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Translator's Prefac e 

Charles Darwi n claim s tha t th e ap e an d th e huma n bein g cam e fro m 
the same origin . Th e reade r ma y or may no t believe him. However , th e 
author and th e translato r certainl y cam e from th e sam e origin . Bu t they 
are not exactly the same person. The y live in two different environments . 
Since this book was published, many research papers and books concerning 
similar subjects have appeared. Thu s a new environment was created. So , 
the translator has tried to provide the reader a guided tour through this new 
environment b y adding §§6.8-6.11 and five appendices. Thi s is like sight-
seeing in the usua l sense . I f the reader wishes to discover more , he must 
go back there himsel f an d look around mor e extensively. Th e translatio n 
is as faithful a s the translator could achieve. Also , wherever necessary and 
suitable, he inserted remarks in [  ]  to help the reader . 

The main part of this translation was done at the University of Southern 
California i n the academic year 1988/8 9 during the translator's sabbatica l 
leave from the University of Minnesota. Als o the translator was supported 
partially b y a  gran t fro m th e Nationa l Scienc e Foundation . Th e transla -
tor wishes to express his appreciation t o Professor Willia m A . Harris, Jr . 
(U.S.C.), Mr. Hirosh i Mizuno (Kinokuniya), Ms. Mary C. Lane (A.M.S.), 
and Ms . Susa n Connel l (A.M.S. ) fo r thei r kind help in the publication o f 
this translation. 

February, 1990 , at Roseville Yasutak a Sibuy a 
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Preface to the Japanese Edition 

Research on differential equation s i s usually oriented towar d obtainin g 
explicit results, as it is motivated by applications. I n this way many clever 
ideas hav e bee n foun d on e afte r another . However , whe n a  reall y diffi -
cult proble m arises , w e mus t di g ou t somethin g intrinsic . A s the stud y 
of topology , algebrai c geometry , an d function s o f severa l comple x vari -
ables ha s advanced , man y method s whic h ar e usefu l i n suc h fields have 
been introduce d int o the territory o f differentia l equations . I n this book, 
focusing attentio n o n intrinsi c aspect s a s much a s possible , w e shal l ex -
plain som e problems o f linea r ordinary differentia l equation s i n complex 
domains. Th e Riemann proble m wa s solved quit e naturall y a s the stud y 
of functions o f several complex variables advanced. Thi s was the most re-
markable achievement since the beginning of this century. I n this book, we 
shall first explain thi s problem. Also , we shall try to treat th e generalize d 
Riemann problem (or the Birkhoff problem) in a similar manner. Further , 
we shall explain th e characterization o f regular singula r point s due to W. 
Jurkat and D. A. Lutz. Thi s result i s recently attracting attention, because 
it is closely related to singularities of hypersurfaces . 

The author o f this book has never given a  lecture of this  kind. Profes -
sor Tosihusa Kimura of the University of Tokyo visited the University of 
Minnesota during the academic year 1971/72 . H e gave a series of lectures 
on algebrai c differentia l equations , hypergeometri c function s o f severa l 
complex variables , an d th e Rieman n problem . Also , during hi s stay , the 
two of us discussed various problems of mathematics, sometimes dangling 
fishing line s from a  boat o n a  lake in Minnesota . Sinc e then i t has been 
four years . Th e autho r starte d writin g thi s book a s a  term pape r fo r th e 
course give n b y Professo r Kimura . Th e autho r trie d hi s best . Bu t thi s 
is the first  draft withou t an y extensiv e revisions . S o he expect s tha t th e 
reader wil l find some pages hard t o read an d othe r page s containing mis-
takes. I n particular , whereve r th e author' s understandin g o f th e materia l 

M i l 
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is shallow and uncertain, the reader will sense it immediately by detecting 
his somewhat vagu e way of writing . I t i s left t o the reade r t o determin e 
what grad e Professo r Kimur a wil l giv e t o thi s ter m paper . I n th e nea r 
future, th e author will publish the contents of the last chapter [Chapter 6] 
as a research paper , because i t contains new results [cf . Y . Sibuya [134]]. 

The author would like to express his appreciation to Professor Tosihus a 
Kimura (Univ . o f Tokyo) , Professo r Seiz o It o (Univ . o f Tokyo) , Mr . 
Kenichi Uzuoka (Kinokuniya) , and Mr . Kazumas a Yokot a (Kinokuniya ) 
for their kind help in the publication of this book. I t should also be clearly 
noted that this work was partially supported by grant NSF-GP 38955 from 
the National Scienc e Foundation . 

August, 1976 , at Roseville Yasutak a Sibuy a 



APPENDIX 1 

The Hukuhara-Turrittin Theorem 
in Terms of D% -Modules 

§A.1.0. Preliminaries 

As in §6.8, we denote by 3f th e quotient field of C[[z-1]], i.e. 

j r =  c[[z-']][z]. 
Let V  be an w-dimensional vector space over 3£. Th e differential operato r 
5 =  x-j^ define s a  map : 3f — • 3?  whic h i s additive an d satisfie s th e 
Leibniz conditio n 

S(a b) = 6(a) b +  a  S(b) fo r a, b  e  3Z.  (A . 1.0.1) 

A map T : V — • V  is called a linear differential operato r if 

(i) T(u  + v) = T(u)  + T{v) for u,veV, 
(ii) T{a  u) =  6(a)  u +  a  T(u) for a e 3?, ue  V. 

Given a  basis {u\,  • • • ,u„} for V  over 3f, ther e exists a matrix A(z)  e 
gl(n,3f) suc h that 

[ T(m),  •••  , T(u n) ] =  [u u •••  , u n] A(z). (A. 1.0.2) 

Observe that a vector u  =  5D 1<y<„ y>j  Uj  € V  (y }e 3?)  can be written 
in the form 

u =  [ui,  ••  , u„]y, 
yi 

yn 

(A. 1.0.3) 

Hence 
T(u) [Mi, •  • • , u„  ] 3{y) +  [  T(ui), •••  , T{u n) ] y 

[«i, •• • , u n] (d(y) +  A(z)  y  ). 
(A. 1.0.4) 

177 
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It is easy to see that 
S +  A{z):Jf n -  3t n (A . 1.0.5) 

is a  linea r differentia l operato r :  J?n - > 3P n. (cf . (6.8.13)) . W e call 
8 +  A(z)  th e representation of T  wit h respect to the basis { U\, • • •  ,  w „ } . 

For two bases {«!,•• • , w«} an d {v\,-  •  - 9vn} fo r F  o v e r ^ , se t 

[ T{u\),  •  • • ,  r(K„ ) ]  =  [  Mi, •  • • ,  u „ ]  i4(z), 
[ r(v,) , •  • • ,  7(1/* ) ]  =  [  vu -  - • ,  v n ]  B(z), (A.l.0.6 ) 
[V\, •  •  ,  V„  ]  =  [  U\ 9 •• • ,  W * ]  P ( z ) . 

Then P{z)B{z)  =  (  (5 +  ^(z ) )  P(z), or 

<J(/>) +  ^ P - P 5 =  0  (A.l.0.7 ) 

(cf. (6.8.15)) . 
A nonempty subset U  of the vector space V  is said to be invariant by T 

if r( t / ) c  U.  Suppos e tha t V  i s the direc t su m o f two subspaces V\  and 
V2 which are invariant by T,  i.e. , 

V =  K , + K 2, F , n F 2 = {0} , r(F y) C  F- (j  =  1,2) . 

Ifdim,^ F ) =  «_ / ( y = 1,2) , wehave «i+«2 =  w. Abasis {wij,---,wi, n,} 
for K i over 3t  an d a  basi s {«2,i> - • • >U2,n 2} f° r ̂ 2 <>ver «^ for m a  basi s 
{«iti, • • • ,«i,W|, W2,i,- • •  ,U2,n2} for K over ^. I f we set 

[r(Myti), • • • ,  r(Myflf>)] =  [My.l , • ' ' , My.wJ 4/(*) (. / = 1,2) , 

then 
[r(«i,i), • • • ,  T(uUni), r(w 2li), • • •  ,  T(u2tn2)] 

[Wi,i,* •  ' , M l , / i , , « 2 , l , - '  ' ,  ^2,« 2] 
^ i ( z ) 0 

0 ^2(z). 
From th e observatio n above , w e se e tha t th e conclusio n o f th e 

Hukuhara-Turrittin theore m (cf . Theore m 6.8.1 ) mean s tha t V  ca n b e 
decomposed a s a direct su m of suitable invariant subspace s of T.  W e can 
also explain thi s fact i n terms of modules over a noncommutative ring . 

§A.1.1. Djf-module s 

Let us consider a polynomial ring 

&\o\ =  j  ] T a h a
h ;  /? e N , a he5? 1 , (A.l.1.1 ) 

where A^ i s the set of nonnegative integers . W e define multiplicatio n o f a 
and a  e 5?  by 

a 0  -  a  c r =  S(a).  (A.l.1.2 ) 
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Then K[a]  become s a  noncommutativ e ring . W e denote thi s rin g by D^. 
Let V  b e a n n -dimensional vecto r spac e ove r 3£  an d a  modul e ove r 

D^. I n thi s case , we cal l V  a n n-dimensiona l D^ -module. Give n a  basi s 
{wi, • • •  , un} fo r V  ove r c J , ther e exist s a  matri x A(z)  e  gl{n,5?)  suc h 
that 

[ au u •• • ,  au n] =  [MI , ••• ,  u„  ] A{z) (A.l.1.3 ) 

and henc e 

a ( [ " i , • • ,  " * ]y ) =  [  u\, '"  ,  u n ]  ( S +  4(z ) )y , (A.l.1.4 ) 

wherey € Jf" . 
Conversely, suppos e tha t a  differentia l operato r 5  +  A(z)  :  ^w — • 

o^'7 an d a  vecto r spac e K  ove r 3£  ar e given . The n if , fo r a  give n basi s 
{wi, • • • , w„} for F  ove r 3?,  w e define multiplicatio n o f a  an d a  vector i n 
F b y 

<* ([ wi , • ' • > un ]  y) =  [  ux, •  • • , u n ]  ( S +  A(z)  )  y, (A.l.1.5 ) 

where y  e  3F n, th e spac e V  become s a n ^-dimensiona l Djr-module . Fo r 
example, le t V  =  J£  an d A(z ) € ^. I f w e se t 

era =  (< J + A(z))a f o r a e J T , (A.l.1.6 ) 

then V  become s a  one-dimensiona l D^-module . W e denot e thi s modul e 
by E(k). 

Let V  be a n ^-dimensiona l D% -module an d A(z ) G ^. The n th e tenso r 
product 

becomes a n «-dimensiona l Z)^-modul e i f w e se t 

a(a<8> u) =  {aa)  ®u  +  a®{ou).  (A.l.1.7 ) 

For a  given basi s {u\,  •  • •  , w„} for F  ove r <^\ ther e exist s a  matrix <4(z ) € 
gl(n,Jf) suc h tha t (A.l.1.3 ) holds . Als o ther e exist s a  nonzer o vecto r e 
in Zs(A ) such tha t a  e  =  k{z)  e.  The n {e  ® wj, • • • ,e ®  w„} is a  basi s fo r 
£(/l) ®  V ove r ^ an d w e hav e 

o {[e®u\,  --  ,  e®u„]y)  =  [?®w 1? •• • ,  £®w„ ] (6 +A(z) 7 + ,4(z ) )y , 
(A.l.1.8) 

where y  € o^ " an d 7  i s th e n  x  n  identit y matrix . I n othe r word s th e 
differential operato r 

S +k{z)I  +  A{z)\JT n —  Jf " 

represents the cr-multiplication wit h respect to the basis {e®U\ , • •  • , e®u n} 
for E(A) ® F o v e r J T . 
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As above , le t V  b e a n ^-dimensiona l D^-module . I n orde r tha t a 
nonempty subse t U  o f V  b e a  D.^-submodul e o f V,  i t i s necessar y an d 
sufficient tha t U  i s a vector subspac e o f V  ove r 3£ an d a  U  c  U.  W e ca n 
state th e Hukuhara-Turritti n theore m a s a decompositio n o f V  int o a  di -
rect sum of a finite number of irreducible Z)^-submodules o f V.  However , 
to d o this , we need t o exten d th e field  3?  t o 

-2? =  C[[r 1]][C] (A . 1.1.9) 

where z  =  C 5 (cf. (6.8.2)) . Sinc e s  d  =  £ ^ , ther e i s a natural embeddin g 
: D. x — > A^ - Instea d o f th e Djr-modul e V,  w e shal l loo k a t th e D^-
module 

§A.1.2. Fuchsia n module s 
So far w e have given tw o definitions o f regula r singula r points , i.e. , on e 

in §3.2 and the other in §5.2 (cf . Definitio n 5.2.1) . Th e definition i n §3. 2 is 
algebraic, wherea s th e definitio n i n §5. 2 i s analytic . Th e relatio n betwee n 
these tw o definition s ca n b e explaine d b y Lemm a 5.8. 1 (cas e /? 0 =  0) . 
In thi s section , w e shal l explai n th e algebrai c definitio n i n term s o f D%-
modules. 

DEFINITION A . 1.2.1. Le t V  b e a n ^-dimensiona l D^ -module. 
A Cftz-^l-submodul e J[  o f V  i s calle d a  lattic e i f ther e exist s a  basi s 
{mu •  • •  , mn} fo r V  ove r 3£ tha t generate s </# over C[[z - 1]]. 

DEFINITION A . 1.2.2. A n A2-dimensiona l D% -module V  i s called a  Fuch -
sian modul e i f ther e exist s a  lattice J[  suc h tha t 

a J?  eJT.  (A . 1.2.1) 

Suppose tha t V  i s a  Fuchsia n modul e an d le t ^# b e a  lattic e satisfyin g 
condition (A . 1.2.1). Sinc e ^# i s a lattice, there exists a basis {m^ - •  • ,m„} 
for V  ove r 3? tha t generates Jf ove r C[[z~l ]] . Conditio n (A . 1.2.1) implies 
that 

a [  mu •• • ,m n ]  =  [ m i , - - - , w „ ] A{z) 

for som e n  x  n  matri x A(z)  e  gl(n,  C[[z -1]]). Therefor e b y utilizin g th e 
proof o f Theore m 3.9. 4 (du e t o M . Hukuhara) , w e can prov e th e theore m 
below. 

THEOREM A . 1.2.3. An  n-dimensional  D%-module  V  is  a Fuchsian mod-
ule if and only  if  there exists a  basis {  u \, • • • , un } for V  over  3? and  an  nxn 
constant matrix  A$  e gl(n 9C) such  that 

a [uw-  ,u n] =  [u u- -,u n]A0. (A.l.2.2 ) 
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The matrix A0 can be chosen so that any two distinct eigenvalues ofA0 do 
not differ by an integer. 

If the matrix Ao  is reduced to its Jordan canonica l form, w e obtain the 
following theorem . 

THEOREM A . 1.2.4. A Fuchsian module V can be decomposed into a di-
rect sum of  a finite number of irreducible Fuchsian submodules as follows: 

q ntj 

(A. 1.2.3) 

where 

(i) Xj  € C and Xj -Xk£Z if  j ^  k, 
(ii) Nji  is a D^-module which  admits a  basis {VJII,--  ,Vji„ Jf} such 

that 

( a  [  Vjii,'  •  • ,Vjinjt ]  =  [  Vjiw  •  • ,Vj injl ]J ji9 

(A.l.2.4) < 

1 Jjt = 

{ 

K A . 1 . 2 . 5 . 

• o 

0 

0 
0 

1 
0 

0 
0 

0 
1 

0 • • 
0 • • 

0 
0 

0 
0 

0 
0 

1 
0 

(2) 

(3) 

(1) Th e uniqueness o f decompositio n (A . 1.2.3) ca n be proved by 
means of the Krull-Schmidt theore m (cf . N. Jacobson [72]) . 
The ring C[[z-1]] can be replaced by a complete discrete valuation 
ring whose residue field is algebraically close d of characteristic 0 
(cf. I.J . Manin[104]). 
An ^-dimensiona l /^-modul e V  i s a Fuchsia n modul e i f and 
only if every elemen t u  e F  is contained i n a finitely generated 
C[[z"'IJ-submodule J?{u)  of V such that a J?(u) e  Jt(u).  Thi s 
fact i s closely related wit h Theorem 5.9. 4 (du e to D. Lutz) . (See 
also Gerard-Levelt [16]. ) 

§A.1.3, The general case 

To state the Hukuhara-Turrittin theore m for the general case in terms 
of Djf-modules, w e must extend the field J? to 3* b y choosing a suitable 
positive integer s (cf. (6.8.2) and (A . 1.1.9)). 
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THEOREM A . 1.3.1. Given  an  n-dimensional  D^-module  V\  there  exists 
a positive integer  s  such that  the  D^-module £?  (g) ^ V  can  be  decomposed 
into a  direct  sum  of  D^-submodules as  follows: 

where 

(i) kj  e  C[£]  andkj(Q -  k k(Q $  Z  if  j ±  k, 
(ii) Nji  is  a  D^-module  which  admits  a  basis  {VJU,-

that 

O [  Vjtu-  •  • ,Vjinje ]  =  -  [  Vjtw  '  ' ,Vjtn jt ]Jji, 

Jje = 

0 
0 

0 
0 

1 
0 

0 
0 

0 
1 

0 
0 • 

0 
0 

0 
0 

0 
0 

1 
0 

(A.l.3.1) 

, Vjinjl }  SUCh 

(A. 1.3.2) 

REMARK A . 1.3.2. 

(1) Th e extensio n o f E(kj)  ® ^ Nji  ove r an y finite field  extensio n %* 
of Sf  i s an indecomposabl e /^ -module . 

(2) Th e uniquenes s o f decompositio n (A.l.3.1 ) ca n b e prove d b y 
means o f th e Krull-Schmid t theore m (cf . N . Jacobson [72]) . 

(3) Th e rin g C[[z-1]] ca n be replaced by a complete discrete valuatio n 
ring whos e residu e field  i s algebraicall y close d o f characteristi c 0 
(cf. F . Baldassarr i [42]) . 

§ A.1.4. Cycli c vectors and Newton polygon s 

In th e sam e wa y a s w e prove d Lemm a 5.7.1 , w e ca n prov e th e lemm a 
below. 

LEMMA A.1.4. 1. For  a  given n-dimensional  D^-module  V,  there  exists 
a vector  u0e V  such  that 

«o, a  w 0, a
2
 U 0, •  •  - , a n x

 UQ (A. 1.4.1) 

form a  basis  for V  over  3£. 

As in §5.7 , such a  vector u$  is called a  cyclic  vector. 
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Let w 0 be a cycli c vector . Then , fo r eac h vecto r u  e  V,  ther e exist s a 
unique elemen t Y^o<h<n-\  a h ° h € A^r such tha t 

u =  | £ ahG ( w ° ' (A . 1.4.2) 

where ^  e  3£ (h  = 0,1, • • • , «- 1) . In particular ther e exis t A ? elements 
c0? •  •  • , c,7_ i G  «̂ T suc h tha t 

\<rn +  *52  cha
h\ u 0 = 0. (A.l.4.3 ) 

Set 

p =  o n +  Y, ch ° h- (A.l.4.4 ) 
/z=0 

Utilizing a  cycli c vecto r wo , we can define a  homomorphism 0  o f Z)jf -
modules :  D% — • K  if we set 

0(a) =  a  u0 foraeDj?  (A . 1.4.5) 

The homomorphis m 0  i s surjective (cf . (A . 1.4.2)) and 

Kernel(0) =  D% p. 

(cf. (A.l.4.3 ) an d (A.l.4.4)) . Henc e w e have a n isomorphis m o f D^-
modules 

4>:V -+  DJT/DJT  p.  (A . 1.4.6) 

For example , th e irreducibl e Fuchsia n module s E(kj)(z$^Nji  give n i n 
Theorem A . 1.2.4 are isomorphic t o D^/D^(a -  A/)^ ' respectively . 

For a  = Y,  a m z ~m £  «^\ we se* 

J/(a) =  inf{ m ;  am ^  0} . 

For a  given elemen t 

/v 
/> =  J ] W h € A * ( a * ^  0 ) , (A.l.4.7 ) 

/z=0 

consider A T + 1 point s (/z , */(#/,)) ( A = 0,1 , • • •  , N) o n an (X, 7)-plane . Se t 

(&>h =  {(X 9Y); X<K  Y>v(a h)}, 

& = u ^ 
h=0 
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y 

^.^1 x 

FIGURE 8 

The boundary curv e W of the smalles t conve x set containing & i n the right 
half o f the (X,  7)-plane i s called th e Newton polygon  o f the element P  of 
D&. W e denote b y J^(P) th e Newton polygo n o f P.  Th e polygon J^(P) 
consists o f a  finite  numbe r o f lin e segment s wit h nonnegativ e slope s and 
two vertica l ray s (cf . Figure 8). 

REMARK A . 1.4.2. Fo r a differential operato r 

& = £ MA, 

where a h^J^ an d aN ^  0 , we can define th e Newton polygo n JV(S?)  i n 
exactly th e same way as above. Le t 

0 <  k x <  k 2 <  •• • <  k p <  +o o (A.l.4.8 ) 

be all of the distinct slope s of sides of the Newton polygo n Jf{J2?) an d let 

{(X9Yj +  kj(X-.Xj)); Xj  <  X  <X Hl } 

be the side o f yK(^f) whos e slop e i s kj9 wher e Y)+ i = Y ) +  kj(XJ+\ -  Xj) 

(cf. Figur e 9) . Note tha t th e kj ar e rational numbers . 
Then 

XY=0, X p+] =N,  an d X j+l-XjZZ+, 

where Z + i s the set of all positive integers . Se t 

nj =  X J+l -  Xj  (j  =  1,2,-. - ,/?). 
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(Xj+lJj+\) 

FIGURE 9 

It i s known tha t th e differentia l equatio n 

& y  =  0 

admits rij  linearly independen t forma l solution s o f th e for m 

yhh{z) =  z»»  e x p [ ^ z ^ { l +  o(l)}]  f hh{z) (h  =  l , - - ,nj) 9 (A.l.4.9 ) 

where th e /Uj^  are constants , th e A, ^ ar e nonzer o constant s an d f^  € 
Q[z~*]][^ , logz] fo r som e positiv e intege r s.  Not e tha t £ \<j<p

 n j -

N. Thes e forma l solution s ar e essentiall y th e sam e a s those give n i n §6. 8 

(cf. (6.8.9) , (6.8.10) , an d (6.8.11)) . W e ca n construc t forma l solution s 

(A.l.4.9) systematicall y b y utilizin g th e Newto n polygo n Jf  (J? ) (cf . fo r 

example, W . Sternber g [145]) . 

