o f th e Hilber t transfor m 
T(f,x) o f ever y /  € L l(Rl) (se e Theore m 1 ) wa s prove d b y Privalo v 
[155], an d inequalit y (5) , b y Kolmogoro v [86 ] (als o se e [10 ] and [201]) . 
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Our proof o f Theorem 1  resembles that i n [49] ; we note that the essentia l 
point i n the proof, Lemma 1 , was obtained b y Boole in 185 7 (see [99], p. 
68). 

Theorem 2  was proved by M. Riesz [158] . Theore m 3  is a combination 
of th e results of Privalov, Kolmogorov , an d Riesz already cited . 

The spac e BM O wa s introduce d b y Joh n an d Nirenber g i n [62 ] an d 
is muc h use d i n analysi s a t present ; Theore m 7  i s als o prove d i n [62] . 
Theorems 4  an d 5  were obtaine d b y Fefferma n (se e [42 ] and [31]) , an d 
are probabl y bette r know n i n connectio n wit h th e lon g serie s o f result s 
on th e Hard y space s H p an d thei r higher-dimensiona l analog s tha t wer e 
established i n th e seventie s (w e touc h o n thi s extensiv e topi c mainl y i n 
connection with the Franklin syste m in Chapter 6 ; for detail s see [32] and 
[43]). I n th e presentatio n o f Theore m 4  we us e th e reasonin g o f [198] , 
simplified fo r th e one-dimensiona l cas e by Oswald. 

Theorem 6  is due to Coifman an d Weiss [32]. 

Chapter 6 

The Faber-Schauder system was introduced in 191 0 by Faber [41], who 
constructed i t b y integrating th e Haa r function s (se e equation (2)) . The -
orem 1  was also proved i n [41] . I n 192 7 Schauder [163 ] rediscovered th e 
Faber-Schauder system : thi s system is the simplest member o f the famil y 
of bases of C(0,1 ) tha t were constructed i n [163] . 

In Corollary 1 , inequality a ) follows immediately from Theore m 1 , and 
b) was obtained b y Matveev [108] . 

Theorem 2  was established b y Karlin [69] ; our proof wa s suggested b y 
Arutyunyan [5] . Theorem 3  was proved by Ciesielski [25 ] (see also [162]). 
Proposition 1  and Corollar y 2  were obtaine d b y Saakya n [160] . Fo r th e 
systems of Faber-Schauder type discussed in §2, see [64], p. 50, and [163] . 

The Frankli n syste m wa s introduce d i n 192 8 b y Frankli n a s th e first 
example of an orthonormal basis in the space of continuous functions (se e 
Theorem 6) . Afterward s th e Frankli n syste m wa s no t studie d unti l th e 
work of Ciesielski, who originated the systematic investigation o f this sys-
tem. Ciesielsk i in [26] and [27] proved Theorems 5 and 7-9, and Corollary 
4. Th e proofs o f Theorem s 8  and 9  in the tex t ar e simple r tha n thos e i n 
[27] and were suggested by Ciesielski in 1977 ; they use the functions Nj(t) 
(see (30)) , which are special cases of the 5-splines whic h were introduce d 
in [33] . We note that Theorem 9  plays a fundamental rol e in many paper s 
on the Franklin system . 
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Theorems 1 0 and 11 , and Corollary 5 , were established by Wojtaszczy k 
[199], makin g essentia l us e o f Carleson' s argument s [20] . Befor e Car -
leson an d Wojtaszchyk , Maure y [112 ] had discovere d (b y a  nonconstruc -
tive method) that there is an unconditional basis in H l. I t should be noted 
in connectio n wit h Wojtaszcyk' s theore m tha t a s early a s 196 9 Ciesielsk i 
[28] and Schonefeld [166 ] had applied the Franklin system to the construc-
tion of a  basis in the space C l(I2) o f continuously differentiate function s 
on a  square . The n Bochkare v [14 ] (b y transforming th e function s i n th e 
Franklin syste m into analytic functions b y the rule given in Corollary 5.6 ; 
see 5.(90) ) applie d thi s system to the construction o f a  basis in the spac e 
CA o f function s tha t ar e analyti c i n th e dis k \z\  <  1  and continuou s u p 
to the boundary (th e question o f the existence o f bases in C l(l2) an d C A 

was mentioned i n [9]) . Henc e the Franklin syste m ha s proved t o be very 
useful i n constructing bases in various function spaces . 

