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Foreword 

This boo k i s a n expanded an d largel y rewritte n versio n b y J . Noguchi o f th e 
original Japanes e editio n b y Noguch i wit h T. Ochiai ([89]) . Th e purpose o f thi s 
book is two fold. Th e first one is to give a self-contained an d coherent account of 
recent developments in geometri c functio n theor y i n severa l comple x variable s 
to those reader s wh o have alread y learne d th e basics o f comple x functio n theor y 
and the very elementary par t of th e theory o f differentia l an d complex manifolds . 
The secon d i s t o present , i n a  self-containe d manner , sufficien t fundamenta l 
accounts o f the theory of positive currents and plurisubharmonic functions , and of 
the notio n o f meromorphi c mappings , whic h ar e nowaday s indispensabl e i n th e 
analytic and geometric theories of complex functions in several variables. 

The elementar y comple x functio n theor y i n on e variabl e consists , roughl y 
speaking, of the following three themes: 

I Th e content s fro m th e definitio n o f hoiomorphi c function s t o Cauchy' s 
integral formula and the applications: 

II Riemann' s mappin g theorem and the construction of Rieman n surfaces vi a 
analytic continuation: 

III Th e value distribution of meromorphic functions. 

In the course, w e have learned such theorems as Montel's theore m on normal 
families an d Picard' s littl e an d bi g theorems . R . Nevanlinn a evolve d thos e 
theorems t o th e so-calle d Nevanlinn a theor y b y establishing hi s first and secon d 
main theorems. Th e contents of III may be considered the basic part of the Nevan-
linna theory. 

In recen t years , th e content s o f II I hav e been . generalized an d extende d t o 
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problems of the complex functio n theor y in several variable s and of th e value dis-
tribution of holomorphi c an d meromorphic mappings between higher dimensional 
complex manifolds, and many interesting results have been obtained. 

Problem o f valu e distribution . Let  M  and  N  be  complex  manifolds  and 
f': M  —> NJ a  holomorphic  mapping (or more  generally,  meromorphic  mapping). 
Then, investigate the properties of  f and the image f (M ) in N. 

In this book we discuss the problem of the value distribution through geometric 
methods and treat the subject from the elementary leve l to the latest developments 
and topics. 

Chapter I  i s devote d t o th e theor y o f Kobayash i pseudo-distances . S . 
Kobayashi defined a pseudo-distance dM fo r an arbitrary complex manifold M, and 
called M a hyperbolic manifold if dM i s a distance. Th e definition i s so natural that 
it immediately implie s th e decreasing principl e d N(f(x),f(y)) <d M(x, y)  fo r al l 
x, yeM,  whic h plays an essential rol e throughout his theory. A  part of th e prob-
lem o f th e valu e distributio n ca n b e reduce d t o thos e o f Kobayash i pseudo -
distances and be systematically discussed . Kobayash i wrot e a comprehensive tex t 
book [54] and a survey paper [55]. W e here define the Kobayashi pseudo-distance 
by makin g us e o f it s infinitesima l for m F M du e t o Royden , an d sho w tha t bot h 
coincide. Thos e result s whic h hav e bee n obtaine d afte r th e publicatio n o f 
Kobayashi's tex t boo k ar e describe d i n detail . I t migh t b e helpfu l t o rea d thi s 
chapter along with Chapters 4-6 of his book. 

In Chapter II , w e investigat e th e abov e proble m o f valu e distributio n i n th e 
equidimensional case (dim M = dim AO for non-degenerate /, i.e. , the differential df 
has maximal rank at a point. Similarl y to the definition of FM, we define the hyper-
bolic pseudo-volume for m *¥ M on A/, which also satisfies th e decreasing principl e 
f^N ^  H^. W e discuss the properties of *¥M and give applications. 

Our next main object is to extend th e Nevanlinna theor y t o the case o f mero-
morphic mappings /: C * —» M, where M is compact. Ther e is a long history in this 
subject beginning with R. Nevanlinna and represented by names such as H. Cartan, 
A. Bloch, H . and J . Weyl, L . Ahlfors, W . Stoll, an d S . S. Chern . I n th e earl y 
1970's, P.Griffith s an d hi s co-author s gav e a  ne w insigh t i n thi s subjec t an d 
showed abundan t connection s t o othe r field s suc h a s differentia l geometr y an d 
algebraic geometry. Th e extended first main theorem is described in terms of holo-
morphic lin e bundle s an d Cher n classes . A s fo r th e secon d mai n theorem , th e 
problem, however , i s mor e complicated . Nonetheless , P . Griffith s an d his coau -
thors established a  satisfactory secon d mai n theore m i n the equidimensional cas e 
for non-degenerate /. W e devote Chapter V to these works. Th e Poincare-Lelong 
formula connectin g plurisubharmoni c function s wit h positiv e current s play s a n 
important role there. Therefor e w e need the following items: 
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(i) Holomorphi c line bundles and Chern classes, 

(ii) Positiv e currents and plurisubharmonic functions , 

(iii) Meromorphi c mappings between complex manifolds , 

(iv) Poincare-Lelon g formula . 

We explai n (i ) a t th e beginnin g o f Chapte r II . Chapte r II I i s devote d t o (ii) . 
The theory of positive currents was initiated by P. Lelong. Sinc e the importance of 
(ii) has been latel y increasin g i n various aspect s o f comple x analysi s and complex 
geometry, we made Chapter III worthwhile to be read independently and to be used 
as a reference. 

We deal wit h (iii ) i n Chapter IV . W e here discus s th e notion o f meromorphi c 
mappings after R . Remmert. Elementar y fact s from th e theory of complex analytic 
spaces ar e recalled withou t proofs (suitabl e reference s ar e given there) . The n w e 
give complet e proof s t o theorems o n meromorphic mappings . Chapte r I V shoul d 
be use d a s a  referenc e throughou t th e presen t boo k an d ma y provid e a  standar d 
reference on meromorphic mappings. 

In Chapte r V I w e investigat e th e valu e distributio n o f holomorphi c curve s 
/ : C  —»M. Excep t fo r certai n specia l case s deal t b y H . Carta n an d L . Ahlfors , 
there i s no known satisfactor y secon d mai n theore m fo r /: C  -> M. O n th e othe r 
hand A . Bloc h [9 ] state d a  theore m tha t i f M  i s projectiv e algebrai c an d carrie s 
linearly independen t holomorphi c 1-form s more than the dimension o f A/, then the 
image / (C ) o f / mus t b e containe d i n a  prope r algebrai c subse t o f M.  Hi s proof 
contained serious gaps and the statement was called Bloch' s conjecture. W e give a 
rigorous proo f t o thi s theorem . On e note s tha t th e theore m i s connecte d t o th e 
problem o f establishin g th e secon d mai n theore m fo r holomorphi c curve s (se e 
Noguchi [77,80,82,84,85]) . Her e we use rather freely terminolog y from algebrai c 
geometry, whic h i s briefly explaine d i n th e secon d section . Reader s withou t gen -
eral basic s of th e algebraic geometry may find thi s chapter somewhat difficult, bu t 
we tried to make clear the essence of this theorem and our main idea. 