§A.1.5. Theore m A.l.3. 1 an d Newton polygon s 

We ca n prov e th e Baldassarr i theore m (cf . Theore m A.l.3.1 ) als o b y 
utilizing th e Newto n polygo n <SV{p)  i f a  D%-module V  i s given b y 

V =  Djr/DjrP (A.l.5.1 ) 

(cf. B . Malgrang e [100 ] ,  P . Robb a [130 ] an d Y . Sibuy a [135]) . Th e fol -
lowing observatio n wil l sho w a  relatio n betwee n a  factorizatio n o f p  an d 
a decompositio n o f modul e (A.l.5.1 ) int o a  direc t su m o f submodules . 

OBSERVATION A.l.5.1 . I f p  -  PQ  fo r som e P  an d Q  i n D&,  w e hav e 
an exac t sequenc e 

0 -  D r/Djr P  -  D. r/Djr P  - D r/D.r Q-+0  (A.l.5.2 ) 

of homomorphism s o f Djf-modules . Exac t sequence (A.l.5.2 ) split s i f th e 
Newton polygon s JV{P) an d ^(Q)  d o no t hav e an y commo n slopes . O n 
the othe r hand , i f al l o f th e distinc t slope s o f th e Newto n polygo n J^(p) 
are given b y (A . 1.4.8), we have a  factorization o f p  : 

p = P]P2 P p 
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such tha t th e Newton polygo n ^(Pj)  ha s only one slope k }. Henc e 

Djr/Djf p  =  0 Djt/Djr  Pj.  (A . 1.5.3) 
7=1 

Let u s make mor e observations . 
OBSERVATION A . 1.5.2. W e shall loo k a t a D^-module V  given by 

V =  Djr/DjrP9 (A.l.5.4 ) 

where P  i s given b y (A . 1.4.7), assumin g tha t th e Newton polygo n JV{P) 
has onl y on e slope k.  Modul e (A.l.5.4 ) i s a Fuchsian modul e i f and onl y 
if k  =  0 . I f k >  0, write 

k =  - , (A.l.5.5 ) 

where t  and s are two relatively prim e positiv e integers . The n s  divides N 
and w e can write P  i n the for m 

P =  z<  1^2 a e ( z - V ) ' +  £  a eh z - V 1  , 
(*=0 t>kh  ) 

where on  e C , a£h e  C , r e Z  and 

Q0 7̂  0, Q/v ^ 0. 
.V 

The polynomia l 

Mi) =  £ a "^ 

is called th e determining polynomial  o f P. Le t 

7=1 

where th e //; an d y are nonzero number s i n C and fij ^  /u h (j  ¥"  h). 
The resul t belo w i s a Hensel-type lemm a (cf . P . Robba [130]) . 
OBSERVATION A . 1.5.3. W e have a  factorizatio n 

P = Pi--P q, 

where, fo r eac h j , the Newton polygo n J^{Pj)  ha s only on e slope k  an d 
the determinin g polynomia l o f Pj  is given by 

0/V«J) =  ?;(< ? +  /iy) w> (7 = I , " ' , * ) , 
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where th e y 7 ar e nonzer o number s i n C . Furthermor e modul e (A . 1.5.4) 
can be decomposed a s 

V =  ©  DJT/DJT  Pj.  (A.l.5.6 ) 
7 = 1 

This decomposition of V  is similar to the block-diagonalization which was 
explained i n §5. 5 (cf . Lemm a 5.5.2) . Howeve r i n orde r to apply Lemm a 
5.5.2 t o V,  we must extend the field 3? t o 2? -  C[[z~*]][z*] . Decompo -
sition (A.l.5.6 ) doe s not require such a field extension. 

OBSERVATION A. 1.5.4. Le t us consider now the case when the Newton 
polygon Jf{P) ha s only one slope k  >  0  and the determining polynomia l 
of P  i s </>/>(£) = c(Z  + /̂ )m> where c  and JX  ar e nonzero number s in C and 
m e  Z +. Le t us write k =  j , wher e / and 5 are two relatively prime positive 
integers. W e extend the field JT t o ^ =  CHC'IHCL wher e z  = C 5. The n 
the Newton polygo n ^{P) o f P  a s an elemen t o f D&  has only one slope 
t and the determining polynomia l of P  is <f>p(ri) -  c(( f )J + /j)"1. Henc e if 
J >  1 , Observation A.l.5. 3 applies . I f s  = 1  (i.e., A: =  0 , we have 

W =  £(/*z')(g) K ^  Djr/DjrQ,  (A.l.5.7 ) 

where 

/?=o 

and ~ means that the both sides of (A.l.5.7) are isomorphic to each other. 
Note tha t P  i s give n b y (A . 1.4.7) an d th e one-dimensiona l D^-modul e 
E(k) wa s define d i n §  A. 1.1. I t ca n b e prove d tha t al l th e slope s o f th e 
Newton polygo n J^iQ)  ar e strictl y smalle r tha n / . I n this  manner , w e 
shall arrive at the same conclusion as Theorem A. 1.3.1. 

REMARK A . 1.5.5. I n som e environments, a  differential equatio n i s not 
given explicitly as ^ =  A(z)W,  bu t a Z)^-module is given. I n such a case 
computation o f th e matri x A(z)  i s difficult. Eve n i f A(z)  coul d b e com-
puted, th e analyti c expressio n o f A(z)  migh t b e hideousl y complicated . 
In an y case , the metho d base d o n the theor y o f D^-modules i s more in -
trinsic. Throug h suc h a n approach , w e find  many helpfu l idea s i n th e 
theory o f commutativ e algebr a (cf . M . F . Atiyah an d I . G . MacDonal d 
[36]). T o stud y forma l structur e o f a  completel y integrabl e Pfaffia n sys -
tem at singularities, the best approach i s to look at the problem as a study 
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of D^-modules , where R  =  C[[zi , • • • , zm]] fo r exampl e (cf . H . Charrier e 
[52], H. Charriere and R. Gerard [53] , and A. R. P. van den Essen and A. 
H. M . Level t [56]) . [Th e translato r finds that boo k [120 ] o f F . Pham i s 
helpful t o understan d th e theory o f differentia l equation s a t singularitie s 
in terms of Z)/*-modules , where R i s a differential ring. ] 



APPENDIX 2 

Gevrey Asymptotics 

§A.2.0. Preliminaries 

In §5.1 we introduced a  concept o f asymptotic expansions. W e defined 
there a map 

Asp:sf(R0,a,b) -  C[[z~ 1]) (A.2.0.1 ) 
as follows: 

Asp(f)=P (A.2.0.2 ) 
means that 

(i) fe0(R O9a,b)9 

(ii) P  = E w>o a mz"»eC[[z-l]]9 

(iii) a n inequalit y 

\f{z)~ J2  a ™z~ 

holds on 3f(R, a,  /?) for every positive integer N and every (R, a, /?) 
satisfying th e inequalities 0  <  R 0 <  R an d a  < a <  /? < b 9 where 
KNRap i s a nonnegative number determined by (N,R,a, /?) . Also, 

2){R$9a9b) =  {  z  ;  \z\  > R0, a  <argz <  b}, 

<KNM\z\~» (A.2.0.3 ) 

ffi{R09a,b) =  ^(^(Ho,fl,fc)) . 

The domain o f definition o f ^5p i s denoted by st (i?o , a9 b). Thi s defini-
tion of asymptotic expansions was originally given by H. Poincare [122] . 

As we indicated i n (4 ) o f §5. 1 ,  Asp i s surjective bu t no t injective . Le t 
us denote the kernel of Asp b y j/+00)o(i?o> a, b), i.e., 

J*+ooARo,<*,b) =  {fes/(R 0,a,b), A sp{f) =  0  }. (A.2.0.4 ) 

If w e examine various case s of asymptoti c solution s of differentia l equa -
tions, we notice tha t C[[z -1]] an d sf +00^(Ro9a9b) ar e too large . Th e fol -
lowing theorem due to E.Maillet suggest s a suitable restriction of C[[z-1]]. 

189 
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THEOREM A.2.0.1 (E. Maillet [94]). LetF(x,yo 9y\9-
m- ,y n) be  a nonzero 

polynomial in  yo,y\,--  ,y n with  coefficients belonging  to C{x},  and  let 
f =  Hm>oa™xfn e  QM 1 be  a formal solution of the differential equation: 

Then there exist nonnegative numbers K,p, and  A such that 

\am\ < K{m\)pAm (m  >  0). (A.2.0.6 ) 

N. Watson [148] and F. Nevanlinna [111] developed a theory of asymp-
totic serie s unde r restrictio n (A.2.0.6) . J.-P . Rami s reorganize d an d de -
veloped furthe r suc h a  theory systematicall y (cf . J.-P.Rami s [123 , 124]) . 
Condition (A.2.0.6 ) i s also related wit h ultradistributions  with suppor t a t 
the origi n (cf . H . Komats u [81 , 82, 83]) . Th e initia l motivatio n fo r th e 
Ramis theory was the duality between the space of such ultradistribution s 
and th e spac e o f forma l powe r serie s satisfyin g conditio n (A.2.0.6 ) (cf . 
J.-P. Ramis [123, 125]) . Thus he called his theory of asympotic series the 
Gevrey asymptotics. 

The Gevrey asymptotics are based on the two definitions below . 
DEFINITION A.2.0.2 . Le t s  be a  nonnegative number . A  formal powe r 

series / =  J2 m>o amz~m ^  Q[z~1]] i s said t 0 b e of Gevrey order s if there 
exist two nonnegative numbers C  and A  such tha t 

\am\ < C{m\)sAm fo r m  e  N . (A.2.0.7 ) 

We denote by C[[z_1]]5 the set of all power series of Gevrey order s. 
DEFINITION A.2.0.3 . A  function /  o f z  i s said to admi t a n asymptoti c 

expansion o f Gevre y order s  (s  >  0 ) a s z  — > o o on a  sectoria l domai n 
&{RQ,a9b)if 

(i) fes/(R 0,a,b)9 

(ii) A sp(f) =  £ m > 0 ^ - - e C [ [ z - 1 ] ] 5 , 
(iii) a n inequalit y 

f(z) -  ^  a ™Z~ < KR^ (Niy  (B Rta,f)" \z\~ N (A.2.0.8 ) — m 

m=0 I 

holds on 9f(R9 a,  fi) for every positive integer N and every (R9 a, ft) 
satisfying th e inequalitie s 0  <  RQ  < R  an d a  <  a  <  / ? <  b 9 

where K R^p an d B R^%p are nonnegative number s determine d b y 
(/?, a, /?). W e denote by $/S(RQ, a,  b) the set of all functions admit -
ting asymptoti c expansion s o f Gevre y orde r s  a s z  — • o o on th e 
sectorial domain &(Ro 9a9b). 
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As we shall explain in §A.2.2 , the kernel of the map Asp :  S/ S{RQ9 a 9 b) —> 
Q[ z ~ l ]L i s characterize d b y the theore m below . 

THEOREM A.2.0.4 . For  s >  0 , set 

s/s,o(Ro,a9b) =  sfs{R^a 9b) n  j/ +OOf0(/?0,fl,6). (A.2.0.9 ) 

Then f  € J^,o(^o> <z> b) if  and only  if 

(i) fe<r(Ro,a,b), 
(ii) <a w inequality 

| / (2) | <  Mi?,a,/?)exp { -A(tf ,a ,0 ) \z\±  }  (A.2.0.10 ) 

/zo/flb 0/ 1 3r(R9a,P) for  every  (J? , a,/?) satisfying  the  inequalities 
0 <  Ro  <  R  and  a  <  a  <  / ? <  b,  where  fi(R,a,fi)  is  a  non-
negative number  and  A{R,  a, /?) is  a positive number,  and  they  are 
determined by  (R 9 a9 P). 

As in §6.1 , if N  sectoria l domain s 

S^^3f{R9al9bt) ( £ =  1,--.,A 0 (A.2.0.11 ) 

satisfy th e conditio n 

N • 

| J ^  =  {z 9 \z\>R} 9 (A.2.0.12 ) 
* = i 

we cal l {  <9\ 9 •• • ,  S*N  }  a  coverin g a t z  =  oo . Furthermor e w e cal l 
{ J^ , •  •  • , J/ ^ }  a good covering a t z  =  o o i f 

(i) a , <  a £+i (£  = 1 , • • • , N) wher e a^ +1 =  a{ +  2n, 
(ii) bi-a t<n ( * = 1 , ••-,#)> 

(iii) ^  n ^ + , ^  0  ( * =  1,-- . ,W ) an d SP t D^k =  0  otherwis e i f 
€ ^fc, wher e 5 ^ + 1 =  &\. 

In orde r t o improv e variou s result s o f th e Poincar e asymptotic s b y 
means o f th e Gevre y asymptotics , th e followin g lemm a i s fundamental . 

LEMMA A.2.0.5 . Assume  that  a  covering  {  S*\,  •  • •  , S^j  }  at z  =  o o is 
good and  that  N  functions </>\{z),  —  ,  ^/v(z ) satisfy  the  conditions 

(1) ^ (z )G^( / J , f l / , f e ) , 
(2) (/>t(z)  is  bounded on  3f(R9 at,  bt), 

(3) we  have 

|0,(z) -  0, +i(z) | <  yexp { - A | z | * }  a * ^ n ^ ? + 1 , (A.2.0.13 ) 

where y  > 0 , A  >  0 , am / / c > 0  <zr£ suitable numbers. 
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Then 
^e^(R9ai9bt) (I  = 1,..-,7V) . (A.2.0.14 ) 

[ The author of this book also found a  similar result (cf . Theorem A.2.5.2 ) 
through his study of the Matkowsky condition for the Ackerberg-O'Malley 
resonance (cf . Ackerberg-O'Malley [35] , Y. Sibuya [136], B. J. Matkowsky 
[107], N. Kopell [84 , 85] and C.-H. Lin [87]) . ] 

In thi s appendix , w e shal l explai n som e basi c propertie s o f C[[z -I]]5 

and sfs(Ro9 a, b), the existence and uniqueness of Gevrey asymptotic solu-
tions, applications of Lemma A.2.0.5, and some results similar to Lemma 
A.2.0.5. 

§A.2.1. Properties of C^z"1]], 

In this section, we shall explain som e basic properties of C^z -"1^ 
PROPERTY A.2.1.1 . Fo r s  >  0, C[[z _1]]5 i s a subalgebra o f C[[z -1]] a s 

a commutativ e differentia l algebr a ove r C . I n particular , C[[z _1]]o = 
C{z-'}-

Actually we can prove that 
(i) f  +  geC[[z~% i f / and geC[[z~%, 

(ii) fg  e  C[[z-%  i f / an d g e  C[[z~%, 
(iii) cfeC[[z~ l]]s i f c eC an d /e C[[z~ ']]„ 
(iv) ^eC[[z-%  if  feCllz-^l, 
(v) &fdzeC[[z-%  if  fez- 2Qlz-%. 

It i s easy t o prov e (i) , (iii) , (iv) , and (v) . Propert y (ii ) follow s fro m th e 
lemma below (cf . G . N. Watson [148]). 

LEMMA A.2.1.2. For  s > 0 and any integer h > 2,  we have 

£ (Pi'-YWY  •  • • W-Y <  (y(*))*->!)s (n  € N), 

(A.2.1.1) 
where N is the set of all nonnegative integers and y(s) is  a positive number 
depending only on s. 

PROPERTY A.2.1.3 . Le t S\,--  ,s n an d ai,-- - ,a n b e nonnegativ e rea l 
numbers. Assum e also that a formal power series in n variables y\,-- 9 yn, 

F(yu--,yn)= J2  " P . - P X ' •••yS % 
(Pl,-,P/.) 6N " 

with coefficients a Pr..Pn i n C satisfy th e conditions 

\aPr..pJ<C(pl\y>.-.(p»\y"A^---A% ((Pi,-•-,/>„ ) e  N" ) 
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for som e nonnegative numbers C , A{, 9 A„ and tha t 

m>\ 

Set 
5 = max{5i,-- - ,s„,(iu--  ,a n}. (A.2.1.2 ) 

Then 
F(f[r •  - , / ,) € CUz" 1]],. (A.2.1.3 ) 

In particular, i f / =  £ w > 0 fem^~m € Cflz-1]^ ( J > 0) and if b0 £ 0 , then 

^ C r 1 ] ] , (A.2.1.4 ) 

and 
f"eC[[z~l]]s (A.2.1.5 ) 

for every positive integer p. 
This is a good exercise (cf . M . Gevrey [59]). 

EXAMPLE A.2.1.4 . Th e powe r serie s /  =  X)™>o m-?z~m belong s t o 
Ctfz-1]]!. Henc e j  e  Qtz" 1]]! an d fp  € Qfz- 1]]! fo r ever y positiv e 
integer p. Th e power series / i s a formal solutio n of the linear differentia l 
equation 

d_ 
dz [-(A-)] z~ly =  0. 

However, i  an d fp  {p  > 2) d o not satisfy any linear ordinary differentia l 
equations of the for m 

J2 a h{z)^-h =  0  (a A eC{z- '} ) 

(cf. W . A . Harris-Y . Sibuy a [64 , 65 ] ,  S . Sperbe r [144 ] an d M . Singe r 
[143]). 

For two real numbers 5 > 0  and A  >  0 and fo r a  formal powe r serie s 
/=E«>o«m^" w eC[[z- 1 ] ]wese t 

Note that 

m>0 v  ' 

l l / I U <  l l / I U i f ̂ 2 <  s x. (A.2.1.7 ) 
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In orde r tha t /  G  C[[z_1]]5, i t i s necessar y an d sufficien t tha t | | / | | 5 ^ < 
-foo fo r som e A  >  0 . Le t u s denot e b y E(s 9A) th e se t o f al l /  G  C[[z~1]] 
such tha t \\f\\s,A  <  +00, i.e. , 

E(s9A) =  {feC[[z- {]]\ \\f\\ s,A <  +00}. (A.2.1.8 ) 

It i s easy t o sho w tha t E{s 9A) i s a  Banac h spac e wit h th e nor m H/H^ . 
PROPERTY A.2.1.5 . I f /  an d g  e  E(s 9A)9 the n fg  e  E(s,A)  an d 

\\fg\\s,A < I I / IUISI IM -

Also i f / e  E{s 9 A), the n /  G  E{S9 B) fo r al l B  >  A an d 

ll/lk* <  ll/IU 

(A.2.1.9) 

(A.2.1.10) 

j m u -1/(0)1 < J  {II/HM - I/W I } , 
for B  >  A. Furthermore , i f /  G  E(s,  A)  an d i f q  i s an intege r no t les s tha n 
\9 the n 

-<4f 
dz 

A-Q 

s,A 
< -  ̂ l l/IU 

PROPERTY A.2.1.6 . Conside r a  forma l powe r serie s 

F(z,y,u) = Yl  ??«?&> 
IP1+I«I>O 

(A.2.1.11) 

(A.2.1.12) 

where f M € C[[z~ 1]] ,  p  =  (p,,-- - ,p„)  e  N" , q  =  (<?!,•• • ,qm) € N m , 

\P\ =  Zi< h<n Ph,  W\  = E K A < W 4h,  f =  y"\ •  ••?«, &  =  «?'•• • u%  an d 

y = 

y\ 

yn 

u — 

U\ 

Let u s denot e b y F^(z,y,u)  th e Jacobia n matri x o f F  wit h respec t t o y. 
Then w e ca n prov e a n implici t function theorem . 

THEOREM A.2.1.7 . Assume  that  power  series  (A.2.1.12 ) satisfies  the  fol-
lowing conditions: 

(1) f 5t6ez-ld[z-
l]\n. 

(2) Fy(z,6,6)  -  $ 6 z~ lgl(n,C[[z~1]]) for  some  invertible  matrix 
<DeGL(n,C), 

(3) . / — € E(s,A) n far some  s>0  and  A  >  0, 
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(4) E|p|>o,|fl> o I I ^ H M y*  &  is  a convergent  power series in y and 
it , where 

M =  ma x Wf^A 
\<j<n 

for 

f = 

fi 
h 

Yfn 

eE{s,A)n. 

Then, there exists a unique power series in  z~l and  u 

4>{Z,U) =  ^2  ^  & 

kl> o 

such that 

(i) 
'$4eCUz-{]]n, $5e z-{C[[z-l]]\ 

(A.2.1.13) 

F(Z,0(Z,M),W) =  O , 

(ii) $ s e  E(s,  B)n for  some  B  >  0, and 
(iii) the  power series Yl\q\>o  \\4>q\\S,B U^  is  a convergent power series in 

u. 

This is also a good exercise. To verify thi s result, it suffices t o construct 
a suitable majorizing series . 

PROPERTY A.2.1.8. Le t us look at a  differential equatio n 

y =  £oU ) + z , - « « > ( z ) ^ +  Y,  U z)f> (A.2.1.14) 
I P I > 2 

where 

go e  z" 1 E{s,A)\  Qegl(n,E(s,A))>  gp  e  E{s,A) n 

for som e s  >  0 and A  >  0 and ]C|p|> 2 II&HI M >^ * s a convergen t powe r 
series in y. 

Utilizing (A.2.1.7) , (A.2.1.9) , (A.2.1.10) , and (A.2.1.11) , we can prov e 
Theorem A.2.1.9 . 
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THEOREM A.2.1.9 . Differential  equation  (A.2.1.14 ) admits  a  unique 
solution <£(z)  e  z~ x E(a,B) n ,  where 

a =  ma x <  s,  -  \  (A.2.1.15 ) 

and B  is  a sufficiently large  positive number. 

Note that , i f B  i s sufficiently large , the right-hand sid e of differential equa -
tion (A.2.1.14 ) define s a  contraction ma p :  E(a9B)n — • E(c,B) n. 

Theorem A.2.1.9 is a result better than the Maillet theorem (cf . Theore m 
A.2.0.1), althoug h i t applie s onl y t o differentia l equatio n (A.2.1.14) . I n 
§A.2.4, w e shal l explai n b y mean s o f Lemm a A.2.0. 5 a  generalizatio n o f 
Theorem A.2.1. 9 tha t applie s t o algebrai c differentia l equatio n (A.2.0.5 ) . 

§A.2.2. Propertie s o f sf s{R0,a,b) 

In thi s section , w e shal l explai n som e basi c propertie s o f sf s(Ro,a,b). 
PROPERTY A.2.2.1 . I n §5.1 , we indicated i n (1 ) and (2 ) that jf(R Q,a,b) 

is a commutativ e differentia l algebr a ove r C  an d tha t th e ma p 

Asp:s/(R0,a,b) -  C^z" 1]] (A.2.2.1 ) 

is a homomorphism o f commutative differentia l algebra s over C. T o verif y 
a simila r resul t fo r srf s(R^a,b) (s  >  0 ) th e followin g characterizatio n o f 
sfs(Ro,a,b) i s helpful . 