Theorem 1 2 was proved by Bochkarev [14] . Th e stronge r for m o f th e 
theorem, mentioned afte r th e proof o f Theorem 12 , was obtained in [30]. 
Theorem 1 3 was proved by Chang and Ciesielsk i [21]. 

Finally w e note tha t a t presen t ther e ar e rathe r detaile d investigation s 
and generalizations of the Franklin system, namely the orthogonal splines; 
for details , see [29] and [168] . 

Chapter 7 

The orthogonalizatio n theorem s discusse d i n §  1 are usuall y helpfu l i n 
the constructio n o f various orthonorma l systems . Theore m 1  was proved 
by I . Schu r ([167] ; see also [64]) . Theore m 2  was obtained b y Men'sho v 
[121], who in its proof a  method of orthogonalization whic h was probably 
first applie d b y Kolmogorov an d Men'sho v [90] , Criteri a fo r th e extend -
ability o f a  syste m o f function s t o a  complet e orthonorma l syste m (se e 
Theorem 3 ) were given by Kozlov [94] and (i n the form give n in the text) 
by Olevskii (se e [137] and [138] , p. 57) . 

Corollary 1  has probably been known fo r thirt y years ; Hobby and Ric e 
[58] obtained a more precise result: the y showed that the required functio n 
e(x) (se e Corollary 1 ) can be chosen to have < m  changes of sign. Theore m 
4 follows immediatel y fro m Corollar y 1 . 

In §§2- 4 w e conside r factorizatio n theorem s an d thei r application s t o 
the theory o f orthogona l series . Thi s subjec t wa s opened b y the work o f 
Grothendieck [52] ; one of his results is mentioned a t the beginning of thi s 
chapter. I n addition , her e we must mentio n Kolmogoro v [86] . I n [86 ] it 
was shown by the explicit example of the Hilbert operator (transformation ) 
f(x) - > T(f,x)  (se e §5.1 ) ho w b y usin g th e informatio n tha t T{f,x)  i s 
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finite almos t everywher e fo r ever y /  e  L l on e ca n obtai n substantiall y 
more: th e inequality 5. 5 for the weak type. Late r Kolmogorov's approac h 
was generalized by Stein [172] . 

Essential developments of factorization theorem s were obtained by Nik-
ishin in [126], [127], and [129], and later by Maurey, Pisier and others (see 
[110]). Nikishin , i n contras t t o Grothendieck , considere d operator s tha t 
act no t onl y o n Banac h spaces , bu t als o o n th e spac e o f al l measurable , 
a.e. finite  functions ; thi s significantly extend s the domain o f applicabilit y 
of factorization theorems . A t present, factorizatio n theorem s have foun d 
a variety of applications in the theory of orthogonal series, probability the-
ory, an d functiona l analysi s (see , in particular , th e bibliographies i n [68 ] 
and [84]) . 

Theorems 5  and 6  were prove d b y Nikishi n i n [127 ] an d [126] . The -
orem 7  was publishe d b y Maurey , bu t ca n b e immediatel y obtaine d b y 
successive application s o f theorem s o f Nikishi n (se e [127] , Theore m 4 ) 
and Grothendiec k [52] . I n connectio n wit h Theore m 7 , w e notic e th e 
following resul t (se e [113] , [144] , and also [111]): 

For the series £ J° f n(x), x  e  (0,1) , to be unconditionally convergen t i n 
measure, i t i s necessary an d sufficien t tha t fo r ever y e  > 0  there ar e a  se t 
Ee c  (0,1) , m(E e) >  1  -  e , a constant K e, an d a  series 

oo oo 

5 > « M * ) , 5 > " < 0 0 > {<Pn(x)}%Li  anO.N.S . (o n (0,1) ) 
n=l n=l 

such tha t f n{x) =  K £an<pn(x) for x  e  E £ an d n  -  1,2,.. . (w e did no t in -
clude the proof of this proposition in the text, since it depends on methods 
that ar e somewhat remot e from th e subjec t matte r o f the book). 