In thi s Englis h editio n tw o appendices ar e added . I n Appendi x I , w e explai n 
holomorphic vecto r bundle s an d th e determinan t bundle . The n w e calculat e th e 
Chern classes of canonical bundle s of some complex submanifold s o f the complex 
projective space P^C). W e use these to discuss a number of examples. 

Appendix I I i s devote d t o th e Weierstrass-Stol l canonica l functio n o n C m, 
which i s a  generalizatio n o f Weierstrass ' canonica l product . A s a n immediat e 
consequence, w e see that an effective analyti c divisor D  on C m i s algebraic i f and 
only i f th e mas s o f Dr\B(r)  ha s polynomia l growt h i n /- , where B(r)  denote s a 
ball o f C m wit h radius r . W e us e thi s i n Chapte r V . Ou r constructio n i s afte r P . 
Lelong and reveals a nice application of the theory of positive currents. 
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Since w e started ou r research i n these subjects , w e have bee n inspire d b y Pro -
fessor S . Kobayashi throug h hi s book, papers , lectures an d man y conversations . I t 
is our pleasure to express deep gratitude to him. 

We also than k Professo r W . Stoll . B y hi s invitation , J . Noguch i visite d Notr e 
Dame in 1984-198 5 and gave a series of lectures o n these subjects t o graduate stu -
dents, notes of which make up a part of thi s book. 

October 198 8 
Junjiro Noguch i 
Takushiro Ochiai 
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Remarks and Notation 

(i) I n thi s book , theorems , propositions , lemma s an d equation s ar e consecu -
tively numbered , s o tha t fo r instance , (1.2.3 ) appear s i n Chapte r I , §  2 and afte r 
(1.2.2). 

(ii) Throughou t thi s book , manifold s ar e assume d t o b e connecte d unles s 
otherwise mentioned. W e follow th e usual conventions i n notation N, Z, Q, R, C, 

®, A , etc. ; i.e., N denotes the set of natural numbers, Z the ring of integers, Q the 
field o f rationa l numbers , R  th e fiel d o f rea l numbers , C  th e fiel d o f comple x 

numbers, ®  th e tenso r product , an d A  th e exterio r product . Fo r set s A  an d B, 
A-B =  [xeA;x£B).  Fo r more symbols, see Symbols at the end of the book. 
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APPENDIX I 

Canonical Bundles of Complex Submanifolds of P^C) 

1. Holomorphi c Vector bundles 

We nee d th e general notio n o f holomorphi c vecto r bundles . W e cal l a  tripl e 
(E, 7C, M)  a  holomorphic vector bundle of rank k  i f the following condition s are 
satisfied: 

(1.1) (i ) E  is an (m + £)-dimensional complex manifold . 

(ii) K:  E -> M is a surjective holomorphi c mapping. 

(iii) Fo r every JCG M, the fiber Ev = nT1 (JC) is a complex vector space of com-
plex dimension k. 

(iv) Fo r every xeM, ther e exist an open neighborhood U  of x and a biholo-
morphic mappin g O : E| U = K~l(U) —>  U  x C* such tha t /? o O = n and 
<7 ° *| w\yy n~ x(y) - > C* we  linea r isomorphism s fo r al l ye £/ , wher e 
p : ( / x C - > [ / an d ^ ( / x C - ^ C* denot e the natural projections. 

The rank of E  i s denoted b y ran k E. Th e mappin g <J> : E| U -» U  x C* is called a 
local trivialization of E over Ut we consider C* the column vector space of dimen-
sion L The n we have k holomorphic sections on U 

sM =  ®-\x, ' (0, . . . , ' 1 ,..., 0)) , 1  < 1 <  it, 

such that {j|(*)}f =1 i s a base of E x a t every xeU.  Suc h s  =  (s\9..., s k) i s called a 
holomorphic local frame of E  over U.  Conversely , if there is a holomorphic loca l 
frame ove r an open subse t UczM,  ther e i s a local trivializatio n o f E  ove r U.  Le t 
[Ux) b e a n ope n coverin g o f M  suc h tha t ther e ar e loca l trivialization s 
<E>̂: E| U -» U  x C*. t h e pai r ({U\}, {O^} ) is called a  local trivialization cover-
ing o f E . Le t (x x, ^ x) € Ux x  C* an d Le t (r^ f ^ e t / ^ x C * . The n they 
correspond to the same point of E if and only if 
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(1.2) xx^Xp^xeUxnU^ 

where T^: ( / ^ O ^ -) GL(k,  C ) ar e holomorphic . Th e famil y {T^}  is calle d 
the system of holomorphic transitions subordinated to the local trivialization cov-
ering. A  complex submanifold F  c E is called a  holomorphic vector subbundle if 
F i s itself a  holomorphic vecto r bundle of rank h(0<h<k)  ove r M of which fibe r 
structure i s compatible with that of E. The n w e naturally hav e the quotient bundl e 
E/F whic h i s a holomorphic vecto r bundle of rank k - h.  W e write the above fact s 
as follows : 

0 -> F -> E -> E/F -> 0. 

For two holomorphic vector bundles Ej an d E2 ove r M, the tensor product Ei ®  E2 

and th e direc t su m E ! ffi E2 ar e naturall y define d a s holomorphi c vecto r bundle s 

over M.  Furthermore , th e exterio r powe r bundl e A  E  ( 1 < / < k) i s defined . In 

k 

special, A  E  i s calle d th e determinan t bundl e o f E  an d denote d b y de t E. In 

terms of (1.2), det E is a holomorphic line bundle such that it is trivial over U\  an d 
the system of holomorphic transition functions i s given by {de t 7 ^ }. Fo r instance, 
we have 

(1.3) detT(Af ) =  K ( A / r\ detT*(Af ) =  K(Af). 

(1.4) Lemma , (i ) Let E,- (i = 1 , 2) be a holomorphic vector  bundle of rank k; over 

M. Then 

det (Ej ®E 2) = (det E,)*2 ®(det E2)*!. 

(ii) Let  E  be  a holomorphic vector  bundle  over  M and  F  a  holomorphic  sub-
bundle of E. Then 

det E = (det F)® (det E/F). 

Proof (i ) This immediately follows from th e tensor algebra. 