LEMMA A.2.2.2 . Let  s  be  a nonnegative  number.  Then  a  function f(z) 
belongs to  ^S(R0, a,  b) if  and only  if 

(i) /  e  &(R 0,a,b) and 
(ii) for  every  (/? , a, /?) satisfying the  condition 

0<R0<R, a<a<  (]  <b, (A.2.2.2 ) 

there exist  two  nonnegative  numbers  CR^J  and  A R^aj such  that 

< C R,aj (pl) s+[ (A R^)P (A.2.2.3 ) 

for every  p e  N  and  z  =  £  e  &(R,  a , /?)• 

By virtu e o f Lemm a A.2.2.2 , w e ca n sho w fo r s  >  0  tha t sZ s(Ro,a,b) 
is a  subalgebr a o f s/(R 0,a,b) a s a  commutativ e differentia l algebr a ove r 
C an d tha t s^{R^a 9b) i s th e se t o f al l function s i n <f{R 0,a,b) tha t ar e 
holomorphic a t z  =  oo . Th e ma p 

Asp:sfs{R09a,b) -  C[[z~%  (A.2.2.4 ) 

dxP 
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is a restriction o f map (A.2.2.1) an d hence i s a homomorphism o f com-
mutative differential algebra s over C. We can also show that 

f /(Ode  e  ^s(Ro, a , b) i f /  e  z~ 2^s(R0, a,  b). 
J oo 

PROPERTY A.2.2.3. Conside r a map 
1 

/ 

such tha t 

3f{Ri,ai,bi) -  3f(R 2,a2,b2) 

/ ^ J ^ „ o ( ^ i , a i , 6 i ) . 

Then, if g e J^,( /?2. ̂ 2> ^2). we have 

go(-je Ja«Ux( SlA )(/ii,fli,*i), 

»5p M^H'^fe) 
This can be proved basically by using Lemma A.2.2.2. 

PROPERTY A.2.2.4. W e define a  norm for functions i n <f(R0,a,b) b y 

II/IIM.K =  su p J2 
1 

^ - 0 W +l* 

d»f 
; ) 

rfjC 
(fe0(Ro,a,b)), 

(A.2.2.5) 
where 5 > 0 , ̂ 4 > 0  and V  —  3>{Ro,a,b).  The n Lemm a A.2.2. 2 implie s 
that /  e  <f{Ro, a, b) belongs to sfs{Ro, a, b) if and only if 

II/ILIH-. W <  +°° (A.2.2.6) 

for every W  = 3>{R, a, fi) satisfying condition (A.2.2.2 ) and some positive 
constant Aw-

PROPERTY A.2.2.5. Set 

E(s,A,V) =  {fe(?(R 0,a,b); \\f\\ s^v <  +<x > } • (A.2.2.7) 

Then E(s,A,  V)  is a Banach spac e with the normH/H^K. Th e following 
theorem i s a good exercise. 

THEOREM A.2.2.6. Let 

F(z,y) =  £  f 0{z)f (A.2.2.8) 



198 GEVREY ASYMPTOTICS 

(A.2.2.9) 

be a power series in y  =  (yi, - • • 9yn) with  coefficients fa G s/ s(R0,a,b). 
Assume that, for every W =  3f(R, a,  /?) satisfying condition (A.2.2.2), there 
exist two  positive  numbers Aw and  rw such that the power series 

\P\>0 

is uniformly and absolutely convergent for \yj\  <  rw (j  —  1 , • • • ,n). Let 
8 =  (gu---,gn)  e  sf s(R0,a,b)" be  such that 

(Asp(gj) € z - 'Qtz - ' ] ] , , 

for j  =  1 , •  • ,n. Then 

(F(z,g) es? s{RQ,a,b), 

Asp(F(x,g)) =  £  (As P(fp))(Asp(g)f. 
\P\>0 

To prove Theorem A.2.2.6, we need the lemma below. 

LEMMA A.2.2.7. 

(i) / / / G  E(s, A, V), then f € E(s, B, V) for all  B >  A and 

( su p |/(2) | <  | | / | U K <  | | / | |M,K , 

I I / IUK <su p |/(z) | +  ^ll/IU^ -

for B>A. 
(ii) Iff  and  g belong  to E(s, A, V), then  fg also  belongs to E(s, A, V) 

and 
\\fg\\s,A,V <  \\f\\s,A,V  \\g\\s,A,V.  (A.2.2.12 ) 

(A.2.2.10) 

(A.2.2.11) 

REMARK A.2.2.8. I n general, the condition: Hg/H^, , ,w <  i"w  might not 
be satisfie d b y a  give n g  € sn? s(Ro,a,b)n. I n suc h a  case , w e can find a 
positive-valued continuou s function p(6)  o n the interva l a  <  6 <  b such 
that F(z,g)  es/ s(p(6),a,b), wher e 

3>{p(6),a,b) =  {z ;  a  < arg z  <  b, \z\  >  />(arg z) } . (A.2.2.13 ) 

For example , i f /  € ssf s(Ro,a,b) satisfie s th e conditio n A sp(f) £ 
z~]C[[z~*]]s, the n ther e exist s a  positive-value d continuou s functio n 
p{6) >  R0 o n th e interva l a  <  6  <  b  suc h tha t j - € Jnf s(p(6),a,b). W e 
can also prove an implici t function theore m simila r to Theorem A.2.1.7. 
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THEOREM A.2.2.9 . Consider  a power series 

F(z,y9u) =  fo(z) +  <S>(z)y + V(z)u+ £  f p«f u\ 
|p| +  l<fl> 2 

where f0 e  s/ s{R0,a, b) n, fa 9 e  J* S{R0, a,  b)n, 0 > e gl(n,^ s{R0,a, b)) 9 V is 
an n x m matrix  with  entries in ssfs(Ro,a,b), and 

y\ 

u = 

U\ 

lyn\ iu n 

Assume that the following conditions are satisfied: 

(1) A sp(f0)ez-lC[[z~%n, 
(2) A sp(Q>) -  O o G z~ lgl(n,jtfs(Ro,a, b))  for some  invertible  matrix 

O0GGL(A2,C), 
(3) for  every  W =  3f(R 9a9f}) satisfying  the condition: Ro < R, a  < 

a <  /? < b  there  exists a positive number Aw such  that the power 
series 

|p| +  lfl> 2 

is convergent in  y and  u. 

Then, there exists a unique power series in u 

4>{z,U)= £ h  $ 
l<?l>o 

such that 
(i) 

l$tesfs(p(0),a,b)n, 

[Asp($f)e z' lC[[z-l]]n if  |f l =  0, 
for a suitable positive-valued continuous function p(6)  >  i?0 on the 
interval a < 6 < b, 

(ii) ifW—2{R,a,P)  satisfies  the condition 

a <a <  p <  b, 

there exist two positive numbers Bw and  rw such that the series 

£ \\U\** w.w (rw) lql 

is convergent, 

max old)  <  R 
a<e<p 
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(iii) F(z 9<j)(z9u),u) =  0  for z  e  W  and  \\u\\  < r w if  W  satisfies  the 
condition given in (ii). 

PROPERTY A.2.2.10 . Le t u s investigat e th e surjectivit y o f homomor -
phism (A.2.2.4) . The homomorphism A sp i s not always surjective. Fo r ex-
ample, since Cftz"1]^ =  C{z-1}, buXsfo(Ro9CL9b) is the set of all functions 
in &(Ro,a,b)  tha t ar e holomorphic a t z  =  oo , homomorphism (A.2.2.4 ) 
is not surjectiv e i f 5 = 0 . A s a matter o f fact , w e can prove the followin g 
theorem. 

THEOREM A.2.2.11 . Homomorphism  (A.2.2.4 ) is  surjective if and only 
if 

b -  a  <  s  n.  (A.2.2.14 ) 

To prove the surjectivity o f Asp, w e utilize the incomplete  Leroy trans-
forms l rfr of order k o f a  convergent powe r serie s <f>  G  C{z -1} whic h ar e 
defined by 

t,tk(<l>) =  kzk j " 0(j)exp{-(fz)* } t k~x du  (A.2.2.15 ) 

where r  and k  are two positive numbers . Not e tha t 4>  (}) eC{t}.  Hence , 
if r  is smaller than th e radius of convergence o f </>(} ) and i f |ar g z\  <  f^, 
integral (A.2.2.15 ) i s well defined. Th e " if par t o f Theorem A.2.2.1 1 is a 
corollary of the lemma below. 

LEMMA A.2.2.12 . Given  a convergent power series $ =  J2 m>o c™ z ~m 

G C{z -1}, we  have 

(i) ̂ /c(</> ) G  sf±{R,  -j£, j^)  for  any  positive numbers k and  R} 

(ii) A sp(lr,k{4>)) = £ m > 0
 r d +  f)  c m z-™. 

Here we assume that r is smaller than the radius of convergence of<f>(\). 

We shal l com e bac k t o th e "onl y i f par t o f Theore m A.2.2.1 1 i n 
Appendix 4. 

PROPERTY A.2.2.13. Le t us investigate the injectivity of homomorphism 
(A.2.2.4). Th e kerne l s/ Syo(Ro,a,b) o f A sp consist s o f al l function s /  i n 
#(Ro,a,b) suc h tha t 

l/(*)l <  KR^(N\Y(BR^)N\z\-N (A.2.2.16 ) 

holds on 3{R, a , /?) for every positive integer TV and every (/?, a, /?) satisfy-
ing condition (A.2.2.2) , where KRaj an d B R^p ar e nonnegative number s 
determined b y (7?,a,/?) . (cf . Definitio n A.2.0.3) . Th e characterizatio n 
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of $f 5fl(RQ9a,b) give n b y (A.2.0.10 ) o f Lemm a A.2.0. 4 follow s fro m th e 
characterization give n b y (A.2.2.16. ) (cf . N . Watson [148]) . 

We can deriv e th e followin g theore m fro m Lemm a A.2.0.4 . 

THEOREM A.2.2.14 . Homomorphism  (A.2.2.4 ) is  injective if  and only  if 

b -  a  >  s  n.  (A.2.2.17 ) 

The " i f par t o f thi s theore m i s a corollar y o f th e lemm a below . 

LEMMA A.2.2.1 5 (N . Watso n [148]) . Suppose  that  a  function f  is  holo-
morphic on  i^(i?o> #, b) and  satisfies  the  condition 

\f(z)\ < / iexp{-A|z |* } (A.2.2.18 ) 

for z  e  &(Ro,a,b),  where  p  is  a  nonnegative  number  and  X  is a  positive 
number. In  this  case,  if  a,  b,and  s  =  £  satisfy  condition  (A.2.2.17) , then 
f(z) =  0  identically  on  &(R0, a,  b). 

The "onl y i f par t o f Theore m A.2.2.1 4 i s evident . 

§A.2.3. Gevre y asymptotic solution s 

For a  give n linea r differentia l operato r 
n 

P =  Y1  **(*)** > (A.2.3.1 ) 
/?=o 

where a h e  Af s(p(6),a,b) an d d  =  z ^ , w e writ e 
n 

^sp(P) =  Yl  A *p(ah) dh ' (A.2.3.2 ) 
h=0 

Here p(6)  i s a positive-valued continuou s functio n o n the interval a  <  6 < 
b. Th e operato r P  i s a C-linear ma p :  sfs(p(d), a,  b) — • s/ s(p(0), a,  b) an d 
the operato r A sp{P) i s a C-linear ma p :  C[[z_I]]5 — • C[[z_I]]5. W e defin e 
the Newto n polygo n A\P)  o f th e operato r P  b y 

JT(P) =  jr(A sp{P)), (A.2.3.3 ) 

where A r(Asp{P)) i s th e Newto n polygo n o f A sp(P) (cf . Remar k A . 1.4.2 
of §A.1.4) . I f a  given operato r P  satisfie s th e conditio n A sp(an) ^  0 , ther e 
exists a  nonnegativ e intege r M{P)  suc h tha t JV{P  +  z~ MR) =  JV{P) 
for an y intege r M  no t les s than M(P)  an d an y linea r differentia l operato r 

R =  Eo<h<n b h(z)Sh (b hej*s(p(0)9a,b)). 
In thi s sectio n w e shal l explai n th e existenc e an d uniquenes s o f Gevre y 

asymptotic solution s o f a  differentia l equatio n 

P[y] =  z' M G(z,y,dy,---,S"- ]y), (A.2.3.4 ) 
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where 

p = J2 a^ ) <**, 
h=0 _  (A.2.3.5 ) 

G(z,y0,yi,-- ,y n-i) =  G0{z)+ £  G P(Z) ^ 

andp =  (po,-- , A - i ) e N " , \p\  =  EO<A<«-I Ph,9=  {y~o,y\,---  ,y n-\)-

ASSUMPTION A.2.3.1 . 

(i) a hej*s{p{8),a,b),G0ejZs{p{0),a,b), and  G p-£tfs{p{d),a,b), 
(ii) A sp{a„) £  0 , 

(iii) for  any  W  = 3){R, a , ft) satisfying  the condition 

a < a < ft < b, ma x p(6)  <  R,  (A.2.3.6 ) 

there exist two  positive numbers Aw and  rw  such  that  the  power 
series 

£ \\G e\\s,Aw,wf 
m>\ 

is convergent uniformly and absolutely for \yj  | < rw (j  =  0,1 , • • • , n), 
(iv) the  integer M is  not less than M{P) {i.e.,  M  >  M{P)), 
(v) the  differential equation 

Asp(P)[y] 

= z~ M {  Asp(G0) +  £  A sp{Ge) y
p« (W •  • • (S n-ly)"-

b1>i 

(A.2.3.7) 

admits a solution 

f(z) =  £  ^ r ^ r ' C r 1 ] ] , (A.2.3.8 ) 
l<m<-+-oo 

Under this assumption w e can prove the following theorem . 

THEOREM A.2.3.2. For  any  given direction argz =  6  such that a < 6 < b 
there exist a  sectorial  domain W  —  &(R,a,f}) and  a  function (f){z)  e 
s/s{R,a,J3) such  that 

(i) W  satisfies  condition (.4,2,3.-6), 
(ii) a  <  d  < P, 

(iii) A sp(4>) =  f, 
(iv) the  function <\>  satisfies differential equation (A.2.3.4) on  W. 
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SKETCH OF PROOF. Sinc e the case s =  0 is a well-known case, we assume 
that s  > 0. Se t 

V=E ril'+sm)^ 01^ a n d ^(e iez)=ir^). 
m>\ 

Then 

^ G C { 2 - ' } , 4, Qej*s{R,d-T,d +  T), A sp(4>o) = f (A.2.3.9 ) 

for an y positiv e numbe r R  (cf. Propert y A.2.2.1 0 of §A.2.2). Her e w e 
choose r  smaller than th e radius of convergence of y/. 

Change the unknown y by 

y =  u  + 4>Q{z). (A.2.3.10 ) 

Then differentia l equatio n (A.2.3.4 ) becomes 

P[u] = z~ MG(z,u +  (f>o,S[u + c/>Q],---,dn-i[u +  cf>0]) -  P[<j> 0]. 

Set 

(F0(z) =z- MG(z,<t>o,6[<t>0],--,S"-l[<i>o])-P[<i>o], 
F(z,u) =G(z,u 0 +  (f>o,Ui+S[(f)o],-- ,u„+S"- l[(t>o]) (A.2.3.11 ) 

-G(z,4>o,d[M,---,Sn-l[4>o]) 

Then differentia l equatio n (A.2.3.4 ) can be written i n the for m 

P[u] = F 0(z) +  z~MF(z,u,Su,- •  • ,S"-lu). (A.2.3.12 ) 

Note that 

Asp{F0) 

= z~ M ]  Asp(G0) +  ] T ASPWP)  (*s P(<f>o)y • • • (S^lA^oW-
{ IPI> I 

- A sp{P)[Asp{4>Q)] 

= z~M J  ASP(G0) + Yl A SP(GP) f°--- (t"~  W-
{ W\>i 

- A sp(P)[f] 
= 0. 

Hence FQ(Z)  belong s t o sfSfi{R,a,b) fo r ever y W  =  3>{R,a,fS)  satisfyin g 
conditions (A.2.3.6 ) an d 

0 - y < a < £ < 0 +  y. (A.2.3.13 ) 
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This i s an applicatio n o f Theorem A.2.2.6 . Therefore , ther e exis t a  non-
negative numbe r //(/? , a, /?) and a positive numbe r A(i? , a, /?) suc h tha t 

\F0(z)\ <  ju(R,a,/J)exp{-MR,aJ)  |z|± } (A.2.3.14 ) 

on a  sectoria l domai n W 7 = 3f(R9a,fl) i f W 7 satisfies condition s (A.2.3.6 ) 
and (A.2.3.13 ) (cf . Theore m A.2.0.4) . 

Note als o tha t F(z,u)  i s holomorphi c an d bounde d i n (z,u)  o n an y 
domain 

z € W  =  W, a , /?), |w, | < / V ( 7 = 0,1 , • - . , «- 1 ) (A.2.3.15 ) 

if H 7 satisfies condition s (A.2.3.6 ) an d (A.2.3.13 ) an d f w i s a sufficientl y 
small positiv e number . Furthermor e 

F(z ,6) =  0 . (A.2.3.16 ) 

Now w e can complete th e proof o f Theore m A.2.3. 2 b y mean s o f the 
lemma below . 

LEMMA A.2.3. 3 (J.-P . Ramis-Y . Sibuy a [129]) . There  exist  a  sectorial 
domain W  =3f(R 9a,fi) and  a function </>\(z)  estf s$(R,a,f}) such  that 

(i) W  satisfies  conditions  (A.2.3.6 ) and  (A.2.3.13) , 
(ii) a  <  6 < P, 

(iii) the  function tj>\  satisfies  differential  equation  (A.2.3.12 ) on  W. 

In fact , i f we set 

4>(z) =  <£o(* ) + 0i(z) , 
on W  of Lemma A.2.3.3, the sectorial domain W  and the function cf)  satisfy 
all o f the requirements give n i n Theorem A.2.3.2 . D 

REMARK A.2.3.4 . 

(1) Th e hardest par t o f th e proof o f Lemm a A.2.3. 3 i s the choice o f 
the sectoria l domai n W '. The reader wil l find  a  profound analysi s 
concerning suc h a  sectoria l domai n W  i n M . Hukuhar a [67 ] (cf . 
also M . Iwan o [70 ] and Ramis-Sibuy a [129]) . I n Ramis-Sibuy a 
[129], Lemm a A.2.3. 3 wa s reduce d t o th e proble m o f finding  a 
bounded solutio n b y means o f the Phragmen-Lindelof theorem . 

(2) I f G{z,y)  o f differentia l equatio n (A.2.3.4 ) i s holomorphi c an d 
bounded i n {z,y)  o n a domai n 

\z\ >R 0, \yj\  <r0 (j  =  0,1 , • • •  , n - 1) , 

then G  satisfies conditio n (iii ) of Assumption A.2.3. 1 fo r any non-
negative numbe r s. 
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(3) I f H(z,yo,  •  • ,y n) i s a polynomial in (yo , • • • ,)>« ) with coefficient s 
in jz?s(R0,a,b), th e differential equatio n 

P[j/] = z - * H(z,y,6y 9. ••  ,Sn-ly,Sny) (A.2.3.17 ) 

can be changed to differential equatio n (A.2.3.4 ) by means of the 
implicit functio n Theore m A.2.2. 9 i f A sp(an) ^  0  and th e intege r 
M i s sufficiently large . Furthermor e G  satisfies conditio n (iii ) o f 
Assumption A.2.3.4. Henc e Theorem A.2.3.2 applies to (A.2.3.17) 
if Asp(an) ^  0  and M  i s sufficiently large . 

(4) Le t 

F(z9y09y\9...,yn)= Yl  F P(Z) f 
Q<\p\<N 

be a polynomial in yo,- •• ,yn wit h coefficients Fp{z)  in J*J(l?o> #> b). 
Set 

F(z,y)= Yl  A sp(Fp)f-
0<\p\<N 

Suppose that the differential equatio n 

F{z9v9Sv9-" ,S nv) =  0 

has a solution /  =  Y,m>o cmz~m £  C[[z-1]]5 such tha t 

| f ( z , / , 5 / , . . . , 5 V ) ^ 0 . 
Oyn 

Then by means of a transformation v  =  ^2o<m<q c ™ z ~m +  z ~r ̂ > 
we can change the differential equatio n 

F(z9v96v9--> ,6 nv) =  0  (A.2.3.18 ) 

to differentia l equatio n (A.2.3.17) . Furthermor e w e can mak e M 
of (A.2.3.17) as large as we want by choosing q and r  in a suitable 
way. Th e operato r P  o f (A.2.3.17 ) depend s o n th e choic e o f q 
and r.  However the shape of the Newton polygo n JV{P) becomes 
independent o f q  an d r  i f q  an d r  ar e sufficientl y larg e (cf . Y . 
Sibuya-S. Sperber [141 , 142] and K . Mahler [92 , 93]). 

(5) I n condition (v ) of Assumption A.2.3.1 , we required that / shoul d 
be in z~ 1C[[z~1]]5. In the Poincare asymptotics , / i s supposed to 
be in z~ 1C[[z~1]]. To understand the relation between asymptotic 
solutions i n th e Poincar e sens e and Gevre y asymptoti c solutions , 
we mus t stud y th e Maille t Theore m A.2.0. 1 mor e carefull y (cf . 
Theorem A.2.4.2) . 
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Let (f>\  (z) an d <j>i{z)  b e tw o solution s o f differentia l equatio n (A.2.3.4 ) 
satisfying al l o f th e requirement s o f Theore m A.2.3.2 . Se t 

^(z) = 0,(z)-0 2(*) 
on W  =  3f(R,a 90). The n 

PlV] 

— z 
-M {G(z,(/)2 + ( M [ 02 +  V],' •  •  ,8n'l[4>2 +  \f/]) 

- C/(Z,02,^[02] 5-- ,3 
•1 

= *-" E 
0<A<w-l 

"-'torn 

• ) < / * <J> 

-A/ £ 
0 < / K « - l L' 

/ ' 
dG 
dyh 

(z,--- ,d h[t(f>l+(\-t)<f>2],--)dt 

If w e pu t 

0</Kn-l 
| ^(z,..,^,+(l-/)tt-)^ 

<*v 

< * * , 

then 

JS(P-z-MR)=yT{P), 

{ vesf s,o(R9a9P). 
Let 

(A.2.3.19) 

(A.2.3.20) 0 <  k x < k 2 < ••-  < k p <  +o o 

be al l o f th e distinc t slope s o f th e Newto n polygo n Jf(P)  an d le t 

{(X,Yj +  kj(X-Xj))',  Xj  <  X <X J+l } 

be th e sid e o f Jf(P)  whos e slop e i s kj,  wher e Y j+{ =  Y ) + kj(Xj+\  -  Xj). 
Note that X{ =  0 , X p+{ =  N,  andX j+i-Xj e  Z+. Set n} =  Xj+{ -  Xj  (j  = 
1 , 2 , - ,/?) . Then, a s i t was mentioned i n Remar k A . 1.4.2, the differentia l 
equation A sp(P -  z~ MR)[y] =  0  admit s rij  linearly independen t solution s 
of th e for m 

yhh{z) =  z^exp[A JfAz*>{l +  o{\)}]f hh(z) (h  = l,--- ,*,-) , (A.2.3.21 ) 

where th e /^ are constants , th e A ^ ar e nonzer o constant s an d /)•/ , e 
C[[z~i]][zi, logz] fo r som e positiv e intege r a.  O n th e othe r hand , ther e 
exist a  nonnegative numbe r /i(i?,a,/? ) an d a  positive numbe r A(i?,a , /?) 
such tha t 

|yf(z)| <  //(i?,a,/?)exp{-A(/?,a,/? ) |z|± } 
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for z  G W = 2J(R9a9$) (cf . Theore m A.2.0.4) . 
Let f b e th e tota l numbe r of pairs (y , h) suc h tha t 

fc; >  - , Wj,h  z kj) <  0 o n W.  (A.2.3.22 ) 

Now concernin g th e uniquenes s o f Gevrey asymptoti c solutions , w e ca n 
state the theorem below . 