Theorem 8  i s a  corollar y o f result s o f Olevski i [135] , an d Theore m 9 
was established b y Nikishin [128] , [129] . 

Chapter 8 

Theorem 1  i s th e famou s Men'shov-Rademache r theore m ([117] , 
[157]); Men'shov [117 ] also proved Theorem 2 . Theore m 3  was obtaine d 
by Kashin [72] ; the simple r proof given in the text was suggested by Tan-
dori [183] . Theore m 4  was establishe d b y Kaczmar z [63] , but th e mai n 
idea of the proof appeare d i n papers of Kolmogorov an d Seliverstov , an d 
of Plessner , o n the convergence a.e . o f trigonometri c serie s (se e the note s 
to Chapte r 4  an d [2] , Chapte r III , §1 , Theorem 3.1.5) . I n th e proo f o f 
Theorem 4 we follow [2] ; on the definitiveness o f this result, see [182]. O n 
Theorems 1  and 4 , see also Schipp [165] . 
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Corollary 3  was established b y Men'sho v [118] ; thi s wa s probably th e 
first result on the unconditional convergence of series of functions. Corol -
lary 2  wa s obtaine d b y Orlic z [139] ; Theore m 5  i s als o prove d b y th e 
method o f [139] . Th e definitiv e for m o f the sufficien t condition s fo r un -
conditional convergenc e a.e . o f orthogona l serie s (condition s impose d o n 
the coefficients o f the series ) was given by Tandori [181] : se e Theorem 5 . 

Theorem 6  an d Corollar y 4  wer e prove d b y Tandor i [181] . Strictl y 
speaking, Tandor i prove d somewha t more , namel y tha t fo r a  give n se -
quence a\  >  a-i  >  •  • •  th e serie s (47 ) converge s a.e . fo r ever y O.N.S . 
{(pn(x)}^L{ i f an d onl y i f conditio n (48 ) i s satisfied. Later , Tandor i gav e 
a simple r proof; in the text we present Tandori' s discussio n i n a  modifie d 
form. 

Corollary 5  was obtained b y Men'shov [119 ] and Marcinkiewic z [104 ] 
(also se e [105] , p . 164) . Theore m 7  was proved b y Marcinkiewic z [104 ] 
and a  little later by Men'shov [120] ; actually [120 ] practically repeat s th e 
discussion in [119] . W e should say that the methods of proof i n [119] and 
[104], in spit e of superficia l differences , ar e very similar . 

In connection wit h Corollar y 5  we note a result o f Komlos [92] , where 
it wa s prove d tha t fro m ever y O.N.S . on e ca n selec t a  subsyste m wit h 
unconditional convergence . 

Theorem 8 and Corollary 6 were established by Erdos [40] for the special 
case of subsystems of the trigonometric system, and in the general case (by 
a simila r method ) b y Stechkin (se e [47] and [190]) . 

The inequality for the density of a Sidon subsystem of the trigonometric 
system (se e (99) ) wa s obtaine d b y Stechki n [171] . Th e resul t mentione d 
in § 4 o n th e possibilit y o f selectin g a  Sido n subsyste m fro m ever y col -
lectively bounded O.N.S . was established b y Gaposhkin [47] . Theore m 9 
was proved b y Kashi n [79 ] (fo r application s o f proposition s o f th e typ e 
of Theorem 9  to problems o n the geometry of norme d spaces , see [123]) . 
Theorem 1 0 was also obtained by Kashin and is a generalization o f a  the-
orem of Nisio (se e [97], p. 102 ; Nisio proved that every series of the for m 
(120)2) converges , fo r almos t al l r , uniforml y (i n y)  o n (0,1)) . Finally , 
proposition 1  was obtained by McLaughlin [115] . 