(ii) Let Let xeM b e an arbitrary point . The n there is a holomorphic local fram e 
s =  (s i,..., sh) (h  = rank F) on a neighborhood U  of JC . Takin g U  smaller i f neces-
sary, w e ma y exten d 5  to a holomorphi c loca l fram e s  = ($i,..., sh,..., s k) 
(k = rank E) o n U.  The n s  = (j/, + 1,..., sk) induce s a holomorphic loca l fram e o f 
E/F over U.  Takin g a  local trivialization coverin g a s above, we easily see  that the 
transition T^ are of the type 
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K*?4i ^Xf i j 

1 ° C h] 
such that {A^}  (resp . {C^} ) i s a  system of holomorphi c transition s fo r F  (resp. 
E/F). Therefor e 

det (7^) =  det (A^)-det (C^), 

so that det E = (det F) ® (det E/F). Q.E.D. 

2. Non-Singula r Complete Intersections of P^C) and the Canonical Bundle s 

In general, le t D  b e a n analytic hypersurfac e o f a  complex manifol d M,  Le t 
F = 0 be a defining equatio n of D  in a neighborhood of a  point xeD (cf . Chapte r 
IV, §2). I t follows from Theorem (4.2.3) and the implicit function theorem that 

D n  U  i s non-singular <== > dF  *0 o n D C\U. 

Let [z°; • • •; zm] b e a homogeneous coordinate system of P^C) . The n we se t 
Ug = {z ' * 0} and z{ = zhi\ j  *  / . The n {z{) are the affine coordinat e of £/,- . Le t P 
be a  homogeneous polynomia l i n (z°,... , zm) o f degre e d-without multipl e facto r 
and D an analytic hypersurface defined by 

D = ilz°;'--;z m];P(z° z" ) = 0}. 

Put 

/>/(z/) = P(2?f . . . f
, l f . . . fz

m) ont/, , 

Then for i * £ 

(2.1) ?,(*)= * (zfy'/ttx). 

Assume that D is non-singular. The n it follows that 

(2.2) dPi*0  on  DnU t. 

Let iD: D  - * Pm(C) be the natural inclusion mapping. The n we obtain from (2.1) 

(2.3) (x D | UtTdP, = (z? / ( iD | ukydpk o n t/f- nu kno. 

Let H0 be the hyperplane bundle over Pm(C). The n {(iD | £/,)*<//>,} define s a global 
holomorphic sectio n o D o f th e holomorphi c vecto r bundl e H Q ®T*(P"I(C))|D, 
which does not vanish anywhere in D. W e identify the trivial line bundle 1D wit h a 
holomorphic vector subbundle of H# ®T*(P m(C))|£> through 

(*, <*)€/) x C =  lD - > ao D(x)eHi®T*(P^C)))/). 
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Then th e quotien t bundl e Hg®T*(P" ,(C))|D/lD i s isomorphi c t o (H 0\D)d ® 
T*(D). Therefor e w e have the following. 

(2.4) Lemma . Let  the notation be as above. Then 

0 -> l D - > Hd
Q ®T{1T{C))\D - > (H0\D)dT*(D) - > 0. 

(2.5) Lemma . Let  D be a non-singular hyperswface of  degree d ofV"(C). Then 

detT*(D) = (H0|D)J"w'1 . 

/V00/. Thi s follow s fro m Lemm a (2.4) , Lemm a (1.4) , (1.3 ) an d Exampl e 
(2.1.26). Q.E.D. 

Let D v , v = U— i /  b e non-singula r analyti c hypersurface s o f degre e <i v o f 
P^(C). Le t P y b e homogeneou s polynomial s withou t multipl e facto r suc h tha t 
Dv =  {Py,=0}.  Assum e tha t ££> V ha s on ty simpl e norma l crossings . Pu t 

M = n D / . The n M is a  complex submanifol d o f dimensio n m  - /  and called a 
v=l 

non-singular complete intersection of degree d =  %d v. 

(2.6) Theorem . Let  M cPm(C) & e a non-singular complete intersection of degree 
d. Then 

K(Af) = (H0|M)d-m-1. 

Proof Le t Dv , 1  <  v < / be non-singula r analyti c hypersurface s o f degre e d v 

such that M = n/), - a s above. B y Lemma (2.5) 
v=l 

(2.7) detT*CD, ) = (Ho|D,)' '-" _ I. 

Applying th e same arguments a s above t o the non-singular analyti c hypersurfac e 
D y C\  D2 o f D i and making use of (2.7), we have 

d e t r ( D , n D 2 ) =  (H0|D, n D / * ' ' " " ' 1 . 

Inductively, we get 

detT*(D, n  •• • n D , ) =  (H0|£>i n  •• • n D , / 1 * ' " * * " " " 1 , 

sothatdetT*(W) = (H0|M)d-m-1. Q.E.D. 
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Weierstrass-Stoll Canonical Functions 

1. Review of Potential Theory on Rm 

We recal l severa l fundamenta l fact s fro m th e rea l potentia l theor y o n th e 
euciidean spac e R m (m  >  2). Cf . [32] , Chapter 2  for thi s section . Le t x =  (x1, ... , 
xm) b e the standard coordinate system of Rm an d set 

1/2 

X\\ = El* i |2 

The Laplacian A is defined b y 

A = 
32 

B(r)={\\x\\<r\. 

d2 

acx 1) 1x2 d(xm) m\2 

Let U  be a domain of Rm. The n the Laplacian A operates on the distribution spac e 
D(Uy. W e us e th e sam e notatio n an d terminologie s a s i n Chapte r III , §1 . A 
locally integrabl e functio n u:U  — » [-«>, <» ) is calle d a  subharmoni c functio n i f 
the following are satisfied : 

(1.1) (i ) u  is upper semicontinuous. 

(ii) A[u ] is a positive Radon measure. 

Remark. Fo r the definition o f subharmoni c function s o n (/ , i t i s equivalent t o 
take th e same definition a s Definitio n (3.3.1) , where (iii ) ha s t o be replaced wit h 
spherical mean integrals. 

Subharmonic functions satisf y propertie s similar to those of subharmonic func -
tions on C = R2. Le t u: U ~> [-<*>, «>) be a subharmonic function o n U. The n 

u(a)< 
1 

1*0)1 
f udxx--dxm, 

provided tha t a+B(r)<zU>  wher e \B(\)\ "•Lei)1 dxl •••djt m. Th e smoothin g u t 

defined a s in Chapter III, §1 is a C~ subharmoni c function o n Ut an d satisfie s 
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(1.2) uEiu a se lO . 

Moreover, i f -u i s also subharmonic, then u  is called a harmonic function o n U.  A 
harmonic functio n u  on U  are C°°  by (1.2) , and Au  =0. Le t 5 ( r ) c Rm denot e th e 
sphere of radius r  >  0 with center origin an d dSr th e rotation invarian t measure on 
S(r) induce d from th e Euclidean metric , normalized as 

•U)' dSr =  \. 