THEOREM A.2.3. 5 (Ramis-Sibuy a [129]) . The  general  solution  <f>  of  dif-
ferential equation  (A.2.3.4 ) that  satisfies  all  of the requirements  of  Theorem 
A.2.3.2 on  a sectorial domain  W  = 2{R9a9fi) contains  I  arbitrary  con-
stants. 

§A.2.4. Application s o f Lemma A.2.0. 5 

In this section , w e shal l explai n a  Gevrey-asymptotics versio n o f Theo -
rem 6.4. 1 (o r Theore m 6.9.7 ) an d a  result concernin g th e Gevre y proper -
ties of formal solution s whic h i s more precis e tha n th e Maille t Theore m 
A.2.0.1. I n both cases , we shal l utiliz e Lemm a A.2.0.5 . 

THEOREM A.2.4.1 . Let  s  be a positive number.  Assume  that  N  sectorial 
domains 

&=9(R9al9bt) ( * = l , . - . , t f ) (A.2.4.1 ) 

form a  covering at  z  —  0 0 and that  n  x n matrices F ki(z) e  gl{n 9s^s{5^k n 
J/?)) are  defined for all  {k9l) satisfying the  condition 

S"kn<9i^0. (A.2.4.2 ) 

Also assume  that,  if 
S*hn<5"knS*i?0, (A.2.4.3 ) 

the relation 

Fhk(z)Fkf(z) = FM{z) (z e ĥnS-kn^) (A.2.4.4 ) 

holds and that 
Asp{Fki) =  I9 (A.2.4.5 ) 

where I is  the n  x n identity matrix.  Then  there  exist  a  positive number  R' 
(> R) and n  x n matrices Q?{z)  (I  = 1 , • •  • , N) such that 

(i) QeXz)  and Q,(z)- { belong  to  gl{n,s* s{R',af,bt))9 

(ii) lim.^o o Q f{z) = I, 
(iii) the  relation 

Fkf{z) =  Qk(zrlQf(z) ( z E ^ n ^ ' j (A.2.4.6 ) 

holds whenever  condition  (A.2.4.2 ) is  satisfied,  where  5^{  = 
9>{R\al9b9). 
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SKETCH O F PROOF . W e may assum e tha t {S^\,5^,--  ,^N}  i s a  goo d 
covering at z  = oo . Condition (A.2.4.5 ) implie s that there exist a nonneg-
ative number y  and a  positive number A such that the inequalities 

[ \F e e+l(z) -  I\  <  yexp\-A  | z |H , 

{ .  (A -2A7) 

I \F t+i e(z)  -  I\<  y e x p | - A | z | « | 
hold on S?i  r\<9e+\ respectively . 

By virtue of Theorem 6.4.1 , there exist a positive number R'  ( > R)  and 
n x  n  matrices Qi{z)  e  gl{n,ss?(R',a e,bt)) (I  =  1 , • • • ,  N) suc h that 

(1) Q t(z)-legl(n,j/{R',at,bl)), 
(2) lim^o o Q e(z) =  I, 
(3) th e relations 

(FMe(z) =  Q e+x(z)-lQe(z), 

\Fee+l(z) =  Q e(zriQe+l(z) 

h o l d o n ^ ' n ^ ' + 1 ,  where f t'=&(R',at,bt). 

Observe that 

f Qe(z)  - Q M{z) =  Qe(z) {  I -  F t , +,(z) } , 
S . i i  (A.2.4.8 ) 
1 Qi(z)- 1 -  Q e+i(z)-1 =  {I- F e+i e (z) }  Qt(z)- X. 

Hence 

\ \Qtiz ) -  Q (+i(z)\ <  |ft(z) | y  exp i-k |r|± } , 
< ( A 2 4 9) 

[ l a ^ r ' - a + i ^ r 1 ^ ia(z)- i|yexP{-A|z|i} 
on S?l  n^i'+x- Therefor e b y utilizin g Lemm a A.2.0.5 , we conclude tha t 
Qi(z) an d Qt{z)~ x belon g to gl{n9s/s{R!9ai9bt)). D 
[This proof i s due to B. Malgrange.] 

Consider a  differential equatio n o f form (A.2.3.17 ) 

P[y) = z~ M H(z 9y9Sy9- •  9 3n'ly9S
tty)9 (A.2.4.10 ) 

where 

P =  J2  a »(z)sh (a heC{z~1}), 

ah?0, (A.2.4.11 ) 

H{z,y0,yu-• •  ,y„-],y„)  € C{z~ i}[y0,y\,• •  • ,y„-\,y„], 

MeN. 
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Let 
0 <  fcj < k 2 <  ••• < k p <  +00 (A.2.4.12 ) 

be all of the positive slopes of the Newton polygon J^{P). A s in §A.2.3, we 
denote by M(P) th e nonnegative integer such that J/r(P-j-z~MR) =  ^(P) 
for an y integer M not less than M(P)  an d any linear differential operato r 
* =  EO<A< * h(z)d h (b heC[[z-1]]). 

THEOREM A.2.4.2 . // / 
(A.2.4.10) and  if M >  M{P), then 

€ C[[z -1]] satisfies 
then 

f£C[[z-%, 

oil... n 

differential equation 

(A.2.4.13) 

(A.2.3.14) 
where 

s e 

REMARK A.2.4.3. 

(1) Suppos e that a formal powe r series / =  ^2 m>0 c m z~m e C[[z~1]] 
satisfies the differential equatio n 

F(z9v9Sv9 •  • •  9 Snv) =  0, (A.2.4.15 ) 

where 

F(z9yo9y{,...9yn)eC{z-l}lyo9y{9...,yn]. 

In such a case, if 

%L(z,f,df,---,6nf)?0, (A.2.4.16 ) 
oyn 

we can change differential equatio n (A.2.4.15 ) to differential equa -
tion (A.2.4.10) by means of a transformation v  = YLo<m<q ^m  z m 

+z~r y.  Furthermor e we can make M of (A.2.4.10) as large as we 
want by choosing q and r in a suitable way. Als o if we set 

^-E(ff(z'/'^-'-'^/)) 6 h, (A.2.4.17 ) 

then th e Newto n polygo n Jf(P)  of the operato r P  of differen -
tial equation (A.2.4.10 ) an d J^(Po) have the same shape if q and 
r ar e sufficientl y larg e (cf . (4) of Remark A.2.3.4) . I f condition 
(A.2.4.16) i s not satisfied , w e can replac e F  by anothe r F  satis-
fying (A.2.4.16 ) (cf . Y. Sibuya-S . Sperbe r [141 , 142],K . Mahle r 
[92, 93] , and B . Malgrange [103]) . Therefore , Theore m A.2.4.2 is 
a refinement o f the Maillet Theorem A.2.0.1 . 
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(2) J.-P . Ramis [123 ] proved Theore m A.2.4. 2 i n the case when dif -
ferential equatio n (A.2.4.10 ) is linear. See , also, H. Gingold [60]. 

(3) B . Malgrange [103] showed that s < p. [  For the general case, see 
Y. Sibuya [140]. ] 

(4) Conclusio n (A.2.4.14 ) o f Theorem A.2.4. 2 mean s tha t i f s <  ^-, 
then 5  <  -jr— . 

Kj+i 

(5) I n the case when ah e C[[z_1]]5 and H e Cffz" 1]]^^? •  • • ,y n], set 

Oj =ma x Is,  Y |  U  =lr- ,p ) 

then we can conclude that 

f£C[[z->]\ at 

where 
0 < a < s o r a  € {0, o\, •• • ,ap} 

(cf. Y. Sibuya [140] ; see also Theorem A.2.1.9) . 
SKETCH O F PROOF OF THEOREM A.2.4.2. Utilizin g the Poincare asymp-

totics, we can find 
(a) a  good covering {S?\,-  • • ,S P̂} at z = oo, 
(b) p  functions (j>\  (z), • • • ,  </>p(z) suc h tha t 

I A sp((j)j) =  f, (j=l,--,p). 
{ P[<j>j]  =  z~M H(z,  <f>j,54>j, • • • , 6"<t>j) o n ^ , 

Set 
uj = <t>j -  (j) J+1 o n <?)  n &J+1. 

Then 
f w j e ^ o ^ n ^ + i ) (i.e. , A sp{uj) = 0), 
\{P-z-MR)[Uj) =  0 o n S^nS^j+i, 

where 

_ w „ „ ,  „  . . ™_ ™ (j=l,--,p), 

o<^«l/° d ^ 
(cf. §A.2.3) . Sinc e yT(/> - z~ MR) =J /~(P), w e must have 

\Uj(z)\<yexp{-X\z\k} o n ^ n ^ + l 

for a  nonnegative numbe r y  and a positive numbe r A, where 

J*. 
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Now, by utilizing Lemma A.2.0.5 we conclude tha t 

where 

s e { ° - h - ••••$}• 
Hence 

f =  Asp(cf>)eC[[z-l]}s. a 

REMARK A.2.4.4 . Th e proof o f Theore m A.2.4. 2 als o showed tha t ev -
ery asymptotic solution of differential equatio n (A.2.4.10 ) in the Poincare 
sense is a Gevrey asymptotic solution . 
[The sketc h o f th e proo f give n abov e involve s som e ambiguities . Suc h 
ambiguities will be removed by choosing the covering {^9],  •  • •  ,  J?#} pru-
dently.] 

§A.2.5. Phragmen-Lindelo f theore m in a cohomological form 

Lemma A.2.0.5 is a corollary of the theorem below. 

THEOREM A.2.5.1 . Let  {S*i,  S^2, •  • •  , <¥?)  be  a good covering at  z  = 
oo. Assume  that  p functions S\(z),  ^(z) , •• • ,  S p{z) satisfy  the  following 
conditions'. 

(i) < 5 7 ( z ) € ^ 5 * n ^ + 1 ) , 
(ii) \Sj(z)\  <  y exp{-A \z\ k} on  <9j n^+,, where  y > 0, A  >  0 and 

k >  0 are suitable numbers. 

Then, there exist p functions y/\(z),  tyj{z),  •• • ,  y/ p(z) such  that 

(a) ^ ( z ) e ^ ( ^ ) . 
(b) dj{z)  =  y/ J(z)-vJ+]{z)onSp

Jn<9p
J+[. 

The following i s a sketch o f the proo f o f Lemm a A.2.0.5 b y means of 
Theorem A.2.5.1 . 
Applying Theore m A.2.5. 1 t o N  function s S e{z) =  (t>?{z)  -  (/v +i(z), w e 
derive 

<Mz) - </> f+\{z) =  i//f{z) -  y/f+\{z)  o n ^  n<9$+ {. 

Hence 

(pf(z)~ y,(z)  =  0 /+,(z) -  y f+\(z) o n ^ ? n ^ + i . 

Set 
0(z) =  0 , (z ) -^ , (z) o n ^ ? ( * = !,••• , N). 
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Then 0(z ) i s holomorphic an d bounde d o n U i < K / v ^ . Therefor e 

& =  ^ + ^ € J ^ ( e 9 ? ) ( * = l , - " , t f ) . • 

In Appendix 3 , we shall restate Theorem A.2.5. 1 i n terms of cohomologie s 
(cf. Theore m A.3.0.4) . 

If we replace conditions (1 ) and (2 ) of Lemm a A.2.0. 5 by the conditio n 

^€J/+oo,o(c9?) ( * =  1 , 2 , ••- , N), 

then w e conclude tha t 

& € ^ f 0 ( c * ? ) ( * = 1 , 2 , . . - , TV) . 

Actually w e can deriv e a  mor e precis e conclusion . 

THEOREM A.2.5. 2 (Y . Sibuya [136]) . Assume  that  a  covering {  S^ ;  £  = 
1, •  • •  , N  }  at  z  =  oo  is  good  and  that  N  functions  0i(z) , •  • •  , </>N(Z) 

satisfy the  conditions 

(1) (/>e(z)  esZ+oooffi)  and  bounded  on  <9t, 
(2) 

\</>t{z) ~  0/+i(*) l <  y  exp { -  A  \z\ k} on  ^ ? n ^ ? + 1 , 

vv/ẑ re y > 0 , A  >  0 dwaf /c > 0  are suitable numbers. 

Then there  exists  a  nonnegative  number  \x  such that 

\<\>i(z)\ <  //exp{- A \z\ k} on  Sr t (£  = 1 , • •  • , N). (A.2.5.1 ) 

REMARK A.2.5.3 . 

(1) T o understan d th e Matkowsk y conditio n fo r th e Ackerberg -
O'Malley resonanc e (cf . Ackerberg-O'Malle y [35] , Y. Sibuya [136] , 
B. J . Matkowsk y [107] , N . Kopel l [84 , 85] , and C.-H . Li n [87]) , 
we mus t estimat e flat  function s precisely . I n particular , w e mus t 
show a n exponentia l deca y o f suc h functions . I n suc h a  study , i t 
is important tha t A  of (A.2.5.1 ) an d A of conditio n (2 ) o f Theore m 
A.2.5.2 ar e th e same . 

(2) Th e constan t / / o f (A.2.5.1 ) depend s o n A . Howeve r fo r a  suffi -
ciently small A we can choose // independent o f A so that ji  remain s 
constant a s A -> 0 (cf . C.-H . Li n [86]) . 

So fa r {<9\,  •  •  • , J?# } ha s bee n a  coverin g a t z  —  oo . Thi s mean s tha t 
Ui<^<yvc5^ =  {z ; \z\>  Ro}.  W e can prove a  theorem simila r to Theore m 
A.2.5.2 als o i n th e cas e whe n U\<£<N  S^  i s a  sectoria l domain . 
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ASSUMPTION A.2.5.4 . A  set  of  sectorial  domains  {5^a  = 2${R§,ai,bi)  ; 
£ =  1 , 2 , •  • , N}  satisfies  the  following conditions: 

(i) a , < a , + 1  ( * =  1 , - - . ,W-1) , 
(ii) bt-at<n  ( * =  U"  ,7V) , 

(iii) ^ ? n ^ + 1 ^ 0 ( * =  1,.- - ,7V - 1 ) andStnSi  =  0  otherwise  if 

(iv) -7i  <  a\ <  bx <  7i. 

Note that 
(J ^ = ^ ( i ? 0 , a l 5 M (A.2.5.2 ) 

THEOREM A.2.5. 5 (C.-H . Li n [86]) . Let  {51 , •  •  , S%}  be  a set  of  sec-
torial domains  satisfying  assumption  A.2.5.4 . Assume  that  N  functions 
0i (z), •  •  , </>N{Z)  satisfy  the  following conditions: 

(i) <t>t{z)  e  sf+oo^ffi)  and  bounded  on  S^, 
(ii) cj)\  (z) is  continuous and 

\4>x(z)\<Km\z\-m ( m =  0 , l ,2 , - . . ) 

on a  sectorial domain 

|z| >  i? 0, a\  <  argz <  a\  +  e , (A.2.5.3 ) 

w/ze/r //z e Â w ar e suitable  nonnegative  numbers  and  e  is  a  small 
positive number, 

(iii) cf) N(z) is  continuous and 

\(t>N(z)\<Km\z\-m ( m =  0 , l , 2 , - ) 

cw a sectorial  domain 

\Z\>RQ, bjy  - £  < arg z <  b N, (A.2.5.4 ) 

(iv) 

(v) 

| ^ ( z ) - 0 ^ , ( z ) | < y e x p { - A | z r } on  « * ? n ^ + 1 , 

w/zere // >  0 , A  >  0 , am / k  >  0 are suitable  numbers, 

< / o r J  > i?o - (A.2.5.5 ) 
\ | ^ ( / ^ ^ ) | < y e x p { - A ^ } , 

r/z^/? there  exists  a  nonnegative  number  /u  such  that 

| M * ) | < /*exp{-A|z|* } on  S? t ( ^ =  1 , - -  - , iV). (A.2.5.6 ) 

Furthermore, for  a  sufficiently small  X  we can choose  ii independent  of  A so 
that / / remains  constant  as  X —• 0 . 

C.-H. Li n [86 ] proved the following theore m b y using Theorem A.2.5.5 . 



214 GEVREY ASYMPTOTICS 

PHRAGMEN-LINDELOF THEORE M I N A  COHOMOLOGICA L FOR M (C.-H . 
Lin). Let  {S*\ 9 •  • •  , S^ N) be  a  set  of  sectorial  domains  satisfying  Assump-
tion A.  2.5.4. Assume  that 

71 .  71 
- - <f l , <b N <  - . 

Assume also  that  N  functions  0i(z) , •  • , 4>N(Z)  satisfy  the  following con-
ditions: 

(i) </>i(z)  G  <9{<SPi) and  continuous  on  the  closure  ofS^ h 

(ii) 
\(pi{z)\ <  Kzxp{c\z\} on  S? t 

for positive  numbers  K  and  c, 
(ni) 

| M z ) - & + , ( z ) | < L o on  <9mS* e+i, 

where LQ  is  a positive number, 
(iv) 

{ u  for  t  >  R 0. 

Then there  exists  a  positive number  L  such  that 

|&(z ) |< L  on  ^  (£  = l,---,N). 



APPENDIX 3 

Cohomological Method s 

§A.3.0. Preliminarie s 

In §6.11 , w e gave ou r mai n resul t concernin g th e holomorphi c classi -
fication of differentia l equation s within a n equivalence clas s with respec t 
to th e forma l equivalenc e (cf . Theore m 6.11.1) . B . Malgrange [99 , 101 ] 
explained suc h a  classificatio n i n term s o f sheaf-cohomologies , utilizin g 
various sheaves over the unit-circle Sl i n the complex plane. 

OBSERVATION A.3.0.1. Fo r an open connected ar c V  on S[, le t 

&{p(0)9 V)  = {z  ;arg z e  V,  \z\  > p(ugz)} 9 

where p{9)  i s a positive-valued continuou s function o n the arc V.  W e set 

s/s(V) =  {fes/ s{&(p{B)9 V))  fo r some p{6) >  0}, 

where 0 < s <  -hoo and sf+00(S^) =sf(S tP). Similarl y we set 

Ko(V) =  { / G  s/s#{&{p(0)9 V))  fo r some p(0) >  0}. 

Thus we define tw o kinds of sheaves s/s an d sfs$ ove r Sx. W e can regard 
these sheaves either as sheaves of commutative differential algebra s over C 
or as sheaves of C-linear spaces . Fo r a point 6  of Sl, w e denote by sf s{0) 
and -#J,o(0) the stalks of the sheaves srfs an d stfs$ a t 6  respectively. 

OBSERVATION A.3.0.2. Utilizin g the following homomorphisms of com-
mutative differential algebra s over C: 

ASP:J*S(V) -  C[[z- l]]s, 

idKo{V):^0(V) -  s/ s{V)9 

we can define exac t sequence s 

0 - s/ s,o(V) - sfs(V)  - C[[z~ ]]]s - > 0 (A.3.0.1 ) 

if th e siz e o f th e ar c V  i s properl y restricted , wher e 0  <  s  <  -ho c an d 
QI^'ll+oo =  C[[z_i]]- * n particular, we have exact sequence s 

0 - Ko(0)  -  sfsifi)  - C[[z- X]]s -  0  (A.3.0.2 ) 

215 
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for ever y poin t 6  o f S l. Henc e w e hav e exac t sequence s o f homomor -
phisms o f sheave s 

0 -  < 0 -  .0 $ -  C[[z' l)]s -  0 , (A.3.0.3 ) 

where C[[z_1]]5 are constant sheaves over Sl withC[[z _1]]5(K) =  C[[z _1]]5 

for ever y ope n connecte d ar c V  o f S l respectively . 
OBSERVATION A.3.0.3 . Sinc e S l i s a  rea l one-dimensiona l manifold , 

Hk{Sl,J*s,o) =  09 H
k(Sl

3sfs) =  0, H k(S\C[[z-%) =  0  fo r k  >  2. 

Also we hav e 

H°{Sl
9s/sfi) =  0, H°(S [^s) =  C{z-1}, H°(S\C[[z-%)  =  C[[z' l]]s. 

Thus we derive exac t sequence s 

0 -  C{z' 1} -  C[[z~%  -  H\S\^)  -  / / ' ( S 1 , ^ ) 

- / / 1 ( 5 1 , C [ [ z - 1 ] ] , ) - , 0 
(A.3.0.4) 

of C-linea r maps . 

Now le t u s rephrase theore m A.2.5. 1 a s follows . 

THEOREM A.3.0.4 . For  0  <  s  <  + oo, we  have 

lm*gt{H\S\s/5fl) —  / / ' ( S1 , ^ ) ) =  0 . (A.3.0.5 ) 

[The cas e whe n s  =  +o o wa s explaine d i n §6.5. ] B y virtu e o f Theore m 
A.3.0.4, we ca n deriv e fro m (A.3.0.4 ) exac t sequence s 

0 -  C{z- 1} -  C[[z~ l]]s ->  Hx(S\sfS9o) -  0 . (A.3.0.6 ) 

Thus w e arriv e a t th e resul t below . 

THEOREM A.3.0. 5 (B . Malgrange [99 ] and J.-P . Rami s [123]) . We  have 

Hl(Sl^0) ^  C[[z-%/C{z~ 1} (A.3.0.7 ) 

for 0  <  s  <  - f oo, where  ~ means  that  the  both  sides of(A.3.0.7) are  isomor-
phic to  each  other  as  C-linear spaces. 

§A.3.1. Irregularit y 

Let u s conside r a  differentia l operato r 

n 

P =  J2  «*(*)<* * (a heC{z-]}; a„*0). 
h=0 
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We can regar d P  a s a  C-linear ma p i n variou s ways : 

( :C[[z-%  -  C[[z'%, 

P< :s/ s{V) - > ^J(K) , ( 0 < s < + o o ) . 