Chapter 9 

The subjec t matte r o f Chapte r 9  follow s th e wor k o f Ul'yano v [186] , 
[185] and Olevski l [131] , in which, using Corollary 3.6 , established earlie r 
in [184] , Theore m 1  was proved . Amon g earlie r wor k o n divergenc e o f 
orthogonal serie s and serie s o f Fourie r coefficient s i n genera l systems , we 
note the papers of Orlicz [139] , [141] , and Kozlov [95]. 
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The systematic study of problems of divergence of orthogonal series and 
series o f Fourie r coefficient s i n genera l system s wa s begun by Bochkare v 
(see [17] , [12]), who obtained man y definitive results . 

Corollary 1  was established b y Kozlov [95 ] and strengthen s a  resul t o f 
Orlicz [137] , accordin g t o which , fo r ever y complet e O.N.S . {<p n{x)}%L\, 
the sum J2T  vl( x) = : ° ° f° r almos t al l x.  Theorem s 2  and 3  were proved 
by Olevskii [132] , [133] . Theore m 4  was first establishe d by Makhmudo v 
[103], although his proof practically repeats the discussion by Orlicz ([141]; 
see also [10], Chapter IV, §16), who obtained a similar result for uniforml y 
bounded O.N.S . 

The statemen t o f Theore m 5 , i n th e specia l cas e whe n {<p n} i s th e 
trigonometric system , wa s proved i n [98] ; then S . V. Khrushchev notice d 
that th e metho d o f [98 ] i s completel y sufficien t fo r obtainin g result s o n 
general O.N.S. , includin g Theore m 5  (also se e [85]) . Theore m 6  was es-
tablished b y Kashi n [71] , [75] ; Corollary 2  had bee n obtaine d earlie r b y 
Mityagin [124] and generalizes a result of S. N. Bernstein (see [10], Chapter 
IX, §4 ) fo r th e cas e o f th e trigonometri c system . Th e proo f o f Theore m 
6 i n th e tex t i s differen t fro m tha t i n [75 ] an d i s clos e t o th e wor k o f 
Bochkarev (see , for example , [17]). 

In § 3 o f Chapte r 9  w e conside r uniforml y bounde d O.N.S . Th e firs t 
lower bounds fo r th e Lebesgu e function s o f uniforml y bounde d systems , 
with which §3 begins, were obtained by Olevskii [134] (there he established 
Theorem 8  and Corollary 5) . Subsequentl y in [136], [138] he also obtained 
Corollary 3 . Bochkare v [15] , [16] proved a  more precis e result , Theore m 
7, b y a  differen t method . Bochkarev' s approac h wa s modifie d i n [77] , 
following whic h w e establishe d Propositio n 1  and inequalit y (63) , whic h 
play a fundamental rol e in §3 . In connection with Corollary 5  we note the 
weaker result o f Szarek [174] , who proved (using , in particular, Olevskii' s 
method) tha t for a n arbitrary basis {y/n{^)}^L\  i n L l(0,1) wit h \\y/ n\\\ = 1 , 
n = 1,2,... , an d fo r ever y p >  1 , there is the relatio n 

Hm \\i// n\\p = oo . 
n—•oo 

Theorem 9  was proved b y Krantsber g [96] . Theore m 1 0 was proved b y 
Bochkarev [16] ; later , Kazarya n [81 ] showe d tha t unde r th e additiona l 
requirement o f completenes s on e cannot asser t th e existence o f a  Fourie r 
series that diverge s almost everywhere . 

Concerning inequalit y (113) , se e [189] . Theore m 1 1 was obtaine d b y 
Bochkarev [12] . I n [13 ] (also see [17]) Bochkarev als o established a  more 
precise result: unde r the hypotheses of Theorem 11 , for ever y modulus of 
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continuity co(d)  wit h 

the required functio n F(x)  o f bounded variatio n whos e serie s o f Fourie r 
coefficients doe s not converg e absolutely ca n be found i n the class H^  (a s 
the example o f the trigonometric syste m shows (se e [10] , Chapter IX , §3) 
a furthe r increas e in the smoothness o f F(x)  i s in general not possible) . 

Our presentation of the proof o f Theorem 1 1 follows [75] and [77] ; also 
see Wik [197] , wher e th e mos t importan t specia l cas e (th e trigonometri c 
system) i s considered . 