Let v be an integrable function o n S (r) with respect to dSr. The n the integral 

"(A:) = Js( r )
V (y) 

r2-IUII2 , m-2 rm-'dSr(y), \\x\\<r 
\\y-x\\' 

is calle d th e Poisso n integral . Th e functio n u  i s harmoni c i n th e bal l 
B (r) = {| | x || <  r} with boundary value v. Fo r a harmonic function u  in a neighbor-
hood of B (r) we have 

(13) «M = J5 W » W ^ ^ 1* 1 < ' 

(1.4) Lemma . Le f ufcea harmonic  function on  Rm. Assume  that  there are a posi-
tive increasing sequence r v f  ° ° (v t °° ) and constants C >  0, d >  0 swcA f/iaf 

sup{|«Cr) | ; jceB(rv)»SC^, v  = l ,2 , . . . 

Then u is a polynomial of  degree <dinx l,...,xm. 

Proof Takin g the complexification (z J) =  (xj +  iyj) o f (xj), w e put 

(1.5) " ' ( z > = Js(DW (w) 

r2 - Z(z'V 

2>>-z')2 2 

.m-2 <tfr(") 

for | | z | |<r /2 . The n u r i s holomorphi c i n ( | |z | |<r /2 ) an d u r\ [y l =  •  = 
ym =  0} = M. Henc e w r = wr̂  for r  <  r\ s o that they define a  holomorphic functio n 
u o n C m suc h tha t u\[y l =  . . . = ym = 0 } = w . I n (1.5 ) w e pu t r  = rv an d 
|| z || <  rv/4. The n there is a constant C i >  0 such that 

|5(z)|<C, , v  = l ,2 . . . 

Since u is a holomorphic function o n Cm, u  is a polynomial of degree <  d in z l , . . . , 
zm, and hence so is w in JC1, ...,xm. Q.E.D. 
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(1.6) 

We define the potential kernel function P (a, x)  on Rm by 

1 
P{a,x)=- \\m-2 for m > 3, 

P(a, jt ) =-log | | a-Jt | | for ™ =2 . 

In the case o f m >3 (resp . /w = 2) P(a,  x)  i s calle d th e Newto n kerne l functio n 
(resp. logarithmi c kernel function). Th e potential kernel function P (a, JC ) with a 
fixed is harmonic in Rm -  [a } an d -P(a, x)  i s subharmonic in Rm. I t is a classical 
fact that 

A[/> (a, * ) ] = - -
1 

-5a, 
(m-2) |S( l ) | 

where \S(l)\  denote s th e are a o f th e uni t spher e S ( l ) cR m wit h respec t t o th e 
Euclidean metric and 5fl the Dirac measure at a. Thi s leads to the following: 

(1.7) Proposition . Let  o be  a positive Radon measure onB{R) and  0 < r <R and 
set 

(1.8) UrQc9a) = —t 
1 

J v< P(y,x)do(y). 
(H!-2)|S(1)| Jjeflfr ) 

Then Ur(x9 a) is  subharmonic in Rm and satisfies 

A[£/r(-,a)] = a inB(r). 

Here we call the above integral U(x, a ) the potential of the Radon measure a. 

2. Loca l Potentials of Positive Closed (1,1)-Current s 
and Modified Kernel Function 

Let z J =x 2j~l +ix 2y"f 1  <j  <m , b e th e comple x coordinate s o f C m wit h rea l 
variables JC\ 1  <  k < 2m. B y this we identify Cm = R2"1. Not e that 

a2 a2 

Ox2'"1)2 OX 2 ' ) V^2 
= 41 

a2 

dz'hz' 

We use the same notation as in Chapter III, §3. Fo r a locally integrable function u 
on a domain of C"1 we have 

(2.1) <Wc[«]Aam-! =  - i -A[«]a m 

4m 

Hence, if u is plurisubharmonic, then u is subharmonic. Le t 
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be a positive current of type (1, 1 ) on B (R). Defin e the potential of T by 

(2.2) I/ r(z, T ) = l —\ aR(  P(y,  z)T(y)Aa n'-\y)1 0  < r <  R. 

Then Ur(z, T)  is subharmonic in Cm and satisfies 
m 

(2.3) A[t/,(z , 7) ] = 4£ 7) J o n B (r). 

(2.4) Lemma . L̂ f T  be  a  closed  positive  current  of  type  (1 , 1 ) 0/ ? £(/? ) a n J 
0 <  r <  R. Then  there is a subharmonic function uonB (r)  such that 

ddc[u] =  T onB(r). 

Proof Suppos e first that T is C°° but not necessarily positive . Le t r < r' <  R. 

By Poincare's lemma (Lemma (3.2.30)) there is a real 1-for m v on B (r') such that 

dv =  T on B (r'). Decompos e v  = v' + v", wher e v ' (resp. v") i s a 1-form of type 

(1,0) (resp . (0 , 1)) . Sinc e v  i s rea l an d T  i s o f typ e (1,1) , v ' = v" an d 

3v' = 3v" = 0. B y Doibeault' s lemm a (cf . Hormande r [48] , Chapter II, §3), there 

is aC°°-function u"onB(r) with du" = v". Puttin g w =  2ni(u" -u "), w e have 

ddcu=T. 

In the general case, we take Ur>(z, T)  defined by (2.2) and put 

S = T-dd cUr>(-,T). 

Put S = Y-l-SljdztAdz. The n (2.1) and (2.3) imply that 
ij2K 

m 

(2.5) E 5yy =  0  infi(r') . 

Moreover, we put 

dzKdz 

The d-closedness o f 5 implies that Sfju i s invariant under index exchanges of i  and 
y, and of k and /. Usin g (2.5), we have 

ASJ = 4 £ S ^ = 4 
*=i *=1 

= 0 mB(r'). 

Therefore 5 I;- are harmoni c i n the sens e o f distributio n an d hence C°° . The n the 
result of the first half implies our assertion. Q.E.D. 
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We are going t o define a  modified kerne l functio n derive d from P(a,  x).  Th e 
potential kerne l functio n P(a,  x)  fo r m  >2 i s quit e differen t t o tha t fo r m  = 1. 
Since our main concern i s in the case of m >  2, we restrict ourselves to the case of 
m>2. No w we expand P(a, z) : 

P(a,z) =  l 

a-zW2"-2 

= PQ(a, z ) + P,(a, z ) + •• • +/> x(a, z)+  ••- , 

where PQ(a, z)  = - — tj2m_2 an d P\{a, z)  ar e harmonic homogeneous polynomial s 
II J[y 

of degree X in zJ an d z ,  j =  1 , 2,..., m.  Fo r ^€ Z+ we set 

(2.6) e(q\a 9z) =  -P (a, z ) + P0 (^ z ) + •  • • + />«(*, z) 

= - /> ^ i ( ^ z ) - P < ? + 2 ( a , z ) — . 