I :J*s,o(V)  -  J« f0(K). 

Setting 
3TS(V) =  Kernel^ :J*5, 0(K) -  ^ ( f 7 ) ) , 

we define sheave s ^  ove r S l fo r 0  <  s  <  +00 . Then , i f th e siz e o f V  i s 
properly restricted , w e have exac t sequence s 

0-+3rs(V)-+ J* sd
v) - > J^i0(K) —  0 ( 0 <  s  <  +00). 

In particula r w e have exac t sequence s 

0 —  Xs{0) - > s/s,o(0) - > J*J,o(0) -  0  ( 0 <  s  <  +00) 

at ever y poin t 6  o f S {. Thu s w e arriv e a t exac t sequence s o f homomor -
phisms o f sheave s 

0 -> ^ —  s/Sfl - > ^0 - > 0 ( 0 <  5  < +00) . (A.3.1.1 ) 

Now (A.3.1.1 ) implie s tha t 

0 -  H [{S\JTS) -  H l(S{^o) -  ffH^'Xo) -  0  (A.3.1.2 ) 

are exact . Utilizin g Theore m A.3.0. 5 w e rewrite exac t sequence s (A.3.1.2 ) 
as 

0 - H l(slr%) - Qiz-'ik/ciz- 1} - c r ' i / q z - 1 } - 0. 
(A.3.1.3) 

We can summariz e wha t w e have explained abov e i n th e theore m below . 

THEOREM A.3.1.1 . For  0 <  s  <  +00, we  have 

Hx(S\3rs) ^  Kernel  (P:C[[z- []]s/C{z-{} - > C[[z- l]]s/C{z'1}) 

(A3A A) 
as C-linear spaces. 

Set 

ts =  dim c H
l{S\JTs) ( 0 <  s  <  +00). (A.3.1.5 ) 

THEOREM A.3.1. 2 (J.-P . Ramis [123]) . Let 

0<k{ <k 2 <  ••• <k p (A.3.1.6 ) 
be all of  the  positive  slopes  of  the  Newton  polygon  y^{P).  Then  £ s satisfies 
the conditions  below: 

(i) 0  <  e s <  e +OQ <  + 0 0 ( 0 <  s  <  +00) , 
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(ii) i Sl <  £ Sl if  5 , < s2, 
(iii) 

<o i f s < h 
t* =  \ eifr if  T^-<  s  <  ^,  (A.3.1.7 ) 

I K j+i K j 
I -̂L 1 

' l / - j - <  S  <  + 0 0 . 

OBSERVATION A.3.1.3 . Le t J  :  C[[z~l]]s - » Qfz- ' j^ /Ciz- 1} b e th e 
natural C-linea r ma p such tha t /  e  / ( / ) fo r ever y /  € C[[Z~']k .  The n 
f e.  C[[z~{]]s satisfies th e condition: 

J(f) EKcmc\(P  :C[[z- l]]s/C{z~1} -  C[[z-']yC{z-'}) , 

if and only if 
P[f]eC{z-1}. (A.3.1.8 ) 

Condition (A.3.1.8 ) mean s tha t f  satisfie s a  linea r differentia l equatio n 
P[y] = 4> for som e 4> in C{z-1}. Not e that the dimension £s of 

Kernel^ :C[[z-']],/C{z-' } -  C[[z-%/C{z-*}) 

is continuous i n s  excep t possibl y fo r . s G {p, • • •  ,  p }. B y utilizing thi s 
fact, J.-P . Rami s prove d Theore m A.2.4. 2 i n th e cas e whe n differentia l 
equation (A.2.4.10 ) i s linear (cf . (2 ) of remark A.2.4.3). 

OBSERVATION A.3.1.4. Ther e are two ways to show that t+00 is finite. 
METHOD 1 . Le t us look at 

(+00 =  dim c Kerne l (P:C[[z- ']]/C{z- '} -  C[[z-']]/C{z-'} ) . 

To evaluate £+00, we start with the commutative diagram below: 

0 - C { z - ' } - C [ [ z - ' ] ] - Qtz -Ml /Clz - 1 } - , 0 
IP IP  IP 

0 - C { z - ' } - C[[z- ' ] ] - , C[ [z - ' ] ] /C{z- ' } - 0 
Set 

Ki =Kernel(P:C{z-' } —  C{z~ [}), 

K2 = Kerne\(P:C[[z- {]} -  C[[z~ 1]]), 
^ 3 =  Kernel(F:C[[z- |]]/C{z-1} -  C[[z-']]/C{z-'}) , 

CK] =  Cokemel(P 

CK2 =  Cokernel(P 
I CK3 =  Cokernel(P 

C{z"'} -  C{z-'}) , 
Q[z- ' ] ] -  C[[z~']]) , 
C[[z-']]/C{z-'} -  C[[z-']]/C{z-'}) , 
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Then 
0 - K x -  K 2 —  K3 -> CKl - > C£2 —  C# 3 -  0 

is exact . Not e tha t # i an d K 2 ar e finite-dimensional  ove r C  an d tha t 
CK3 =  0 (cf. (A.3.1.3)) . Als o it is not difficult t o show that CK 2 i s finite-
dimensional ove r C. Henc e i f CK\  i s finite-dimensional over C, w e can 
conclude tha t £ +QO i s finite.  T o show that CK\  i s finite-dimensional over 
C, we look at the diagram below: 

0 - z- NC{z~{}-+ C{z~ [}-+ C{z- {}/z-NC{z~l}-± 0 
IP IP  IP 

0 - z~ MC{z-l}-+ C j z - 1 } -* C{z- ]}/z-MC{z-l}-> 0 
where M an d N  ar e suitable positive integers such that M >  N. I t can be 
shown that ther e exists a nonnegative integer No  such that 

Kernel^ :z~ NC{z~{} -  z- N-N°C{z~1}) =  0 

for al l sufficientl y larg e integer s N.  B y utilizing a  metho d du e t o W . A. 
Harris-Y. Sibuya-L. Weinberg [63] we can show that, if a positive integer 
N i s sufficiently large , 

dimcCokerneKPiz-^CIz-1} -  z~ N~N"C{z-]}) 

is finite and ca n be evaluated explicitly . Henc e CK\  i s finite-dimensional 
over C. 

METHOD 2 . W e look at 

l+00 =  dim e H {{S\^+00). 

Set 
*+oo(0) =  dimc^ +Oo,o(0) (A.3.1.9 ) 

Then the function £ +0o(d) i s piecewise continuous on Sl wit h a finite num-
ber of jumps. Th e discontinuity of ^+oo(0) takes place only at those values 
of 6  which define the so-called Stokes lines. By virtue of an idea due to P. 
Deligne [55] we can show that 

£+QO =  l - Var(9;e +00(6)), (A.3.1.10 ) 

where Var(0;f+oo(0)) denote s the total sum of the absolute values of jumps 
of £ +oo(0) ove r S l (cf . J.-P . Rami s [123] , D . Bertran d [51] , an d D . G . 
Babbitt-V. S . Varadarajan [40]) . 

J.-P. Ramis [123 ] also gave the formula s 

ts =  ±  Var(0;^(0) ) (A.3.1.11 ) 

for 0  < s <  -foe, where £s(d) = dim c.#j,o(0). 
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REMARK A.3.1.5. 

(1) Metho d 2  utilizes the theory of asymptoti c solutions , but Metho d 
1 does not. Not e that our proof o f the refined theore m of Maille t 
(cf. Theore m A.2.4.2 ) o f §A.2. 4 utilizes the theor y o f asymptoti c 
solutions. Howeve r th e proof s give n b y E . Maillet , K . Mahler , 
H.Gingold and B. Malgrange (cf. Remark A.2.4.3) do not use such 
asymptotic analysis. 

(2) Th e evaluation o f £ s amounts t o the evaluatio n o f indice s o f th e 
operator P  i n variou s situation s suc h a s show n a t th e beginnin g 
of thi s sectio n (cf . B . Malgrange [98]) . Generall y speakin g suc h 
a stud y ca n b e don e b y two methods , on e o f whic h i s based o n 
asymptotic analysi s but  th e othe r i s not . J.-P . Ramis treated th e 
indices o f P  b y mean s o f asymptoti c analysi s i n hi s paper [123 ] 
and without utilizing aysmptotic analysis in his paper [125]. Thos e 
indices are explicitly given by means of the Newton polygon ^{P) 
of P. 

(3) Th e main purpose of the work of W. A. Harris-Y. Sibuya-L. Wein-
berg [63] was to estimate the number of linearly independent con-
vergent power-serie s solution s o f a  syste m o f linea r differentia l 
equations a t z  =  0  (cf . O . Perron [121] , F . Lettenmeyer [90] ; see 
also P. Hartman [66]) . Thei r method does not involve asymptotic 
analysis. M . Hukuhara-M. Iwano [68] and M. Iwano [69] studied 
similar problems by utilizing asymptotic analysis . Th e idea o f P . 
Deligne is quite similar to the idea o f Hukuhara-Iwano . 

DEFINITION A.3.1.6 (B . Malgrange [98]) . Th e integer £+00 is called th e 
irregularity of the operator P  a t z  = oc. 

REMARK A.3.1.7. Th e point at z  =  oo is a regular singular point of P  if 
and only if £+00 =  0. 

§A.3.2. Classificatio n b y means of cohomologies 

To explai n Malgrange' s ide a o f classifyin g analyti c linea r differentia l 
equations by means of cohomologies, we shall make some observations. 

OBSERVATION A.3.2.1 . Fo r a given open connecte d ar c V  of S\  le t u s 
denote by ^{V) th e set of all nxn matrice s F suc h that F e  gl(n,£/ s(V)) 
and F~x e  gl(n,s/ s(V)). Als o set S£i0(K) =  {F  e  & S{V)\ A SP(F) =  /„} , 
where I n i s the n  x n  identity matrix . Le t &s and &s$ b e the sheaves over 
Sx define d b y &S(V) an d ^ i 0(K), respectively . W e denote b y ^ (0) an d 
&s$(d) the stalks of ^ an d & s$ at 0 , respectively. I f we use the followin g 
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homomorphisms o f noncommutativ e groups : 

f A SP:&S(V) -  GL(nX[[z- {)n 

| i d ^ o ( n : ^ o ( F ) -  %(V), 

we can deriv e exac t sequence s 

0 -  ^ o ( K ) -  & S(V) -  GL(nX[[z~%)  -  0 

for a  sufficientl y smal l ar c V  an d 

0 -  S? sfi(0) -  SJ(0 ) -  GL(n,C[[z" !]]5) -  0 

for ever y 6  € 5 1 . Henc e w e hav e exac t sequence s o f homomorphism s o f 
sheaves 

0 -  ,%, o - S £ - GL(«,C[[z- 1]],) - * 0 

for 0  <  s  <  -foe , wher e GL(A2,C[[z~ 1]]>y) ar e constan t sheaves . 
OBSERVATION A.3.2.2 . Sinc e S l i s a  rea l one-dimensiona l manifold , 

fHk(Sl
92?5fi) =  0,  JJ*(S l,S£) =  0 , 

(k >  2): 
Hk(S\GL(nX[[z-]]]s)) =  0, 

and als o 

f H*(S l
9&s,o) =  0, H°(S\%)  =  GL(nX{z' {}), 

\ H Q(Sl,GL(nX[[z-l]]s)) =  GL(nX[[z-%). 

For eac h s  ( 0 <  s  <  +oo), utilizing th e result s above , we can define  a  ma p 

^ • . G L ^ Q I z - ' l D / G L ^ C i z - 1 } ) -  / ^ ( S 1 , ^ ) (A.3.2.1 ) 

as follows: Le t {V\,  •  • , V N] b e a covering of S1 by open connected arcs of 
reasonable sizes . Give n F  e  GL(nX[[z~ []]s)i ther e exis t Ft  € & s{Vi) (£  = 
1, ,  TV ) such tha t ^ j p(F/) =  F . Se t F,* =  F eF~l wheneve r V?nV k^ 0 . 
Then F fk e  %s&Vi  n ^ ) anc * the assignmen t 

F — > {F,* ; ^ n F ^ 0 } (A.3.2.2 ) 

induces ma p (A.3.2.1) . 

THEOREM A.3.2. 3 (B . Malgrange [99 ] and J.-P . Ramis [123]) . The  maps 
Js are  bijective. 

In particular , th e surjectivit y o f th e J s follow s fro m Theore m 6.4. 1 (o r 
Theorem 6.9.7 ) an d Theore m A.2.4.1 . 

OBSERVATION A.3.2.4 . Le t u s consider tw o differentia l equation s 

dW 
^j-=A0{z)W (A.3.2.3 ) 
dz 
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and 

^=A(z)V, (A.3.2.4 ) 

where W  an d V  ar e n  x  n  unknow n matrice s an d A 0(z) an d A(z)  e 
gl(n,&). Her e & denote s C{z~ l}[z]. 

DEFINITION A.3.2.5 . TW O differentia l equation s (A.3.2.3 ) an d (A.3.2.4 ) 
are sai d t o be formally equivalen t of Gevrey order s i f ther e exist s an n  x  n 
matrix P(z)  € GL(n,C[[z~ {]]s) suc h tha t th e transformatio n 

W =  P{z)V  (A.3.2.5 ) 

changes (A.3.2.3 ) t o (A.3.2.4) . 
Since A  =  P~lA0P -  P " 1 ^ , le t u s look a t 

Gs[Ao] ={PZ GL(nX[[z- l]]s)\ P[A 0] € gl(n,&)},  (A.3.2.6 ) 

where 

P[A0] =  P- 1A0P -  P~ 1^- (A.3.2.7 ) 
az 

Note tha t G S[A0] is a  subse t o f GL(n,C[[z~ []]s) suc h tha t 

G5Mo]GL(«,C{z-1})cGs[^o]. 

Hence the map Js (cf . (A.3.2.1) ) can be restricted to G s[A0]/GL{n,C{z~1}). 
We mus t investigat e 

lmage(Js:Gs[A0]/GL(nX{z-1}) -  H\S\% S$)). 

Let {  Fi, •  •  , V N) b e a covering of S1 by open connected arcs of reasonabl e 
sizes. Give n F  G  GS[A0], we can choos e Ft  e  & s{Vt) {I  =  1 , •  • •  , N)  suc h 
that 

Asp{Ft) =  F9 

F[A0] =  F- lA0Fe-F-i-
xdFi (A.3.2.8 ) 

iz 
Set F ik =  F//^" 1 wheneve r V £nVk^ 0 . The n F ^ belong s t o ^ , 0 ( ^ n  K*) 
and X  —  F ik satisf y th e conditio n 

A0 =  X~ lA0X -  X~ x j - . (A.3.2.9 ) 

Note tha t conditio n (A.3.2.9 ) an d (6.11.8 ) ar e the same . Not e als o tha t i f 
X satisfie s conditio n (A.3.2.9 ) an d i f n  x  n  matrice s P  an d O  satisf y th e 
condition XP  =  Q,  the n 

P-lA0P-P~^ =  Q- lAoQ-Q'^. az az 
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For an open connected ar c V  of Sl w e set 

&s.o[M(V)={FeS?s,o(V); A 0 =  F-'A0F-F-1^ J  (A.3.2.10 ) 

and we define sheave s ^,oMo] over S[. The n B. Malgrange [99] and J.-P. 
Ramis [  124] gave the theorem below. 

THEOREM A.3.2.6 . For  0 < s < +oo, there are bijective maps 

Js[A0}:Gs[A0]/GL(n,C{z-1}) -  H l(Sl,%,0[Ao]) •  (A3.2.11 ) 

This is the classification theore m due to the idea of Malgrange. 
OBSERVATION A.3.2.7 . Le t {V u •  • • , V N} be a  covering of S [ b y open 

connected arcs of reasonable sizes and {Fek e  ^oMoK^nl^) ; ViDVk i=-  0  } 
be a  one-cocycl e define d b y th e shea f <^oMo] - Als o le t {^,0^(z) } b e 
a syste m o f fundamenta l solution s o f (A.3.2.3 ) i n th e neighborhoo d o f 
z =  oo, where 

^ =.5*(/>(0),K, ) =  { z ;argz € K, , |z | > ^(argz)} . 

Here p(0) is a positive-valued continuous function o n the arc V. Conditio n 
(A.3.2.9) implies that there exist n  x n  matrices Q ^ € GL(n,C)  suc h that 

F^(z)-(P,(z)C^a)^(z)-1 o n ^ ? n ^ . 

Since {Fek} i s a one-cocycle, the matrices C ek satisf y th e condition below: 

Q* Q, =  Q , wheneve r S%  n ^ n  ^ ^  0 . 

Furthermore, F^ e  ^,oMo](^ n  P* ) means that 

^ ( F , * ) =  /„ , (A.3.2.12 ) 

where In i s the «x« identit y matrix. Thi s implies that {F fk} define s a triv-
ial asymptotic system a t z  = oo (cf. Definitio n 6.9.4 , Definition 6.9. 5 an d 
Theorem 6.9.7) . Le t u s compare Definitio n 6.10. 3 o f Stoke s phenomen a 
and what we have explained above. 

DEFINITION 6.10.3. W e call {A0{z), {^,<fy(z)} , C kf) a  Stokes phenom-
enon at z  = oo if the following condition s are satisfied : 

(1) th e differentia l equatio n (6.10.1 ) (i.e. , ^  =  A 0{z)W0) belong s to 
the equivalence class I?, 

(2) {c5*J , • • • ,S^/}  i s a covering at z  =  o o satisfying th e conditions o f 
Theorem 6.10.1 , 

(3) {c9?,<Iv(z) } is a system of fundamental solution s of (6.10.1) in the 
neighborhood o f z  = oo, 

(4) th e Ckf ar e matrices in GL(n,C)  whic h are defined wheneve r ^ n 
^ ? ^ 0 , 
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(5) C hkCkt =  Chi w h e n e v e r ^ n ^ n ^ / 0 5 

(6) <P*(z ) Cke ® e(z)-1 e  GL(n,s/(S%n&i))  wheneve r ^ n ^? ^  0 , 
(7) th e asymptotic system {O^(z ) C kt <^(z) -1} i s trivial a t z  =  oc. 

Right after thi s definition, w e made the following remark . 
REMARK 6.10.4 . Conditio n (7 ) can be replaced by 

(7') th e asymptotic system {$> k(z) Cki O^(z)" 1} i s formally trivial . 

In particular , i f A sp(<3>k(z) C ke O^(z) -1) =  /  wheneve r S? k n <5*? ^ 0 , 
condition (7 ) is satisfied . 

Note that we did not assume condition (A.3.2.12) . Instead , we assumed 
condition (7) . T o g o fro m G s[Ao]/GL(n,C{z~1}) t o th e modul i spac e 
of analyti c linea r differentia l equation s wit h respec t t o th e holomorphi c 
classification, we must classify G s[Ao]/GL(n,C{z~{}) further . Fo r details, 
see D. G. Babbitt-V. S . Varadarajan [39 , 40]. 

REMARK A.3.2.8 . Th e ide a o f B . Malgrange applie s als o t o nonlinea r 
differential equation s (cf . J . Martinet-J.-P. Ramis [105 , 106]). 

§A.3.3. Analytizatio n 

The main proble m o f Chapte r 3  was to explain th e following theore m 
of G. D. Birkhoff . 

THEOREM 3.3.1 (G . D. Birkhoff). Given  an integer k and  a matrix A(Q 
e gl(n 9#(A(0, Tf-))) , we  consider the differential equation 

dW =  zkA ( I ) W.  (3.3.3 ) 
dz 

Then, there exists a matrix P(Q  e  GL(n, <f (A(0, jj-))) such that the trans-
formation 

W =  P f-M V (3.3.4 ) 

changes (3.3.3 ) to  a differential equation 

dV
 Z*B( 1-)V (3.3.5 ) 

dz 

with a matrix B(^)  whose  entries are polynomials in  £  with  complex con-
stant coefficients. Moreover  we  can choose such a P(Q so  that z  =  0  is at 
worst a regular singular point of  (3.3.5). 

In this  sectio n w e shal l explai n ho w t o rela x th e requiremen t tha t A 
should belon g to e gl(n 9<?(A(09 7^))). Th e mai n resul t i s th e followin g 
theorem. 
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THEOREM A.3.3.1 (J.-P . Ramis [124]). Given  ans (0  <s <  +oo) and an 
operator L =  £  -  z kA(z), where  k is  an integer and A is  an n x n matrix 
e gl(n 9C[[z~~l]]s), there exists an n x  n matrix  P  € GL(n,C[[z~ l]]5) such 
that 

p-]oLoP =  A--z
kA(z) with  Aegl{n,C{z~ l})> (A.3.3.1 ) 

az 

REMARK A.3.3.2. P~ loLoP denote s the composition of three operators 
P'\ Lan d P . 

SKETCH O F PROO F O F THEORE M A.3.3.1 . Le t {V u •  • • ,  V N} be a  good 
covering o f S l b y ope n connecte d arc s o f reasonabl e sizes . The n ther e 
exist At e  gl(n,jtf s(Vi)) an d P ih e  &s${Vt n  V h), (Ve r\Vh^0) suc h that 

Asp(At) =  A ( * = 1 , ••• , TV) , 

^ 5 l =  z
k{Mz)Peh(z) -  P ih(z)Ak(z)} (zeVef)V h^ 0) , 

az 

PejPjh = Peh i f Vtr\VjnV h?0. 

S e t ^f  =  Ji ~  z kMz)- The n 

2'h = p-h'o2'toPth i f V envh^0. 
By virtue of Theorem 6.9. 7 and Theorem A.2.4.1 , there exist Pe e &s{Vt), 
(£ = l,--  ,N)  suc h that 

( Asp(Pt -  I„)  € z~*gl(n,C[[z-%), 
\peh(z) =  pe(z)Ph(z)-1 i f v envh^0. 

Hence 
Pe~

l o.2? o  Pe = />- ' o_2£ o Pk o n K ,nF f t / 0 . 

Now if we set Asp(Pe) =  P and P~x o  ^ o  P =  £  -  z*4(z) , we have 

f^€G£(n,C[[2- , ] l ,) , 

{Aegl(n,C{z-1}). a 

[The idea of this proof i s due to B. Malgrange (cf . J.-P . Ramis [124]). 
The author o f thi s book als o wrote a paper [138 ] on analytizatio n whic h 
is not quite complete but not totally useless. ] 

§A.3.4. Injectivit y o f D-modules J^,o(0) 

Set 

D =  ijh  a h(z)8h; a heC{z~x}, m e N | . (A.3.4.1 ) 
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We ca n regar d D  a s a  noncommutativ e ring . Then , fo r ever y 6  e  S l, 
the stalk s sf Sto{0), s/ s(8), an d C[[z~ l]]5 ar e D-module s an d w e hav e exac t 
sequences o f homomorphism s o f Z>-module s 

0 - < o ( 0 ) -  s/ s(0) -  C[[z~ l]]s -  0 , (A.3.4.2 ) 

where 

The mai n resul t o f thi s sectio n i s the theore m below . 