Chapter 10 

In Chapter 1 0 we discuss metric theorems on the representation of func -
tions by general orthogonal serie s (we do not say much about the old sub-
ject o f th e representation o f function s b y everywhere convergen t trigono -
metric series) . 

The development of this direction of the theory of orthogonal series was 
initiated b y Luzi n (se e [102] ) an d continue d b y Men'shov , wh o i n 1916 , 
in [116] , constructed a  null series for th e trigonometric system. Originall y 
considered only for trigonometric series, the problem of the representation 
of function s b y genera l orthogona l serie s wa s developed  i n th e middl e 
thirties by Marcinkiewicz (se e [105], p. 312). A t present, theorems on th e 
representation o f function s occup y a n appreciabl e par t o f th e theor y o f 
general orthogona l series . Fo r mor e detail s o n thi s topi c se e the survey s 
by Talalyan [178 ] and Ul'yanov [193] , and also [78], [153], [179] , [6] , and 
[125]. 

Theorem 1  and Corollary 1  were proved by Talalyan (se e [176] , [177]) . 
Theorems 2, 2', and 3 were proved by Kashin (see [73], [74], and [76]). Th e 
proof o f Theore m 2 ' clarifie d (se e [74] ) th e existenc e o f a  difference , fo r 
problems of representing functions b y series, between general convergence 
systems an d th e slightl y narrowe r clas s Q  o f suc h system s ( a C.O.N.S . 
<J> e  Q  i f th e operato r S&  of majorant s o f th e partia l sum s i s a  bounde d 
operator fro m I?  t o L 2). I n thi s connectio n i t i s natura l t o rais e th e 
question of whether one can always represent a  measurable function, finite 
almost everywhere , by an almost everywhere convergent serie s in a  system 
of clas s Q,  Theore m 4  (Arutyunya n an d Pogosyan ) provide s a  positiv e 
answer t o thi s question . Theore m 4  wa s announce d b y Arutyunya n [7 ] 
and Pogosya n [154 ] i n note s tha t appeare d simultaneously , an d prove d 
by them i n seminars . A  proof o f thi s resul t i s published her e fo r th e first 
time. I n our exposition of Theorem 4 we follow, in the main, Arutyunyan' s 

£ 
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presentation. Lemm a 1  i n Theorem 4 follows immediately from the results 
of [91] , and was first applied to related problem s by Pogosyan [152] . Th e 
use of the Haar syste m in problems on the representation o f functions b y 
general orthogona l serie s was initiated b y Arutyunyan (se e [6]). 

We should remark that the possibility of representing every measurable 
function, finite  a.e. , by an almost everywhere convergent trigonometric se-
ries, and by a Haar series , had been established much earlier by the proof s 
of Theorem s 1  and 4 , respectively, by Men'shov an d Bar i (fo r detail s se e 
[178]). 

Theorem 5  was prove d b y Drobo t [38] . A  more genera l approac h t o 
similar theorem s wa s suggeste d b y Pecherski i [149] , [150] ; als o se e [45]. 
For Lemma 1  and Theorem 5  see the notes on Theorem 2.14 . 

Theorem 6  was established by Pogosyan [153] , and his paper [154] con-
tains a  proposition o n universa l serie s fo r a n arbitrar y C.O.N.S . (withou t 
the supplementar y conditio n (115)) . Th e cas e o f th e trigonometri c an d 
Haar system s was considered earlie r by G. M. Mushegyan (se e [154]). 

Appendices 

The concep t o f th e maxima l functio n wa s introduce d b y Hard y an d 
Littlewood [55 ] in 1930 . I n tha t pape r the y also gave the first  application 
of thi s concep t t o problems o n the convergenc e o f serie s of functions . I n 
§2 of Appendix 1  we follow [172] ; also see [201]. 

For the minimax theorem see , for example , [148] . 
More details on the contents of Appendix 2  are given in [59] and [201] . 

Theorem 7  in this appendix, which was established by the brothers F. and 
M. Riesz i n 1916 , is presented alon g the lines of [37]. 
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