This e(q;a,  z)  i s th e modified kerne l function , whic h wil l b e use d t o construc t 
Weierstrass-Stoll canonical functions in the next section. Pu t t = ||z||/||aj | <  1  an d 
let 9 be the angle formed by the vectors a and z. The n 

(2.7) P(a 9 z ) = | | a f - 2 w ( l - 2 r c o s e +  r2)1~m 

= \\a\\ 2-2m\l+Bl(cose)t+--- +  B x(cosQ)tx+--'y 

On the other hand, we have 

p(fl,z)<iia||2"2-(i-r)2-2-=iia||2-2-i;^/\ 
Here note that Px(a, z ) = || a p - ^ f l ^ c os 9) f \ Henc e 

(2.8) |B x(cos9)|<&x, 

(2.9) e(<?;a , z ) = - H I2 " 2 * £  *x<cos9)r \ 
k=<7 + l 

Now we consider general t  = || z ||/||tf |( . W e fix 0  < T  < 1 . Suppos e first that / < x. 
Then it follows from (2.8) and (2.9) that 

(2.10) \e(q;a 9z)\<\\af'^t^1 £  b xx
x'^{ 

X=<7 + 1 

= C 1 ( 9 ,x ) | |a | | 2 -^ + 1 , 
oo 

where C\(q % x) = 2  ^x^" 47"1- W e nex t suppos e tha t t>x.  I t follow s fro m 
A^+l 

(2.6H2.7) that 
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e(q;a, z)  <  | | a | |2 - 2 m ( l+£ , (cos 6) f +  •• • + fl,(cos  6)f« ) 

<\\a\\2-lm{\+bxt+--. +  bqt<i) 

<\\a\\2-lmtq{rq^bxr
q^{ ^-'^b q) 

£ | | « | | 2 - ^ f* (T^ +  ft,T"* +I+"•• +  &«)• 

Putting C2(q, x ) = (z~q +  &,T~* + I +  --- + b<7), we have 

(2.11) e ( ^ ; f l , z ) < C 2 ( ^ x ) | | a | | 2 - ^ ^ . 

Thus (2.11) and (2.10) imply the following . 

(2.12) Lemma . Let  the notation be  as above. Then 

IMI* +  l 

e(q;a,z)<C(q,x)\\a\\ 2-2/n 

M'iM +  W 
for any  z, ae  C m with  a *0,  and 

||<7+1 

\e{q;a,z)\<C(q^)\\a\\ 2-2m \\Z\ 

IMNMI + ND 
for pi  <  x\\a\\, where  C{q, x ) = max((l+x)C,(<7, x) , (l + l/x)C2(<?, t ) | . 

3. Weierstrass-Stol l Canonica l Functions 

Let ! =  £ - ! -7 } ; dzVVf? * b e a  close d positiv e current o f type (1, 1) on C m. 

Consider the equation 

(3.1) dd c[U] =  T. 

If U  is a solution of (3.1), then 

*IU]=4%TJJ. 

7 = 1 

The potential Ur(z, T)  defined by (2.2) is subharmonic in Cm and satisfie s 

A[£/r(z, r ) ] = 4 £ r y j i n B(r). 
7=1 

Hence, if Ur(z, T)  converges a s r  —> oo, then the limi t i s a candidate fo r a  solution 
of (3.1) . I n general, i t is not convergent . Therefor e w e will use the modified ker -
nel function e(q\a,  z)  define d b y (2.6) , of whic h difference t o -P(a, z)  i s only a 
harmonic polynomial of degree q, 

We first investigate the condition for the convergence. LetqeZ*.  The n 
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j\t -<dn  (r, T)  = [t -«n (r, n ] '  +  J |^ 1 1 A . 

This implies the following lemma . 

(3.2) Lemma . Let  rv T  °°, v = 1 , 2, .. . be a positive increasing sequence. Then 

(3.3) li m J  V v n ( r , 7 ) <  ~ 

if and only if 

hm <  oo and li m I  —-— r^-dt <  <». 

We define the order pT o f 7 by 

(3.4) P r = tol o g
1

A f ( r ' r )=ihi; l o g n ( r ' ] r ) . 
log r I--* - lo g r 

Assume that there is a positive increasing sequence ;*v T °° such that 

lim t^dnit,  T)  < °°. 

— r 
We may use any rn t ° ° if li m J  t q dn (f, 7 ) <  «\ Fo r instance, we may put q = 0 

if /2 (r, 7 ) = O (1); if pj- < «», then we may put 
(3.5) < 7 = [p r ]+ l , 
where [• ] stand s fo r th e Gauss ' symbol . W e defin e th e canonica l potentia l 
U (q; z , 7 ) of 7 due to Lelong [63] by 

(3.6) £/(<? ; z, 7 ) = lim— l— J «( 9;<if z^AcxT" 1. 

We chec k th e convergence . Fo r simplicity , w e assum e tha t O  € sup p T. Le t 
||z || = r < rv. I t follows from Lemma (2.12) that 

(3.7) — [ — \ ^ B ( r ,e(q;a 9 z ) 7 A a ^ 1 

<—!— C(<7 , T)||<z||2-2m —  TA(f- { 

m - l •" ' r  + t 

Continued 
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C(g, X) 
m - 1 

r * + i 

r + r 
-t'qn(t, T) 

+ 'Wo(< * + 
A-lm-q f2-2ni-q 

Im-T)- +  - r -
/• + / ( r + /)2 

TAam'\B(t))dt 

C(q, T ) I  r^ 1 /i(r v, T ) 

m - 1 [  r  + rv r J 

Jo ( r + r)V + 1 

By Lemma (3.2) 

,-<7+i n ( r v , 7 ) 
(3.8) - > 0 ( v -> oo). 

r +  rv r ? 
Moreover we have 

(3.9) c^^.hfa^-iy^^^ fi 
m - 1 J  °  ( r + r) r*7 

(r + f)'* 

where C'(<7 , x)  = C(q, x)(q  + 2m- l)/(m - 1) . Lemm a (3.2 ) implie s tha t th e las t 
integral i n (3.9) converges a s v —> <». Withou t loss of generality , we may assume 

that TAam'l(S(rv)) =  0, v = 1 , 2, .. . (cf . th e proof of Theorem (3.2.31)) . Makin g 
use of Lemma (2.12) in the same way as above, we infer that the sequence 

i a€fi(rv) 
\e(q\a, z)\TAa m~\ v = l , 2 , . 

is a Cauchy sequence whic h is uniform for z belonging to a fixed compac t subset. 
Therefore th e right  hand o f (3.6 ) converge s uniforml y o n compac t subset s an d 
U(q\z, T)  is a subharmonic function on Cm. Not e that 

(3.10) r;_^i!S jirA »r^-fi^L.^+ r"_jii!LJ^. A 
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Put 

C(<7) = inf{C'(<7, T ) ; 0 < x< 1} . 