THEOREM A.3.4. 1 (Y . Sibuy a [137]) . Exact  sequences  (A.3.4.2 ) of  ho-
momorphisms of  D-modules  split. 

The proo f o f thi s theorem i s based o n th e observation s below : 
OBSERVATION A.3.4.2 . 

I: A  D-module M  i s sai d t o b e divisible  i f th e followin g condition s 
are satisfied : 

(i) i f z~ ]a =  0 fo r a n a  e  M,  the n a  =  0, 
(ii) fo r ever y a  e  M  an d ever y P  e  D , ther e exist s b  e  M  suc h 

that Pb  =  a . 
II: A  Z)-module M  i s said t o b e injective  i f fo r ever y diagra m 

0 •  M\  —-— • A/ 2 

M 
of homomorphism s o f Z)-modules , wher e th e horizonta l sequenc e 
is exact , ther e exist s p  € Hom£>(Af2 , M) suc h tha t X  = / / o /. 

Ill: I f a Z)-module Af is divisible ,  then Af is injective (cf . R . Godemen t 
[61] and Y . Sibuy a [137]) . 

OBSERVATION A.3.4.3 . Lemm a A.2.3. 3 implie s tha t th e Z)-module s 
srfs$(d) a r e divisibl e an d henc e injective . I n particular , i f w e conside r 
the diagra m belo w 

0 >  Ko(8)  — ^ &s(0) 

id 

there exis t homomorphism s ju so :  stfs(6) — • stf s$(d) satisfyin g th e require -
ment 

HsJ 
-<o(0) 
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Note tha t fi sj ar e no t uniqu e (cf . Y . Sibuya [137]) . 
OBSERVATION A.3.4.4 . Fo r a  give n /  e  C[[z _1]]5, choos e /  e  stf s(d) 

such tha t A sp(f) =  f  an d se t 

Mf) =  f  ~Hs,o(f)-  (A.3.4.3 ) 

Then <f> s,e(f) ar e independen t o f th e choic e o f / . Furthermor e th e map s 

</>s,0:C[[z-% -  sf s(0) 

are homomorphism s o f D-module s suc h tha t 

Asp o  <j>sj =  idc[[z-']], - (A.3.4.4 ) 

This prove s Theorem A.3.4.1 . Not e tha t 

= 0 , (f)Sje 
C{z~ '} 

= idc{z-'} > 
lc{z--} ^  '  (A.3.4.5 ) 

H>sf0(l>s,d =  0 , 0 5>6i o 45 p =  i d ^ ) -  j * ^ . 

APPLICATION A.3.4.5: . Le t u s conside r th e followin g syste m o f linea r 
differential equation s o f highe r orde r (cf . Y . Sibuy a [137]) : 

£ Pjh  "k  =  / } 0 ' € ^ ) , (A.3.4.6 ) 

where ^  an d ^  ar e nonempt y sets , N(j)  ar e nonempt y subset s o f £? 9 

Pjh G  D,  Uh  € ^ ( 0 ) ar e unknowns , an d / } € £f s(0). W e shal l loo k a t 
system (A.3.4.6 ) unde r th e assumptio n below . 

ASSUMPTION A.3.4.6 . There  exist  g h e  Qfz" 1]]^ (h  € 2?)  such  that 

£ Pjhgh  =  A sp(fj) C/ G ^ ) , (A.3.4.7 ) 
heN(j) 

i.e., u h =  g h (h  e  3?)  is  a formal solution  of  system  (A.3.4.6) . 

First o f all , the followin g theore m i s a basic result . 

THEOREM A.3.4.7 . System  (A.3.4.6 ) admits  a  solution 

uh =  r, he^s(6) (heJT) 

satisfying the  condition 

Asp(rih) =  g h (heJT)  (A.3.4.8 ) 

if and only  if  the  system 

J2 PJ» V* =  ^B(fj)  t / e f)  (A.3.4.9 ) 
heN(j) 
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admits a  solution 

vh =  a hes/St0(0) (he*). 

SKETCH O F PROOF . Assumptio n (A.3.4.7 ) implie s tha t 

^2 p Jh <i>Mh)  = fj  -  VsAfj)  U  £</)• 
heN(j) 

Hence 
1h =  4sA8h)  +  °h  {he*).  (A.3.4.10 ) 

D 
Since Hs,e(f)  =  0  if  f  e  C{z~ 1}, w e deriv e th e followin g corollar y o f 

Theorem A.3.4.7 . 

COROLLARY A.3.4.8 . Iff  e  C{z~ [} (j  e  f),  then 

m =  M§h) e  s/ s(0) (he*) 
satisfy system  (A.3.4.6 ) and  condition  (A.3.4.8) . 

To investigat e syste m (A.3.4.9) , the followin g lemm a i s helpful . 

LEMMA A.3.4.9 . Iff  e  J*$,o(0 ) (j  ef),  then  system  (A.3.4.6 ) admits 
a solution  u h e  stf s$(0) (h  £  *)  if  and  only  if  every  finite subsystem  of 
(A.3.4.6) admits  a  solution in  sf s$(d). 

This lemm a i s a particular cas e o f th e theore m below . 

THEOREM A.3.4.10 (S . Gacsalyi [58]) . Let  R  be  an associative  ring  (with 
unit) and  M  be  an injective  R-module.  A  system  of  equations 

J2 r jk x k =  m J9 (  r jk e  7? , ra, e  M  ) , 

where, for each  j , r^ —  0  for almost  all  k,  has  a  solution in  M  if  and  only 
if any finite subsystem  has  a  solution in  M. 

A proo f o f thi s theore m i s foun d i n L . Fuch s [57 ] (cf . als o Y . Sibuy a 
[137]). 



APPENDIX 4 

/c-Summability 

§A.4.0. Preliminarie s 

In Appendix 2  we studied injectivity an d surjectivity o f the maps Asp : 
$fs(V) —>  C[[z~ ]]]s where V  i s an open connecte d ar c of the uni t circl e 
Sl i n th e comple x plan e (cf . Theorem s A.2.2.1 1 an d A.2.2.14) . I n this 
appendix w e shall stud y th e case when V  i s large so that A sp i s injectiv e 
but no t surjective . On e o f th e basi c result s i s a  theore m (cf . Theore m 
A.4.0.3) du e to F. Nevanlinna [111 ] (see also G. N. Watson [148 ] ). 

OBSERVATION A.4.0.1 . Fo r a  given /  € s/ s (i? 0, - ,̂ f  \  se t A sp(f) = 

Sm>o a *n z ~m £  C[[z_I]]5. This means that, for every positive number R 
greater than R 0 an d every positive number p  les s than /? 0> there exist two 
nonnegative numbers KRj an d BRj suc h that 

N 

f(z) -  ^2  a " 
m=0 

< KR,fi {{N + l)\y (B RJf
+l | z | - ^ + 1 ' 

on th e sectoria l domai n 3l{R,  - f , f ) fo r al l nonnegativ e integer s N. 
Throughout thi s appendix, we assume that 

+oo >  fio >  sn  >  0 . (A.4.0.1 ) 
Also we denote £  by /c, i.e. 

k =  - . (A.4.0.2 ) 

OBSERVATION A.4.0.2. Fo r a given g  =  J2 m>o a™ z ~m e  c l[z~l]\let 

us write 

^^ =  E frfer z ~m- (AA03 ) 

Then g  e  C[[z~ l]]s i f an d onl y i f <j> g e  C{z~ 1}. F . Nevanlinn a [111 ] 
characterized 

Image ^5 p : ^ ^ 0 , - y , y ) -  QIz" 1]], 

by means of the following result . 

229 
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THEOREM A.4.0. 3 (F . Nevanlinna) . Assume  that  /? 0 satisfies  condition 

(A.4.0.1). Suppose  also  that  f  e  sf s (RO,-^,^)  and  g  e  C[[z~ l]]s 

satisfy the  condition 

Asp{f) =  g. 

Then figij) is  holomorphic and  satisfies  the  estimate 

<M j < Cex p {**»(**)} 

on a  domain 

{*; |r | <  r 0 }u{ r ; \%(t k)\ <  >o > ®(t k) >  0}, 

(A.4.0.4) 

(A.4.0.5) 

where C  >  0 , A  > 0  and  r 0 >  0  are  suitable  numbers  (cf.  Figur e 10) . 
Furthermore 

f(z) =  kzk j*°°  0 * ( y ) e x p { - ( f z ) * } t k~{ dt  (A.4.0.6 ) 

for $l(z k) >  p  for a  sufficiently large  positive number  p. 

REMARK A.4.0.4 . 

(1) Theore m A.4.0. 3 als o implie s tha t th e map s A sp ar e injectiv e bu t 
not surjective . 

(2) Unde r assumptio n (A.4.0.1 ) th e domai n { z ;  $t(z k) >  p}  i s con -
tained i n th e sectoria l domai n 3f{Ro,  - ^ , Q)  i f p  i s sufficientl y 
large. 
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(3) Th e right-han d sid e o f (A.4.0.6 ) ca n b e write n a s £+ootk(<l>g) i f w e 

use Definitio n (A.2.2.15 ) o f th e incomplet e Lero y transform s o f 
order k. 

In the following definition , we assume that/?o satisfies condition (A.4.0.1). 
DEFINITION A.4.0. 5 (J.-P . Ramis [124]) . 

I: I f /  G  sf s (i?o, a ~  f  , Q +  f ) an d g  e  C[[z~ l]]s satisf y th e con -
dition 

Asp{f) =  g, 

the powe r serie s g  i s sai d t o b e /c-summabl e i n th e directio n a 
and th e functio n /  i s calle d th e su m o f th e powe r serie s g  i n th e 
direction a , wher e k  =  \  (cf . (A.4.0.2)) . 

II: g  € C[[z~ l ]] s is said to be /c-summable if g  i s /c-summable in every 
direction a  except for a  finite number of directions a\ , •  •  •  , ap. Th e 
finite se t 

Z(g) =  {"!,•••,<*, } (A.4.0.7 ) 

is called th e singula r suppor t o f g. 

REMARK A.4.0.6 . 

(a) I f k  i s a  positiv e intege r an d i f a  powe r serie s g  e  C[[z~ 1]] i s /c-
summable i n th e direction s a  +  (^f)  h  (h  =  0 , 1 , •  • •  , k  -  1) , 
then th e sum o f g  i n the direction a  ha s an invers e factoria l serie s 
expansion 

k-\ t oo , 

E l V" ^ Dp,n 

- o zP  £ o {ze- ia)k[{ze-la)k +  ^[(ze- 1 ' 0)* +  2etf]---[(ze-' a)* +  rtco]' 

where th e & P)„ ar e suitabl e number s an d co  is a  sufficientl y larg e 
positive number . Thi s serie s expansion i s uniformly convergen t i f 
$i((ze~ia)k) i s sufficientl y larg e (cf . F . Nevanlinn a [111 ] an d G . 
N.Watson [148]) . 

(b) I f g  i s /c-summabl e i n ever y directio n a  belongin g t o a n ope n in -
terval ai  <  a  <  a 2, th e su m f a o f g  i n th e direction s a  al l to -
gether define  a  functio n /  e  srf s (p(6),a { -  ^J^.OLI  +  ^jr),  wher e 
p(6) i s a positive-valued continuou s functio n o n the ope n interva l 
a i - ^ p <  6  <  a2 +  ^ j p an d £ i an d £ 2 are nonnegative number s . 

(c) I f g  i s /c-summabl e an d th e singula r suppor t Z(g)  i s empty , the n 
geC{z-*}. 

(d) I f we denote b y C{z~]}s th e se t o f al l /c-summable powe r serie s in 
C[[z-1]], wher e k  an d s  ar e relate d b y (A.4.0.2) , the n C{z~ {}s i s 
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a commutative differentia l algebr a over C. Furthermor e we have 

C{z~1} c  C{z-'} 5 c  C[[z-%.  (A.4.0.8 ) 

(e) A  formal powe r series g e C[[z~1]] i s /c-summable with the singu-
lar support T(g)  =  {a\, •  • ,  a p} i f and only if 

p 

g =  go  +  Yl  Sj  (A.4.0.9 ) 
7=1 

for som e g 0 € C{z -1} an d gj  e  C{z~ l}s wit h E(g 7) =  {a ;} 
0' =  1 , .- • ,  p).  Th e gj  (j  =  1 , •• • ,  p ) ar e uniquel y deter -
mined modul o C{z _1}. I n fac t suppos e tha t g\  e  Cjz" 1}* anc * 
g\ eC{z~ {}s satisf y th e condition 

I(ft) =  Z(*l) =  {<*!}, 

£(<? - Si ) =Z(g-g\) =  {<*2 9 '"  ,  «/>}-

Then g i -  j h G  C{z_1}5 an d 

£(#i - £ i ) C  {c*i}n{a 2, •• • , a p} =  0 . 

Hence g\  -  g\  E  C{z-1}. Therefor e w e can use induction o n p i f 
we can find a #i e  C{z _1}5 satisfyin g th e conditio n 

Zte,) =  {a,} , 2 ( S - S i ) =  {a 2, ••- , ap} - (A.4.0.10 ) 

We can construct such a g\ by means of Theorem A.2.5.1 (or The-
orem A.3.0.4). 

(f) I f a  formal powe r serie s g  i s /cj-summable an d ^-summabl e fo r 
two distinct number s k\  an d /c 2, then g  i s convergent, i.e. , 

C{z-l}SinC{z'l}S2 =  C{z- {} i f Sl *s2. (A.4.0.11 ) 

As a matter of fac t 

C{z-{}snC[[z-]]]a=C{z~1} i f a  <  s  (A.4.0.12 ) 

(cf. J.-P . Ramis [126] and J.-P. Ramis-Y. Sibuy a [129]). 

§A.4.1. A -summability of formal solutions 

Let us look at a  differential equation : 

Sy =  z*  | g Q(z) + O(z ) y  +  £  &(z ) y * 1 ,  (A.4.1.1 ) 

where ^ i s a positive integer and 

g0 e  z" 1 (c{z-l}/)\ Oe^^Ciz - 1 } ) , &  e  Cfz" 1}". 
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The serie s Z |̂p|> 2 Sp( z) 9^  i s uniforml y an d absolutel y convergen t o n a 
domain \z\>  Ro,  \y\  <  ro, where \y\  is the maximum o f absolut e values o f 
entries o f th e vecto r y 9 an d i? o and r 0 ar e positiv e numbers . 

OBSERVATION A.4.1.1 . Assum e that ther e exists a matrix A 0 e  GL(n 9 C ) 
such that &(z)-A0 e  z~ [ gl(nX{z~ 1}). B y virtue of Theorem A.2.1.9 dif-
ferential equatio n (A.4.1.1 ) admits a unique solution g  e  z~ l (C[[z~ l]]G)n, 
where 

a =  ma x j j , -  | . (A.4.1.2 ) 

The matri x A 0 ha s nonzer o eigenvalue s Ai , •  • ,  X n. Fo r eac h j  le t I 7 b e 
the se t o f al l direction s a  suc h tha t 

3(A,- £>'«") = 0 , »(A, - <?'*Q) < 0 . (A.4.1.3 ) 

THEOREM A.4.1. 2 (J.-P . Ramis-Y . Sibuy a [129]) . The  unique  solution 
g € z~ [ (C[[z~ l]]a)

n is  q-summable if 

s =  - . (A.4.1.4 ) 
Q 

Furthermore 

1(g) C  I(£o) U ( ( J 1 , 1 . (A.4.1.5 ) 

EXPLANATION. Thi s resul t i s based o n th e followin g facts : 

(i) I f a  £  E(gb) > ther e exis t tw o positiv e number s R  an d e  suc h tha t 

the su m fo  o f go  in th e directio n a  i s in 

z~l (szf s (R,a-e-  y , a +  «  + y ) ) • 

(ii) I f ^  >  £  an d a  £  £(gb ) U  (U;=i ^ J ) > there exis t tw o positiv e 

numbers R,  e  an d 

such tha t 

<5/(z) =  Z « j / 0 ( z ) +  <J>(z)/(z ) +  £  g e{z)f{zf 

{ \P\>2 

{ Asp{f) =  £. 

(iii) I f 0  <  5  <  I , the n g  € z~ ' ( c [ [ z - ' ] ] i ) \ Sinc e 3f{R,a  -  e  -
y , a  +  £  + y ) i s too small , g  i s in genera l no t ^-summabl e i n th e 
direction a. 
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(iv) I f s > ^ t h e n g E z " 1 {C[[z-%)\  Since&(R 9a-e-%J9a+e+fQ) 

is too small , g  i s in genera l no t }-summable . 

REMARK A.4.1.3 . T o prove the existence o f /  o f (ii) , we must stud y th e 
existence an d uniquenes s o f Gevre y asymptoti c solution s mor e carefull y 
(cf. (1 ) o f Remar k A.2.3.4) . 

REMARK A.4.1.4. Sinc e C{z~1} c  C{z~ l}5 fo r every positives, theore m 
A.4.1.2 applie s t o the cas e when g o € (C{z - 1})". 

Next le t u s look a t th e differentia l equatio n 

P[y] =  z' M G(z,y 9dy9..-9d
n-ly)9 (A.4.1.6 ) 

where 

\ h =° (A.4.1.7 ) 
G(z9y0,yU' •  • ,y„_,) =  G 0(z) +  £  Gy(z ) / . 

We assume tha t 

(1) a * G  Q z -1 } , G 0 € C l z " 1 } , an d G?  e C{z~ l}9 

(2) a n ±  0, 
(3) th e serie s G  i s uniforml y an d absolutel y convergen t o n a  domai n 

\z\ >  Ro, \yh\  < r0 (h  =  0 ,1, • •  • , n -  1) , where i? 0 and r 0 ar e tw o 
positive numbers . 

OBSERVATION A.4.1.5 . Le t 

0 <  k\  <  k 2 <  •• • <  k p <  +o o (A.4.1.8 ) 

be al l o f the distinc t positiv e slopes of sides o f the Newto n polygo n JV{P) 
and le t 

{(X9Yj +  kj(X-Xj))9Xj <  X  <X J+{} 

be th e sid e o f y^(P)  whos e slop e i s k j9 wher e Y j+\ =  Y } +  kj(X J+\ -  Xj). 
Then th e Xj+\  -  Xj  ar e positiv e integers . Se t 

rij =  Xj+ { -  Xj  (j  =  1,2, - - . ,/?) . 

The linea r homogeneou s differentia l equatio n P[y]  =  0  admit s rij  linearly 
independent forma l solution s o f th e for m 

yhh{z) =  z»»  txp[X MzkJ{l +  o(l)} ] f jJk(z) (h  =  I,.- - 9 nj)9 

where th e fi^  ar e constants , th e X hh ar e nonzer o constant s an d f jih e 
C[[z-*]][zi,log z ] fo r som e positiv e intege r a  (cf . Remar k A . 1.4.2.). 
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For every (p,  h)  (h  = 1 , • • • ,  np) we denote by Zh the set of all directions 
a suc h tha t 

3(A,fAz*') = 0, »(AJ,iAz*>)<0. 

Assuming that the positive integer M o n the right-hand side of differentia l 
equation (A.4.1.6 ) i s sufficiently large , we can prove the theorem below. 

THEOREM A.4.1. 6 (J.-P . Ramis-Y. Sibuy a [129]) . If  g  e  z- ]C[[z'l]]s 

satisfies differential equation (A.4.1.6) and  if  0  <  s  <  £- , then  g  is  ±-
summable and 

^>c(x(G°)u(iH " " * \ 
I Ytr  \  if  0  <s <  —. 
{MOo) y  k p 

The main ideas of the proof are similar to those of the proo f of Theorem 
A.4.1.2. 

EXAMPLE A.4.1.7. J.-P . Ramis showed tha t 
oo oo 

g =  ] r (- 1)"7 m ! •*"H~1 +  H  (- 1)"7 m ! ;c2/Fi+2 

m=0 m= 0 

satisfies th e differential equatio n 

f ny] =  o , 
\P = Z) 5 [x 5 (2-x)Z) 2 - x 2 ( 2 x 3 - 5 x 2 + 4)Z) + 2 ( J C 2 - X + 2 ) ] , 

where D = ^ . H e also showed that # (£) is not /c-summable for any k >  0 
(cf. J.-P . Ramis-Y. Sibuya [129]). 

§A.4.2. Th e Turrittin problem 

In this section, we shall consider a differential equatio n 

8W +  ^(z)M ^ =  0  (d  =  z^-Y (A.4.2.1 ) 

where W  i s an n  x w  unknown matri x and >4(z) € gl(n,C{z~ l}[z]). Le t 

<$!/ +  J?(C)I / =  0  (d  =  C^) (A.4.2.2 ) 

be a  differentia l equatio n i n th e standar d for m give n i n th e Hukuhara -
Turrittin Theorem 6.8.1 . B y virtue of Theorem 6.8.1 differentia l equatio n 
(A.4.2.1) can be changed t o the differential equatio n (A.4.2.2 ) by a trans-
formation 

z =  Z°,  W  =  P(QU 9 (A.4.2.3 ) 
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where a  i s a  positive integer , P  e  gl(n,C[[C~ 1]]), and det(P ) ^  0  as an 
element o f C[[z -1]]. I n §6. 8 we gave a  sketc h o f th e proo f o f Theore m 
6.8.1 i n term s o f three  cases . Th e matri x P  o f transformation (A.4.2.3 ) 
can be written as a product 

P(Q =  PI(0P2(Q-"PN(0 

of a  finite  numbe r o f matrice s o f transformation s Wj  =  Pj(QUj  (j  -
1, • • •  9N) eac h of which is of one of those three cases (cf . Remar k 6.8.2) . 
The main concer n o f this section i s to show that eac h Pj  is ^-summabl e 
as a formal powe r series in £ - 1 fo r som e positive intege r k }. 

OBSERVATION A.4.2.1 . W e are not going to prove Theorem 6.8. 1 agai n 
by anothe r method . W e want t o find  ou t mor e informatio n concernin g 
transformation (A.4.2.3) . Th e two matrices P  and B  ar e related throug h 
the equation 

3P(0 +  a  A(C a)P(C) -  P(C)B(Q  =0. 