Then (3.6)^(3.10) implies the following. 

(3.11) Lemma . The  canonical potential U(q\  z , T) is  a subharmonic function on 
Cm and  satisfies 

m 

A[U(q;z,T)]=4^Tj], 

(3..2, U( ,;z, Tiwyjp^.r*. £!$£*]  . 

Put 

M(r) =  sup{U(q;z,T);zeB(r)}. 

(3.13) Corollary . -^) !eBJU(q; z,  T)\am <2M(r). 

Proof. Put U\q; z , T) = max(0, ±U(q;z,T)\. The n 

U(q; z , T) = U+(q; z,T)~ U~(q;z,  T). 

Since U (q; r , T) is subharmonic and t/ (<?; O, T)  = 0, 

r '^Jg^iU\q; z , T)  - U~(q ; z, T)}aT  £ 0, 

so that 

Since \U(q;z,  T)\  = U+(q;z, T)  + U~(q\z, T),  w e hav e th e desire d estimate . 
Q.£.D. 

(3.14) Theorem . Let  The a closed positive current  of type (1, I) onCm such  that 
O € sup p T. Assume  that there is a sequence rv t ° ° (v T °°) such that 

lim )xt-*dn{UT)« 

Then the canonical potential U(q;z,  T)  satisfies the estimate (3.12) and a solution 

0/(3.1): 

ddc[U(q;z,T)) =  T. 
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Proof. Ther e remains to show tha t ddc[U(q; z , T)] = T. We may assume that 
B (/• i) O supp 7 = 0. B y Lemma (2.4) there are plurisubharmonic functions u  v on 
B Q\) such that u x = 0 and ^/c[wv] = 7|fi (rv). Put 

//v(z) = £/(*fzf D-K v (z ) f z e £ 0 \ ) . 

Then A[//v] = 0, so that Hv are C°° harmonic functions on B (rv). Put 

32//v 
Hvij = o ^ ' 3z''3z 

Then 

tf(v-n)/7-tfv/J =  0 on£(r v). 

Therefore //v /j define harmonic functions ///J on Cm. I t follows from (2.6) that 

(3.15) al l partial derivatives of order < q - 2  of Hi] vanish at O. 

Let x and Xe be the convolution kernels defined in Chapter III, §1, (c). The n 

&(*)=" 
1 Z 

Put 

Then 

(3.16) 

C = max-
[ dz'dz1 

— ^ ( z ) 

zeCm, l<i,  j<m\ 

<Ct -2m-2 

Since //y i s hannonic, //ye = //y*Xe = "y - B y definition 

a2[«v] 

Put 

32[t/(g;z,D1 y[«v l 
"it : — / * X e T*Xe-

92[Ky] 
5 2  = .  .__ / *Xe - r y*Xe-

dz oz 

It follows from (3.16) that 
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Put /' = | | z || an d e = r. The n by Corollary (3.13 ) 

(3.17) l 5i<2)l^Cr'2""2La(2r)lJ/(9;z- T) ^ 

<Cr -2m-2/o,.\2/n (2r)m2M(2r) <  2 zm + ' Cr ~ lM(2r). 

1 
Since | |r / ; | | <  -pr^Tt f a s measures , 

V2 

(3.18) |S 2W| = J L B ( , ; / ^W " Z)tf"(W> 

^ L . C e ^ - ^ A a - k w ) 

<^e--(maxZ)Jw€B(2;£)rAa'-

^^rr-^maxx)! TAa^ 1 

V2 JB(2r ) 

= 2 2 m~5 / 2m(maxz)r~2n(2r, T) . 

We have by (3.17) and (3.18 ) 

(3.19) \H[j{z)\  < C V - 2 { A / ( 2 r ) +  n(2r , T) } 

for jjz| | <  r, wher e C  i s a positive constant independen t of r  and T. W e infe r fro m 

the assumption, Lemma (3.2), (3.19) an d Lemma (3.11 ) that 

H-21 
\H{j{z)\ <0(rr 2)<0 z < 

If 0 <  q <  1 , then //J; s  0 . I n the case o f q  >  2 , w e se e b y Lemm a (1.4) tha t H{j are 
polynomials o f degre e <q-2.  The n i t follows fro m (3.15 ) that Hj] = 0. Therefor e 
ddc[U(q;z, 7) ] = r . Q.E.D . 

(3.20) Theore m (Stoll) . Let  D  be  an  effective  divisor  on  C m such  that 

O £  sup p D. Assume  that  there  are  qeZ + and  a  positive  increasing  sequence 

rv t  ° ° (y — » °°) such that 

iim J> ~qdn(U D)<oo t 

Then there exists  a  unique holomorphic  function  F  satisfying the  conditions: 
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(0 (/=" ) = D. 

(ii) F(0)  =  1  and  all partial derivatives  of  order < q vanish at O. 

(iii) There  is a positive constant  A (q) depending only on q such that 

log|F(z)| <Mq)M'{ ft'^A+Nj™ J M ^ *} • 

Proof. Tak e a locally finite open covering {Wx)Z=\  of  C m s o that Wx ar e balls 
and ther e ar e holomorphi c function s Fx  o n Wx  satisfyin g (Fx) z=D\Wx. B y 
Theorem (3.14) we have the canonical potential U(q;z, D)  o f D satisfyin g 

ddc[U(q;z, D)]  =  D. 

Put 

hx =  ±U(q;z,D)-log\F x\. 

Then ddchx =  0; i.e., hx are pluriharmonic. Therefor e there are holomorphic func-
tions gx suc h that the real parts Re gx of  gx coincide with hx. Henc e we get 

±U(q;z,D) =  Rc(gx +  logF x) 

W h e n W x n W ^ * 0 , 

gx + log Fx = ̂ ^ + log /^ +  w ^ , 

where a^e R  satisfying the cocycle condition 

Hence w e hav e a  Cec h cohomolog y clas s (ax^)sH l(Cm, R) . Sinc e 
/ / l (C m , R ) = {0} , there are constants ft^eR such that 

Then we have 

gx + »x +  log Fx = gM + i6,i + log FM o n »\ n  H ^ * 0 . 

Then we define a holomorphic function F on Cm by 

F = Fxexp (gx +  ib\) o n H^. 

By Theorem (3.14) this F satisfies the required properties. 

Let G  b e a  holomorphi c functio n o n C m satisfyin g (i) , (ii ) an d (iii) . The n 
A-FIG i s a  nowher e vanishin g holomorphi c functio n o n C m. B y (5.2.25) , 
Corollary (5.2.30) , conditio n (iii ) an d Lemm a (3.2) , we see that 
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T(r„ A il) <  T(rv> F)  +  7(r v, G ) +  0(1 ) =  0(r%). 

Thus Theore m (5.3.13 ) implie s tha t lo g M(rv, A ±l) =  0 ( r ? ) . Takin g lo g A(z) 
so tha t log A (0) =  log 1  = 0 , we get 

sup{|RelogA(z) | ;ze£(rv)} =  0( r«) . 

Since R e log A (z) i s harmonic i n C n\ Lemm a (1.4 ) implie s tha t R e log A (z) i s a 
polynomial o f degre e << ? i n z ' an d z . The n conditio n (ii ) implie s tha t 
Re log A (z) = 0 and hence A (z) = 1 . Q.E.D. 

The unique holomorphic function F  for a  given diviso r D in Theorem (3.20 ) is 
called the Weierstrass-Stoll canonica l function of D. 

We give a criterion of the algebraicity of a divisor on Cm. 

(3.21) Lemma . Let  P be a polynomial on Cm'. Then 

degree ofP =p  <== > Af(r , (P))  =  (p +  o (l))log r . 

Proo/. Remark thatAf(/\ (P))  i s a convex increasing function i n log r. Henc e it 
suffices t o show that for any pe R  with p >  0 

degree of P < p <== » #(r , (P) ) < (p +o(l))log  r . 

Suppose that the degree of P </> . The n by Proposition (5.3.14) 

N(r, (P))  < T(r, P)<(p+o (l))log r. 

Conversely, suppos e tha t N(r,  (P))<(p  +0(l)) logr . Le t p'  b e a  degre e o f P. 
Then Theorem (5.1.15) implies that 

(3.22) N(r,  (P) ) = Jr(r)log \P |T) -  J r(1)log |P|t| . 

Let p: Cm - {0 } -> P"1"J (C) be the Hopf fibering  and CO Q th e Fubini-Study Kahle r 
form. The n 

(3.23) r i = rf clog||z||Ap*co,n~1. 

For every complex line /€ F ^ ^ C) throug h 0, w e take a point tf/€ / n T(l) . The n 
it follows from (3.22 ) and (3.23) that 

(324) JV(r , (P) ) = J/ 6 p n . l ( J lo g |P(re '%)|dG -  lo g |P (« '%) | i / el © T ! 
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Since P  i s a  polynomia l o f degre e p\  n(t\  (P\l))tp'  a s r t ° ° - Therefor e w e 
obtain 

N(rAP)) =  (p' +  o(Wogr<(p +  o{l))logr, 

so that/?'<p. Q.E.D. 

(3.25) Theore m (Stoll) . Let  D be  an effective divisor  on  Cm. Then  D is  an alge-
braic divisor defined by a polynomial of  degree p if  and only if 

W(r, £> ) = (/?+o(l))logr . 

Proof B y Lemma (3.21) i t suffices t o show tha t i f N(r, D)  = 0 (lo g r), then D 
is algebraic. Suppos e that /V(r, D ) = O (log r). The n 

(3.26) n(r , D ) = 0(1). 

We ma y assum e tha t O  &  supp D. Le t q  = 0 an d tak e an y positiv e increasin g 
sequence rv T° ° in Theorem (3.20) . The n w e have the Weierstrass-Stoll canonica l 
function F  satisfyin g 

log |F(2)| <A ( o ) | J ; ^ ^ + r ] ; ^ ^ | 

for ze B (r). I t follows from thi s and (3-26) that 

7(r, F ) = m(r, F)<(9(logr) . 

By Proposition (5.3.14) F is a polynomial. Q.E.D. 

Notes 

In th e cas e o f m  = 1 , the Weierstras s canonica l produc t o f a  give n effectiv e 
divisor on C, of which order is finite, is well known (cf. , e.g. , Hayman [46]) . Stol l 
[110] proved its higher dimensional version, Theorem (3.20) . Th e proof given here 
is due to Lelong [63] . B y the uniqueness, the function constructe d here must coin-
cide wit h tha t o f Stoll . Le t / e F ^ ^ C ) denot e a  complex lin e o f C m throug h O. 
Then th e restriction F  | / of the Weierstrass-Stoll canonica l functio n o f an effectiv e 
divisor D on Cm ar e the Weierstrass canonica l produc t o f the intersections D-l  fo r 
all / G F " " 1 ^ ) . Thi s i s trivial by Stoll' s construction . Stol l [114] i s a nice survey 
on his method. Ther e is an application fo r meromorphic mappings /: C m — > P^C) 
of finit e orde r due to Noguchi [75] . Mok-Siu-Ya u [70 ] applied th e method o f th e 
canonical potential of Theorem (3.14) to the characterization problem of Cm. 
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locally integrable, 94 
locally irreducible, 14 0 
locally reducible, 14 0 
logarithmic kernel function, 255 
maximum modulus, 188 
measure hyperbolic manifold, 81 
meromorphic function, 14 6 
meromorphic function field, 14 6 
meromorphic mapping, 153 
meromorphic section, 148 
meromorphic with respect to, 152 
monoidal transformation, 16 0 
multiplicity, 40,175 
negative (form, line bundle), 69 
Nevanlinna characteristic function, 

184 
Nevanlinna inequality, 180 , 182 
Newton kernel function, 255 
non-degenerate, 77, 204 
non-negative, 69 
non-positive, 69 
non-singular, 14 0 
non-singular complete intersection, 252 
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normal family, 22 
only normal crossings, 33 
only simple normal crossings, 201 
order of current, 101, 259 
order of distribution, 96 
order of meromorphic mapping, 182 
order function, 178 
order less than or equal to, 95, 101 
plurisubharmonic, 131 
Poincare' distance, 3 
Poincare-Lelong formula, 171 
Poincare metric, 2, 8 
Poincare volume element, 74,75 
Poisson integral, 254 
polar divisor, 146 
poles, 145 
positive current, 111 
positive line bundle, 69 
positive (1, l)-form, 69 
positive distribution, 99 
potential, 255, 256 
projective algebraic, 68, 233 
proper modification, 16 2 
proximity function, 180 
pseudo-distance, 12 
pseudo-volume element, 74 
pseudo-volume form, 74 
pullback (of line bundle), 63 
pullback (by meromorphic mapping), 

160,161,162 
pullback (of meromorphic function), 

161 
pullback (of divisor), 161 
pullback (of holomorphic form), 162 
pure dimension, 142 
Ricci curvature function, 74 
Ricciform, 71 
rank (of holomorphic mapping), 151 
rank (of a meromorphic mapping), 

159 

rational mapping, 195, 234 
rational forms, 235 
rational function, 234 
rational function field, 234 
real current, 111 
real differential form , 110 
reducible, 140, 
regular (non-singular) point, 140 
regular rational form, 236 
regular rational mapping, 234 
rotationally symmetric, 47 
Second Main Theorem, 209 
simple (torus), 38 
singular point, 140 
small deformation, 38 
smooth (analytic subset), 140 
smoothing, 98 
subharmonic, 121 , 253 
support (of distribution), 98 
support (of current), 103 
support (of divisor), 144 
system of holomorphic transitions, 