Theorem 6.8. 1 guarantee s th e existenc e o f P  an d B.  W e can writ e P  i n 
the for m 

P(0 =  Po(Q i +  rM E  f 
TO>0 

where PQ  e GL(n,  C[C, C '  ]). I i s the n x n identity matrix, M  i s a positive 
integer, and P m € gl(n,C).  Th e transformatio n 

z =  <r , w  =  PO(QV, 

changes differential equatio n (A.4.2.1 ) to 

SV +  [  B(Q +  C' LE(Q ]  V =  0 , 

(A.4.2.4) 

(A.4.2.5) 

where E  e  gl(n,C{C~ 1}) an d L  is a positive integer . Th e integer L  tends 
to +oo as M tend s to +00. Th e transformatio n 

V = j +  C -M j - c 
m>0 

u (A.4.2.6) 

changes equation (A.4.2.5 ) t o equation (A.4.2.2) . Henc e the matrix 

X =  I  +  Z~ M Yl  Z~ m P >" (A.4.2.7 ) 
m>0 

satisfies th e differential equatio n 

8X +  [B(Q  +  C~ LE(Q]X-X B(Q  =  0. (A.4.2.8) 
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OBSERVATION A.4.2.2 . Le t 

0 <  k x <  k 2 <  •• • <  k t <  +0 0 (A.4.2.9 ) 

be al l o f th e distinc t positiv e slope s o f th e Newto n polygo n o f th e differ -
ential equatio n 

dY +  a{A(Za) Y  -  Y  A(C*)}  =  0 . (A.4.2.10 ) 

The Newto n polygon s o f differentia l equation s (A.4.2.8 ) an d (A.4.2.10 ) 
have th e sam e shape . 

THEOREM A.4.2.3 . Suppose  that  L  is  sufficiently  large.  Then  matrix 
(A.4.2.7) can  be  written  as  a product 

X =  P £(OPe-i(0'"Pi(t:i (A.4.2.11 ) 

where 
Pj E  gl(nX{C l}±) C / = l , ••• , I).  (A.4.2.12 ) 

kj 

OBSERVATION A.4.2.4 . T o prov e Theore m A.4.2.3 , i t suffice s t o prov e 
the followin g refinemen t o f Lemm a 5.5.2 . Le t u s assum e tha t th e matri x 
A(z) o f differentia l equatio n (A.4.2.1 ) ha s th e for m 

A(z) =  Z«{AQ  + z - 1 i ( z ) } , 

where q  i s a  positiv e integer , A  e  gl(n,C{z~ 1}), an d Ao  e  gl{n,C).  W e 
also assume tha t AQ  ha s the for m 

A0 = 

Ex 
0 

0 

0 • • 
E2 • 

0 • 

0 
0 

• E p 

(A.4.2.13) 

where 

(i) fo r eac h j , E} i s an nj  x  nj  matri x an d Yl p>j>\ n j —  n> 
(ii) fo r eac h j , ther e exist s a  complex numbe r X } such tha t Ej  -  kjlj  i s 

nilpotent; her e I } i s the nj  x  n } identit y matrix , 
(iii) p  >  2, 
(iv) kj  7 ^ kk  i f j  an d k  ar e distinct . 

LEMMA A.4.2.5 . There  exists  an  n  x  n  matrix  T{z)  such  that 

(1) T  -  I  6  z~ x gl(n,C{z~ l}i), where  I is  the nx  n  identity  matrix, 

(2) the  transformation 
W =  T{z)V  (A.4.2.14 ) 

changes differential  equation  (A.4.2.1 ) to  a  differential  equation 

SV +  z qB{z)V =  0  (A.4.2.15 ) 
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with a matrix B(z)  of  the form 

Fx{z) 0 0 
0 

0 0  •• • F p{z)\ 

where, for each  j, 

Fj(z) -  EjEz' lgl(nJ9C{z'1}). 

(A.4.2.16) 

(A.4.2.17) 

REMARK A.4.2.6 . 

(a) W e ca n prov e Lemm a A.4.2. 5 b y mean s o f th e argumen t give n 
in §5. 5 together wit h Theore m A.2.1.9 , the analytizatio n Theore m 
A.3.3.1, an d Theore m A.4.1.2 . 

(b) Th e uniquenes s o f factor s P\,  ,  Pi  o n th e right-han d sid e o f 
factorization (A.4.2.11 ) ca n b e explained a s follows. Suppos e tha t 
another factorizatio n o f X  i s given a s 

x = a(oa-.(0"-G.(o, 
where 

Qj e  gl(n,C{C- l}±) 0  =  1 I). 

Then 

QiP; (A.4.2.18) 

L), whereas 

= {Pe-PiHQe-Qi}''. 

Theleft-handsideof(A.4.2.18)belongstoC?L(«,C{C_l}. 

the right-han d sid e o f (A.4.2.18 ) belong s t o GL(n,C[[C~ l]]±)-

Hence b y virtu e o f (A.4.0.2 ) (cf . (f ) o f Remar k A.4.0.6 ) w e hav e 

Q\P^{ € GL(n,C{z~ {}). I n this way we can prove that the factor s 

Pj ar e uniqu e modul o GL(n,C{z~ ]}), i.e. , 

Qj =  PJRJ,  RjeGL(nX{z- {}) (j  =  1 , ••• , I). 

Note tha t th e Rj  ar e no t independen t o f eac h other . 
(c) Eac h Pj  has a  convergent invers e factoria l serie s expansion (cf . (a ) 

of Remar k A.4.0.6) . 
(d) Matri x (A.4.2.7 ) alway s ha s a  forma l invers e factoria l serie s ex -

pansion. H . L . Turritti n [147 ] showe d tha t suc h a n expansio n o f 
the matri x X  i s convergen t i f £  =  1 . H e lef t othe r case s open . 
B. Malgrang e an d J.-P . Rami s gav e a n answe r t o th e Turritti n 
problem b y proving Theorem A.4.2. 3 (cf . J.-P . Ramis [124 , 127]) . 
J.-P. Ramis [126, 128 ] applied factorization (A.4.2.11 ) to the study 
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of Galoi s group s o f linea r differentia l equations . Not e that , i f a 
direction a  i s not in any of the singular supports of P }•, the sums F} 

of Pj  defin e a n analyti c solutio n FiFt-\  •  •  •  F\ o f differentia l equa -
tion (A.4.2.8) . J.-P.Rami s use d thi s fac t t o establis h a  canonica l 
isomorphism betwee n th e forma l Galoi s grou p an d th e analyti c 
Galois group . 

(e) Fo r som e othe r informatio n concernin g factorizatio n (A.4.2.11 ) 
see also W. Jurkat [77] , W. Balse r [44 , 45, 47] and Balser-Jurkat -
Lutz [50] . 
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APPENDIX 5 

Differential Equation s Containing Parameters 

§A.5.0. Preliminarie s 

In the case when a  given linea r differential equatio n contain s auxiliar y 
parameters t  — (t\,  •  • ,  t p), th e structure o f analyti c continuation (o r of 
monodromy) and the Stokes structure defined by this equation also depend 
on L  Generall y speaking , i t takes much harder  work than wha t i s usually 
required to solve good exercises if we try to find the dependence o f those 
structures on the parameters t  (cf . fo r exampl e Y. Sibuya [9 , 29, 30, 31], 
W. Balser [46] , D. G. Babbitt-V . S . Varadarajan [37 , 38, 39, 40, 41] and 
R. Schafke [131]) . I n this appendix we shall explain some aspects of 

(1) isomonodromi c deformations (§A.5.2) , 
(2) isoforma l deformation s (§A.5.3) , and 
(3) singula r perturbations (§A.5.4) . 

REMARK A.5.0.1. Give n a particular situation in which we study a prob-
lem of asymptotic analysis containing some auxiliary parameters, we must 
use a definition o f asymptoti c expansion s i n man y variables tha t i s most 
suitable for the situation. H . Majima generalized Theorem 6.4.1 to the case 
of several complex variables by utilizing a concept of strong asymptotic ex-
pansions in man y variables. W e shall explain th e Majim a asymptotic s in 
§A.5.1. Fo r details of the Majima asymptotics , see H. Majima [95 , 96, 97] . 

§A.5.1. Th e Majima asymptotics 

In any asymptoti c analysis , i t i s very importan t t o define flatness i n a 
suitable way. Le t us consider a sectorial domai n 

&(R,a9b) =  j f ] &(R m,am,bm)\x\ f\  &{R m)\ (A.5.1.1 ) 

24 1 
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inC 2 , wher e R = (R\9>-- 9 Rn), a  = (au- 9 ano)9 b  = (bu-- 9 b„0)9 and 

I 3t(Rm,am,bm) =  {z m ;  a m <  argzw <  \>Rm}, 

2{Rm) =  {  \>Rm}. 

Here a  poin t i n C n i s denoted b y z  =  (z\ 9 •  •  •  , z n). H . Majim a [95 ] 
defines a  flat  functio n f(z)  a s follows. A n /  € &{2${R 9a9b)) i s sai d t o 
be flat  a s (z l5--- ,z„ 0) -> (oc , - - ,oc ) uniforml y o n IXL„ 0+i ^( R^) if > 
for ever y « 0-tuple N  =  (Nj , •  • • , A^ 0) of nonnegative integer s and every 
(p,a,P) satisfyin g th e conditions 

{ pm >  Rm (m  =  1, - • •  9 n)9 

ym m  v  ; ' (A.5.1.2 ) 
am <a m <  pm <b m ( m = 1, - •  ,w 0), 

there exist s a  nonnegative constan t K[N 9p9a9 ft]  suc h tha t 
| / ( z ) | <  K[fi 9p,aJ] J ] W ^ f o r f  € &(p,S 9P). (A.5.1.3 ) 

Note that , i f /  i s flat  i n thi s sense , the n it s integra l f a / (£ ) dzj  wit h 
respect t o a n entr y Zj  o f £  i s als o flat  a s a  functio n o f othe r entrie s 
(•• •  , z 7 _ i , z 7 + i , - - • ) . 

Majima define s strongl y asymptoticall y developabl e function s a s fol -
lows: Denot e by 3? the set of all nonempty subset s of {1 , •  •  • , no}  and by 
a{J) {J  e  9)  th e number o f elements o f J.  Le t us identify wit h C A7-cr(y) 

the subspac e o f Cn define d b y z} =  oc (j  e  J)  ,  where C° = {0} . Also we 
define map s 

pj :  C" —  C 7 " ^ 

by 

respectively. Se t 
/ " ( * > =  f L ^ c o f o r , e . ( A 5 - L 4 ) 

Pj(&(R,a,b)) =  \\[  3HR m,am,bm)\xl \[  3>{R m)\. 
\m$J )  [m=no+\  J 

DEFINITION A.5.1.1 . A  function / (£ ) i s said t o be strongly asymptoti -
cally developable on 2{R,a,b) i f 

(i) /  e  &{2{R 9 a 9 b)) and bounded o n 2{R9 a 9 b)9 

(ii) ther e exist s a  set of function s 

F =  {fj{pj(z) ; i*) ; J  e  S? 9 le  N^  }  (A.5.1.5 ) 
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such tha t 
(1) /J(PJ(Z)  ;  ^ ) is holomorphic an d bounded onpj(2?(R, a , &)), 
(2) 

lim r  _o UeJ) 

j€J v  J 
f 

n,'4'("(?)i'") 
KjeJ 

uniformly o n ever y sectoria l domai n 3f(p,a yf3) (o f z  =  I) 

satisfying conditio n (A.5.1.2) , where N  i s the set of all non-

negative integers , th e tj  (j  € J)  ar e the entrie s o f I  an d 

j =  (  JTJ • • •  > £) • The set &~ is called the set of coefficients of 
asymptotic expansio n o f / o n 3{R, 5 , b). 

DEFINITION A.5.1.2 . A  set of function s 

9- =  {fj(pj(z)  ;  e ) ;  /  e  S? 9 te  N°w  } 

is said t o be consistent on 3(R9 3 , b) if 

(i) fj(pj{z)\  £)  e^(pj(^(RJ,b)))  andboundedon Pj(Sf(R,d,b)), 

(ii) 

lim t) ^o (JCJ-K) n (& fK\PK\-\\ k 

whenever K  c  J,  uniforml y o n every sectoria l domai n &f(p,a,fi) 
(of £  = i ) satisfyin g conditio n (A.5.1.2) , wher e £e  N° {J~K\ k  e 

N*W an d {£ 9ic)eN^J\ 

OBSERVATION A.5.1.3. Le t us denote by srf (/? , 3, b) the set of all strongly 
asymptotically developabl e function s o n 3f(R,a,b). The n stf(R,a,b)  i s a 
commutative differentia l algebr a over C. Furthermore , for every consisten t 
set y o n &{R, a,  b), there exist s an / e  stf{R,  5 , b) suc h tha t S?  i s the set 
of coefficients o f asymptotic expansion o f / o n 2{R, 3 , b). Not e als o that , 
if /  € sf{R, 3 , b), then th e set SF of coefficients o f asymptotic expansio n 
of /  i s consistent o n 2[R^ 3 , b). 
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REMARK A.5.1.4. I f o(J) =  n0 (i.e., J = {1, - •• ,n0}), then//(/?,/(£) ; £  ) 
£ ^(Ylm=n Q+\ &{Rm))«  Furthermor e ,  if n0 -  n,  then fj  i s a constant. 
Conversely, fo r any power serie s 

] T a^z^+i , - - - ,z n) z~^  •••z^" ° 6 C { z ^ , , - ,z - l }[ [z" 1 , - - - ,z~ 1]] 
few o 

and an y sectorial domai n 2&{R,  a, b), there exist s a set  ̂o f function s 

F =  ifj(pAZ)  ;  *)\Je &,  *e  ^ ( y ) } 

such tha t 

(1) 9  i s consistent o n ^(-R, 5,6), 

(2) i f J = {1, • • ,/!o}, w e have fj(pj(z)  ;  /) - tf f(z„0+1,-• •  ,z„) fo r 

all f  G  W°. 
OBSERVATION A.5.1.5 . A  function f  ess?(R,a,b)  i s flat in the sense of 

Majima i f all coefficients fj(pj(z)  ;  £ ) of asymptotic expansio n o f / ar e 
identically equa l t o zero on 3f(R, 5 , b). 

OBSERVATION A.5.1.6. Fo r / esf(R,  a,  b) we can derive various expan -
sions by computing th e integrals of 

n GT 
jeJ x  J 

" ) 

with respec t t o tj (j  e J).  Fo r example , le t u s conside r th e cas e whe n 
n =  no = 2. I n this cas e the set SF of coefficients o f asymptotic expansio n 
of / € srf (R, a, b) is given by 

9* =  {//(z,) , g k(z2), a ki ; e, k e N}, 

where f e e J/(l?i,ai,&i) , ^  E  sxf (R2,ci2,b2), a £k e C . We can sho w 
that 

1- 9 * / 7 1 J 

(fc!) & 
*2 

lim('^(°'°>|^/(^) =  WW*"' 

Asp(ff) = J2 akf z i~*> A sP(8k) =  Yl a^ zl 
k>0 e>o 
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Furthermore, for example , we can derive 

f | / (z , , z 2 ) -  / 0 ( z , ) | -  0{\z 2\-
l)9 

| / ( z , , z 2 ) -  g 0(z2)\ =  0{\ Zl\'
l)9 

I \f{z uz2) -  / 0(zi) -  ^0(^2 ) +  ̂ 00 I =  0 ( | z i r 1 | z 2 r 1 ) , 

| / (z i ,z 2 ) -  /o(z O -  z- l / i(^i) -  £0(^2 ) -  zf 1g1(z2) 

I +aoo + tfio^ 1 +  floizj 1 +  a uz\lZiX\ =  0(|z 1|~2|z2r2), etc . 

Utilizing the concept o f strong asymptotic develnpability , Majima gen -
eralized Theorem 6.4. 1 to the case of several complex variables. 

THEOREM A.5.1.7 . Assume  that N sectorial  domains 

&i=9r(A,ai9bt) ( * = l,---,tf ) 

form a  covering of the domain 
n 

3{k) =  J ] 3{R m). 

andthat nxn  matrices  Fke(z) e  gl(n,^(S^ knS^)) are  definedfor all (/c, £) 
satisfying the condition 

S%n^t ?0.  (A.5.1.6 ) 

Also assume that, if 

the relation 

Fhk{z)Fki{z) =  F hi{z) ( z G ^ n ^ n ^ ) 

holds. Furthermore assume that the matrices 

Fkt-I 

are flat on  S^nS^, where  I is  the n x n  identity  matrix. Then  there exist 
positive numbers R'm greater than Rm (m  =  1, • • • ,  n) respectively and nxn 
matrices Q?(z) (I  — 1 , • • • ,  N) such  that 

(i) Qdz)  and  Qi{z)-X belong  to gl(n 9s*{R\atM)), 
(ii) Q e(z) - + /  as  (zj,--- ,z„ 0) - + (oo,--• ,00), 

(iii) the  relation 

Fkfiz)^Qk(zy]Qf(z) ( z e ^ ' n ^ ) 

holds when condition (A.5.1.6) is satisfied, whereS*/  = 2$(R' ,dt,b?). 
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REMARK A.5.1.8. 
(i) Fo r details of what we explained above , see H. Majima [95] . 

(ii) Majim a derive d existenc e an d uniquenes s o f strongl y asymptoti -
cally developabl e solution s o f completel y integrabl e Pfaffia n sys -
tems i n variou s cases . Als o the Gevre y asymptotic s wer e devel -
oped withi n th e Majim a asymptotics . Fo r tha t information , se e 
H. Majima [96 , 97], Y. Haraoka [62 ] and T. Yagami [149] . 

§A.5.2. Isomonodromic deformations 

Let 31 b e a connected open set in the z-plane and let A(z91) b e a matrix 
in gl(n 9&(3f x  3{r9 f))) , wher e r  = (p {9 • • • ,  pp) i s a  p-tuple o f positiv e 
numbers, f  = (t\,  • • • , tp) € Cp

9 and 
p 

&{?,?) =  J ] {t h ;  \t h-xh\ <p h}. 

Assume that {A(z 7, r7), Wj(z,  F) } i s a system of fundamenta l solution s of 
the differential equatio n (cf . Definitio n 1.9.2 ) 

dW 
— =  A(z,t) (A.5.2.1 ) 

for each fixed Fe^(f ,T), wher e Wj(z 9t) e  GL(n 9&(A{zj9rj) x3f{f 9x))). 
Set 

CJk(t) =  Wj{zJ)- xWk{zJ) (A.5.2.2 ) 
whenever A(z,,r 7) n  A(z k9rk) ^  0 . The n C jk{t) e  GL{n 90{3r{r9f))). 
Moreover if A(z;,ry ) n A(zk9rk) n  A(z/2,r/2) ^  0 , w e have 

c^(r)QA(r) = c^(f). 
Hence {A(zy, r7), (^(F) } * s a syste m of connection matrices on ^ fo r each 
fixed F e ^ ( r, f ) defined by the system {A(zy, r,), Wj{z9F)} of fundamenta l 
solutions of (A.5.2.1 ) (cf . Definitio n 1.10.1) . 

DEFINITION A.5.2.1. Differentia l equatio n (A.5.2.1) is said to be isomon-
odromic o n 31  x  3f(r9f) i f ther e exist s a  syste m {A(z y,r7), Wj(z9{)} o f 
fundamental solution s of differential equatio n (A.5.2.1 ) suc h tha t 

(i) W J(z9r)eGL(n9d?(A(zj9rJ)x3?(r9T)))9 

(ii) th e connectio n matrice s Cj k =  Wj{z 97)~xWk{z9f) define d o n ^ 
by {A(z7,rj)9 Wj(z 9F)} ar e independent o f Fe 3{r9 f) . 

REMARK A.5.2.2 . Conditio n (ii ) o f Definitio n A.5.2. 1 implie s tha t th e 
structure of analytic continuation (o r of monodromy) defined on 3) by dif-
ferential equatio n (A.5.2.1 ) is independent of F  Th e author does not know 
whether the converse is also true. Not e that the analyticity of Wj(z 9 F) wit h 
respect t o Tis included i n condition (i ) of Definition A.5.2.1 . 
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THEOREM A.5.2.3 . Differential  equation (A.5.2.1) is  isomonodromic on 
& x  3f(r,f) if  and only if there exist p matrices  Bh{z9t) e  gl{n 9@{3! x 
3f(r9 f))) (h  = 1 , • • •  9 p) such that the Pfaffian system 

^ =  A(zJ)W 9 

QW (A.5.2.3 ) 
— =  B h(zJ)W (h  =  1 , . . . , p ) 
dth 

is completely integrable. 

In fact , i f { A(ZJ, r,), Wj(z,?)} satisfie s al l of the requirements o f Defi -
nition A.5.2.1 , we have 

Wj(z,t)CJk = Wk(z9t)9 -gJL(z,t)Cjk =  -Q]J(Z>0 

on (A(z 7, r,-) n A(z*, rk)) x  «2?(r, f). Henc e 

^l(zft)Wj{z9tr
l = -gJL(z9t)Wk(z9t)-

l
9 

on (A(z 7, r,-) n A(z*,r*)) x  ^ ( r, f) . Therefor e w e can define /^(z , t) b y 

i f ^ f ) - —J-(z9t)Wj{z9t)-1 on A{zj9rj)x3f(r9r). (A.5.2.4 ) 

If Pfaffia n syste m (A.5.2.3 ) i s completely integrable , the n w e can defin e 
{A(zj9rj)9 W J(zJ)} b y solving system (A.5.2.3 ) on A(z j9r,-) x  i^(r, f) . 

OBSERVATION A.5.2.4. Pfaffia n syste m (A.5.2.3) is completely integrable 
if and only if 

dBh 9A  _ 
~d 7 ~ a ^ - M ' ^ J (A  =  i , • • - , / > ) , 

where 
[Jf,y] =  1 7 - 7 1 . 

REMARK A.5.2.5. T O determine whether differentia l equatio n (A.5.2.1 ) 
is isomonodromic on 3Y.3J{T9 f) , we must try to find/? matrices B^{z91) G 
gl{n,&{9! x  ^ ( r , ?)) ) (h  =  1 , •  •  ,  p ) b y solvin g equatio n (A.5.2.5) . 
In som e particula r case s where mor e detaile d informatio n o f th e matri x 
A(z,F) i s available , w e ca n find  som e necessar y propertie s o f B h(z9t) 
through (A.5.2.4) . Fo r example , i f A(z 9t) i s rational i n z  an d i f differ -
ential equatio n (A.5.2.1 ) i s o f Fuchsia n typ e (cf . Definitio n 4.3.5) , th e 
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matrices B h(z, t)  ar e als o rationa l i n z . I n suc h case s we migh t b e abl e t o 
derive necessar y an d sufficien t condition s o n th e matri x A(zJ)  suc h tha t 
differential equatio n (A.5.2.1 ) i s isomonodromic . 

EXAMPLE A.5.2. 6 (L . Schlesinge r [132]) . Le t u s conside r differentia l 
equation (A.5.2.1 ) i n th e cas e whe n 

A(z,t) =  £  - M l , (A.5.2.6 ) 

where A h e  gl{n,<?(S&(r,r))).  Se t 

3 =  {z ; \z-r h\ >  p h {h  =  1 , •• • ,  p)}. 

We assum e tha t th e positiv e number s p h ar e sufficientl y small . Assum e 
also tha t 

(1) an y tw o eigenvalue s o f A h(T) d o no t diffe r b y integer , 
(2) an y tw o eigenvalue s ofJ2\<h< P 4 ( 0 d o no t diffe r b y integer , 
(3) th e matri x Yl\<h< P 4 ( 0 * s independent o f f . 

Then, i f differentia l equatio n (A.5.2.1 ) i s isomonodromic , th e matrice s 
Bh(z,i) define d b y (A.5.2.4 ) mus t hav e th e for m 

Bh(zJ) =  - ^ 1 +  C h(t) ( A = 1, •--,/>), (A.5.2.7 ) 
z -  t h 

where C h(t) € gl(n,^f(3(r,f))).  Insertin g (A.5.2.7 ) int o equatio n 
(A.5.2.5), we deriv e 

dCh OCL h VK^ k 

dtk dth 

This mean s tha t th e Pfaffia n syste m 
OR 

=  [Ck,Ch]. 

= C h(t)R ( A = l , - - - , p ) 

is completel y integrabl e o n 3{r^  f) . Therefor e ther e exist s a  matri x R  e 
GL(n,0(&(r,f))) suc h tha t 

Ch(t) =  ™*(*r l (h=U--,p). 

From thi s fac t w e ca n easil y conclud e tha t i t wil l suffic e t o conside r th e 
case whe n al l o f th e matrice s Q( f ) ar e identicall y equa l t o zero . No w w e 
look a t th e Pfaffia n syste m 

' aw_  =  A  Mt lw 
dz ^  z-t h ' 

*=' (A.5.2.8 ) 

»».-MlW <*_!.....„ . 
{ dth z - th 
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THEOREM A.5.2. 7 (L . Schlesinge r [132]) . Pfaffian  system  (A.5.2.8 ) is 
completely integrable  if  and only  if 

dAh 

dtk 

dAh 
dh 

[Ah,s 
th ~ 

-E 

h) 
tk 

[A± 

(h 

,Ak] 

± k), 

(A.5.2.9) 

REMARK A.5.2.8 . 

(I) T o prove Theorem A.5.2. 7 i t is not necessary t o assume conditio n 
(3) give n above . A s a  matte r o f fact , th e Schlesinge r equatio n 
(A.5.2.9) implie s tha t Yfh=\  ^ A ( 0 * S independent o f f . 

(II) Pfaffia n syste m (A.5.2.9 ) i s completely integrable . Henc e fo r any 
initial condition at an ordinary point, there exists a unique solutio n 
of (A.5.2.9 ) i n a neighborhood o f the initial point . 

OBSERVATION A.5.2.9 . I n the case whe n differentia l equatio n (A.5.2.1 ) 
admits irregula r singula r points , th e matrice s B h(z,t) (h  =  1 , •  •• , p) 
defined b y (A.5.2.4 ) ar e no t necessaril y rationa l i n z  eve n i f (A.5.2.1 ) 
is isomonodromic . Fo r exampl e i f th e entrie s o f th e matri x A(zJ)  ar e 
polynomials i n z , fundamenta l solution s Wj(z,t)  ar e entire i n z  n o mat -
ter what . Henc e (A.5.2.1 ) i s isomonodromic . Howeve r B h(zJ) (h  = 
1, •  •  •  , p)  define d b y (A.5.2.4 ) ar e not necessaril y polynomial s i n z . I n 
order tha t th e Bh hav e a t wors t pole s a t an irregula r singula r poin t C , it is 
necessary an d sufficient tha t 

dth 
•Wf1 =  0(\z-Q- M) 

for som e positiv e numbe r M  i n the neighborhood o f £ . T o explain how 
to construc t suc h a  syste m {A(z 7-,r7-), W}(z,7)} o f fundamenta l solution s 
of differentia l equatio n (A.5.2.1) , le t u s mak e th e following observation . 
Assuming tha t z  =  o o is an irregula r singula r poin t o f (A.5.2.1) , we shal l 
try t o define a  Stokes phenomeno n accordin g to Definitions 6.10.2 , 6.10. 3 
and 6.10.5 . 

Step I : We fix another differentia l equatio n 

~ =  A0(zJ)U (A.5.2.10 ) 

so tha t A Q e gl{n,@{3>{R)  x3>(r,i))),  wher e 3{R)  =  {z ; \z\  >  R} an d 
that ther e exist s P{zJ)  e  GL{n,(f{2{r,t))[[z- ]]][z}) suc h tha t th e trans-
fomation 

W =  P(z,f)U  (A.5.2.11 ) 
changes (A.5.2.1 ) t o (A.5.2.10) . 
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Step II : W e fix a  coverin g {S*\ 9-- , ^ ^ } a t z  =  o o an d fundamenta l 
solutions 0/ (z , t)  o f (A.5.2.10 ) o n 5^ } (j

: = 1 , • • • ,N) i n suc h a  way tha t 

(a) 4> jeGL{n9<?(S'jX&(r9t)))9 

(b) 

^(z,t)&j(z,t)-l=0(\z\M) as  z - o o i n ^ (j=l 9---9N)9 ath 

(A.5.2.12) 
where M  i s a  positive number . 

Step III : W e fix a  syste m {^ ,P 7 (z , f )0 , (z ,F) ; j  =  1 , • • - , #} o f fun -
damental solution s o f differentia l equatio n (A.5.2.1 ) i n th e neighborhoo d 
of z  =  o o (cf . Definitio n 6.10.2) , wher e Pj{z 9t) an d Pj(z 9t)~~x ar e i n 
gl(n,s/(<9j x  3f(r,?))).  [Th e definitio n o f J / ( ^ - x  3f(r9f)) i s analogou s 
to th e definitio n of  tf(R,a 9b) i n §A.5. 1 (cf . Observatio n A.5.1.3). ] 

Now le t u s se t 

Wj(zJ) =  Pj(z 9t)9j{z9t) U = 1 , . . - , J V ) . 

= 0(\z\M') 

<9j. Note tha t i f w e se t 

Wj{z9t)-
xWk{z9t) =  C jk{t) (A.5.2.13 ) 

whenever^n^A: ±  0 , the n {A 0(z9t)9 {cS^O,-} , Cjk(t)} i s the Stokes phe-
nomenon define d a t z  =  o o by th e syste m {J?y , Wj(z9t)\ j  =  1 , • • •  , N} o f 
fundamental solution s o f differentia l equatio n (A.5.2.1) . I f w e choose th e 
system {A(z j9rj),Wj(z9t)} o f fundamental solution s of Definition A.5.2. 1 
in thi s wa y an d i f th e connectio n matrice s C jk ar e independen t o f f , the n 
the matrice s B h wil l b e rationa l i n z  eve n i f (A.5.2.1 ) admit s irregula r 
singular points . 

REMARK A.5.2.10 . 

(a) Isomonodromi c differentia l equation s o f form (A.5.2.1 ) ar e exten -
sively studie d b y T . Miw a [110] , Jimbo-Miw a [73 , 74] , Jimbo -
Miwa-Ueno [76] , K. Uen o [46 ] and B . Malgrange [102] . [Se e als o 
Lin-Sibuya [88 , 89 ] ]. 

(/?) Step s I  an d I I o f Observatio n A.5.2. 9 ca n b e worke d ou t unde r 
certain assumption s b y utilizing the Hukuhara-Turritti n Theore m 
6.8.1 togethe r with suitabl e asymptoti c analysi s (cf . K . Ueno [146 ] 
and Y . Sibuy a [29]) . 

Then w e hav e 

•(z9t)Wj(z9t)-
1 = 

0th 

for som e positiv e numbe r M'  a s z  — • o o in 
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OBSERVATION A.5.2.11. Le t us look at the second-order linear differen -
tial equatio n 

d2y ,  sdy  , 

J^ +  Pl{z 't]Tz +  Pl{z,t)y 0 (A.5.2.14) 

where (z, t) e C 2 andPj e  &{&x&{p,  T) ) {j  =  1,2) . Differentia l equatio n 
(A.5.2.14) i s equivalent to differential equatio n (A.5.2.1 ) i f we set 

0 1 
-p2(z,t) -p\{z,t) 

Pfaffian syste m (A.5.2.3 ) an d integrability conditio n (A.5.2.5 ) becom e 

dW 

A(z,t) = (A.5.2.15) 

dz 
dw 

= A(z,t)W, 

= B(z,t)W 

and 

respectively. I f we set 

d B d A fj  o i 
Wz-'-dt =[A >B]> 

B = B\\ B\2 
Bi\ B 22 

condition (A.5.2.17 ) i s equivalent to 

f 1  <9 3£i2 

2 dz* lp 
dB 12 

dz 

dPR + °P - n 

dBu =  1  id{p xBn) 
dz 2  \ dz 

d2B 12 

dz2 
dp_ 
dt * 

R -  8 B u n  ft 
t>2\ —  —z  -  PlO\2, 

dz 
B22 =  - 5 — +  -#1 1 —  P\B\i, 

dz 
where p =  j^f  +  ±p\  -  p 2. 

OBSERVATION A.5.2.12. Assum e that 
i-do 1 - 0 , 1 - 0 

P\(z,t) = 

p2(z,t) = 

0O 1 - 0 , 1 
+ 7 1 + 

1 
z- 1  '  z-t 

X(X- \)n 
z-r 

t(t-\)H 

(A.5.2.16) 

(A.5.2.17) 

(A.5.2.18) 

(A.5.2.19) 

z ( z - l ) z ( z - l ) ( z - A ) z ( z - l ) ( z - 0 ' 
where 0o, 0i , 0, and K are independent of f, while X, n, and // are functions 
of t.  Th e points a t z  =  0,l,t,  an d 00 are regular singula r points . W e 
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also assum e tha t th e poin t a t z  —  X is a n apparen t singula r point . Thi s 
requirement fixes  th e functio n H  a s follows : 

H =  7 (T=~o [ A ( A " 1)(A"t)fi2" m* ~  m~ °  +  M( ^" ° 
+ ( 0 - 1)A(A - 1)}/ / +  I C ( A - 0 ] . 

(A.5.2.20) 

THEOREM A.5.2.1 3 (K . Okamot o [117]) . Under  the  assumption  given 
above, differential equation  (A.5.2.14 ) is  isomonodromic if  and only  if "(A, //) 
satisfies the  Hamiltonian system 

dX _  dH  djt,  _  _dH_  ( A 5 2 2 H 

dt ~  dp'  dt  ~  dk'  (A.3.Z.21 ) 

Furthermore system  (A.5.2.21 ) is  equivalent to  the Painleve  equation  VI : 

^ _ 1 / 1 _J _ _J_ \ (dX\ 2_(l _J _ _ 1 _ \ ̂ A 

+ A(A-l)(A- 0 
^ - ^ o 2

F +  ^ (r r T p +  ( l - e2 ) ^ — ^ 2 / 2 ( / - l) 2 

n>/?m> 6^ =  (0 O + # i +  #  - l) 2 -  4JC . 

REMARK A.5.2.14 . 

(1) B y coalescing singula r point s i n suitabl e ways , w e can deriv e sim -
ilar result s fo r othe r Painlev e equation s (cf . K . Okamot o [115 , 
117]). 

(2) Genera l solution s o f Painlev e equation s d o no t hav e movable 
branch points . Solution s t o Pfaffia n syste m (A.5.2.9 ) als o d o no t 
have movabl e branc h points . I n mor e genera l situations , th e 
Painleve propertie s o f isomonodromi c differentia l equation s wer e 
extensively investigate d b y T. Miw a [109 ] and B . Malgrange [102] . 

(3) I n orde r t o deriv e th e Painlev e propertie s o f isomonodromi c dif -
ferential equations , w e mus t choos e parameter s i n suitabl e ways . 
Generally speaking , a s w e mentione d a t th e en d o f Chapte r 4 
(§4.5), i t become s necessar y t o introduc e som e apparen t singu -
lar point s i f w e conside r a  Rieman n proble m ove r th e Rieman n 
sphere. I n th e cas e o f a  singl e nth-orde r linea r differentia l equa -
tion 

£ a h(z)yW = 0 
0<h<n 
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of Fuchsia n type , th e numbe r o f apparen t singula r point s tha t 
should be introduced to solve a given Riemann problem i s known 
in terms of th e numbe r o f prescribe d singula r point s and th e or -
der n  o f th e differentia l equatio n provide d tha t th e prescribe d 
monodromy dat a b e irreducibl e (cf . M . Ohtsuki [119]) . Le t f  = 
(fi, •  • ,  t p) be the prescribed singula r points and le t A =  (Aj, • • •  , 
Xk) be the introduce d apparen t singula r points . Then , i n certai n 
cases of second-order linear differential equations , conditions that 
the give n differentia l equatio n b e isomonodromi c ar e give n b y 
means o f a  syste m o f differentia l equation s o n A  as a  functio n 
of f . Furthermore , suc h a  system on A ar e equivalent t o a Hamil-
tonian syste m whic h i s in tur n equivalen t t o a  2  x 2  Schlesinger 
system (A.5.2.9 ) (cf . K . Okamot o [116 , 117 ] and H . Kimura-K . 
Okamoto [79 , 80]). Ther e are many interesting open questions in 
this territory (cf . T . Kimura [78]) . 

(4) W . Dekkers [54 ] showed that , i n the case of 2  x 2  matrices, i t i s 
not necessar y t o introduc e an y apparen t singula r points  t o solv e 
the Riemann proble m on the Riemann sphere . 

(5) K . Okamot o [112 , 113 , 118 ] studied isomonodromi c differentia l 
equations also on a torus. Recently , an intensive study on isomon-
odromic differentia l equation s o n a  close d Rieman n surfac e ha s 
been done by K. Iwasaki [71] . [See also D. A. Hejhal [19]] . 

(6) Althoug h th e Painlev e equation s I  ~  V I and thei r relation s wit h 
isomonodromic differentia l equation s had been know n fo r a  long 
time, B . M . McCoy-C . A . Tracy-T . T . W u [108 ] an d Jimbo -
Miwa-Sato-Mori [75 ] revived strong interest in that territory . 

§A.5.3. Isoforma l deformations 

In §A.5.2 we explained isomonodromic differential equation s with irreg-
ular singular points (cf . Observatio n A.5.2.9) . Ther e we suggested that , in 
Steps I  and II , we may use the Hukuhara-Turrittin transformation (6.8.2 ) 
(cf. (/? ) o f remar k A.5.2.10) . However , t o d o this , w e mus t sho w tha t 
such a  transformation i s analytic with respec t t o the auxiliar y variabl e t. 
Generally speakin g thi s i s no t a t al l a  trivia l enterprise . A s a matte r o f 
fact, w e can no t expect suc h a  property o f th e Hukuhara-Turrittin trans -
formation excep t fo r ver y restricted cases . Th e main concer n i s to find a 
decent sufficien t conditio n suc h tha t th e Hukuhara-Turrittin transforma -
tion is analytic in f. S o far the sufficient conditio n due to D. G. Babbitt and 
V. S. Varadarajan [37 , 38 , 41] has been the best. Thei r condition applie s 
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to the cas e when th e standar d for m (6.8.3 ) o f Hukuhara-Turrittin i s inde-
pendent o f T , even thoug h th e matri x A  o f th e give n differentia l equatio n 
depends o n f  (  i.e., th e cas e when th e give n differentia l equatio n i s isofor-
mal). B y utilizing suc h a  result , Babbitt-Varadaraja n [39 , 40] investigate d 
the analyti c structur e o f th e modul i spac e o f analyti c linea r differentia l 
equations wit h respec t t o th e meromorphi c classificatio n (cf . th e en d o f 
§A.3.2). [Thei r metho d i s base d o n th e theor y o f Li e algebra . Recently , 
R. Schafk e [131 ] indicate d tha t th e Babbitt-Varadaraja n transformatio n 
could b e constructe d b y mean s o f a  more traditiona l method. ] 

§A.5.4. Singula r perturbations and the Gevrey asymptotic s 

As w e indicate d i n §A.2. 5 som e result s concernin g th e Gevre y asymp -
totics wer e obtaine d throug h studie s o f singula r perturbations . However , 
so fa r ther e hav e bee n onl y a  limite d numbe r o f significan t application s 
of th e Gevre y asymptotic s t o singula r perturbations . W e must realiz e tha t 
many works of singular perturbations d o not utilize complex analysi s othe r 
than result s concernin g turnin g points . Nevertheless , w e believ e tha t th e 
Gevrey asymptotic s ar e usefu l wheneve r w e need shar p results . 

In thi s section , w e shal l explai n ho w t o deriv e th e Gevre y propert y o f 
formal solution s o f a  singularl y perturbe d differentia l equation : 

^ =  A* | / (x ,A ) +  A(x,k)y  +  Yl  fpiX'W  f  >  (A.5.4.1 ) 

where 

(i) a  i s a  positiv e integer ; y 9 f,  an d /$  ar e ^-dimensiona l colum n 
vectors; A  i s a n n  x  n  matrix ; p  =  (p\ 9 •  • ,/?„) i s a n ft-tuple  o f 
nonnegative integers ; \p\  =  J2i<h<n  Ph\  y* =  y f •  • •  J#% an d yj  i s 
the jth  entr y o f th e colum n vecto r y, 

(ii) th e entrie s o f / , f$  an d A  belon g t o &(3f(r 9R))9 wher e r  an d R 
are positiv e number s an d 

9(r,R) =  {(x,A) ; \x\<r,  \k\>R}\ 

these function s ar e als o assumed t o b e bounde d o n 3f(r 9R), 

(iii) th e series Y^\m>2 fp( x> ^) ^ ^ s convergent uniformly o n the domain 

&{r,R)x{y- \yj\<p  j=  1 , ••• , n} 9 

where p  i s a  positive number , 
(iv) /(0,oo ) =  0 , 
(v) A( 909oo) i s invertible . 
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Under the assumptions given above, we shall explain ho w to prove the 
following theorem . 

THEOREM A.5.4.1 (Y . Sibuya [139]) . Differential  equation (A.5.4.1) ad-
mits a unique formal solution 

y =  J2  "mW~ m> (A.5.4.2 ) 
m>0 

such that 3o(0) = 0  and the entries ofam belong  to @{2(r\))t where  r\  is  a 
suitable positive number and 2$(r{) =  {x\  \x\  < r\}. Furthermore,  the am 

satisfy the inequalities: 

\dm(x)\ <  C 0(m!)± C?  (m  =  0,1, • • •) (A.5.4.3 ) 

on 3f{r\), where  Co and C\ are  suitable positive numbers. 

OBSERVATION A.5.4.2 . T o illustrat e th e situation , le t u s loo k a t th e 
scalar equation 

£ -  Hy  - Mx)}  = o . 
The unique formal solutio n o f this equation i s given by 

m>0 

Suppose that f0 e  #(@{r 0))9 \fo{x)\  < M o n 3f(r0) an d 0  < r { < r0. The n 

" " % ) < ~,  x  r  w 
dxm 

on 3(r\). Thi s example also shows that the assertion o f Theorem A.5.4. 1 
is generally fals e i f w e do no t assum e analyticity o f th e entries o f f Q, fo 
and A  with respect to x. 

OBSERVATION A.5.4.3. Th e existence and uniqueness of formal solution 
(A.5.4.2) can be verified easily . Th e main problem i s to verify inequalitie s 
(A.5.4.3). W e can deriv e recurrence  formulas t o comput e th e a m succes -
sively. However , since such formulas involve not only the am but  also their 
derivatives with respect to x, i t is extremely difficult t o verify (A.5.4.3 ) by 
means of recurrence  formulas. 

OBSERVATION A.5.4.4 . Fo r every direction 6  in the A-plane, there exist 
a sectoria l domai n &*(&)  =  { A ; |arg A -  0 | <  a(0) , |A | >  R(6)}  an d a 
disc A(0) =  {x  ;  |JC | <  r(6)}  suc h tha t differentia l equatio n (A.5.4.1 ) ha s 
a solution y  =  </>(x,A;0) satisfying th e inequalities : 

N 

4>{x,X\6) - Y^  ^m{x)X~ 
w = 0 

<KN \X\-"~ X (A.5.4.4 ) 
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on A(0 ) x S*(d) fo r every nonnegativ e intege r TV , where a{6) 9 R(0), r(0) 
and th e KN are suitable positiv e number s (cf . Y . Sibuya [133]) . 

OBSERVATION A.5.4.5 . W e can choose a  finite  numbe r o f 6\,  •• • , 8P i n 
such a  way that p  sectoria l domain s J/ J =  { A ; |arg A -  6j\  <  a(6j) 9 

|A| >  i?o } ( 7 =  1 ? " - >P) for m a  goo d coverin g a t A  = 0 0 (c f §A.2.0) , 
where RQ  is a  positiv e numbe r greate r tha n R(0\),  •  • •  ,R(0P). Se t 5? = 
r\\<j<pA(dj). No w by utilizin g differentia l equatio n (A.5.4.1) , w e can 
derive the following estimates : 

\$(x9X;0j)-$(x9X;0j+i)\<Y exp(-/i\X\ a) o n ^ x ( ^ n ^ + 1 ) , 
( A.5.4.5 ) 

where y  and A are suitable positiv e numbers . I n fac t b y setting 

6j(x9X) =  0(*,A;0,-)-0(x,A;0;+i) , 

we deriv e 

\Sj(x9A)\ <  2KN \M- N~l o n 2  x  (*S * n ^ +0 (A.5.4.6 ) 

from (A.5.4.4 ) fo r every nonnegativ e intege r TV , an d 

dx 

= X° ^A{x9X)dJ(x9X)^F(x9X9${x9X'96J+x)^dJ{x9X)) (A.5.4.7 ) 

- F ( x , A , f e A ; 0 7 + 1 ) ) } o n ^ x ( ^ n ^ + 1 ) 

from (A.5.4.1) , wher e F  =  2Z|p|> 2 fp( x>^) 9**-  A s we di d in §A.2.4 , we 
can writ e (A.5.4.7 ) i n the for m 

dSj(x>^ = x> {A{x 9X) +  B(x 9X)}Sj(x,X)9 (A.5.4.8 ) 

where 

B{x,X) =  f  F f{x9X9$(x9X99J+{) +  tSj{x 9X))dt, 
Jo 

Here ^  denote s th e Jacobia n matri x o f F  wit h respec t t o y.  Not e tha t 
5(0,00) =  0 . W e can derive (A.5.4.5 ) fro m (A.5.4.6 ) an d (A.5.4.8) . 

OBSERVATION A.5.4.6 . T o complet e th e proo f o f Theore m A.5.4.1 , i t 
suffices t o generalize Lemm a A.2.0. 5 t o the case when <j> u • • •  ,<j>N depen d 
on auxiliar y parameters . I n doin g this , w e ca n als o improv e estimate s 
(A.5.4.4) a s 

N 

\${x9k\0) -  J2  *mW mI <  K(0) ((N+iy.)±L(d) N+l\X\-N-y (A.5.4.9 ) 

for som e positiv e number s K(d)  an d L{0). 
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