250 
system of holomorphic transition 

functions, 60 
tensor product (of line bundle), 62 
trace (of current), 114 
transcendental, 195 
trivial (line) bundle, 25,59 
type of current, 109 
type of differential forms , 108 
unit, 139 
very ample, 68 
volume element, 74 
Weierstrass-Stoll canonical function, 

265 
Zariski topology, 39, 233 
zero divisor, 146 
zero section, 60 
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Symbols 

®, tensor product 

A, exterior product 

A £,25 0 
k 

-,237 
|L|,148 
( 2 / , . . . , Z;, . . . , Z/ ) , 4 4 

[z1;---;zm],44 
[/](«>), 96 
||<t>||o,95,101 
||<f||;,95,101 
|| T ||, 98 
|| x ||, 94 
||z||,29,116 
1«. 59 
A (M), 243 
Aut(A(r)), 4 
|a| ,93 
A"(M, C), 73 
Ap(Af, R) , 72 
a (as differential form), 116 

B(P'"\U), 10 8 
|fi(D|,253 
B(a;R),29 
B(E), 67 
fl(fl),29,116 
B(z;r), 29,116 

P (as differential form), 116 
P(z0: *). 190 
C((/),94 
C*(t/), 100 
C ( p ' V ) , 10 8 
C, complex numbers 
C*,44 
C"+,,160 
c,(L),64 
rcjTOirti 
L Y  J 

X4.105 
XeW-94 
codimM ̂ X, 142 
D(U), 94 
£>„(£/), 94 
£>*({/), 101 
D{p-"\U),109 
D"A(U\ 101 
£>(£/)', 96 
D({U). 101 
Am-P,m-<,)(f/). 109 
D * * q)(U), 11 0 
[D], 149 
Da, 93 
Div(M), 144 
dc,116 
4(z. w) , 2 
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dM{x, y),  1 2 

djfa, y),  1 6 
det £, 250 
dim*, 14 2 
dim,*, 14 2 
dSr, 254 
dT, 103 
dz, 1 
dz, 1 

rfzti?, 1 
dzJ, 10 8 

^ 10 8 

(dzAdJ)J, 16 7 
A (Laplacian), 127,25 3 
A(r), 2 
A(w;r),2 
SjiD), 21 3 
ar, i io 
37,110 

a . 
a? 1 

i-.i 
a? 
E(U), 9 3 

£ ( £ / ) , 10 0 

E(P'*\U), 10 8 
£*,44 
£ ( / |X) , 15 1 
e(q;a, z) , 257 
TJ (as differential form) , 116 

r\r(z), 2 7 
TI(Z0; z), 19 0 

^ , , , 1 3 9 

F„,S 
Fw(v,),H 
f'(z),6 

/V / .64 
/ •L.64 
/ |X. 15 1 
G ( / ) , 152,15 3 

S, > 2 
Hr), 11 6 
r(t/f L) , 59 
rmer(W;L), 14 8 
Hz;;-), 11 6 

Y,, 18 8 
Y„ 13 9 

Y(-'o^). 191 
/ / (C, A'), , 237 

H0,67 
/ / £ ,65 
/ / w , 6 3 
tfp(M, R) , 73 

Hol(A/, tf),  1 9 
hr,Z 

Ix.x. 143 
/ ( A 15 6 
4 ,240 

/(X)x, 237 

W ) . 23 8 
JtiX), 23 8 

•/*(*)„ 23 7 
#(£/), 94 
£,(£/) ,94 
Kk(U), 101 
Afttf), 101 
Klp'*\u),lOi 
K(U)', 9 6 
£'(£/), 10 2 

K(m-p,m-<i)(Uh H O 
K^-i\U), 11 0 
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K(Af),70 Aw(fi)-8 0 
K(Af )A., 70 N , natural numbers 
K° ,  124 N(r,  £) , 178,21 9 
KH(n),49 W(r , 7) , 178 
£„(*), 49 n(r , F) , 117 , 177 
Kh, 1  n(z;r , D.11 7 
tffi,74 v(2;D) , 17 5 
L to (I/), 94 O(t/),6 0 

L £ V > , 1 0 9 0 M.X,139 
L0,67 0 ; , , , 1 3 9 

L*,62 « * • " " 
L~*,63 Q(r, , . . . ,rJ,7 4 
L(£),65 Q*(r,,...,r„,),7 5 
(L, / / ) ,64 co>0(co>0),6 9 
(L*, if , M) , 60 Wo , 67 
(L,®L2, Jt,®n2,M),6 2 ©,23 8 

L > 0 , 6 9 ®(L,H),6 4 
L < 0 , 6 9 ^ - ' ( 0 , 4 4 
£*(•), 2 P"-'(C)*,4 4 
LM,12 /»(C"),4 4 • 
Z.(7), 168 /'(a , JC),25 5 

log+,184 />(£) , 43 
Mer(M), 146 P(£*),4 4 
Mer(M, W), 153 p y, 167 
Mer*(W, M), 88 <t> £, 68 
Mer(M, JV) , 153 <*>r (M.L).68 
M(r, F),  18 8 <t>*Xe,9 4 
/n/r, £>) , 180 (<t>) , 146 
(m;*},93 (<t>)o,14 6 
m(r,F), 18 4 Q) m, 14 6 
m(Z;fM.x), 14 6 n £,65 
/w(H;<|»), 146 Jt w,63 
mult^X), 40 Jt ("*), 63 
HM(B),79 ¥„(*) , 7 7 

MW.99. V M./Oc),n 
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q (M\ 242 
R, real numbers 
R+,5 
Ric Q, 74 

Rla.b], 3 0 
Ric Q, 201 
R(X), 14 0 
rank/|X, 15 1 
rank,/|X, 151 
p(Jt),44 

SU (n, 1) , 189 
S(X), 140 
S(r), 254 
suppD, 144 
supp T, 98 
supp <|>, 94 

Z'btdz'Adz*, 10 9 

£ ' M r \ 10 0 

a*, 111 

T(M),,5 

7/(M),,4 

TAa, 10 3 
7V.115 
r€ ,98 

rM,99 
T(r, F),  18 4 
Tf(r, L) , 180 

7)(r, co) , 178 
7/r, (QJ) , 182 

Trace (©; 7"), 170 
0 /D) ,213 

<r, <(» , ioi 
f/e .94 
l /wtt;r) ,19 
i/r(.r, a) , 255 
Ur(z, T),  256 
(/(<?; z, T),25 9 

«e,127 
Vol(S), 29 
Wip-»\ 11 2 

X ( i ) ,40 
<X, <|» , 115 
Z, integers 
Z+,93 
Zero (A), 1 
Zero (s), 67 
Zero (£2), 74 
Zero (a), 67 
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